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A MODIFInD MODEL OF EUCLIDRAN QUANTUM FIRTD THTORY

Lecture 1: -

1. Introduction
I assume thsat you all know morc or léss what relativistic
quantum field.thaory is or rather what we would like it to be,since
no suchi theosry with a non-trivial S-matrix is known to exist.
flowever, it we assume that the theory under consideration, which
nay be characterized by the existence of certain symmetry groups
vesides the Lorentz group.also satisfies a certaln set of postu-
1)

lates = then it possesses an S-matrix which should, in general, be

a non~trivial one. This holds for the following set of postulates.

1. Relativistic invariance

\ | 2. Existence of local field operators

3. Mass spectrum conditions,
We can then attempt to deduce as many consequences for the S-matirrc
as possible from these postulates. This is one important asvecct
of_this sO called 'Axiomatic Field Theory', its main result being
the analytic oronerties of Rcattering amDlitudes expressed, e.g.,

. . R
as dispersion relations ).

In this apoaroach we are studyingtthe most general objects of
a.rather broadly defined class not knowiﬁg 1f this class is actually
non-emopty. This is what Heisenberg calls the approach from the
"Xterior, wheore one is deliberately silent about any dynamics at
L2 beginning éndeXpects to discover it, perhaps, after an entirely

avostract analysis. He strongly advocates the opposite way, viz.,

to go from the interior to the exterior, start with the microscopin
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dyramlcs and deduce the macroscopic one, including symmetries an -
the corresponding conserved quantities from it. His non-linenr

3)

theory is based on a specific (unrenormslizable) Lazsrangian.

buring the past year, as a consequence of the develonments
around st);D the Lagrangian apnroach, though not necessarily
thet of Heisenberg, has redrawn the ettention of many theoreticians.
Nemely, even if Crnew's bhelilef thsat thé symmetries and dynamies do
flow from the S-matrix Btandpointé? ~, properly interpreted is
ccirect the way from the present status of this approach to what
ome needs 1n connection with EEJ{E 1in certainly distressingly

iong.  One is willing to start on a less ambitious level, namely,

& Lagrengian theory where S U3 and its violations are already
built in or where only SU, 1s bullt in and its violation is

3 the theory so defined
"spontaneous". Even with a definite Lagrangian, the theory can &
studied only by using approximations of generally doubtful vali.“-
(There exist also attempts to derive symmetries "self-consisten! -
without explicit use of a Lagrangian. Charscteristically, howa?b;

11l of these work with off-mass-shell quantities).

At this point,it might be useful tc rescz2ll the most of our
conridence in the concepts evolved in conrection with quantum field
theory, even if they are sbstracted later into an "S-matrix theory",
ccmes from the success of quantum electrodynamics (QED), since in

tiie realm of strong intercctions, a verification of the predictions
01 guantum field theory

- tas been vosgible, at best, only in a qualitative manner. (Certain

brecise predictions like TCP invariance and the spin-statisties
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connection, are in themselves only qualitative ones). QED is a
Lagrangian theory soluble by renormalized perturbation theory which,

one feels, might yield an asymptotic series. That is, the existence
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of QED as a mathematically well-defined theory is not known.

However, the concept cf renormalizability developed in perturbation

theory has been of great interest. DSone say a Lagrangian theory

contrary, ssey the more unrenormalizable a theory is, the better.

But neither opinion has good arguments in its favour or against it.
Clearly, outside of purely axiomatic field theory, the study of any
Lagrangian theory that is not exactly soluble, (and only theories

with a trivial S-matrix are soluble) without use of perturbation

neory, 1s most desirable.

I made an attempt towards such a study; but the results are

very meager as yet. HNevertheless, I shall present them since sonc

0f the results seem to merit thinking about. These investigatiOEQ

may also be described as a mathematical study of problems formuls=:d

1n terms of an infinite system of coupled integral equations of a

:
i
:

‘ should be renormaglizable to be taken seriously; others, on the
i certain type suggested by Lagrangian quantum field theory.
|

We may represent the relation between the conventional or

Minkowski Quantum Field Theory (MQFT) and the present modified

verslon of Euglidean Quantum Field Theory (EQFT foll t
, -~1% means, 5{7%Xp1aine later, analytic c<P£i%ua%1aS % tgﬁgs(ofw>
. Green's _unctlons I.lQFT
J t = -t
EQTT . ~
/ ¥-\
Modified EQFT < Results \
|

defined and existence shown . .

by Friedricks-Shapiro integralﬂih y,

L
—— o kM om . B £ m % x moa & 8 A n1 £1 38 LKA E %A 1:__—M



iz-'ll..‘: .-

to the
There::ls. an analogy/  transition from the Schrodinger eq s N

in non~-relativistic fuantum mechanics (NRQN) to the heat equatjgn;:

(More details are given in lecture VIII)
NRQIl = OSchrodinger equation <—3» Feynman pzth

integrals
{:t-a--lt‘

"Zueclidean" NRQM = heat equation <—> Ylener integral

- =N

RN L T R 0 TR R 4T

The modifitatinns thnt leac from m0XT -to D e
(a) Regularization (of the Lagrangian)

(b) Introduction of 2 finite space-time volume

The infinite set of coupled integral equations for the CGrecn's
function (this igfthe form of which IQFT with a given Lagrangian
can be rewrittenjﬁégﬂ so far been, of 1little help because of our

«inability to formulate properly the boundary conditions on such
ayﬁtems to make them mathematically meaningful. There does not
also seem be any justifiable way of truncating these equations witi:
leads to reliable answers. TFurther each single equation is not‘
well-defined. In momentum space they involve at best only condi
tionally cowergent integrals.whilezln co-ordinate space they'

e
involve products of distributions. Dysonjhas snown how this iast
dlfficulty can be overcome in perturbation theory byv.a rotation of
the path of integration (ir momentum SDACE ) . .Mbre generelly one
can perform an analytic continustion and define the original

functions by the boundary values of their continuations. Continuing

ve lmaginary time and energy we obtain the Euclidean Green's

- ) L5
-unctions gtudied by Schwingerﬂénd Nakano. These functions can be
- A
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Gefined even without recourse to a Lagrangian snd may be used to
axiomafic
jcfine HEQM, the cheracteristic symmetry group of which 1s the
B and ’
four—-dimensionsl orthogonal group (instead of the Lorentz group)
Ln operator formulation fcr the Lagrangisn case will be given 1n

sctur
$%qnﬂ1tzon from HQ¥T to LRFT does not, however, remove the

a1tra violet difficulvies of HMQFT but only makes them appear 1in

terms of divergent, instead of meaningless integrals. 1In our

apnroach we regularize the theory by the method of Pais and Uhlcnbec

The indcfinite metric introduced in IQIFY does not carry over to

HQYFT wherc the metric remains positive definite. Also. certain
propverties of EQFT w» derive geem to be independent of the regulori-

zation. The restriction to a finite gpace-time volume 18 1more

o _
drastic, but still, 2 few of properties of the IEQFT Green's function
seem to be insensitive to even this and certain inequallties which
arigse in our model must be valid also for fthe unmodified model and

hence for the corresponding MQIT, if its Green's functions exisdt

The infinite system of integral equations mentionedbeiore is
couivalent to a functional differential equation for the generating

functional of the Green's functions, the Sohwinger functional.

i

0

In HQFT this 1s formally solved by the Peynman history integral but

this solution seems to be difficult to analyze mathematically.

'he corresponding Wiener history integral, which solves EQFT is,

however, well-defined for the modified theory.

I e e R A e e it
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The following topics will be covered in these lecture;,

I Axiometic formulztion

Il General considerations
TII A model. The Friedrichs-Shapiro (FS) integral
IV The (FS) integrel (contd.)

V. The (FS) integral (contd.) Modifications of the model

VI The regularised Yukaws operator, oolutions of the

modified mdel,

VII General properties of the solution: Positive definiteness
. @nd uniqueness

VIIT Genersl propertie s (eontd). The semigroup property.
Comparison with the Feynmen peth integral and the Feynman-
Keg formule., Anclyticity in the coupling constant,

Question of mesgsure,

IX OSpecial propertiess Entire enalyticityiin Diyichlet data:
Bounds based on convexity. Variational bounds, Operator
fomuletion, Conclusion.
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>. FORMULATION OF 'EQFT
some symbols used in this section have the following meaning

V¥ = futur-light cone, Y= for o11, %% = th-rsoxists
U Union, ﬂ: interaction, e = COPt&ll’lcd in

To formulate EQFT, we adopt the axiomatic apnoroach to rola-

il

tivistic quantum field thcecory developed by Wig htmmn1n' and for

csimplicity confine ourselves to the theory of s single scelar

Hermitian field ;\(ﬁj. The Wightmen functions which are the

vacuum cxpectation values.
<A(X0) A('Xf) IR A('X.h)>3

Zﬂf ‘~<T:KL ):Xﬁ, s X, 7CL ;)
2L products of field operators are considered as functions of

> ' | : boundary values
? REPRE S (7/ oo o)

e Cf r_,m,.,lytlo functions ( 05)) where (%) is the n -tuple

of points (1§1), ) (each of which is a complex variable)

-=ith analyticity in the tube

/8)% é?—: > 0O ) ( ’%m g‘) <0Wi‘th ' — (...y)i,w;,

condition and the assumed temperedness of these functions as diz-

tributions.

Due to relativistic invariance, Ww(( 3;)) 13 analytic
in the exten ™ “ ftube

L T

/P.:\ : { 5 3/\ + (¢) éuckthai (5) =(N+(c) 5 )
(') ¢ P, }

e S roa- ——

(1.3)




-, AT

whare /'\-‘1_L (C) is g proner homogeneoug complex Lorentz transforma-

o

Lion l.€.,

A —I—T ()G A+ () = 7 G@/ﬁ Npl)= 1 (1.4

socause of loecal communivity, \/\/ ((;)) is a2nalytic and singlc-
N

v Llued 1n the pernuted extended tube

| ' ¥ AN | _
agm , N PR, (1.5)
ol P

|

PR - {( 5) 1 (8) =(P2) (g)en. }(1.@)'

Wherfz _ ? & Sn+1 1s a permutation

Pi(ot ---- n —*(P(o)?(.),,,,.ﬁ?m)) (1.7)
£ %, = Z, ., ~Z: then PZ,

¥,
In ?an we have

Y

W, ( ( Dé’)) = W, ((;)) (I.9)

since we have only one field,

#c now define the Schwinger vpoints as

[ 7 ; =~ C | V,2 .3 N

3

/N
<
A
<

’%(1;1)—‘\ I ~- EAK %OfOI‘ all 16141
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We may write

7 _ o ¢ 2 3 ¢ 1.12
~ 81 B }ii'“1 ” IXLE [ L = (7{):1 ,IL,?KJ) (I )

~nd introduce the Schwinger functions
. (I.13%)
W‘h ((§0)> . S(ZD X'f _ . . e XW)
These Fuclidean Green's functions are symmetries in their y <4 4
four-vector arguments; they are invariant under the proper in-

homogeneous orthogonal group in four-dinmensions (the Euclidean

‘group). Namely, if 9 is the Lorentz metric,
A .
' g — 1 T.14)
. ) 4 -
' - \ -1
intnoduce the:FBueledian metric by mu1t1olvlqg all coordinate vacTor:e
by |
" ' 2 (1.15)
’&_ — ’\ . | n s < ( ’ )
1 ' | ) ’ﬁ\ — '{:\ p ﬁ, - %
\ |

Lf /\ 1s a complex Lore itz transformation

A*IA = NAAA =9 = A K (1.16)
AT A AR o g o @
LThus ,A A ,f/’\"' 1 & 04 ( C_) (I.18)

1?1(1n zeneral complex) orthogonal tranmformatlon, and using the

theorem of Hall W:Lghtman tg ochwinger functions are invariant

unaer thege transformations.

L]
— el e K M, Mmam . & R m owx B _X X 8. .X & . E & B l_.:__l.‘_mm_——-m
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This provides a proof that tae non-coincident S-points lie in

d{:: , Since 04 cllows the points (g) to have for a

uitable ordering, of arguments the 4-components decreasing,
Transfomation back to Minkowski spece by the sepplication of
makes the O-components imaginary and toincrease, thet is, we end
up in the tube

Afq especially simple way to cobtain the Schwinger functione 1
from the time-ordered functions.

B oy T tp) = T (AU ANy
, (1

L16)

and make the substitution

- Q 0 —Uok } _ ' '

or rrom the functions with znti-time ordering

< T (,Q(YQ . A(xh)> by the substitution |

O 0 _
X=X =gt Xm0 T 1o

Comparing these two expressions and using the uniqueness of the

analytic Wightman function gives the symmetry the relations

S(Xg,w XW) = SC}%"* X&) !

A 5%
— ngﬂ » © FXY\) - 6(,,‘"’?{.-03!- *—-H;’(Y\)

Wrimiigy
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t A

WiheTe X~ 1s the time-reflected and Y

thie space-reflected

rosition coordinates, Thus it the theory is invariant under time

reversal or space-reflection the ochwinger functions are resl ant

SO are their fourier trensfoms (FT),

(I.28)

. andc*nence the FT is perfectly analytic, (K is the Kelvin function,

/

(Conttrast the situ: tion for W (‘g) in M?FT,
2Y - . '
W LS)= mk ST LS 3 §0>/‘2] ™m
_ ! : 1 ~ 9
C(%miee)’z 4T

(1,24
Generally

~which has the F—T . 8< lf)z'w“j) 9 (—bo)

Ruellelg) has shown that the Fourier transfomm

AE( \7\ o PR = g-dx\ Se . ef 2 AP
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1s the boundary value of an analytic function which is invariant

under the proper homogencous Lorentz group. The ochwinger points

in mementum space

D /)O ) ¢ o .. |
IO/S S (- ¢, Ve p = 0, H = --LFLL' S 'Vri (I.26)

le inside the analyticity domain except for points where a non-

@mpty Dartial Surl of the veétors Fng vanishes. We write

(( 2)) = SChp o B )

(I.27)
Then
RGO T P T PO
i 2 Aip
~ ) dUAo -~ dép e S (%o, --xy)
' (I,23)
where '
X Pz X }> +z t;>+7rp3+1 ?h

’ve can also walm, the truncatcd Wightman functions W T and

o | . |
sTuncatced Green's functions F:-r as those which contain only

N\ |
, v
Fourier transform < have: no

sSingularities at Schwinger points.,

the connected parts; then the
Hence the Fourier transform

£ ™~
ST ("D& ‘e P.) = =T ((PU)) ~ are real anaklytioal

functions which are nvarisnt

under the proper orthogonal group




| Lo ﬂﬂ -I'E =2 W 2

( 1.0
o ‘. 1/

| ]

_- 1 15 a proper subset of { 0? roe t.ﬂ.} and W > o

13 the lowest mass in the spectrum except for the vacuum. Hence

if #‘Yﬂ L:Y] (‘){i - )(J)L > & We have
LF '
%
{ T T Ay Ny
- — wm
Am S (Xz:‘ Xm) ¢ - 0, C{/; - D
D> ™ (I.32
where

(I.32) shows that QT must decrecase exponentially for

increagasing distance between its argunents 1s tmmedi~t dy" scén

for the two point function (I.23).
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1. GENERAL CONSIDERATIONS

ikl = N RN T -y

Having established in the last lecture the existence of

fuclidean Green's functions in every theory that satisfies
Yightman's postulates, we will proceed more heuristically which
seems justified as no physically notrivial example of a wlghtman
theory 1s known. This will cnable us to derive an interesting
inequality for the generating funotional of qulidean Green's
functions. The following considerstions (épart i rom the anglytic

continuation, they are thoroughly familiar, e¢.g.) anply to any

theory merely invariant under time translation.

— .
With a real function 3(?) ¢ )) X -::("(I) \Kz; Xg)! we define

2
&

_ | ;
tne two-parameter family of operators J (¢ ,t") ] t > t by

a
- o
-I. !'
.
A
<]
H
3
£l
.l
)
. o " . . LH LH
1L TR - oo e o TR - gy gty e Py - L L T R LT LR M Y- s Ebardelt - e pi o e maip L R LE gk T R USRI 1.4 Ml 210 oK (S RRT N PRSP I LT R R P -T Tery M-S . - L H o B T T 4 PO T L ' L4 Ay et el D TI i
i T . P+ . . i Dl . e Suimnk: Ein il ekl LT LI e P Bl M . H AP U L TR O, T a3y O R L e i [P At e e e iy T MR L R T - e H LT T Y.
" i L)y TN . " I N L L b 1 L e T e ] L e I.'E -. "-'-,"!_"""' ..- TR "‘:.'-.'.'_. e 5o |:j...-_ S T TR T T A Tt P T ._-_|_::,. 1; .:-. S "‘1 2 3k I,.-:.‘ A L _______1.-‘.: .'i.'-_. i gk A '.*\' Rk R 3 ﬂ.‘.l!. i R AT |
-
» ]

2N e B ‘
<bt'> Ve - ’ZJd?A(?,};)?}(x}t)U(t) 4" ) (II.1a)
V(t t) =4 (I1.1D)

Vit E) =4+ LJ aT jd? A(?)T)J (X ,T) V(T AD(11.92) .

f'rom (II.2) follows, if we assume unigueness« of its solution,

b A _ ' | e .
so U (4,4') = - Ijor; Ukt A( X,t’)g(x)’tj:i::ﬂizaﬁ

from (IT.1) and (I1.3) we have, for t‘ :};, t” ) {__-!

UCEEDU(EL ) = (b0 ()
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U (6)6’)T Uit ) = 1

and from ( i, 3)

Ut e Uk, et =

(IT.1) v (II.3) and the consequence of (II.2) and (II.4)

( > ]U(é )= 16 (E-%2)6(x%t") U(t,X")/)f‘(X)U(X‘iﬁ-’)ﬂ
} B}ZN __ (T

- substantiale the symbolic formula

U(t,t;’ TQ#P[ d"(‘fdx/\( \<t>(}(><f)} (I1.6)

=
"y

e o formal limit

i . < — ) | L f - N
- {aj — %?+:U(ﬁ*)t)> (1T7.7a)
t' s -0

15 the generating functional of the Green's functiors P(Kf O K"ﬂ_) .

congsidered 1in Iecture 1,
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(II.8)

,.T%*ai _ QM = 53}

i3 the generating functional of the truncated Green's functions.
f } |
(The limit t 4400 ts-pof U (E~F Jwill actually exist as w -,

. B . . . ‘
and since U (t'., t') is unitary, also as strong ovnerator lirivu

provided a ()( ) ‘5) vanishes sufficiently strongly for I"(\.-*?:ﬁg,

The functional derivative of - ?%:{) s given by

o " " 5 C6 a2
{j&)‘:iﬁ é_b ( i~ Fly)

wvhere 4
1:’.]:;6 ;} ()(1) —_ a (?‘\’) + E %(){—- xl)
Alternatively the functicnal dcrivative as a linear form may be

cofined by

o +
JBJ,&,)F?;}fi(x)d% - lm L(P2iee4Y-F4y).

1f it exists and has the requisite properties (linearity in ¥

: 30 that the Hahn-exterdon theorem is applicable. The simplest casc

o eXpanding the
Jz 0 %%{88*’\

right h.g‘z.nd 3ide 1n powers ofc  -this Fives the claurin (or

to visuslise is obtained by nui

vOlter}%ﬁ) series:
| Frdi= Fgos +j3(Y)F(Y)G%
3 _ 50 ({5 () §00) ECYL N ) Ay
4o
BR300 1 P SRS L L LA LT LU L LT umﬂ_
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- F 348 i<0

21nd so on. The functional derivative prescription then gives

<’” l & '
F’%%% — p(x1.,..xn)+§a(V)F(Kr"xh)y)d"/
%3(?(;) 5(}(‘,()4)

+ :"gi ga(‘/>3 (yz)y:(xb X25" Xn )yuve)dy*dyl

Une can also verify that
}8(;<;:____.|"2 }dx

A
F130= Fg3 °?+§g% ‘ c;o

which is actually the I'zylor's formula wit

as variable

. "We define the unitary operators - for §=1
o L HE N |
) = f L HE
V(&)ﬁ - & U(];)t)>€ (1I.9)
where Pf 18 the Hamiltonian,which satisfies with ground
state ‘>0 ] H v = 6. (I1.10)

- | |
thou e are ' I ]
( gh we are not using a Lagrangian theory the Hamiltonian

cnters since H - ’F% itself.)

From

- LRt ~LHt
A(X:{:): - A(%,O)GLH
and (4) we fing -

V (b t) = f\-wf H$3c ST, ED

S (IX.11)




(IT.12)

is the energy operator perturbed by s ("time-independent") sourc:

1-.’-
term. The V A have the sanme semigroup properties ag the U £

1t may be noted that also

EV(evyy = <EME bl e ety

Wo now. rejdace (IT.11) by

V(6= qirz B NG gy, s, g (an)
b
10l the nrorvertiesn % O«& \jz—{é &-!)
Vt[_&,t’) — Vt (f;} t_"f) V?(E'; (:f) (II 14)
[
Ext 2t

'd-

/3(x)]\/ (b, ') = 128 (F - ﬁ)9<’<°“f)\/ (t,x°%)
A” O)VZ(XDL'{II1

C(E) V8D i fany, o e g

and the representation anologoag to IT. 6

t - . e
VZ”‘E):T‘?XP'[*—LZ {,C’{CH?QCE TS




7rom (13) we have

ot
nd thus
< <<§:§E V(b ED Vs (ftﬂ]@ =
b= (IT.17)
<2 (Jmz) <P [ Vo (t EOTHS 323 Vatb 0 &
e

{ jt j = g,é Z {QC})( ~ 3 th fq>> <¢,ICP§?II.'!B,\

Then from (17) follows *orovided SW\ VA S 0

(Bt’)<¢{ Vo (DT ve (L))
S LI B LP |V (EiED H?dzg Ve CH e[ 5
$ 2(9,2)< P VNV LD E T Jed

By integradtion we obtain

D e eyt g e ‘ IT.19
{3?‘ V2 (£, ) Vo (BE ) [> < <4”<}P> _ LHE19)
exp[wmz f l:o§3 dtj
_ gives'
cna therefore the Cauchy ine¢ o lity for any matrlx element
A

xind is

' -
Cp1 v CE D] = 141 1D oxp|(9m2) SEota im0
L




A8 can -bei sken. by comnaring (I.19-20),

j
L

=+
D -%

(I1.9),

< V-,; (£, 6)> = S ?é}j

Lecture 1.

S1)3

o
> —

= | M’

-I-r ﬂf-.

—-h-.l---

stance when the Hamiltonian is given by

jdxfﬁl(m""{v,ﬂ(%)} + AR -
+ VOO AT 4 Coub

70 can solve exnlicitly in termes of the Green's funetion.

~AG (X, %) 4+ V(X)) G¢X, XD =

from (IT

.16) we have

| <Tlexp]~ fHedcgdr] >
< exp [- fea(d. ) dT]

which 1ig intuitively evident
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(IT.11) and (IT.12"

(Ir.2",

is the generating functional of the Fuclidean CGreen's functlc“” of

g ((w A Xy N%)MX,J }CXn)

- Xn)

(IT.22)

ond (T , S(X 1
.a.nd (__U__" 9_05 ?\/\/\%
S{; < ;2
& —JEo73130AT
<i
. 0! can be shown to
- The . \Vﬁp of the above description exist for ~ertain models: for

(I1.23]

(_......l o Lf"‘f'




: BT Y I . -
. . ) . L H ) H ‘. . .:.:.”-..j__ ::.:._-_-
oy ELE i b et o L1 i-lu;- kA ,J-‘.qiua.ﬂ.. OO OUOF SRRRPr o I 4o oY B

3)

This inequality is the same as the one used by Feynman for the

it an
soleron problem he @erived Trom the upper

-y

Bound for the polaron

cvound state energy. Now we give a list of inequalities ‘which wilil

Lo made use of later

| 4 g1 < |3 - ( éll 3 (Ceuchy's incquality)

NI more gencrally

—— . }
3 | A - o | < o &
|9l < | #2719
- B (Holder's inecqusri- )
. ]

(x > 1)

( Mink~ows%i's inequality )
| (II.25)
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Last time we wrote the Volterra bXOHHSlOﬂ for the T

and S
functionals |
TR
B B I U M O
Fi&f 1 - Z—*QT)(-(O{’)“ d“}(’ng’:(lb""x“’)
J’{K'])h(alh)

, 2) J(n) d%

_ Tetfm ) > (II1.1)

the latter obeying the 1nequality |
ATy tdes Eo § Je
' - C H T ' ___(§Pr O = T
L<7¥3“w ,> S e (11

Instead of the vacuum cxpectation valucs we can also conmtidor

awbltrary mairlx elements of these, ¢

dﬁér:-)n

(realm"uime interval only in O-—ﬁ)) |
which can be

reldtad by analytic continuation to the

Lg AT H 3 315-

quantity
T2 e




""Me congsidoraetions made so far have made no nmultilations on

the 7 -ry. We now consider a model (one which was also considered

L Caienielle) in another connection). The Lagrangian density is

civen DYy

L o=t (3,M)'- %EA VA -

oy

1.

8
2 A (I1T.4)

(A term cubic in the field A 1is physically unacceptable as

leading term, see 1) .
The varietlon of this leads to the equation of motion for the

/

ficld

. (2% - V%—r m ) A 4 J AB () =

(III.5)
and leads together with the canonic=1 ceommutation relations
5 oty thr ¢ouatiorn for the Schwinger furnctional
L | t
_' 2 2 T : - 3
(30 =V wm)(-0) ARTE +g (-0 > F 0 F 141
54 {23 5 ] (0

— (I11.6)

= L () Edj '
e have the normalization -7 O3 = 4

inn <<: _ ! '
V ( { ) t ) > satlisfies the same eguation.

i—% ~+ 0
> —®©
Similarly for ‘: EJ %’ - kﬁi;n-}wa < V-Z (ﬁ > 6()>
E > — o -

we have the equation
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with

The equation for the Schwinger functional, 18
difficult to solve because we do not know what the boundary condi-

tions in function space are which we must use. But the correspond-

ing equation in EQFT for S { )¢ can be solved in terms of the

¢ .- . . | ‘ o,
~leneyx history integral and we shall be mainly concerned with the
solution of this equation. It cannot be solved as it is (except im

nerturbation theory) but by modifying it we can obtain a solution.

.This is the main content of the rest of the se leCturesﬂ_

If we write

2
(—-302-—-“:7 ) — A (

]

—

!
0
v’

and the Yukawa operator in “our-dimensions

o A (II1.10)

we have on using the expansion for ‘S'{’yg (and when the

et o o L . . . .
ternal source is made zero) the infinite set of equations

<, S 4+ G SCxxn ) = (o)

(IIT.11)




- * . ﬂ (odd)
= (=) S(Y2 )+ E6e-9)S()
25y = S (xsiha ) =5 (L 09292394 ) = =0 (111,12)

iq o eonsistent solution of the equations for odd-functions, and

'y

nolds if the invariance of the lagrangisn and the cquation of

motion for the substitution A (%) —= _._../\ () is maintains<.
¥ e - integrated | y
B . The equations can be [/ using the free field Green's

function G‘(o i —*"}) of the Yukawa Operator_. In the

Fuclidean space, the only boundary condition is that 61 > VOIS

at 0., Je. is given by ' ,4‘3
GTOC ')(,__L?) - (-f ( e""’ &PQL d l (1T1.1%)
o -~
@mnt ) 7
= hgve
A ;t/
5C%JL9) :__.GOC'ZC l?\)-——-% SG‘;,O*(M-—?{E) 5(91 p 19}4

Ay Us) = Goln-9) S(Y293) 4+ Go(x92) SCEEY

[x-o) S(xodx'9n9293)

+ Gy (%-Y2) SY142) ”9 f&o v A% (111.14)
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~nd in general

Sy 9 = [ ey [gstsus s, 9]
y

N 712 f&o (%“ 93}) SCy - fj:u'fw S ‘”)
ol |

The solutlion has the form

-~ . 5
where 5 ned { 4 = | ~"~f’£ % =0

For perturbation theoretical purposes
4. more effective substitution is

=T L
. S = e 1
generating functional of
1n terms of the truncated (involving only conneccted parts)

sreen’'s funetions, which then obeys the equation

/ ;;-‘(l‘j
- . o | l U\/ -
YA —
¢ ) LY) AR (I1I1.17)
. Tor us
ﬂOijer'tﬂhe:nonlinearity of this cquation mekes it _no better than

N
equation (III.8) with which we started. Returning to the latter

wLomay try a solution of the type

S‘i 93 = N f ?i h (III.18)

s iy, v il . wm gm T K L3R W B &, N, X\ N_um 3. .m
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(III.20)

| % P o L. PR
EthLC#) *EQWD 1s the measure differen-

tial (quasi-interval) of & suitably generaliz ed Wicher integral

A gL
Py L
}" . T
) e
[ " v >
1
d

(which in our case will be the Fridrichs-Shapiro integral).
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i ] ~n *thso | ' ;Fg ! ' | ’ '
% 3 so that TN { o 1s 1ndeed a solution of the cquation (ITI.A

In the asbove we have assumed thos (a) the intogral W, &’)K

ig well-defined, (b) that functional differentintion with respect
+ N '- : (3 4 L 3 ¥
be ) cen be cerried out under the integral sign, and (c)

?H%ﬁ, ( ) i: t¢‘l~%’y¢3Dw

o -:;""‘ LB _I W I W ] RETEN " - ' . -y - ! ' .
shall sce, however, that for 3\]{ 3 ¢ - can only be given

»
-
*u, .r-""""‘-\"

__j.-__ . o

FooF o . I'!“:':l-."’ 16 - “a gl i ey T y " €7 -

Ao value zerc 5o that we have to modify the integrals and hence
R y - - - -, 77 ( 3 3

o1 model first before studying the unmodified model. To get

O 1entod we mey first look at the nerturbation solutions of the

First we have the ZCero~-space, zero-time case in which *he

whole Space-tlime shrinks to a point. This corresnonds to

Neodont ! o e 7 -
valanlello's "numerical' model whi-~h is 3olved 1n terme of the

speclial fupctions of mathematical nhvsics,

- :.. ]_\1 ! N - A 2 - - - s .
1 ext we have the gzero-ssace, (onlytinme) ‘model in which the

the 5-gpace shrinks to a point. This corresponds to the case of

the anharnomic oscillator with the domiltonian

._ L9 oV |
H = P L wm oy L 7 C(/4 (III.22)

talh'

F ol
I‘.;.:.—-r
o "4'
.,

“verything 1s finite in this problem, but still it cannot be solved

analytically but only numbr'oullyu =.£. thre ground state energy

nas the form EO L%) % /3 j ( (9 2/5)
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Noatl we have the case of 1 space + time., (the only czse in

which an explicit solution cen then be obtsined is for the Thirring

model) The operaztor /{b(jf) 1s not well-defined and 80 we have

to use Wick's nomsal product,

: Q%(l) R F\B(dﬂ A F(O) ‘E‘\U‘*)
=, LAGEED ROV A ) (IT1.23)

58,8 3=

_Ae(8,85) A S)—Ae §T5) AUt T
— OF (gz%) ARET,)

}
The approach to zero of the ‘f A is through space-like directions
A perturbation-theoretical solution can be obtained in this case,.

For two space-dimensions., a perturbation solution exists with

redefined subtraction terms in the definition of & P\g(ﬂ)‘:
namely, the mass renommalization is infinite, For three speace
dimensions the coupling constent and amplitude renommelizations
also become infinite. ©Still upon redefinition of the interaifévn

term, a perturbzation theoretical solution exists / 4 /. Tn moo:

dimensions the interzction term in (III,5) would heve to be rculaced
by a series of i?finite order in the field opc.ator.
I [ g : -
. Y -né the mes
__ O‘}/e \D\ —_ 9/@9 ,_(_,!{ , nc the meaning of even
the perturbation theoretical sclution becomes unclear,
All the zbove ststements in MQFT are alsc true for EQFT.'

Before procecding further we introduce certain notations and
notions regarding functional integration.

}Wg- = Separable real Hilbert space,
X = an element of f\’ X € f\_
'E; =  Linear finite dimensional subspace of

pE X GE ; PEthe orthogonal projector on E

;E?

collection of &11 [F

. = .nm - - - P - T — - R . ) . - ———
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In Terms i t?ﬂ ; oy o ] ~ et |
o O 419 crthoi.___}onai basis e')) J.—)); |+ - ()\/

- % . - .. B - . |
shere YV ig the dimensicn of ~

N
) £ &
PEX = 5;.1 Ty (65 X) (ﬁﬂ )e{u) #SPDJ

(I1TI.24)

e shell confine ourselves te rezl Hilbert spaces without

Legs of generality so that the basis functions are real.,

Introdues the measure 2 2
CC AY -—-—d\_j [9’{:—*,4—-“"" +1W)

A = ) 2 ' (I1I1.2%)

{'_.a-r X} o

which is g Gaussian. It is rotationally invariant and hcn-e
.

¢ inde e; - £ =N e T A A ’ + ' - : . | . .
DA pendent of the basis. Any functional ﬂg-(;g) 18 a8 cylindcer

functional iff— Z} E such that
X)) = FO0) ¢ X

is wmeld to have a base in f;‘

o, | . E
A 2;1_) C;< 13 the set of all cylinder |

tunstionals which have = base in =

Cy T = §~§Cx) S0 = £(Pex), ¥X




3

(Reference to the precisc subsnaec has been suppressed and
ronlaced by 34{ sincc once the orthcnormal basls is chosen
soproprietec to [  an increase in the dimension of the space does

T

not changs the intesrstion result).,

Consider the sequence of projections C Gc?w} corresponding

i - . .
to the scquence 4, ..---- dn  of orthonormal bases in Hilbert
3>

space. o
Xe b X:ZX& ?)?A, , FN)(:—Z X{%S

{L:"..{ t.-:"‘l

For = & >

Adjoin To this space all Cauchy scquences in this space as

(p)

“hizre 1s in general no finite dimensional subspace such that the

"ldeal" functionsis. This completed space is called éfff

celation
CP)
nolds —-:‘:/E _SL € . éf X |

o ol 2 e,
- Pl PR . Ry - iy, pge—_ L _ P T
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.. |
Now let fﬁfff) be an arbitrary (g-r-rally not-cylinderr9 )

functional, L oy igf%j is define? teo.doe.
K -invariant <46

L
‘a) :f'or sll basic syatems5 (Ff;,_,) | j j" ( Fw)(> } & U((C‘(
) fn;‘ any TWO basic SHE Lems {: Pﬁm) | ( f—fswv

Ly 'ff¥}{ ( | (Py) i;*Cﬁﬁ‘ < )

v TV — X

For C{—invariant functionals | P

R SV T - (P) |
Ty (1515 = e I ()

Two Theorems: (1) Integrable Cylinder functionals are invariant.

(2) Polynomials (of finite crder) are invariant if

thie coefficlents are sulitably restricted.

- . . . . . o s " -
A s T A L ' TR = T S b Rl et " Taad}
- s ——m . - I -.-l — . - . . - . l-- - - .“w‘.n'-' I‘r [ * i ...l ‘-. LA A . —-L ! L o -
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LECTURE IV

In the last leceture we defined ~-invariance of a furc..

A

tional, It is a simple matter to preve that X -invariant func.

(’F”
ticns arce contained in L} <¥S . The inversce is not knrwr
ULy,
to be true., In fact., Friedrichs and chapiroe have intrcduced the

ccncept of seri-invariant functions as.

(P
(1) ‘5‘()() - C)Z?d(P 711 P

) Aiv - I, (/7{@ )| %) s Aim I (f(’P ))

>0 n->e®
ooth exist and are independent of the basic system ﬁP%;

inveriance may be 2 stronrser requircunent than seml-invariance,
for cur purposes semi-invariance weould suffice,

We have fw(

(X X(sD dp () du (s K(s, v

with

(X g }’) — f%(s) >/ CS) d/u(s) (IV, 2.

Ly (P = fau(s) k(s sD (1. 3)

Here we can ask whether one is actually interratine over Hilbert
Stace or not, Onc mey, e.r. ask if this interral is countably

L

2dditive which is defined as fcllowso
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od
1f :F ;t% fl C-Onvcr;;-es for all Xé Q‘;, 9 I?/l(;)

cyists and ﬂ (‘C ) -V- cyilsts 'E_ fa, (f_ ) converces and
%In{‘ft) j (‘f—) then tic 1ntm gl is said to be

countably “ﬁditrwsn Th-t this is not true in general for our

it

interrsl is shicwn 2y the example:
I =+ 0 (I-—-—- xl)*‘@(fl*)(z’)‘@()(z—- 1) % ..(IV,4)

For every X2< x) , the scries trivially ccnverges. But each
term interrated scparately rives zero, while for the séries as
wholc, it rives 1, Hence the interral is nct countably addltiv
over Hilbert space., FS have defined as "Corona Interral(at th
edre of the Hilbert space) which is countably adc 11tive and
ap%iicable to-invariﬂnt functiocnals. In this ceose the abovs

h

: . . . ‘ . p
paradox is removed since the Hilbert space (in which only (IV.4)

is true) has mcgsure zeTo NowW.

Now we shall uss the elementary incsqualities (Holder and
Minkowski in rarticular) for jzjé? . wlnce ;231 is defined =zs
the limit of Cauchy scquences of finite-dimensional interrals.
for which those inequalities hold, they hold also Tor :2?3] . We

shall olso use function=l differentistion under the intesral sifn

and partial intesration and prove thelr vallidity 1In our cascs,
usine arsin the aprroximating sequences for which it 1s easily

TA

established,
We now ~ive without proof a number of lemmas whilcn will

required for the seqguel,

 — e e ————

——— e e = ——




If a functioral _» : e : : ] . |
a functional is Qg--:met;:-,;.r'l-a,rfc3 1t is also . 3 =1nvariant

If QC()(}G: e;,o% and 1f for any ?{ . with 15’2(4 Q)

¢

ey

~"f'-+£ ”J{L(PE)H 3 nas a unifom bound for all [~ and some

= "FE - xd}[:‘l‘,,,,,nand ir Sﬂ<%

.. q - : .
. C“I'ld_lf or 2 set of non-nerative numbers C; with Z C"

the ncms //f (P / have for all 11
. - nrifornm A
(X-B) ¢ ) = 1

upper bounds, then

i
- S i

i

B

(= 1

‘Lemma 4

PR o ‘
it fé€ ‘%cx 18] SB <o anair 0.’--/;; I/QXPJK(PQ//E

28 T ol . R e "
s! for all o unlform uprsr bound then

:
p

( . »
Proofs of these lemmas o O11ted here, require only the tragquali-

w128 mentioned ~% Fhka 4
mentioned ot ths apnd of lecture IT and use of the inequs ity

ROLIPS N Jo, 14-4"1 Max (6% it
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rombay—

in the previous lectures we went into the mathematical

tcols necesscry for studyine our functional differential equation
-nd defined the Friedrichs-~Shapiro inte o 1' E
Ty (£) = Lim fd f(?’ fx))
n NS /L(Qf

(V.,1)

L /f'y—)%fe L (X +XE)

T 27 TR 5 ,_
f’_(k() 18 1nvariant if

fd/LLQ{ / 76( ?n X ) /q: converres as o Lebesrue intecrn

for 211 pasic systems,

(b) am I()ﬁ( £(P) ]C(Qm)/ )::0

™ & o)
N W

(V.2)

For completenese we shall introduce the cecncept of unifornm
converrence in Hilbert space of an FS intesrral and give soms

theorems rersrdine it,

Let U, be a set of parameters in a parameter space
. Py -
Let ﬁ(x)u,) e L {::. Coc( ) j be much that for all :
' TET % 1 | |
7

We have

(c) o(, n ~P ) < M(U) , ftor all basic

- S A AL TR S ETE R A R K K KRR R KX F K BE L R N d B D B R E K. i N e — e iyrreems e e _ I;
o
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(d) for any two basic systens (P ) (Qm)
| F(P, U) """-'(Qur&a“)” - M =
¥ ES

F-—

o(/

Then L }@(}( u)j 1s unifomly X ~corvercent with
respect to U in | .

&

(1)« A unifomly -converrent FS int‘eﬂral "L}e (7£ (- 9“))
= ~Y be intesrrated under the interral sign if f dm (U) < &)

and the resulting’interral is O(, -lnvariant

(V,4)

(2) An FS interral can be differentiated uncer the interral gior

.lf the resulting FS integral is uni formly convergent,

W e - T ) ; 4

Ne sholl apply the first theorem to FS interration over
Hl - - ™
i1lbert space by usins it fer arproximating finite~dimornsions

Inteerals, The second theorem will be used for functional

differentiation,

B e e P T " o e T
caeen = el Rt e A b e S o B e D el el D - W T e e i i T il S P 0 P e R S - - . .
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.

We elsc ~ive hecre an important formula, viz, - if P ?Of i 1

1s a polynomial, then ?

3
1

f 62[ foL(o) X(n)ldm(») - = ffx(o)x(,o)/%ﬂ)dm dmi |
pad CPix T du,

S o o Ny
P g B(Cfdm)ix exp ['f:?__ f((}i’"/’?)ﬁ(’:’ -)(£/+A] Y,
% gﬁ’(/&)/gf)dm(,é}dfm ()
fdm(/ﬂ) ((ag D-fAj) j

' ~ (V.5)

1 - . _ . » . '
wacnever the interrand is invariant, We¢ edn rewrite (V.S) in the

P
o
i
i

4 : - _
fexp L C49) -5 Con2TPs g7 exp [ Ligp]

= P 3sn S b [ S(4€aT gk Talyg(hm)]

S TR | V
which intrcduces the notation we shall be using. (V.6)
Modifications of the Mﬂﬂﬁl :
the functloﬁ ] dliferpr+ |
. il quatlon for o
Ne shall modify our model by chanr ]_‘qr'* % 5 and then 1
show th.t the removal of the modificaticns leads to N§4s =0 |

1 A "
he modificaticns we shall neke arc (a) rerularization and (b)

use of finitec-srmacec-time volume.




(2) The rerularizgtion of the Larrancian
L - - ,

"“

% ' (V.7)

N oI
L = > 3 / E/MA - :;f MLAQ— - %/)4{

)

cal be made

L=

L

}

¢

1N Bany we 3 '
Ny waeys. One of then would be to introduce

form factore Inethe e o ,
“o o Snother is to introdyce hirher derivatives ir the
= 1 IS

+

L -y
i .

",

Fantian.  This methos wWas used by Pg

als and Uhlenbeek and we
snall zdopt i : ¢ '
EL 1T herc, The method ccnsists in replacing the
flein-Ge e ‘ ﬁ
lein-Gordon CFerators in the field cquation by

a rroduct of suceh
opemators

y . AJ '
. T, 2
Ko —> T(éo“Vl"’*m?J

Y

ZD( 5 - v

4
*‘.
i
. ”/
'r) e
.

an 5 ' :
end then UsSine cancnical quantiszeti-n

ment (in whick m.’
:lth &11 thE | ’ > : 3 :

have in (IIT.19)

) SE L
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The replocement (V,.8) torether with tne corresronding comrutation

fil:i.tionﬂ le:—lﬁh 8 f(::r 3 : 0 E;I]d N ?/ Q“ Gj_ ther 'to an . 1nd6 -

or necessitztes the intrcduction of an

(

finite cnerry orcrator,

sndofinite metrie whereby the pesitivity of the cigenvalues ot

the cnerpy operater can be maintained,

] > Gy T
We now chcecw that for 3 >0 , and assuming the theory *

possess a unique vacuum, the metric rust be indefinte if V=2 <

)
We have for the expectation value ol tne rroduct of twc /} R

the Lehmann-like spectral represcntation
-3 UK x-Y)
CACIAD S = (am (4K e ,

ek O (k) 80K

0, N CO
= (Mt e a0 oe

The cenonical ceomrut~ation relations rive for

(C“? (J(KZ)CZ‘:Z)“ = 0,0 1 =0, ¢+ 2N =1 (V.11)
O

the vaolues

Tr oy
( uf ﬁ--!-{:___r

- — ——T w

LT T ey - Lt

—ad A aan .. —_————— m— = =




whers (056) LS thc (@ ‘?"1)( £+ 1)

matrix

Y% —
k(xg)dd, R }g(‘,""““df p /So: 1) /Q-E:D, /,{T,)2l

FF o » ':l ne 3 )
Hence (9( K<) must chan:-e g op gt least NV~ 1 timece

for \/ Z £ 2s it does forpr ? =0 when © { i)
: 1T ! |
;F b - Ll o e ' i1 {_:
unremllarizea caseca @ — <-

- = . o€ o= 1, Vs s M =barc mass

Pl k?) = o (K- md) s 6Ok (3mer?) e(k*)

with 'YY]P the true perticle . g

< )
bt A

Ihe so;utiOHS of (V.11) are Obtained by additine tc the
known (5( &)  for 3 = 0

‘the first X, N -1 I CIn

(C’) 00) ‘

» 1 3 &
an arbitrary function of U

cnts S : s
O which vanish in the interval

(b E_;p_}__j_:__e_:_ spacc-time voiume

‘-'_—"-'-—-—n-_—.—-.-——-—-—— .

We can achieve this in two Ways (1) We may restrict th

interration in «11 the tems (@ ) o) ( ¢
. Y)Y ete. in the
dcfinition of {473 |
Nid LS one cver - bounded demain ) '?

wi th J AX = \/
N — oSN % 5 or more ecnerally (2) we mavy

nove different restrictions on the tems in
i i

the intecrang

moking e.p., | i
! (T.15) i

T

|

s

s
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where ?(X)':: { for /X/<R’ %3 ()() = O for
I X / > R/ > R nd ? (X) infinitely 4d4iffecrenti-..
wlth ’Ql — XD ., Thc rerion of interration for the

factor cocntaining % C (P4’ ) 18 L)L < Qv ,

in such a case it can be shown that there is no Schrodinrer

A

equation, Hence we use the first alterative and moke (L X0

for the whole interrsl.

We must know the prorerties of the solutions of the
cquations for the elliptic Yukaws operator avpearing in the

interrand of the medified (rerularized) N Z d’f . We have

The gencralization of Green's theorenm for our case rcads

B -
. f O (x) f@ 9 Y dx + [P OOK Yexdd

- f - = <}< (V.24
- CP(X> ~ Y(x)d X

e

<—
where the «19 , «-a are certain normal derivatives, cach A

in number,
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List time we beran the discussion of the resularized

Yukaws operator

N

\Dg < <‘ _ '
dK = (A ) aﬂ) (Dirichlet derivative) (VI.1)

—>, N~ )LL N U*[E_:’j ‘

:DH e (-1 & k-u “)(A) )

o to rerularize to make Af { J, f finite, Recall that
lreray for d = J the ?A ¢ theory requires us to use the

}J.j‘ C k }:: I_'{'. {juc t A

= _
: AL‘L . o= Au - éAL <Al>o 4+ S <A2 >c> (VI.2)

O

2
With = () (the interaction free-value) and <A > infivis
o _ o
50 to be able tc operate with finite quantities it is quite natv: 1L
. . 2
to have to regularize since then < A > is finite. 1 proved
O .

last time that the rerularized MQFT must possess an indefinite
metric, but the metric in LQFT, whichh we ehall introduce at the

veTry end wherc we discuss the operntor srrrcuch to EQFT, will be

scen to be positive definite nevertheloss,
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- data aﬁ which 1s an n-component function

l.l;i:ﬂ

&4

The Green's functions feor the yroblem arc introduce? =as

Uy G ) = !‘a:;( | | —
C} 0. ”2'4 dn (§KG) (VI,3)

Then
—>
K G)D CX') >’> ¥ %(X*y) (VI.4)
S
X =S AV C7:b OGY) =0 (VI,5) -
>
‘urther
{/8 (’) CX)\/)’SI :“__B(S/S/) (VI.6)

afltey X >S5 aDiragrdedtaifunctic

o s on the boundav --
Using the following fomal substitutionjin (ﬂicﬁﬁ)g with Diricu. 7

N

(VI,7.

where

AR B3 R R aEcREk S L TR T LA % LA VE. AL X &.E B XK
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Here H < Go ancé ¢, £,

HWCK) = [ HOGY) () dy (V1.©)

1t is to be mentioned that

—_— -
— ’ rf}(?{f)()q/j),{) /
X35 Yo
A X N matrix interral cpcerator insrite of the neretive sison,

! - , e
Q“E(\V\y) ?%Ff:. ( \}/) 18 the mcecasure d/u ‘;ek v ‘Lwith
X = 1-

1s o rpcesitive definite

The interrand is riven by
¥

I , ?
e ~ o T 7 (Hy+ §)

his is the evponenti=zl of a polyromial and hence the interration
foes throuwen by Lemma 4 of Lecture IV but we need apricri bounds

for the interral, We sheall derive brunds net for the interral

V1,8 but for the interral where the fourth power is made into =

Wick product,

Cy 4 0%) > ((npe$)*) = 6 6,0 ((hw+)*)

A whe re

L T AR R ERT A EECUUAD LR DEUEE UL L1 LTS e l

- -



given already in (IIT.13)

1s the Euclidean free ficld contraction function, Thus, we shi11
A |

henceforth discuss the inte'ral -

 ta4.a+160d-1(jGd)
N{a,jf e -
(VI 1¢:

) { CXP i”%i‘*"#)*% (ho+ ) +F GOHY+1?)T
' Dps(*P_)-

complete a square in the eyronent ~nd fropt 1T,

| - '
- G (v g P )+ 2L G (v 18 ¢ (f fax
, S

L
an? thus the interral in (VI;10) has the apriori upper bound
' : iz{;(dﬁWde’ ‘
c v "

which is finite due tc rc rularization (60(0) < ao) and the

chcice ¢f a finite srace-"time"-volume ( f d)( < ) . We alsc
S

necd to know that the interral is strictly rositive, since othe:-

wlse ratios such as Nf&,&f/l\[i&,o?

would still nct exist, Fo.

this we use the inequality of the srithmetice and ceometic msans

[P A e & Gl (i) D (¢
s

<5
-+ - ¢ 2
o Je (WL L (") P L e a(upnn]
e e J)FS('\V)
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,S AX ~ 00
“ote thet the lower bound goss.to +00 if
to remove rcgulc:rlf tions 6( 0"9"0
whi e h can b

or if we try

crTeul~tad »iith (‘Vx6)/r The result is finite if <.r.

ff‘ 1s boundcd., =nd we introduce restrictions on jC_ such that

f‘ 15 bounded =nd =ven ccntinucus which pemits to satlsfy

i

~1S0 1tne other conditions fer (VI.,10) tr evist as a

(T<JC;R};)<< < éi~§§.<a, < 0

FS5  iInterral-

Lcesides, of course, ? 2 ) , 5 Adx < oo and finally

!
(Lo b @Cx*) s
(9, X (q; K c,O) SIS (R the last being a condition onI T
smecothness of the boundary of \()_ .

We can now show that N fét; deefineﬁ by
NTa,]S :fexp -5 Corg) - S09) + 49) +
+ 39D G g9 W

satisfies the Lquqtlo

Il g Lo In -2 60l w0 e

(Dl richlet boun-- n-
; condition)

o P T g W . . - - T ] . .. .. - L
st L bl .! T o, ni & gl e R ot s REFRNL LT N "% S e - . . AT P N R aN - T
I L ""1;"."".-1. g N RS el AR e w3 T iy gt L e L AT e !h-" RL
O L 1. o PN Y. XSl 4 AR Ry i : : '
3 - P o . - -1 ) . . i
S TU Tt F T . -
: A T

(VI,1%)

i
] 1
P I
I 1
[
. 1
N
1
L] H
o !
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7ral equation satisfied by N is

5 N
%TN

N”N:G ‘ 7
(VI.14)

| _ (VI.15)
ortant in connection with this Schrodinreyp

cquation “H {a,) }fsati sfies,

This, 1ast equation is imp
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LECTURE VII

Teday, we shall study some of the gencral rroperties of the

L}

solution of our functional differentizl cquation, (the wcra

"reneral" here slgnifying that the properties do not depend on the

rrecise fom of the interaction tem )

(VIT.1)

A 8l . L A o .
:a.'\"-'.'-!'ﬁh' ) .:_;h_..”.__ ; £, Lo, et A ..-:,* e a4
HE :

- ..-h. -. o .“1_ Thy o , *1. . ! d-'l, o J:u I - . .--:.I .. ' Lot “r - -
.. K | L Sahgts W 2 it |’r.-?."l'. -.'_"'. E L] ""_-:"1' o I -r; 4
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AORR R BT T SR e Sy T e e e

-z

4 .
A (C? ) in the exponent of the inteprand is replaced for

Teascons rentioned earlier by the Wick product which is equal t-

- }C@ﬂ + 34 G (o) ()

2

AT

As mentioned in the last lecture, we make the formmnl substituricn

§ = (;/2“14, + + = Hy +

(VII.3)

WA

where

: . i . R R ‘ ot 'f -,-: o ':'I" . i N l:‘_-. LAy ] Y. Il.ﬁ-
ESap A NI TR A ; A S AN RO T At A E I
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r ..-—. h k) .Cll . L .

. > . ] ' 3 - — . 4 . EEL1LAZX A 1 p KX X & 3 I'3X 111 .L L_J_L‘_—#'_—_




S50

ana obtain

(VII,4)

In (VII,3) , the cl represent a set of YL -component

mct“ civen
~> |
by ) qj = d on the boundary aﬂ , 1f \}l)
, sufficilently well beh*ved

The behavicur of (P is dicta ted
by the 'W+’ that contribute in the FS interral, Hence, the -

corresponding property ci the functional are te be proved on thec

basis of the interral,

(VII.4) goes satisfy the functional differential equation

) in an approprlately rencralized form.

L 6 -39 G i

- N5 H-—-N = O

with the boundary condition
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is the quadratic
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form that defines the Neumann Green's function
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bound on C;MJ Y{,“Y) implics that the cone crpdio

tion (see H] | L 17
( ¢. ¢, Courant-Hilbert) is satisfied on the bound:ry.

It also imrlies that (3 {hxiiyj) < 0o
for the noms arrearine in (VII,s5

t.o, € or 7) we have, e,s.,

i(lj

&

NP (VII.O)




The surfzce noms can alco be defined gs follews (which -rc

similar to Schecter ( ))

@:a’ (VII,10)

0 (VITI,11)

»

which essentially erpresses *he fact that the remaining inker::

in ]\j % d y a z depends only on 5‘ instead of (}

separately.

13

\ .
A wish to remark here that if {} and EL, =re sl T

.h

cicntly smooth functions, we can repl

_ - lace / {iilwfu = O
v T =0, Was =0 w (6F)(x) =
and slmilarly ‘ GC { N--.- = O be g( //Lx = p and ]b'

oy b (A8) =0'in the fomulac piven ceriier with f&a“d E

-

< O

arproprictely substituted., In the further analysis of the rro-
**._..-I "'[ N ol -+ | r o -~ . 1
; twes nf thc mowl3 LCNQVQI Wl nRave also tc integrate over

*1’“‘! o ) v | \ r - Al -~ T
e Dirichlet dats and herc Eﬂu willch are not smooth functions

- . .
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f0r some later rurroses, it is convenient to write N ?cl”}*z

1in the following way.,

Njadi= expl-faga-jGo.al-
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\y aprearint in (VII,12) is
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. Nne vo

- %14 is an element of the Hilbert srace since we have I
| (j H R ¢ ) = ( %C, 4 )< o9 vy assurption, In eeneral, the

arcument can be shifted in an FS inteeral if the shift function
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1The form of the new intepral makes the rroof of the enitir-

cnalvtici , . n ,
yticity of 5 d, simplce, L4 functional

of ‘A 1S entire an 1ytwc in a if it reoesesses 2 Volteris
| ! <

e

i

.k

SEIr1Cs expansion thaot converres whencver s resitive 2¢finite

guzdratic fom of J 1S finite. In ocur crsc <(}(%3f) < od

T » e
Ne shall give herc the convcergence rroof =2s the simplest
Cxampls ol the ayplication of simple ineyualities, which will be

cpeatedly used in later proofs (which will be oritted in these

tectures), The sequence of inequa.ities gces as follows,

for the apriori upper bound, we have

Jexp- L= 2y -5 g(R)Y) +32 ¢ ()]
- n _ 99 ~ , .

‘@?H\")! - Des(Y) € e “%G"(O) Jdx

l
12 22N
)€ ' ((} H qj)‘h %F-S<\P) (VII.22)
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+On using the Minkowski incguality

T T L P Y A R BT
AT L L e N e B et B T A LIRSS R LREPRE P
P TR O fr S -l el o gty g it Ol sl e s
L - i i A M A el el paclf i

P et T R T “Prea i el it bacioabivhi'ainicl, - i o 4
P ) e 2T b AT ] e r

I T L LG L T e A L
* Al O e Loyt St A e A L i, i e g e ey it
r = P e T I N T e B T L e e e e e
. oryler e Jrar A i ]
-1 iy = wt E T T H - LT N T T ] re- . p
T - - =T S T Skt S Y et o A AT

CAQJ + B,L)h . 1{\ A'?“h Yt + BQ.
| | | .. : Qh/l.z
={(RedG Reg ) + (I g6 Im) )5 .

T )V;z, (VIT, 1<,
n! 2"

upon evaluation with (V,5).

Summine these bounds over ™ from C to O , we

£el a behaviour ~  eYL ( OL € Ol > whicd proves the
convergcnce. The sxistence of the interrals therselves and of

T—

the integral for the sum.can be shown siriarly usng thée -

inaqualities ~siven carlier,

It 1is to be noted that the absolute convergence condition
fcr the Veolterra series involves ( ;["GL J) while the absolute
\ » R
value of the original sur has & bound y Qi ( Rec} G RQ&)

indeyndent of Gom 4 .« In general

INTa,gE} £ W3 A Reys

We now discuss the positive definiteness and uniquences |

of our solution. A function jp‘()() is sald to be positivs

———

definite if for 1L ) C»L — 1) PR .Y‘L) asnd for all sects CL

and real )ﬁi out of a sultably restricted class we have

T . _ o <. -
}(—‘ Gl CJ E ( %;_ - )(a > ~— 0. (VII,16)
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In the case of our function N Loy bt}z we have
) { » . § i
. n L /N . ' . 91 .lﬂ N _"__'_."
Qa C G é{\) <~ - )V"- The above definition means that N{’“ﬁ T
isanositive definite WA W ... 5

and generalizes the concent of positive definiteness of functira

ofy, e.g., one varaible £f3_7; We can even make a stropger shtstomont
than (VII.16), viz.,
¥ 3 a7
Ce L1 N {a | + - O (VII.17)
G e T LS Aty 7

Fourier transform exists.
s o | N
SO0= ¢ N A ;\’(w) ad W with 3 W) 20 (vir.1e)

-
= Je T dpw

st h f[w) non-decreasing

Trne Bochner theorem can be generalized t- integrals over

Hilbert space ‘g).' Then the functional (for which also certain
continuity conditions should Dbe tulfilled) is the furnctinral

Fourier transform of a non-negative measure.

| ol
’ N
N

Thus  j ( _;7,)5) for imaginary } s the

functional Fourier transform of a non-negative measure, (T T

.FHI ‘
"""--‘ - .-I-

;s

Hilbert snace, we may take

., v - ST
viEn, i) s N e[l St e b

. ~

and HT| insi bstitut: -
?i y instead of 1& ).  cubstituting the Fourier revreseptation

| : . '
of N E,ﬂ,)k y 1n (VII.7) and carrying out the differentiatiors

;“ﬂ (Lo ti ' . | ey & : : ’
: T the 1ntegral <sign and neriorming a vartial integration gives

tal equation for the measure, the solutisn ~ i

#

L ‘ : b’)
N 2 /&-) }r & (T.mf.lth 3 1mag1n§gjy )f\unique T

- L, o e L i s e R T TS W Lt D n i as s SR IR S e e Tt —



H7

LECTURz VIII

i alslnnl . O, S Py . s Sl = i

In this lecture we shall cover the following topicsy the
sericroup property of the solution, cenonical carmutation rela-

tions, analyticity in % . divercence of the g# ~-expansion,

?
the question of measurce, entire analyticity in the Dirichlet datco

bcunds btrosed on ceonvenity ard on variational mothods,

L TEY R ik 1] |'.-||-.:..|'-|l,:_-¢' Sodr kel Eet wtrE Y P S P S ER DT TR U PR YL LA LRy T, S N R ..':_rl- i gy M e T - R e T S e R L ey e e =T e, e o dy ey vl L e A gt

LA PR RO i Y AL 0E ml e i - LPre mm pm e et t ey T Tl Ak g hmTen e Nt am T B LM e et R m i tEa mafE f e pm ot M e, AT atanL Ln N N N N T T T L T e - F i ]

e P e T T g e v A L T S e o e e 7 R T i B B ) i i e ot s LR T R el TP o b T it < A T S o G A R B e e S B S gt e g e i e
- : - ; Ll FAL L i Eas iy - byt i iabil i T O T e [ el e AT s - R T CE {

e L L PPa s PHS R e A
B .=
R B 37 - S ar Y B T T

R LR I Y P IO L S T

W ey R Rl 0 IR i e gl S 1 : : ) ; -
TG Sl e S e L g ot s T o o i ot e e N g S o g, e s e R LT 1 e e e o R S P T S e I 2 vy e FA T el 3 T S T T S 1 By il Ly el ey bk IR T, il
S e et TS e e e R L eee TR RD R e EELR em L TL R LE e  TL  le, TaR TE T T R el il S 1T T AR T R e L T R By T L e R ey T e e TR AT i TR LR e T R S e e T e D e A T e T Tl LT A e e B e L R Ry e R T A R

ast time we write down the solution for the Dirichlet dat-.
. . _ < | } . .
EXP -3 (Y V) "‘”%((H\P +‘F)¢)+§£3 GO(O)OH\}’**) 2‘,!‘!’

- P (Y)

./' (VITI.1)

We con preve that

‘ NE&"’)&L):}WM}/Z% = Ct:z, N11a13&3,}4§*

‘ N&{ag > df'z, )cj'flf 9(_’_“5’ (5{_) a‘/&\

(VIII.2)
where <jll, is a finite
nomalization factor., The
combination of the l)% a. "9'1
tcm gives the Gaussian factor
of the FS intecral, For 3 =0
Wwe cen carry out the resulting S

Gaussian interral cxactly.
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The proof reguircs the use of o number of relations that
connect the Dirichlst Green's functions in Ll 4 = Q5

41:- & thfSC iﬂ _._..E‘./z‘ 1 + ___()_ - 2’ o G o £ o

- < e < @ —>
ﬁ N . QO O .~ o | /3 _{
QJI+QLF" 'G;* + <54 44EﬂJ4JLC;1 + ;2,225 G
F—- = & ] >
(€ DG
ey C’H + G,; ”9(5) <’®G‘i T Q,@)S(%) @ 1
(VIII,Z)
wheres
f\j G"'i“?- {a - (%1 + E%z §>"5 | (VIII,4)
# |
- A
Here ( k‘5 means that the inverss of the N X N matrix

interral operater in brackets is token on the common boundary
surface ¢ and likewise (¢ ) me:ns that the convolutiocn is

1 T """
calculsted on that surface orly. Z.r. (/0( ) ( \A )5 =

the N X N unit crcrator 5(5.8) O

5 (st s
5 | | O o 8(s.g!)
on (7 is a matrix that simply taken intc considerati on
that sn outward nomel on  § with respect to L)L 4 1is an

inward nomal with respect to -fLQ;-:)

The fomula means, in words, that one has to integrate the
preduct of the functionals over two adjoining regions with the
Dirichlet data on the carmon boundzry identical over these comme
deta in the Friedrichs—shapiro 1S mannetr, By this the Gausciar

convergence factor is supplied in these functionals themsclves.
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namely. in the "frec-field" facter in front of the interral in

S | 1 . . : o
N 5.51) C}f. Ihs above semirroup prceperty is the generallzatlonﬁ

to o rather mere carnplicated setting of the property of the

fundemental scluticon
L\ e
(X=X

K{x,x' —kE t') =. L 6# S (VITL.5)

Jar(e-¢)

of the heat equation (in 4 space dlmensions, X = 7\4) 7{9-; X..:?

. t i |
tjf*i‘i:xrﬂxjgk:atif)‘k;< K‘)fX;C:'t BN ) d X =

| \ V:II,E}';
= K(x,x, ¢ ") (

which is imnediately verified. It is nct so trivial ta verify
that the fonrula alsc helds the heat cuation has an additional

potentiacl temm

(. | . ' '
where }/\ ( X y X ; t) - ) — U ( X £ with the initial
. r
condition \U ( X )-E ) poet 6( X —X'). You heard lectures on
semlpgroups, so I do not need tc explain that term. I only want

to contrast it with the croup rrorperty of sclution of the

ochrodinger cquation

___i D Us ( X, E) [
ot

i
|
1
!

L et e e T e Py BN I TTTT I I S S —— _r— e
oy
- —e — _— -

e T 4
el ——

:i::!

L
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Here it is not necessary that the time interval in the fundarmcnt

solution, which is

. \
1n the case of \ (,Xr) = O, be rogitive in cther words,

the semirsroup proyerty becomes a sroun rroperty in the Schrodincer

C..85&,

™, - _ - - _ . » A s
Hote that the heat cqueation arises from the Schrodinrfer

cgueticn by the revlacement k: -, ~ 1T which is precisely

e o
Wwiln, o

Wne replaccement, te be interpreted as on analytic em tinuatiorn

%l |
¢ thet leads from MQFT to EQFT., In foct, the wcll.kncwn Feynman
) ’ (:— 4 2./ v
| p&.tlh intcersal, L S X(’E) AT —t ? v (x(f)@i"ﬁ
| | L £
K x5k k') ) c°
< ( x ) > y _— P@ths
Iy t |
X(t)= X (VIII.1()
X(E) =X
; A . : [ L
Foes, uncer the same substitution ¢ = -t T, U= -ttt bt -1,

J
] 1T ~ . .
1ntc the "Wienecr-Kac" formiila for the solution of thc heat cqua-

tion problem,

ol

KCfX)K’;t)tU 1:. 2 _IE . h —
_._lijjxh:) at — l\/()((’“f))db
- ,(SDW(K) @ ¢ t (VITII,11)
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which is just the one-dimensional case ( cL = 1) cf our

functionzl interral in tnd q) -form, the only difference bein#
th=t now we have a threc componcnt function instead of cne. The
{rport:nt thing is that therc is only one indepcndent veriable,
time, Ao our field theorctical case is solved by a Wiener-intc v 1

in multi-dimensional time, which. we call the Wierc r history

intceration analoey to the Feynmran history integral. It is

v ]

interesting to observe that in the exponent of the Feyn =n intocral

the Larrangian aprears whereas it is the Hoamiltonian which arpvesrs
in the exponent of the Wicner intergra
The proof of the serigroupr propcrty in our casec prccecds

by verifying that the expressicn on the right nend side of thne

cquation satisfics all equations that 'N*Hr ) { A, 3 % Sﬁtlsfl‘ﬂir?
If these equations hove 2 unique sclution then this integral must
be proeportional o | ,‘ 2‘% a af In this connection the

+
positive-d-finitenes becomes important, It is well-known that thc
matrix A LK ?) LS rositive definite if »# Amand“*-*th

~are positivé definitei &nd from:this follews thatiow integral -
is a positive definite functicnal in the sense¢ explained carlier
Since the positive dcfinite solution is unique, ocur statement 1s

proved., If the enlargement of Q/‘ —> _0_4 -Jr',Q.Z is infinta-

.
' |
Ir--n:l

v

simal then from the semiercup property, a Schrodinger equaticn

T

MmOrs precisely a heat equaticn in multi- dimensional tm_. is ~btruind

NJ"L— ri A ) OS
has a limit as [} 5 oy , and that the 1irit would te the

I hepe that it may lezd o a yroof that

y

desired S i(kf in infinite space-"timc"-but stil Buclidean

e i iR i gt e B B et
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nd regularized, It seems that ncne ¢f the other medifications
can be successfully tackled tefore the first cne regarding finite
sprce =Vtimce", 1s remcved.

Ihere is 21sc an Buclide.n snalorue to the canonical commutatilcn

relations of (rerularized) MEFT., ItAprccise fom. is

:‘1,5C5>5)”

|

L\?z:m&fﬂ « N ? a)aj

(VIIT,12)

(with ncmal directicn from _£11 cutwards). Sere, in cur c-nurber
femulztion, the guesticn of position of an operator in MQFT i
‘rcepleced hy ;arforming limiting procecsces in speceific and alter-
netive manners. Formal transition from imzrinary to real times,
28 18 possible fer a flat surface, fives the MGFT cancnical

commutation rclations in a forr where the pcsition ¢f operaters
1s determined by time crdering, ¢.g.

Al TAG) -+ A1) AIAY)) - )=

Y= X+0 Y 2 X-0 )

>

- 8(?-—"Y) CTAMKXKY e ACXn) >

(VIIIL13)
fer the unrepulzrized cosc.




|

_ L2 - /
Next, we consider the analytic properties of NN ?d, <
as a functicn of ‘8’ . Wc can prove by stroishtforward techni-

ques that N %a )(}' § i% ansl-tice for QQ ‘a >O?S{1‘ti sfi¢s

[Ny $a,r 8] S Nagta,yj o

and pcessesscs still derivatives of all corders alcng the imaginary

? -zx1ls, Freom this fellows that the fommal 8’ -expansion at

8» = @ 1s asymrtcotic. in fact fecrl are 8« \ :S_ E % = 0O
2 )

1t fcllews then that also the cxpansion of N {&)C}}

N ?awa § N{.c'l,O} o
| (which are mercmorphic in - Reo 8 Seo
N % O) O'g |

or

18 asynptotic, since the fcmmal retic of two asymptotic scries i+
asymptotic (amd:ic . {\ { &P}can bc shcwn not tc vsnish in a
neighbourhccd of %’ — 0 this includes 2 portiorn «f thec
imacinary g?, -8X18, .

The proof cf the for these series encounter the difficulty
in the case we arc cconsidering that G ( X5 7(,) 1s not alwaysl
positive in the rcrularized ¢ se (N ?, Z) . However, if we
set up the modified mcdcl differently, namcly by switchineg 91 off
in infinite spacc-"time" instead of making space-"time" free
finite, then the liverrecnce proof works, sincc naw the perturba-
t1on thesreticel expansion invelves rraphs with Go CX *-YJ =
incs instend of ( X, }/) - lines, and a sirple ccnsideration

snows thot Caianiello's '"numerieal mf::*wrr'.!*5.3,-1“9 with suitable choice
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oI perameters gives a ﬁrmexpansion that minimises the one in gques.

Elon. The %% -exransiocn of theé "numcrical medel" diverges, how v
i :

Rerarding the next peint I shall censider, viz. the

i - - . .
question cf measure" I menticned alreody that cvery positive
definite functional eon HiIbert spacé, as defined carlier, is

ra

(under certain centinuity assumptions thet are fulfillcd in our

case) the Fourier transfer of 2 nene-ncintive reasure is via

2 3 £ H o~ Y r}-] e ~ 3 M~ 1 0 v
finite-dimensional frejecticns, very similar to the cnstructions
one uses in the definition cf the FS-inteceral. More cxplicitly,

ne defines

* ' 2wy e, A,
o (e 2™ e T e (Ve (5o ) De )
/h (%41- ¢y Cvﬂ) A — _ ] e ——

__lh(\ytvj- e
e - b ﬂ)g;sliKVD

(VIII,15)

e , -, -
Twrh'i.'.;re ft ( - ) ' ﬂ) j_S S

2 sc¢t c¢f orthoncrmal functiry:

e g B B 1,

) | . ‘
LhndAstands for the tems -— 1 ‘3/ ( (H VY +{-)4-) cte, Then fer
cylinder functional jc()() such that

f<ﬁ’x):.f<x) > . anf:%;f;++~. +xhjf'n

(VIII,16)

. FelL P T LW L o I i iy e, Apleplilfelpe lemjenll. ik, . ar e

A L T LU R oL T e W'l s sl plpbiei bl Ty ik, o Aru s e
ety okl njellong. 1l elefyns, S gty s -1 | e N O
" P Tt e B i ¢ A A RW e a SSRE E ol el tes Hae am e s

. ey b e oy S 0
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We can deiine the modified Hilbert snace-1ntegral

Sd pt}(,j[(@ - ) - A ’fkﬁn’ O ~AX (VITI)P?)

and define the intezral »f more genaral functlonals by 11m1ting

] .I,o C T S -y 3 - O "i %\ (X l g X“) "'.h' ( ’ & 37 O
I Ca‘t‘ _] 1 O /€ t l]e EX .1_. S L- EKICE} O f and [ll.lIIll)eI O f :_j.t'{ ) '_]e;' L LI--—-' -2

among them the usner and lower bounds for this function, but T

cannot nrove that /ﬂ\(x\ ¢ er\) nas a limit as _f) - o)

Ln fact then the unper and lower brinds g0 to the infinitely and
2ero, respectively. If this matiematically quite well-oroblem
could be solved, it would mean a hig sten forward in-the directior
o1 understandirg quantum field theory.

‘We now ©®me to 'svecial' prooserties of the solution of tha éﬁ
motal, these are vronerties that denend (at least in their nrense-
fofm) on the choice we made for the interaction term, namelv =
simole fourth power of the field onerator. T mentioned already fhat
entire analyticityv inp a“ is tied un with the Tame sroverty y

for the interartior term. T <shall nog go further into the »nroof of

this »roverty, which requires techniquec which one are similar to

the ones I used sarlier, and also we have to require that for ’
comnlets EE- -Qa - QA < oo - 1nstead ¢ ¥ a, %o & < 0{3 ;
The next townic is 'bounds based On convexity'. TFor lack bf ;

ﬁ

time, I will only present ideas and resulte., T defined earlier i
wiat a converse function as 1ollows: f{%fk7 15 converse if. . ;

(K+Y> \/Q.'fb()"{‘ %QY) . Here X may be ra oné-—

several or even infinitely diménsional varisgbles. A lemma

ar




L mentioned in connection with the Fo-interral gives e.g.

is a corvex. . function of % and a convex functional cf 9 and
UF 1 . :

cecnvex function O-f* U if 2 temm e &Fg is iInserted intc

the integral with — i (yf real, Fer convex functions of <n

variable we have

- £ ()~ $Cx)
L b Ff ;yﬁ;:x) < 2 f()<glb I

7L X

/
N
X

/

with bceth l.,u.b. ond ¢, 1.b actually reachecd fer y —-> X .
Usine this in conjunction with the techniques used
tarlicer, canpleting a square in the cxpencent of the functicnal
‘nterral and droprine it, we arec ablc to using the arithmetic-
nean ccometic-mean inegquality, tc derive a nuih_ber cf bounis,
they arc of limited interest in themselves (althourh these tech-
nlques are of interest the quantum statistical meclmnics, and
scme of them have beer uscd corlier by Feynman with S'U.CceSS), but
indicative as the lend support to the conjecture that the limit

-—(ll —> &) does really exist, Namelys

For N i a) ]}j uprer and lower bounds are found that
zrow erponentially as Ll —> 03




o,

| Nﬁatﬁ

Howsver, for | '\
fO‘l Ol ~>» PO and a lower bound thot possessss o

we find an upper bound that frows

E (,Dl\ :I.ﬂi kg ( 2
finite limit fcr _( -» 0% .

The lower beund is cctually cbtained using a variational

method due to Feynran ( ﬁ.ca ). Write in the numerator inteeral

gy —= vV + WV, . W g function to be chosen later,
_ ] e ch

: . : * . e
-nd usec the arithmetic-mean-geometric-mean inequality. 1In brier. f

setting e.f. G = O

SQXP[*“ ‘?k@ %’((?4")4-&6( )(‘P ) +(J(y)] 3}
XQ*‘P [ (@Kgo) 1(994) +_ﬁ G(o)(qu)J w((_ﬁ)

L oxP L%y -39+ LN g)) Hi )

i

o !
|

I N, i

( :’"r T = : I

' (%.3)
Meun[eypi %( QOUL? )*59'(4%60 ) 3(@ g,)_’_%e(oxqj(})

“(jo3
2’ ‘exb[“’“ é_(l{?okiﬁg) - ((%LL) =+ Bj‘ G, (o)(@aL)"‘(J CFD)J

- Yok —F /0 L3 22
= erp }' Z(QOK@ L‘“(%)+—EGO(CJ)(% )+

o 239 2 ;
+<‘()L?D)F %f G ( X) =( X5 %) dXJ
(IX - 4)

——‘
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Using an independently derived upper bound for 5( pd , X ) . WE

can lcok for the (¥O that maximises this expression, Then,

’
a

2part from the "quantum mechanical Correction" that S(X)X):kééfﬁ/
the maximising Qﬁg 1S precisely the solution of the "elaseic 1R

_'problem

T

3
LQLQPO T 3’(90 = J

that stands to MQFT in the same rclation S & clﬂssiéal nonlihear
osclllatcr stands tc & non-linear quantu m © cillator.

I now give a few inequalities on which an'iﬁterestihg observafion
can be made. - B

We&write

’QA[JV\’ OO0 ) = 7 , rh
L) S ' )K) S(O) Q)

A




Ne write

Lim SCx x) <(00) ,

RO B¢
Lim XX XX) = S(o0oeo),
-S> |

, assuming that these limits

=== cxist and then are of course X -independent. Ther

we have the following bounds

,,
3 [ S(oo) - G, ( D)JQS — s (o000) + 2 (GO IV.R)
< 2 S(oo)*

\V
O

2 | _ o ' th
9 f35(00) - s(op00) -3 [ SCe0) — Gol0)]
7

The quantitiés herc have a direcet meaning even in (repularized)
LOFT, since time A1 fference zero is the same whether the time is

m

real cr imgrinary. The left and middle term of the second equations

and thus the quantity in the third equation, should even be finite
in Z-4dimensional unregularized, MUFT if one believes perturbatiocn

theory., Incidentally

T . . :

'/
j S gf( 000 O) dﬁ _ (1X. 6
O

1s the quantity Caianiello has been studying and is (apart frc-
VAV IV AR e P I B T ey |
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recularization) also the quantity
i\:-m, l | ( - }
. | O O
V0 (VT €m< € ,

of MRFL perturbation theory, *<ﬁ3, the bare vacuum, wherc V

.mede

and T are space volume and time interval, respectively,
(A1so, the logorithrmand is the infinitc prhase faci~r fra. vocoun
craphs). Note, however, that our rroofs =t nc stotec use pertur-

bation expansions but are rigcorous (=part from the assumptions

about (L =00 expressly statcd).

b e |

| P L/@ﬁ*ﬁcanﬁobtain bounds on the
’ measure /ﬂv (’3:[/1 NP QJM,) , I1he unsolved problem here 1s

to rrove the cxistence of a- limit cf ,A/ a5 V_n_ > )

which would yield a measure (rerhaps nct a Gzussian) which can be
physicsl intecrest. l

d -
L

Finally, v 9oive an operator fomulastion of EQFT .

We introduce, in 4-dimensional space the Hermitian operator ficl i,

RIES end (Y (' X) which satisfy
LA, QY)] =o
LQUxY, ®y)] =1v(x-Y)
| PLxY, Pv)] = o

' T E- B RETEE EF-FF E°E LT R TECY 2N A L NEIL S A3 K MLa 3 iX 1 EXT R TN ) R E3or A N R N A = N
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(1]
()
g
'“\7

(IX.8)

c¢cfines a stale \) ( suppress for brevity the dependence

on Dirichlet data ). Then

FOO Q) AX
< / ef _ < . | > (TX.§)

S741 = -
1>

as shown by diagonelization of Q , the "Schrodinger’

representation® .

@l X)) = F§OX) <q |

< g) PO = -1 S gyl e
"ives, it inserted e.g. as _

> = g s ¢35 1@> C]}W((P) (1X47)

w:Lth # ?L?i to be detemined directly by the functional
integral ratio for S ClJ § whereby in the space the Q)Poper;zﬁ |
in, the metrices is puritive definite, 1 do not know, howcver,
how nseful this operator formulation will be to cobtain results

on the model, particularly on _(L-> @ beyond these cbtainee




from dircct study cof functional intecrals,

¢

In conclusion itsecms that the rroblem cf cyistones of

nontrivial quantum field thecries is not entircly inacccssiblo

it sufficiently abstract mathemntical methods of repre i ¢ i

(here in terms of functional inteyrals) 2re used E,¢. The

_ _ ws
Friedrichs-Shapiro interral parmitsﬁFe “cal with the present

model th-t is cntirely nontrivial and nct solvsble eractly, 1

belicve th-t the search for mecre such represcentaticns should be =

challenge to methemntical physicists, ﬂ

—_—- iAo s ama aom . .awmr

L
- c e ar" arw" pre—f——di.-d dmam e

_ _
R ———— — - MMLLML_LLL;JJ_:JL__—__-———A
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