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eo g 0 particles such as t}le W aXld -1 mesons. On the other hand,
some theoreticians hGve proposed the so-called Gauge theory of

AfJ [~d B satisfying some subsi-



(i) The vector HeLd A behav'3s in a way very similar to
j"

the Dhoton field with which we are more familiar, and so it is

sui table for di scus sing the cJnrection bet\ifeen the meso.n and

uhoton fields;

lism, solely from an auxiliary scal~r field B. Thus, the ques-

tion 8f the reuormalizability of interactions can be reduced to

by many authors. It seems to us, however? that a netai led ac~ount

of the formali sm it S8 1f has not been gi.ven in the literature.



1:1 this seri0s of lectures I wO'_lldlike to di.scuss a
, o..CC.OlNv-J:'.-/

Getail~oi" the formalism thereby sho1,<rir:.gthe eouiva2.ence bet-
A



In th~ ordinary formalism, we have a field o~erator lLjU-
which satisfies the (free) 8~uations of motion

\ 'L

rYlJ lLt' I) i- X Ur ~ 0 )

~r)j ~-A U1J - dLJ Lf-

C~ndition (ii) st2tes that ~f the 4 comyonents 0t
~ > fL = 1,2,3,4, only three are indep8ndent, corres-
~onding to the three ind8~eDdent spin orientations.

In contrast tJ the ordinary formalism, we introduce ini..
Stuecke1berg formalism 5 variables, a vector field A~

a scalar field B, and impose a subsidiary condition on the



u
/

~ drB
y

and the commutation relati~ns in tne absence of interaction are

[A) ( :<.)) A ,) 1')] - (,<:;f lJ /::, (f- - ;>( ') J

[B (:xJ) b ()Z ') 1 l 6 C)Z - X )

I~ ex)
U)-i.. (x) in th,e ordinary formalism,

deri 'rat i ve t8rm c:Jm~~rom t'1.8 B- fie ld.

L-

The total L<:t;:;rangianfor a s'Jinor field ~ interacting

wi th a vector field lJr- ' with a conserved current, may be

written as follows:

cr ['( Y (Of" - 1.<. HI' ') + X] If!

j."..u J _rJ.. ct .... Lagrangian for the vector field



Put ting Uy -= f-'y_ + x?Y 15
this becomes

--L ::: 4' [~f (~ - L"- UjJ-) 1- }tllf-'
/ -'

2 [co, A v) ( 2Jy A 1J) + A~ Av >\ J
~ [\djA- ~ ) (Of I'») -r )('- BL]

(~ Oy- t-:z ') \f! ::: ~e ( Yf' Uyi.¥),

Co - X1.-) Ay - -CQ.. '+' 0')-,- 't ::- ~ )

(0- XL)R

As seen above, LJ~ plays a role very similar to ~
One can easily check trie c~nservati.on of the current



•
Thus, if JL '-f ::: -.fL '±J -:: 0

at I: =: CQ , then (2.11) is satisnel~ for all t. Notice

that by virtue of (:2.1~), the

(G U ') <p]A- jo -

i

!\!-J- ex):::
/

Ar (x. ') + dy ;\ f x.') )

13 (xJ ~ x I\(x)

~. ('A)

p-,(()Z.}
I

~j(x.)

1)rovide!i /\C-1} satisfies

(0 - )(2- ') /\(-x.j == 0

L e. 1\ LX)
lfJ ('I.) ~ ~ ( x)= Q. '+' (x)

I

4;-\ ( -;Z.) -7 l\y C'A)::: Af (j, ') + ~!\ (t) )

) \ (2.18a)
13 LT() ~ B (X) -==- Bex)

or (II) I l Q A(I<)
~ l -I. ) ---? ~ (~) =- e, 't l x)

)
I

Ay (J.) ~ AY (y,") - Af'- ()\)

13 ex ) ~ 13 ((X)::: B eX) - x 1\ (x),
(2.18b)



uni tary transformation e:x. ~ (l. c;, [CJJ)
like surface () :

G [cr J ::. S et7- [1\ ~ (d A A A -1- X B) (219)

G- - 6y!\ (d~AA+:x.B)]
'.;A/maydeDend 8x1Jlicitly 0[1 't'le time:. G; [CTJ is hermitianj

thus eXD (~ G, C() J ) is a unitary ogerator. U.r.der the

uni tary trans formation effected by thi s Jperator, Ay ( x.> B(..,
and ~ L;Z) transform as follows (i:lr .:x::. on the suace-like

sur f ace (J ) :
r t: c;, [IT1 -l c;, [()J

Ar(~")-7 Ay_('i-) ~ ~ Ar (i--) e
Aft (£) + 0, /\Cx)

t LG,[CJ] _cG,[<Jl
B (:>Z) -~ B (x) - e seX) e.

8 C x)- :x- /\ ( x) )
r ~Gr0l _LG,[C-]t.r ( )(J ~ '-Y CY-.") - e - -* ex) e.

Q x. p (c e.. /\ CY- ) ') LV (x)
Note: (2.9) is not invariant under (2.20)

In the case of free field, i. e. e = 0, ~ is unchanged by G.

Then (2.9) is,inva.riant. J~ hv.h-h~cL..oJ1.(f C.On-<Lt00"YL>

(~ ' I 4- ') o.L:, D I.JJ VY,- ':.)(AJV..0VY1.. t- ~ t ~ C. G-./j Q. .

By. using the equations of motion one can easily show the surfa.ce

independence of ~

ill"' [1\ ~ -D- 1\

6 \ PI/ + X B-
I'

dy- 1\ :n.. l-D/\ - )..j -

(
n , - .

~,. . /



provid8d !\(y.')satisfi0S '2Q. (:::.17)

rr
_c ~ G,J
- awA }-£'~Xl



I

properties of the free fields

[Ap e)()) Ay (/~

[B (X) I ~ ()(l~

L ~)j 4 (I -)('),

t ~(x - x')

rO --;i 2.-l Ay lY--) ::::. 0 )

[0 - .l4.-l 13(x") =- 0
First, '.;Ie may regard, as usual, all the operators

Ac) A(J:::;- -L AL+- and B as Hc'rmit.ianoperators and
expand them in terms of creation and annihilation operators

Q ,!(~Ji Q 0+( k) )9- t t( R)
Then, "Ie have, for the free H,tuli ltonian, the following expression

~D::" ~ Ef:<f1( r CZ 7ck) aJR.)1; - ato~)00 (R) +.t feR) to~)?
~ l t (3.2)* f

* Wo use the following notations: Hermitian conjugate;
* Complex conjugate, (±) positive

(negative)fr~quency part.



L -::. I l:Z ,~

, Ul~-particles' or the 'ordinary particles', since these are

the r.>articles which aD"?8ar in the ordinary formal.ism ard the

three states (,.:: I ) ~T J j corresDond to three spin ort~ntations.

Particles described by Qc/:))) area) and k(o); };+r,))
are called' G..?-Darticles' and 'o-particles' r~:s.!ectivelY.

L! (3.2) ~'Te see that the II -Dartic le shaveI..{,o·

and, moreover, for this component the roles

of creation and annihilation are interchanged, L e (3.1); ClO

is cre:1t ion o'Jerator and Clot th, annUli lation o')(~rator (Thi s

can be se·,n f om (:.1). T,t.J" have L Ao(l) )A,tc'/)J= -l' ~('/ _-/)

lQ 0 \r<) at(k ~ = - I) [et 7(k.), Q ,) A)l:::+ \

ties as those 1,reencountcr in quantum electrodynamics.
~OOK. ~~

First, the-normalization Jf state vectors which satisfy
/\

tho subsidi2~y condition (~.14); In terms of a's and b's. (2.14)
takes the form

[,~ Oo(k) -~ k~ Q,,(k)+,C &(P.~':!:' =O(
[- L ~ (1 Ck) t+ ~k I) Ct 0 (k) t~X t (f<. )tJ ,±:,::. 0 J for all R



-7"l
In a s~ecial coorctinate syst0m in which R ~ 0

L-, ~ Q 0 (0) -t- t (0)1 '-¥ -= 0

[ l- Qa (0)+ t- &(0)+J 'f :::a
L(,t :.lS denot..-;,by l:J::! (h..j Y'rv) an eigpnst?cte of HO l"ith
eiger,-vc::lues f1.., and nv for thp number o")0rators of QO

and b Darticles. BY substituting the expansion

into (~.3')we obtain the coefficients~

C (Y\ J nv) :::.C (_ c' ) YV ~~ Yy\) j

~ C ("Y\,) yV\; ) J"'(\ + -I _ c:. (m + I ) yo + I} J'YY) +- I (3 •.5)

C ('fl.)m) ~ + C ( Y\.- I) Y'(\J _ I') ~ ~)

(;:'.3' ), the negati v.~ e.0erg'es due to Qu -"9articles are exact ly
c ance 112d out by the c')ntribut ions from b-;>art ic 1..es. H-.J'·J8Ver,
such states are no longer n')rmalizable. A~ in t~e case jf

quantum electrodynamics) this difficulty is also manifested i~
. Since for th~ state t.f Co) 0)
A L(+') S:' (0) 0) .:.:Bt ~(0) 0) == 0



wi'vvcQ.
£:::,.( il_

l'. ( I )Py
_ ~ (6+ - 6-j
~

. (I) ~Au ., '
~ \..I))

- f,,4,.

these difficulties we

we regard all operators Ac I A 4 and B

Fr:>m (".1), we get, for "j-' <>y-+ h

[ju(r<J o,,(!) 1- ~lJ bk£
[-f)Cf~) t (,Q) 1 - b~t

~ 0 ::



com~)on~!]ts:); 7 are treated

here ·)n an equal fo)ting, a[1d ·so all o...r ~ are n'}~.., anni.hi lation

o?erators and all r+ I) crc.lation o.JC"rators. Tw: a.4- -
L.Jarticles haVJepositi.ve en8rgies.

==0 )

ldy I\v-
to r emOVG the

[L k"? Q C~) - £.k Q 4- (R) +)' ,{,(1<51 '+

~_- 0and in a s~ecial cystem in which «

[a '-\_(\)) - '~J ( 0 ) J y.; ::::.0

-0
- I 7, (3.9')for all f~·

N(-I) 4-

+04- Q R

:::'It
I



FJ.JID (3.10) 'rie have

A ~ \ '= 1A ~ (Consi der on 1,Y "''-'- '(noct...It )
A It 'I - - ") A it (} !4-)

We first assume thes!? relations and (3.10) only f()r the Dart

of Ar with wave vector ~:::: 0 Then one can sho1N, by

means of a Lorcntl.- transfJrmation they also hold for all ~

Hence, from (~.13)and (~.14),

(Ac> Z Al)~ )

~ 11",)= - (Ai-y)-A ,

as required. +-10 isreal in thi s sense.

vectors "lhich sati s fy the condi ti In (3.9"). L:t us denote by

f (Y\ Jm) an eigenstate of -Io civen by (2..8) in which occu-

pation numbers n of C'..A...4.1 t and Q~ particl'''''s are Yl) ,'(\)ef1

respectively. Substitutir:.g agaif' the expansion



into (3.9 q) we find, by use 0 f the relation CL4 ~ (y, )Wl)
- f"'n, .q; (Yv-l )fYV) QCc.- )

·c C'Yv+1 YYV)-- )

C ( Y'v J I\'\. 4-\")

whence one gets the following set ~f orthonormal vectors, eRch

of which satisfies the conditi.on (~$.91j)

f(o)o)

~(I)O)+ ~ (0)1)

<f (:))0) + ~ pel) 1) -+ ~ (o}~))

P (3 )0) r J3 (~( J. ) J) -r <¥ ( I)),))

+ ~(o);),

-+ · ,.. + J-nC::V ~ (rv-1'rv )m)+

· \" + J~ ('r! _ I ~ (i) y\- - i) -4- J 1"1 CY\.i P ( 0 ) "rv)

From (3.10) and (3.11) l>1esse that the j'J \,)R M S 0 fall

the se vector s but l L.I are zero.-=to

L 'lJ\)} ltJD> == 1 \

( ~yV ) ~ Yv ) :: Q (rv :::1)2· .. ' hJ)
(3.19)



It .:;hould be noted also t'lClt lV Yv is the eigenstate of 14
0

wi th the eigr:>Dvalue YV E.k:

but the ex~ectation value ~f ~c is nil:

(HD>ru ~ [~~ '1 Ho ~h) ~O

A>S physical state which satisfies the SUbsidiary conoition (3.9'
I

Can thus be ex"Ores sec'l as a line ar cOr.lbination 0 f ~ h" h2:
lc.ol'.L and th8 vanishing

S0metimes we shall call lL" th,C' true vacuum. T~k difficultyIe,
related to the; commut~ltion relation also disappears. .f..nystate

'Y"in which I.J \_ Q(., ~articlE:'s exist C8_nbe given as a direct

product of 4> ('YI\ ,'Yl).. 1-/)2» an eigpnstRte of

Ek ct Ck)+ O'l Ck) and the v8ctor (3.2'::». lilhen

~considering all the modes f~



Finally, let us consider effect~ of the gauge transforma-

tion defin3d by (2.16), (2.19). Since [~+/~))JL(:/~ -::0
for any point x Pend x', th,,,! gauge tr2.ns formation oDerator (for

the free fiGld) (2.19)) commut,?s with JLC-r-). Therefore,

is transformed, tunder an arbitrary gauge trarsformation, into

another vectJr which also satisfies the subsidiRry c~ndition,

that is, if -n..C+) 'f = 0 then

r4:i G \.~ '\
-SL '-,/.Q. Y::') ~ 0

In other words, the s?ace spannGd by the physical states

~0 I \.VI) \Yl., " "0" 1.S inv8.riant under gaug"? tr8nsf:-Hrnati~r:s .
..

vie can see this more ';xJlicit1,y in momer-tumspace as follows:

1\ ( 'j ") .::.

\

04 (R)~ Cl+C~,)
I

Ar(R)~ }y((~)

~ ~d(l~) +L rzl\(k)

(,( LJ- (r~) - R 0 f\ (Iz) )

hCk) - :x 1\ (r.,)



-exp

I\(k')io

[I-\-/\:t
lfi

a
+ 1\1.. ~I

Thus the true vacuum state 4-'0 with the 8igenvaluE E:: .:::. 0

of ~G is transformed, by the gauge trarsformation (3.?6). into

This i Tlplios that the t rue vacuum state l I)~o

the Hamiltonian (3.3) is not inv~riant under the g~uge trqnsfor-

mation (2.25). ( ej- E.V(~.2?')

the ,C'x9Ectation value 0 f H 0 ) (40) 0 -=- ( '±'Q~1 1-\0 ~~
gauge invariant*.

--.'ii:'*-.------------------~----------
In t:ucntum clec rodynan1cG . c hsyc r:,L:oi:he sflI':e fJl ;'.'; VOl"..

rtll,c 'l'r'lC ~r"'C11" .. ' , . .J.-~. ~, 1 .. '.' ~ . ~
.LT.'- ~~' H) .U[l.,JG.:.u(; ..:..;,':: lcn '0 _On:>_l;v.C:dif;'.L .Le... 'Cfl1,8.Y ·()".O'tOL.
("'1"\, "C' •...,.,',.(e- 'r. 'r ,. ,-ro-' ( .. ,'. J,' J' . t ':."_~., ,: 'c:' ", .Ii',.- , ,."el..·'; ~l':.Jl';.L:.._ .8..C:LOE? " n 0 a o'Ln-cc '.:':~'ich
13 lli 88 ei~.:c.Lf]:,t). :.€ : f ti:c l'ree ~i~:.il. _:'_P.~lo T::"')S, the t'ne
vacuum stbte is not t:au;::o invClric..:.nt 0



':l! (~) ~ i:s
)

are all in~ependent since the corresponding

-itthe state vectors for the modes k )

in the following t~at in our
obtain ~ (S:) '''ith ~::f 0

Lorentz transformation.

discussion it is convenient to
from \fl ( ~ -= 0) by means a f a

I
~ LX-

I
X"r

L ::. l\ ~)J)I
0 0 -l lr

0 0 b

~
_1)"L.

0 0 0

LV 0 0
(4.3)



Wo assume that the transformation of A and B
Ay (X-) ~

f I
j

Ay ( 'i.. ) - yv A)) Ci-)-
, .

B(I<.)B()<)~ B ex)
can be generated by an ODerator U ( L) such that

U (ll f~ ('I--) LJ (l) ~ q- A-J C L-~)j"IJ

-' B ( L-!X)
t

U ( L) B Ct,) U C L) ~ - S'(x)

I

AM- ex)
j (4.5)

We can then prove the relation

C':I: '*'1Pt: ( ;,) ~:} :-:-( if ~I Ay U) $)
( lp t / 8,1(,,) '11) .:0 (1? ~ '1 f2, ("') p)

ef-::TJ~
provided the o'Jerator iJ satisfies

U+Yj u -;:~
which is a g0Dcralized unitarity condition. Incidentally

to inter~ret the transformation in two ways i.e. as 'passive'

and active r transformations «(.,j_ Wi6ner) Fo;, example, (6')

implies that under the 1,:)rentz transformation the state ~ is

transformed into rr:,}ther state state X - an active transforma-':t)



covar iE.nt way under~+
and ~r (k)
S,Ab;:;ti tuting (~. 6)

~
wrentz transformations and so are 7 eft)

LJ- \ ( h )CAy I~, U

LJ-I af+(R ) U

U-I h CR.) -LJ

U-I )y t(~)1.J

(4.8)

(.\t should be rema"ked that the operators ayC 10.), ::=(I<)
L _I ~ -L {, ( \k~ + - '-A ' Y)

defined by Af 'A)::;; f7 f<. ~2~~ \..~ R)e. +~(R)e
do not transform in a covariant way, although the last expres-
sion looks as if it tends to the Clxpression (4.7a) as V~oo



0.)) (I-~) -=: ~ yv lJ-I o.;(k)-U ,

J.r (h' )::. LJ~
1 t (~J 1) ) er C:..

10-\ ~ L-1k

F~r th~ L biven by (4.3) we have-,
U0.. I C jr,'1 ::: _1_

~L

_I
U Q.J-. (D) 1J )

a.)...+ ( r)::. U- i 0t (I)) 11 J

t _I t- -
Q ~ (R J -=- U Q ~ (0) LJ )

Q:(I<-)~...L u -I (~t(O)- IV a~(o)u J

~"L

~+CR) -= U-1--t(c)D



~ I
where we have put t.:z = 0 and drop-')ed the prime from ~

and so f<y- ~ R,/j;;: (- ;:-,J 2- ) (), 0 J ~L I~V >..)
By taking the Hermitian COn]~2te of (4.10) 2nd comparing it with

(4.9)) we obtain an alternative expression for Q(k)and Q+C~)

+- ( \( +\-1u O-\(oi-\vu4-(O)),,-U)

~1-lJL

0.). ( l<) - u+ Q~ ( 0) (u -t)~I

Q,3(RJ::: U+ Q2>CO)\U+)-',
Q."1:- ( R) -=- -.!- u + ( Q tr ( 0) -\- l 1.r "', (O~ (u+r I ,

~'- +
atef<-) = I _ U+ [o}(o) .LV "4 (0) lCu+r/

J
\(1-~0 2-

a,;t U') -

atC/:<) ~

OLfc k) =-

u t c!,,( ( 0) (U+) - I

1- (' +)-J
U 03 (0) U I

I

-.L u +(o~ CO) -j-c v ",tCo ))CU +-}
oj I - \J L-

We:: may regard (11.9) and (4.10) as thG defining equations for

a,;- (p.)) f+ (I<.) in terms of ~ (o), 1(D)

From (3.14) follows t~e relations given beloi'" for 7(~) )kf~



QC (k)'Yl Yl «.L' C k)

!At (I<) '1 ) Q!(k) )

04 (R1'l -~ Q4-(h)

04+(1\)'(, '-- -'rL ut(t0

~
We as sume (3. Hi) only for ~ :::: 0
Lorentz transform~tion from the corres)onding relations for

7(0) ) ~ (0) This can be ~rovsd by using (4.9). (4.10)

(4.11) ar:d (4.T? Tllis indicAtes that our formalism of the

properties of .~ look non-cov8riant, the 1ilho1p formalism is

essentially covariant.

N.Jw,c. let us consider the subsidiary c')ndition (3.9') for <;¥CR.)

[G R I IA I C h) - E I< Cl4 (R) +)( t (k~ If (I<) = D

So (3.9t) b8comes

( 04-(0) - ~Co) 'ru peR) - D



q;.
L

( Y1, Y\., y\. "\ \T),, ~, 3J ~l

)

uJO.NQ...

>.\There ~~ lry; ) ) Y\). ) j'\ 3 is the _.' function for the

m'Jdcs and I))' is the ""3\":- function for the ~. x'h~l, 1.+) T

wherp we ]v.ve ·?1tt2.ched a suffi~ k to U as U is riifferent

for differentR . T11<3 C8.n easily S'10W that the stEl.te vector

(4.12) is :'",e:ge~:e7iofOc:C k) ({fA U~) + t.+u<) t (R0
.fA j )~. 12b)

Ejo U-! (~ ~CR) yCk)+{,+C!<) t q~~D.

Hk is the 1)2rt of the Hc"fililtoniqn for the mode k
Thus, to speci fy state vedtors <P (k) vIe can us(~ eigr:mvalues

of the numher of o0eratJrs in the correspondi.ng rest sYstem viz.

O.\.+(D) OL(O) 04+(0) (J4())

the oDerator U satisfies (4.7) t'18 nU"t'YYV

r

= ~ 0 C'" ,)YI , ,>'Is)
l-

Co

of ~(0
~ C"Y',)Yl ~ )Y13~

) 0 ))

and the Gxpectation vRlue of H k. is

<::Hk> 2 Cn,P1+"3} [I< \e/)..



T0 s~eci fy the state s P C k) we can also use the
eigenvalues of at r R) 0 L' (R)) Q tCR) Q 4(~)
~et ~t(R)t(k);

T (Q-tcr<)) n~(Q:(k))"'~
J-"\~"hZl> ?/(k))'ht- 10,>

where we have chosen the )\ axis in the direction of the
momentum ~



Qec~ust'.: of the c,)m~lic,::;t<?d subsidi.:::.r.r c')udi tioD (3. ~. )

w f.-:r \{c h.::.V2 assumed the existence of t:16 o;>erator U

Lorentz trans form.:>.tion L (1J ) 0f the form (4.3) 1)' bei .g sm;lll
J....

enou6h S0 th~t 11 may be nEihl·~cttd. The corres90nciing trans-

formation D may be c.J41structed as follows:.

Write V as 2-

and Ut-- such that

tha following rcl~tions:

~rod'..lct of two transformations Uq.
LJ Q a.nd Uh commute and satis fy

1J - Do- U,t ::::UbDo...,
-I

U 0- 0. I (0) U Ov - '0 I ( R) ~ L () ~ 4-CR.) )

u;:\ Q~(\)) UQ o.:<.Jf:<J ~ u~1- <A3(o)UQ=

1J ~ I a 4 C ()) U o. ::: Q 4 ( R') -;- l LY a., ( R.)

U t-I ,t (0) -Ut - t (RJ I

\
Uo..

o}rPJ_'1J o:tCr.)
) u~j ot (0) Ua ~ Qt CJ:t)

a:Ck) -r Llr Q,t(k) I

_ )f-tCR)



It is 8asily verified that U::. UQU.t-
the cor..diti:l_1S (7) (9), ar..d (10).

Ua... may be constructed as a 9roduct of a non-:'nfini tesimal

transformation Ua. and an in<fini tesimal transformation UQI ~

Uo.. ::: UQ \ UQ2.. ~

o P()..hQ tOY /:) CJ d: lh Of'f\J:) t I)1 'YY'J..d. oJ:;

-I
::: Q/(k)· U . Q~(o)U ::: Q,~ (k)

? a/ o( a., ~

_I ) - I )
UO- I a. 4-(0) Uo. I - o.!+ (R ) LJa I 03 C 0) LJo. I - Q 3 C R

q:(oJ U CA, ~ o.t (h)

a;:(D) lJ", - at (I<)

D~ f.J. cl
-I

LJal Q1el)) !.Jet,

-\ + t _I

UU, 0-., (0) lJo..
1

- Q I (k) UQ- I

U__1 o +(~) a Ltt(k)
-I

UOI~ )
UQ1Q\ 4

-IUQ~
u-I

0.1

LJ
..,.. I
~l

-I
U 0,1-

Q I C R) LJ 0. L ~ a I (R) - L- u- 0.4 (k)
)

Q I, (I<-) U ..,.. a. 4 (l<-) + L'1r 0- I (k J
~ ~ )

~

o,t(R) Ual. - Qto~) _LV oj-c/<)

Q t (k ') U <Al "::: Cl if (R) -+ l u- 0 tck)



(and UQ~ leaves
unchanged)
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Q;-zC R), <l..CR) , 0..)(/<), <t- o}O<.)

Similarly, Uo.00 and UJr are given by

UQJ. I T LV [atCIz)o/Cn)- olteR) Q4CR)1
(4.20)

[ t-+(k),/,-(o) - t+rv)t-CkU
(4.21)

WP have thus given an explicit construction of the
operator ~ obeying the general unitarity condition (4.7)



~ . - ceo

when H0 is gi v,-:-nby (3.8) ar..d the di fferent sign 0 f the

third term is due to the use of a non-canonical vRriable in

the sec)nd term. Since A~ is now taken to be H~~mitian

the intGraction term .....le..(~"'(4-\f') AJt is not H~r!l11tian in

tho usual sense, but satisfies the reality condition (3.13)

1\ -1 tM-='l H ~

which in fact guara.!1tiees the conservation 0 f the rvOh.. 'YYv

of the wave functions, {. Y .> ~) ~ (l±'~/1;~) Th~t is, if

\¥ ( c) ::: 'Z C~ C l) 4~ an d ( ~ ( 0) I ~ ( 0) '> = )
then for any\;>( t- we heTe

The 'Unitarity' .)f the; S-matrix with such a Hamiltonian is

now sX;Jres so1in the form

S+'fL,;; ::: "l



From (4.3) <~Ld (4. -±) follows the following re lations~ I ~ IL ')....
I1J := '" YL(' (4)0 "L- s cPo( ';, := ~ Y[{>I <: ('> I $101>1 (4.5), r I

'1.0/.. -= I , we have theThus. for an initial state c:P withoZ
conservation law of 9robability in the

\ = ~ '1~ I(0) I S I 0( ')I'L
~ \ - \ \ I

where \<' f-> I s 10(\ lr A,.. gives the
for 01. ~ r
Now, W8 should notice that even in the case of interacting
field, the o:Jerator r. _ "\ f\ ...L fD in- ~ ..•...H - Or r"Y -r )( V2> .

the H,~isenberg repro sentation sti 11 sati sfie s the free KlAin-
Gordon equation, as can be seen from (2.11), (?.12). Th""':refore
in this representation we can define the positive-frequency
part in an inv2riant way and impose a subsidiary condition

* Notice that our notation and definition are somRwhat diffe-
rent from those employed in some literatures.

+ The suffices H, I and S refer to the H:>tscnberg interaction
and Schrodinger reryresentations, respectively.



Thus, if we assume
at a certain time
time t.

In terms of canonical variables the operator ~ can be
written in the form

I

the interaction and Schrodinger representation one has only to
apply canonical transformations to (~.QI). Since canonical

tations and the field A H has no coupling of deriv~tivp. tynes,
the subsidiary conditions in other representations are of the

(~ AlAe1--)
.I L

-t
+ X BCY0,J Y:y (I:) =0 (4.7)

G~ Q"~I<.) - Ro 0.4 ~I<) +-x. ts(k~ tk'sCr) ~ 0 (f.8)

Wr:: shall now c"cssumein ths Schrodinger re'Jresentation that 61.11



~_L ( t :: -r (0) -=- ~ ~ 11(z. C(l, Ch) ~C,~)\
J S' r () k! YV \ w 'rIJ h. )

wi th :t'~!::> d'3fined by (3.18)

initial state is an eigenst2.te of thE" total H':':::iltonian, then

so is the corres?onding state at any time t, and the eigenvalue

t; is, 80 to speak conserved, (il) sine (;(H)sati s fie 8 (4.2)

f:~ ±DC

energy eigenvalue of thE: ini tial state E L -
<: H)'expectation value ., :: Eo( when Eo<.

value of lLI The energy eigenvalue of the.La/. .

Et ~ £.0 + 2" Erv =- E 0' + ~I

the sec:::>ndterms como from the 'states

The

E. and its0(

is the eigen-

final state

and from (ii) we have !... H>l - (t.I):f

E.oZ. Ep



I rvE:~6 car.not be negativ2, (4.13) im~~ies that every
E"f'l- 'Z;, 0 This means that (·1.10) :!lusthave the Same form

as (4.9) i. e. ~f:::' \.V --n;; j: 0 (1:<.). Thus, we can

. "-conclude that actual transitions ta~e place only ~Gtween states
in which only the ordinary vector ]Rrti~les exist. The condition
(4.5) r18W t a1{e s the f8rm

Honce, in the sub-s)ace of Jur Hilbert s~ace the S-matrix is
unitary in thA conventional sense.



Tho T~monaga Gqu~tion is

6~[crlS

b u[t<J
~ [0 J6

The o)orators ~ and ~ s"ti sfy the commutation re lations

giv0n b~ (3.1). Tho subsidiary condition (4.7) in now genera-
Ii zed to

rO"" AyC"') +X 13 (/~ 8-)'f [ef J ::: DLt

/ CSJ

It ~s c:.sy to check tl.1C following relations:

t t· -[I' ~ - l \ IA_ L ()() v _r ....f \the int,:;gr8bili .y cJndi l')D "(" r- 1--1) n••, ti
~ V l.l' I) 6-6U') \I';

, :::-0
for a s·oac,.:;-like(x.. -y. )
* This generalized subsidiary condition is simpler in form than

.tqe onE? in quantum electrodynamic s which contains also a. termt~dapendlng on ~
:"J M



for any points
)( )(J

for any point s.
X )xJ

of (5.2'1 11lith (:.s..1).

from (3.1),

Since (5.1') ~d ([.3) ( and consequsntly th0 propagation func-

ti::>n for t.~G U~) ::l3.VC the same form as thr.: corresponding

quantities: in the 0rdinary formalism of v(~ctor field, it is

evident therefore that aq fp~r as t,"le ")art of S-::atrix elem8nts

\UJ• th0 same, Ther8foTG, we can conclude



trans formation

r' [l r 1 ~h [- ~ r J (fM a Bl
~ G -) ~ 6 =- ex, :x. Jcr J j J5.4)

S (~G,) I [ ~

"'- S\:' () J C
Th~ T~monaga equation is changed to ~

\-r Y::' [ () 1H G, ::: - Cay Ar-) 1:' [<Tl M G,

t;<T[r:J
and the subsidiary co~dition to

[ ( ) ~+ r (i-) I f IJ6yAy(--f- + )'T',('J)j - ~CJll (1--'1-) ~d-~ (E.6)

r.- . '±' [CTJ MG, ::= 0
This W2 sh211 call th~ 'M~tthews-Gl~uber re)r8s,?ntqtion' which

can interprc?t (5.6) as a d.;fining 2{J,uation )f B a..rldregard all

A.J",1 h as indeucndent v2.ria>-)12s. The whole formalism is

invnriant under the g'mg·,::;trc-.nsformation (simi lqr to (2.9).

Ay~ ~ +~;\ (with A arbitrary) (5.7)

if this is follo'v('ld by 2, -mitar'J trr:nc:for!Ilation on tVJ8 state

vector I

~ [6 J
M

<J, -'l ':t [d JNG>'" ex p [-~ ~ J~ 'it)" II J
1< CV r0 J ('1Gr



The subsidiary conditiJ~ remains un~hanged if /\ satisfies

01\=0

the I~teractiJn Hamiltonian by some unitary transformation.

N")!:.icc here that the eqns. in tIp re~YQ.hu,,"d: are of f~l(v'l'.1oJ1. form

to those of'luantum E13ctro Dynamics. Moreover in this,- '~A'~~drenresertation one can rnakt3 thE' lvvvvvl:- ?l ~ () 'y- n unter-

in~ singulpcrities such ~~9~;1,« the) ordinar,Y formalism.
c.,0'YvY-JL~ &yv r,

.The cour_s~ behJ8en the b.1T.) th"?orie sand )L 1= 0 CN"'v\,cl X:::. C>

(.1~lot.)n) ,~rc v,,;rv c'.sar h-3r,~.

"

~ MI" [(J1::2t[u]l? ~H:X P

- ~ -3r[~r- ;~,-Oy[¥t)J
+ {;w Car if /- 3 ~ C (fJ 0 ?



· .fL ij-)

--.fL. (+) -:=.

c±: [6101' == 0

cr Ay (y.) -f-X B ('I)

then rU satisfie~1Aj('I-) ,llu C-r' ~

0VV'v cL d J-/\ 1.L = 0
/ J

[ Uy C 1<) +"- 7(k)

H'l h? -= 0 J ~\

(v ~y)(Lk \) ~ A CR)

rv (} r,) - ~Io/ Q4 (<;)

Here, v.Te can clearl·' seg that onl r t'1e field rlescribed by "7
has actually the interaction wi th the If'- field. T!'~

field is nothing but

cJm~)Qn8nts ~y(RJ
U-1v ( ;0. ) * 0) U l+ ( R ) :=. 0

the ordinary vector field. Its Fourier
~

in the r.:st SYSt8ill k::::.. Dare

l..,rhich im?ly that ~ describes ?8.rticles ~Ni+hthree inde-

?endent stat~s. The Equivalence between the Stueckelberg



ordinary vnctor particles*. Fi~~lly, we should remark the

followiK8 point: II question such as 'vhethsr Q4 or h
-particles exist in virtual st~te hGs no definite phYsical

these -particles de'JI?:~dson which representation is being employed.

For examDle, no b-p _rticles appears at any time f: in the

M"tthews-Glau Jer represertation if it does not exi.st at t "= 00

* Obi.....vetski :::Dr Polubarinov clai:n in "their Da-per, thFtt C:llch
a subsidiary condition is unn0cesspry in their formalism:
H0WGV~r, when they r~strict themselves into a particular sub-
space, a subsidiQry cJndition is 2ssentially being introduced.



In this section we shall briefly discuss the case in

which the cu~ront J~ is not con~erved. Tho Stueckelberg

formalism is stil+ oossiblc ifhiS casso T:~i.s is because the

ooprator satisfies ths fre0 Klein-$ordon equation, regard10sso~of whether is conserv2d dLnot. Th,~ subsidiRry condi tioD (8. 14)
/'

is thus compatible with thp field ~1uations. It should be

condition in the ordinary formalism is not satisfied,

df'V'j1' --=.. ~ '- }2J to. T:-:c }roof of

equivalence beb·reen the t\oJo formalisms can bo givr-:n, h01tlover,

l'~~ is intimately connected 1Ni th non-invari ance

detaili, the B-field cannot be completely eliminated in tm

M.,t"thews- Gl<f'.lbcr re::>resentation:') I.•..rc~.~ains, after unitary

tra.=-.s format ion, in gauge; non-invart ant terms. Accordingly

v'e do not have any sl!TJole M . Gn or Ogievetski-Polubarinov

rep~esentationI~) Such a theory is non-renormalizable in general.

tt,) P T. 1'1CA.tl,e.u3h ?h..~~.kJvv,~ (IY4-Q) \2.:)4-
R·T. G,Q.o..\A.~. p-yo~ .:J~e-oh,Ph.~ 3.. ClqS3) ~qS

C~) VJ,O 1L' -€.ve ( ~ i<L l' o--v-..cLJ-N~Po--e.v..-.t-o- 'YL 1A-ov ~

();r.f'( . 1'A..t~ 'f 11\. (A,L..cv-o-t (~ ,8-/-' (~~ ~ Y't
P-& 'js ~ ~ c! I=: r (v C 1q b '2) ') f /b b b



8. Intoraction:)[ a Sinsle H':'"":i tian ptu,;,ck(:;lbcrg Field wi th
a C;.... rged Fi·:ld.

\Nq ~'LVC discussed, in th(-3 )r'3vious lectures, a fairlY

sim'Jlt? syst(~m of ~;al stuccKelberg field intRY'acting with a

of this, we snVf that the MGJr or -::'t-;.Jr::srmtations take very

simDle forms. Todny~ s;1<.•.11 consider a :nore general system

special em'Jhasis on the renormaliability problem.
we ~f,o.~.

tl1G system of a single Hrr;-;:iti2Jl Stu::ckelberg field interactirg

-,'ith a comulex or charged s:Jin'), 1/2 or 1 fie1.daS.

I~ QED, we introduce the el,"ctromagnetic interaction by

re,!lacing, in the; frer:; field LaGrangian, ~-) ~ ~ l·e. ~

As is well-known, the theory thus obtained in gauge invari.ant.

ror a single St_Gckelberg field let us do tl1e same thing;



Sicce the free L-.;;rangiar. in general contains second

dM, thr, interaction terms contain not

/ d~ ~JUL but also terms such as
d lJ Ar Au , where <1r) ~'u consist onlv of the

sou~ field, and SJ the interaction HamiltJnian in the inter-

djA1) must be symmetric in ?)V

Noting thi s, (7.2) d--.scribes the; inter actions with source

fields having spin 0, 1/2 or 1.

in Uy Note also th~.t 1J" \ a jA-V aro the same as the

corresionding quantities of Q~antum Electrodynamies.

action H<::_i.iltonian may be wri tten

WvvJ:- :0 _l j- C'1' I-'r 't' ) 'j- 1" i~
it.

\:f ~r[ I + C hyvJL J (3r 't' Uy V('



N~w,as we introduced the int~racti)n is a gauge-invariant manner,

~ in t~e Heisenberg

This can be express8d in the interaction representation by

f'vfA U) [dy C><)) d tJ (y') J ~ l 'f (y) d~ d'f 1) ( X Jn)
I II ~ ~ ('I. - X')

Yvy rev ray (I)) av ()<')] ::: 0

[ Jr (t) , dy. 1) C/; ",,' )1 - 0

rX. I(R'-::narks: X )\.

doc;s not ::lpr:rateon tv in
d')1'-

T~lC above re1a+-Lons 1.v'"rr: first obtainpd by UmczmATa. *

gauge trc..nsformation .,

LJy ~)U; ~ ~ ~ ~ A / ~ -) Ar
B ~ 'B

I I
B -.-')B ~ B - X 1\ / Ay ~



~ [61 ~ ~ CUi]
eJC~ [- ~ I!J. 61" djl'CX) A U~ 4J [0 1

1\ (j(..) app 1 iJ>d to

f')rm ~ /\ . Thus,
-Of e liminatg s from

it is expected that when
a;Jplying a q-number g8.uge tran sformation which is obtained

Jnt ~ ~ ()()en by rep lac ing

~A B may di sapP8 ar. In fact in spite 0 f
d4B 1~!ith 6h B , on.e C2n

com?l0t~ly eliminate the B-fi~ld from the intonaction
Hamiltonian.

- (- f ly).. < -t2-~u ~ Au)
~ ~ I [oj

So, in gen",ral, the q-number gaugA transformation (7.9)
to the MG-representation, Tl~ subsidiary condition is changedl;Je..9:Ja..v:r
into the form 0 .0' - 'in the last lecture.



N..)vl, this is all thi'tUJ~kn6w about the Stueckelberg for-

malism and all that, 'I be~isve, is known by ,hYsicists about the
~Stueckelberg fJrmal ism. Sakurai, S._l..?.ITl and W·z.:.rdFmd others have

w) ..g and
w

1-<. ~

function. S), we have, to add in an ad hoc manner non-zero mass
terms to th0 theory, which contrRdict tho very ~rinciple of gauge

from such t'1Gories. e. g. Schwingor and
weinberg~apPlied GJldstone's method.

G01dst::>ne, Splam and
~~t-

Belt, Schwinger f s is nothing
A

.
apply the m8thod Jf ir-equivalent r;~resentations to this problem
whi~h wi 11 be discussed lattr'prby Umezawa. For this 'OurDose, the
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