
laI 'Group.ac1ion._

Let X be a non - empty seat .

The set of all bijection from
X to ✗ can be realized as a Group :

Denote Blx)={ f :X→ ✗ If is bijective} .

If f , g C-Blx)

ix-fgx-xn.gs
On BCX) we hae an operation

A.g)↳ got composition f- with g. Note that

1d×(a) =n , REX. , is bijection and

hence Idx C- BCX ) .



If f , g , h C- BCX )

×E×iT÷→=
"

:¥I
holgof)

"

(holgof) ) ( n ) =h( g.(f- (a)1) =@• g) • f) (a)
"

The composition is associative .

If f : ✗ → ✗ is a bijection

then f-
'

: ✗ → ✗ is again bijection
f- of

'

= Id✗ = f-
'

of .

Id
✗
of = f- = fotdx .

Hence (131×7,0) is a group .

Recall : A Group G in pair CG , ?



where G is a non- empty sat

and • :G ✗ G → G is a binary operation
Cg
, ,
8D ↳ Gita

which satisfies

1) F an element e ( identity of
the group G) set

g. e = g= e.g.

2) ' •
"

is associate i.e.
, ⑨igj-93--9,1%93)

8^-182,9, C- G.

3) For every gEG 7 g-
'

c- G Basistying

g.g-t=e= g- 1. g. ( Enisfence of inverse) .

More over if gjgi-gz.gs t g, and gz C- G

then we say kata is a commutative group .



t-xam-p.es

1) ✗ = { 1} .

Bcx)={1d×} is the trivial group .

2) ✗ = { 1,2} .

BCX) :{ 1-dx , 42?] (12/11)--2
(I 2) (2) = 1 .

Bcx) is a group wins 2- elements . Bfx) = 742¥:{0, I}

3) "

✗ = { 1.2,3 } .

☐(X) = { 1¥ ,
1127
,
1137

,
(321

,
(1237

,
11327 } .

( I 2) (1) = 2 ( 127 (2) = I (127/3)=3

(B) (1) =3 (Az) (27=2 (I3) (3) =L .

BCX) is not commutative

( 127.113) (1) = 3

( 12) - ( I 3) (2) = 1 . (13-2)=(12×13)
( 12) . ( 13) (3) = 2



(13/112) (1) = 2

( I 3) ( I 2) (2) =3

(1+3) ( 12) (3) = 1 .

(B) ( 12) = (123)

•

°

. ( 12) ( 137=1 ( 13) ( 12)

- ✗ - X -

hat G be a group and ✗

be a non - empty set .

DFI : G is said to act on ✗

if 7 a map

Gxx→✗

⑨
, a)→ g.a

Satisfying a) e-n=x V-nEX



where EEG is the identity element

2) for all gt.ge C- G and a c-✗

Sittin)=&;%tn
T

Group Mutt.

-

Renard :

BCX) acts naturally on X

BCX ) ✗ ✗ → ✗

1) (f , a) 1-1 f- (a)

dx , a) 1-3 Idxln) = se .

2) f-
1
, fz C- B.(X )

f
, In))

-

- fi f)(a)



Lenya : Let G be group acting on a s.at ✗

then the map gi→ { a↳ g.a} C- BCX)

is a group homomorphism from G to BCX) .

-✗ -.

Recoil : If Ga
,

and Gz are two groups

then a homomorphism f : G. ,→ Gz
.

is map

Satisfying 1)flea
,
) = Ea
,

,
f- (g; g) = ftp.fcgj

T A

Mutt Mutt-

ina, inGz .

-✗ - .

pro-of.ioflem-mar.L.at q : G→ Bcx) be thou map

Given by the action of G on ✗

i.e. q(g) :-. { nt.g.se}

9cg) is a bijection : q(g-1) : = xi-sg-t.se .



21-8, g.a g-
'

:(g.a) = g[t.g.ae
= e - n

= N

-91g) is a bijection and its inverse is

q( g-1) = qegjt

9(e) = 1d×

q(giga) = eels,) -091821 - This follows from the property

of action : gitin) = Giardia) .

-✗ -

whenever a group a aces on a set ✗

We naturally get a homomorphism of a→ Bcx).

convexly if 5 : G→ BCX) is a homomorphism

then we get an action of G on X ;

G ✗ ✗→ ×

(g , a) 1-3 flaw :(a) = : g.n
n

BCX) .



Since 5 is a homo implies -

-e -n = n H n C- ✗

(91^9,4)=9:(grim) .

-✗ -

It Group G acting on a set is equivalent

at a homomorphism (of groups) a→ Bcx)

-✗ -

Coy : If G is a group then G can be retained

as a subgroup of Bca) .

prod : "G acts naturally on G :

The Mutt a ✗ a → G Is, , 8D 1-18%8, is action :

-

For g, EG Lg; g*→ gig
is a bijection qf G and it is

easy to check gi→Lg gives a homomorphism La: G
→BCG) of



of Groups and Lai Er→BK) is an injective

homomorphism .
.

Recall :D A homo q : G ,→ G.~ of groups is said

to be injective if 9 (g) = ea
,

⇒ g-- ear .

4 A subset H of G is a group) is collect

Subgroup of G if . ea C- It and a) ha,h ,EH ⇒ high, C- H
Group
operation in 9

b) hi C- It ⇒ hit c- H

3) if y : Gi→ Ga is an injective homomorphism
then 9 (at) is a subgroup of Gz which can be Identified

with Ga .

corollary (Cayley's Theorem)

Every group
is a subgroup of the group of bijectionsofa set .


