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Annals of Mathematics, 102 (1975), 1-15

On an infinitesimal characterization
of the discrete series

By THOMAS J. ENRIGHT and V. S. VARADARAJAN*

1. Introduction and summary

The aim of this paper is to obtain an infinitesimal characterization of the
discrete series of representations of a semisimple Lie group.

Let G be a semisimple Lie group, connected and having a finite center.
For simplicity we assume that G is contained as a real form of a complex
simply connected semisimple Lie group G.. Let K C G be a maximal compact
subgroup of G. We assume that rk (G) = rk(K), rk denoting the rank, and
fix a maximal torus BC K. Let g be the Lie algebra of G, and {, b, the sub-
algebras defined by K, B respectively. g, is the complexification of g (3Cg.),
and ® is the universal enveloping algebra of g,, while & is the subalgebra of
® generated by (1, f). A is the set of roots of (g, b), and A, those of (£, b); P,
is a fixed positive system in A,. L is the lattice of all integral linear func-
tions on b,, i.e., A eb* such that 2\, a)/{a, a) e Z for all ac A. L’ is the
subset of all A € L such that (A, @) =0 for alla € A. L,is the set of all » € b¥
such that 2\, B)/{B, B> €Z for all B A,; C,is the set of all A € b} such that
{\, B is real and =0 for all e P,. We write Lj = L, N C,. For any
p e L{, 7, is the unique irreducible 8-module with highest weight ¢ (relative
to P,). If pe LN Ly (and only for such p), 7, gives rise to a K-module, also
denoted by 7,.. g =t + pis the Cartan decomposition of g. Finally, 3 denotes
the center of ® and Q, the centralizer of K in ®.

The elements of L’ N C, parameterize the equivalence classes of the
discrete series of representations of G (cf. [6]; see also Section 6). For any
Ae L’ N C, let w(A) denote the corresponding equivalence class.

Fix Ae L' N C, and let P be the positive system of roots of (g, b) such
that (A, @) > 0 for all a € P. Define d,, 9, by (19) of Section 6. Then A —
0, + 0,€ L N Ly and one knows that at least when all the numbers {A, a)
(a € P) are sufficiently large, the discrete class w(A) contains 7_,..,, With
multiplicity 1 ([8], [9]). By Schur’s lemma the elements of Q act as scalars
on the corresponding isotypical subspace, giving rise to a homomorphism
of Q into C. A well-known theorem of Harish-Chandra [4] now implies that
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the pair (za_;,+s,,Xs) completely determines the infinitesimal equivalence class
of w(A). Consequently, the problem of infinitesimal characterization of w(A)
may be regarded as the problem of determining .

The algebra Q is in general not abelian. It contains 8 and is itself
contained in the centralizer of Bin &. This last circumstance enables one to
define, for each positive system @ C A and each v € b}, a homomorphism %,
of Q into C (cf. Section 5). If A€ L' N C,, the infinitesimal character of w(A)
is the homomorphism of 3 into C obtained by restricting ¥_,1,; to 8. A
study of some examples suggests that y, is in fact ¥_» r.;. We are thus led
to the following two problems:

(1) To construct, for each A e L’ N C,, an irreducible f-finite &-module
containing 75_;,.;, with multiplicity one and such that Q acts on the corre-
sponding isotypical space through the homomorphism ¥_» r,; We note that,
by the theorem of Harish-Chandra mentioned above, such a &-module, if it
exists at all, is uniquely determined.

(2) To prove that the &-module in (1) is equivalent to the &-module
determined by any representation from w(A) on its space of K-finite vectors.

In this paper we solve (1) completely; this is done in Sections 2 through
5. As for (2), we solve it when A is sufficiently regular; we refer the reader
to Section 6 for the precise conditions on A under which this is done. This
solution is an elementary consequence of recent results of Schmid [9].

We wish to point out that our infinitesimal description of w(A) goes far
beyond the determination of ¥,. The ®&-modules that we construct are
determined by certain natural and canonical properties and arise naturally
out of the theory of Verma modules. It is quite interesting that the infinite-
simal structure of both the discrete series as well as the finite dimensional
representations is thus based on the properties of Verma modules.

We would like to acknowledge our indebtedness to Peter Trombi for
several interesting discussions. In particular, the suggestion that ¥, might
coincide with ¥_p A.; came from him, and was responsible for determining
our approach to these questions.

2. Some lemmas for & and f-modules

Our notation is as explained in Section 1. In particular, A is the set of
roots of (g, b), and A, the subset of roots of (f, b). For eachacA, X, is a
non-zero element of the corresponding root subspace of g,, and s, is the Weyl
reflexion corresponding to a. W, is the subgroup of the Weyl group of
(g, b.) generated by the s, (@ € A,).

If Misa ® (or &-module and ve M, v is said to be a weight vector if
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for some pteb}, Hv = p(H)v for all Heb,. For a given g, the set of all such
v is a subspace of M denoted by M(z), while the ¢ with M(y) = 0 are called
the weights of M. M is said to be a weight module if M = E# M(ye); the
sum is then direct. If M is a weight module for & and Q@ < A, is a positive
system of roots of (£, b), M is said to be bounded above with respect to Q if
there are v, --., v, €b* such that for any weight of M we can find ¢ such
that v, — ¢ is a sum of elements of Q. A module M for & is said to be Q-
extreme if for some veb}, M(v) = 0 and there is a non-zero v € M(y) such
that

(i) Xy =0forall ge@

(i) M = Kv;
v is then uniquely determined by M, dim M(y) = 1, and for any weight # of
M, dim M(p) < o while vy — ¢ is a sum of elements of Q. v is called the Q-
extreme weight of M and the mon-zero elements of M(v) are called the
Q-extreme vectors of M. Let ve b and let &, be the left ideal of & generated
by the elements X; (3¢ @), H— v(H) (Heb,); then &, is proper, i.e., does
not contain 1. The &-module &/8&,,, which is Q-extreme with v as the
Q-extreme weight, is called a Verma module, and we use the symbol V, o,
to denote any &-module isomorphic to it. We assume the reader to be
familiar with the theory of extreme and Verma modules ([1], [10], [11]); since
b, is also a Cartan subalgebra of g., all of these notions are applicable to ®&-
modules also. If Q C A is a positive system of roots of (g, b), the Verma
modules for & are denoted by Vi, (v €b}).

Let M be any ®&-module. If m C g, is a subalgebra, then a vector ve M
is said to be m-finite if it belongs to a finite dimensional m-submodule of M.
M is said to be m-finite if every vector in it is so. If M’ is the set of all m-
finite vectors in M, an easy argument shows that M’ is a ®&-module of M; in
particular, if M = ®v and v is m-finite, so is M. For any root B of (g, b) we
write m{g) for the three dimensional subalgebra of g generated by X.,. If
M is a weight module for & with finite dimensional weight spaces and 8 € A,,
it is a standard result that a vector v e M is m(g)-finite if and only if for
some integer m = m(v) >0, X;v = X™v = 0. In particular, if M is assumed
in addition to be a sum (not necessarily direct) of submodules that have finite
dimensional weight spaces and are bounded above with respect to a positive
system Q C A, that contains 8 it is enough to require only that X™v = 0.
Weight modules for & which have finite dimensional weight spaces and are
bounded above with respect to @ are said to be of type Q.

LEMMA 1. Let R & be a proper left ideal. Then OGN is a proper left
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ideal of @ and @R N K =N. Let & = G/GN, a — @ the natural map of &
onto ®, and let & be regarded as a &-module in the usual way. Suppose
u € & and that &, is the left ideal of & that kills w. Then Of, is the left
ideal of ® that kills @w. The G-module &u is isomorphic to S/GR, and
Gu N /1 = KA.

Let g = £ + p be the Cartan decomposition of g. We denote by S(g.) and
S(p,) the symmetric algebras over g, and p,, and identity S(p.) with the sub-
algebra of S(g,) generated by 1 and p,. Let A be the symmetrizer map of
S(g,) onto ®. Let I' denote the linear map of S(p,) ® & into & that sends
» @ u to Mp)u. Then T is a linear bijection and

L(S(h) @ M) = AM(S(p.))N = M(S(p,)) RN = GN .
Hence

I*BRNK) =(SPr)R@N)N(CIRYR) =C1LRI N
showing that 8 N & = N. Suppose u € 8. Let &, be the left ideal of G that
kills #. Obviously @, D ®R®,. To prove the reverse inclusion, let x€ ®,. Let
{p;: 1€ I} be a basis of S(p,) with p,, = 1. Write I'*(x) = 2, p; ® u;; then
T wu) = 35, 2. Q@ uau e T H(GN) = Sp,) @ N. This shows that uueN for
all ¢, i.e., u, € &, for all 4, proves that @, = G&,, and gives the isomorphism
®u =~ G/GR,. For the last assertion, & c & N K1 obviously. If e ® and
x% = v1 where v € &, then writing I''(z) = >, », @ u, we find I'*(au — v) =
2.2 Quu —1QveS(p,) DN, so that u,,u = vmod N. But thenzz =7 =
u,, % € K.

LEMMA 2. Let notation be as above. Regard S(p,) as a &module in the

usual way. Then the linear map T of S(p.) @ K/N that sends p @ 7 to M(p)v

is a linear bijection of S(p.) @ KN onto & that is an isomorphism of K-
modules.

For each X ef, we write ad, X for the derivation of S(p,) that extends
the endomorphism Y —[X, Y] of p.. S(p,) then becomes a f-module if we
set X.p = (ad, X)p. From the well-known fact that A commutes with the
adjoint representation we find for Xet,, pe S(»,.), ve R,

[(X-p®7) =T(@d, X)p @7 + » @ Xv)
= (XMp) — Mp)X)7 + Mp)Xv
=X-T(p ®7)
soT is a 8-module homomorphism. That T is a linear bijection is clear from
the relation I'*(BN) = S(p,) K N.

LEMMA 3. Let notation be as above. Suppose &N is a module of type Q,
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Q being a positive system contained in A,. Then G/ON is a weight module
for ®, and considered as a R-module, it is a direct sum of R-modules of
type Q.

If Mis a 8-module of type @ then so is M ® N for any finite dimen-
sional &-module N. Lemma 3 is now immediate from Lemma 2 since S(p,) is
a direct sum of finite dimensional 8-modules.

We now come to the key lemma of this section. If M is a -module and
B €A, we say that M is X;-free if X, acts injectively on M.

LEMMA 4. Let V, = Gu, be a cyclic &-module with cyclic vector v, and
let U, = &v,. Let U= v be a cyclic R-module with cyclic vector v. Suppose
v: U, — U is a 8-module injection. Then there exists a S-module V contain-
ing U and a @-module injection ': V,— V such that (i) V = Gv, and (ii)
v'|Uy, = +r. Suppose further that U is a K-module of type @, Q being a
positive system CA, and that U and V, are both X_-free for all peQ.
Then we can choose V such that it is X_s-free for all 8 € Q and is the sum
of -submodules that are of type Q.

Let N be the left ideal of & annihilating v. We may assume v = 0 so
that N is proper. Let & = /&N and use notation of Lemma 1. Since U ~
81, there is no loss of generality in assuming that U = 1, so that v is now
a &-module injection of U, into 81. Write y = v(v,). By Lemma 1, G%, is
the annihilator of y in @ where %, is the annihilator of v, in 8. Let M, DGR,
be the annihilator of v, in ®, and let Z = M,y. Then

ZNRI=ZNG®ynN&L) =ZNRY (Lemma 1) =0 .

Take V = §/Z and define 7 as the natural map of G onto V. Then v': av, —
7(ay) is a well-defined G-module injection of V, into V, and for aec R,
v (av,) = (¢ (av,)). Identifying R1 with its image in V we obtain easily the
first assertion. Suppose now that U is of type Q. Then by Lemma 3 & is a
direct sum of ®-submodules of type @, and so, in that case V will be a sum
of such & modules. In order to prove the last assertion it is enough to prove
the existence of a &-submodule E of Vsuchthat i) Eny'(V,)) = ENU= 0,
(i) the @-module V/E is X_;-free for all e Q. For, we may then replace
V by VJ/E, the condition (i) insuring that +'(V;) and U are injectively
imbedded in V/E.

We construct E as follows. For any g€ @ we define E, ; to be the ®-
module of all m(B)-finite vectors in V. Put E, = 2 seoBos If s=1, and
E; (0 = 7 < s) are well-defined G-submodules of V, we define E, ; as the ©-
module of all vectors that are m(g)-finite mod E,_,, and take E, = 3o B s

see
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This defines the G-submodules E, (s = 0) inductively and E,Cc E,C -... Let
E = U.20 E,. We shall prove (i) and (ii) above for the G-submodule E.

IfxeV,pe@Qand X ,x€ FE, then X_,xc E, for some s = 0. Since z lies
in a 8-submodule that is of type Q, x€ E, ;, andsox € E, ., C E. This proves
that V/E is X_,-free for all g€ Q.

We shall now prove by induction on s = 0 that +'(V,) N E, = 0 for all
s = 0. This will show that v'(V;) N E = 0. Suppose first that € +'(V;) N E,.
Let ¢ = Eﬁw x; where DC Q, ;€ By sand 2, = 0. Let g€ D, and choose an
integer m > 0 such that X7z, = 0. If D = {8}, then « = x; and hence, as
V,is X _s-free, x = x; = 0. If D has more than one element, 2’ = X"x =
Y s eous T Where x;, = X"x; € Ky 5; here we must remember that the E, ,
are ®-modules. So, as 2’ € ¥'(V,) N E, we find using induction on the cardi-
nality of D, that " = 0. This gives x = 0 since V,is X_,-free. Supposes=>1
and E,_, N +v'(V,) = 0. Passing to V/E,_, we are in the same situation con-
sidered previously. So we have E, N ¥'(V;) = 0. The same argument proves
that UN E = 0.

3. The fundamental chain of &-modules

Fix a positive system P, C A,. For any weight module M for &, T'(M)
is the set of all ¢ € b, such that M has a P,-extreme vector of weight 2. For
any submodule N c M, I'(M\N) is the subset of all ¢ze I'(M) for which there
is a P,-extreme vector of weight ¢ that is non-zero mod N.

Let >, = {8, -+, B} be the set of simple roots of P,. For any se W,,
N(s) denotes the smallest integer » such that s is a product of r reflections
85 B€ Y, (N(1) = 0). For the properties of N(-) the reader is referred to
[10]. Let ¢ be the element of W, such that tP, = —P,. Then N() =|P,]|.
Write

(1) t =88 +++8, =8, -8 (s, =s,, where 7, =45;) .
Then {V,, 8,Yn1, * =+, Sy -+ 8,71} and {7y, 8,75, 8:8,Ys, ==+, 8, +++ 8,_,7,} are both
enumerations of P,. Put
(2) 0= > Ter, @

For any se W, let s’ be the affine map of b} defined by
(3) s’y =s(pt + 0,) — 0 .

Finally, if g, pt, € b}, we write g, = pt, or pt, < pe, if po, — e, is either 0 or a
sum of elements of P,.

Suppose » € Li so that 2{), a)/{a, a) is an integer = 0 for all a € P,.
We write
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(4) L=, N = (8,841 00+ 8,)'A I=r=n), N, =n.
Then

(5) <>\"r + 5];; ’Yr—l> = <7\4 + 5]‘, s’n,s’",—l e S')‘,Yf—1> > 0 (2 é r é n + 1)
while

(6) <)“r + Bk; 71‘> = _<)\' =+ ak, SnSn—1 * o Sr+17r> < 0 (1 é r é n) .
Finally define the integers v, > 0 by
(7 ) Yy, = 2<>“r+1 + aky 7r>/<7n 7r> (1 é r é ’ﬂ/) .

LEMMA 5. Let P be a positive system of roots of (g, b) such that P, C P,
and let M€ L;. Then there are G-modules W, (1 < r <n + 1) with the
following properties:

() Each W, is a weight module, W,C W,C --- CW,,,, and W, is the
Verma &-module Vi, _;p,;,.

(i) W, = Gv, where v, € W,(\,), v, is P,-extreme, and the P,-extreme
vectors of weight N, in W, are multiples of v,; v.¢ W,_, for r = 2; more-
over, as a ®-module, W, is the sum of R-submodules of type P,.

(i) v, = Xi;,.’urﬂ 1=r=mn).

(iv) W, /W, is m(7,)-finite (1 < r < n).

(V) Each W, is X_s-free for all g€ P,.

(vi) If se Wyand s’neT(W,), then N(s)=n +1—r (1 < r < n).

We set W, = Vi _.p,,,. Of the properties (i)-(vi), only (ii), (v) and (vi)
are applicable to W; (ii) and (v) are obvious. If s'A ¢ T'(W,), then s'A is in
particular a weight of W,, and so ¢(s'A — t'A) = ts(\ + 8,) — (A + 6,) is zero
or else is a sum of roots from P. Butas\ + d,€ L{ and (A + §,, 8> > 0 for
all ge P, ts(» + 0,) — (\ +-0,) is non-zero and is a sum of roots in — P,
except when ¢s = 1. Hence ts(\ + 8,) = A + 6, which implies ¢s = 1 or s =
t. So N(s) = n.

Assume now that W, -.., W, have been constructed with properties
(1)-(vi) (as far as they are applicable). Since W, is X_,-free for all ge P,,
&v,~= Vg p,.2,- On the other hand, \,+6, = s,(\,,,+5,) and 20 i1y, Y [Ty YD
is an integer = 0, so that Varpa, C Vap,.a,,, While moreover the P,-extreme
vector of Vg5, is the image under X7 of the P,-extreme vector of
Vappi,.,- Lemma 4 is thus applicable and so we can find a &-module W,,, =
®&v,,, such that (a) W,c W,,,, (b) v, = X v,y (¢) v,4, is @ P,-extreme
vector of weight \,.,, (d) W,,, is X_s;-free for all g€ P,, and (e) W,., is a
sum of R-submodules that are of type P,. We wish to prove that W,
satisfies (ii), (iv) and (vi).

Let I}T/vr+1 = Wr+1/Wr' If Vi1 € Wn
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Nppr = (Sppr v oo SYNET(W,) == N($,41 -+ 8,)=n+1—17r

by the hypothesis. But N(s,,,, -+, s,) = n — r and so we have a contradic-
tion. Thus v,.,€ W,. Since X7 kills the image of v,,, in W,,, this image is
m(7,)-finite, proving that W,,, is m(v,)-finite. Suppose w e W,., and is P,-
extreme of weight A,,,. Let ' = X'} u. We claim that «’' € W,. This is
trivial if u € W,. If ue W,, theimage of u in W,,, is non-zero and P,-extreme
of weight .., so that X*~ will kill it, showing ' € W,. Since u’ € W,(\,) and
is P,-extreme, v’ = ¢\, for some ¢ € C by the induction hypothesis. As W,,,
is X_; -free, we must have u = cv,,,. Finally, let se W, and s'»eI'(W,,,).
If sneI'(W,), Ns)zn+1—r>n+1—(r+1). If snel(W,, \W,),
there is a P,-extreme vector v of weight s’\ which is non-zero mod W,. If
q = 2{s'N, 7,)/{7,,7,>, the m(7,)-finiteness of W,,, implies that ¢ = 0 and that
X' annihilates the image of v in W.... Hence X% v is P,-extreme, ¢ W,,
and of weight (s,s)’A. By the induction hypothesis, N(s,s) =% + 1 — r so
that N(s) = » — r. We have thus carried forward the induction.

The argument given just now actually proves the following.

COROLLARY 6. Suppose e T'(W, \W,) (L < r < n)and v is a P,-extreme
vector of weight (tin W, that is non-zero mod W,. Then 2{g, 7,>/{7., 7> is
an integer = 0, and if m = 2{pt + 0, 7,)/{7,, V,», then X v is a P,-extreme
vector in W, of weight s,pt. In particular s,pe T(W,).

4. The submodule W

LEMMA 7. Let M and N be &modules that are sums of &-submodules of
type P,. Suppose N is a quotient of M. If pte T'(N), then there is ' € ['(M)
such that ¢’ +0, € W,-(t+0,) and ' = pt. If moreover pt € Cy, then pr e T'(M);
and if v is a Py-extreme vector of weight pt in N, we can find a P,-extreme
vector v' of M of weight pt that lies above v.

Let v be a P,-extreme vector in N of weight #. Replacing N by &v
where ¥ € M lies above v, we may assume that N is P,-extreme with extreme
weight /¢ and that M is of type P,. Let 3, be the center of & Elements of
B, act as scalars on N. Let ¥, be the homomorphism of 3, into C defined by
this action. For any homomorphism x of 3, into C, let M, be the subspace
of all elements w € M such that for each z € B,, (2—x(2))"w =0 for sufficiently
large m. The M, are linearly independent ®-submodules of M. Since the
weight spaces of M are finite dimensional, each vector of M lies in some M,.
So M is their direct sum. If y # y,, the projection of M onto N vanishes on
M,. We may thus assume that M = M,,. Letv'e M be a vector of weight
1t above v. Let A’ be the set of all vectors which are non-zero and of the
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form X, .-+ X, v for some choiceof ¢ = 1, , ++-, a, € P;;let A = A" U {v'}.
Since M is bounded above, we can find we A whose weight ¢’ is maximal
with respect to < among the weights of the members of A. Clearly X,w =
0 for all g€ P,, and so &w is a P,-extreme module with w as a P,-extreme
vector. This implies that the elements of 8, act as scalars on 8w. There-
fore, as M = M,,, 2w = Yu(2)w, 2 € 8. Since w is of weight £', we must
also have zw = Y. (2)w, z€ 3, sothat ¢’ + d,€ W,- (¢t + 9,). Clearly ' = p.
Suppose now that £ € C,. Then ' + 6, < ¢t + 6, and hence ¢/ = ¢. But then
v" = w so that v’ itself is P,-extreme.

Let {W,}i<,<n+: be a fundamental chain of &-modules possessing the
properties stated-in Lemma 5. Fixr,1 < r < n. We define the &-submodule
W, as follows. W, is the -submodule of all vectors in W, that are m(7,)-
finite mod W,_, (we define W, = 0); once W,,, -+, W, ,_, are defined, W, , is
the @-module of all vectors in W,,, that are m(7,,,)-finite mod W, ,_,, 1 <
p<n—r. The W, ,are modulesand W,,C -+ C W, ,_,. We write W, =
W,.._r. Itis then clear that W, is the set of all vectors v € W, ., such that,
for some integers d,, d,,,, +++, d, = 0,

d
(8) X4 X o X ve W, .
LEMMA 8. Suppose v, are as in (7). If NCW,,, is a R-submodule and
X X%+ oo X%y, €N for some integers d,, d,,i, «++, d, = 0. Then
(9) X X .. X2 v, €N

Suppose ge ), Lc W,,, a f-submodule and we W,,, a P-extreme
vector of weight ¢ where 2{g, 8)/{B, B) is an integer = 0. If m = 2{¢ +
0w, B/{B, B>, we claim that X™w e L whenever X%w e L for some integer
> 0. This is trivial if d < m. Suppose d > m. Then, assuming (as we may)
that X, are normalized so that 8(H) = 2 where H = [X;, X 4], we have

Xpij - XEﬁXp + nggl(H— d + 1) 9,

so X%'w = [d(m — d)] ' X, X%we L. An induction on d proves our claim.
This said, we come to the proof of Lemma 8. We shall prove the lemma by
downward induction on ». The case » = » is immediate from the remark
made just previously. Suppose » < #» and N’ is the &submodule of W, , of
all vectors w that are m(7,)-finite mod (N). Then X% * ... X* v,,. e N'.

Tr+1 —Tn
So by the induction hypothesis, v,,, = X*7"! ... X'} v,,,€ N'. But v,,, is
P,-extreme of weight ¢t = \,,, and 2{¢, 7,.>/{V,, ¥.» =V, — 1 aninteger = 0
by (5) and (7). As X v,.,€ N for large d, our first remark shows that
X v,.,€N.

7
We now formulate the key lemma of this section. Define
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(10) W=W,+>_ .. W.

LEMMA 9. Let W be as above. Then v,..¢ W. If peT(W,, \W), then
pe L and ¢, = 2{ft + 0Oy, 8,8u_y1 *++ S,V 0/{Vs, V.> are integers > 0; more-
over, for any P,-extreme vector v of weight pt that does not lie in W, or any
of the W,, X% ... X v is a P-extreme vector in W, of weight t'se.

Suppose v,,, € W. Since W may be regarded as the quotient of the
abstract direct sum W, D W, D -.- @ W, and since » € C,, Lemma 7 may be
applied to conclude that

NeT(W, OW. @ --- W) cT(W)UT(WY U -+ UL(W,) .

But C*-v,,, is precisely the set of P,-extreme vectors of weight » in W,,,,
by Lemma 5. So v,,, belongs to W, or to some W,, 1 < » < n. Since v,,,¢
W., we have v,,, € W, for some ». By the definition of W,, the relation (8),
and Lemma 8, we then obtain v, = X7 X7" ... X v,., € W,_,, a contra-
diction.

Suppose v is as in the lemma. Since v¢ W, for 1 < r < n, we have, for
all integers d,, ---, d, = 0,

(11) XL XG0 X ve W, .

Since v¢ W,, Corollary 6 applies and we find that 2{g¢, 7,>/{7,, 7.> =¢, — 1
is an integer = 0 and X7 ve W,. By (11), X* v¢ W,_, and so, as this is a
P.-extreme vector of weight sz, Corollary 6 applies again. We find that
Cny = 2{pt 4 04y 83V u10/{80Vn—1, Su¥n_ry IS an integer > 0 and Xt X7 vis
a P,-extreme vector of weight s,_,s,/¢, and lies in W,_,, but not in W,_,.
This argument evidently continues until we reach W,. We note that (¢ +
0, B) is then >0 for all B€ P, so that p£e L;. The second assertion of the

lemma is thus proved.
COROLLARY 10. Ifse W, and s # 1, then s'n ¢ T(W,_ \W).

Otherwise t's’\ is a weight of W,. So s(A + d,) — (A + 8,) is either zero
or else is a sum of roots in P. As we have seen before, this is a contradiction
to the assumption that » e I’}

COROLLARY 11. N — a¢ I'(W,, \W) for ac P.

Otherwise t'(M — ) is a weight of W, and hence t'(A — @) — t'A = —ta
is a sum of roots in tP, i.e., —« is a sum of roots in P, a contradiction.

5. The &-modules W, ; and D, ,

We are now in a position to prove our main theorems. Let 2 be the
centralizer of b, in @ and B < A the subalgebra generated by 1 and b,. If
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QCA is any positive system of roots of (g, b), then we have a homomorphism
(12) BQ: A— B

such that for any a e U

13) a = Bola) (mod X7, . 0 6X,) .

For any element o of the Weyl group of (g, b.), let z, be an element of the
complex adjoint group of g, that induces g, and let us write b — b° for the
induced automorphism of &. If be ¥, b° depends only on ¢ and not on the
choice of z,. Obviously

(14) B.o(a’) = Bo(a)® (ae) .

Since b C f, A contains the centralizer Q of tin . As the elements of W, are
induced from the adjoint group of {, it is clear that a° = a forae Q, g W,.
Hence

(15) Bae(a) = Bo(a)® (ae,ce W)).

The members of B are usually interpreted as polynomials on b*. For any
ye b} we write

(16) Xa..(@) = Bo(a)(v) (ae) .
The %o, are homomorphisms of Q into C. We now have

THEOREM 1. Let ne Ly and Wy, = W,./W. Then W, is a t-finite
weight module for &; W, , = ®v, ., where v, is the image of v,., in Wp ;;
and U,,, 18 a P,-extreme vector of Wp , of weight n. If 7, is the finite dimen-
stonal 8-module of highest weight pt with respect to P,, we have the following:

(1) The multiplicity [W» 2 7;] = 1.

(ii) For any pe L, the multiplicity [Wp .7, cannot exceed the
maximum number (necessarily finite) of linearly independent P,-extreme
vectors of weight t'tt in the Verma module Vi, _;p ;.

(ili) The isotypical K-submodule of Wy, corresponding to N is &7,,;
and elements of Qb act as scalars there, the corresponding homomorphism of
Q being Y_pii2e

@iv) x —ae¢l(W,,) forac P.

Certainly W, ; = 87,,, and 7,,, is P,-extreme of weight \. If ge >,
and \; is the integer 2(\, BY/{B, B> = 0, X*4"'v,,, is P,-extreme in W,,, of
weight sjx. By Corollary 10, X*4"v,,, € W. So X’4"#,,, = 0. This proves
that 7,,, is f-finite. So W, is t-finite. Let e I'(W, ;). Then g€ L; and so
Lemma 7 applies to show that every P,extreme vector of weight £ in W,
lies below a P,-extreme vector of weight ¢in W,,,. Let v, 1 <7 < q) be
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linearly independent P,-extreme vectors of weight ¢ in W, ;, and let v be a
P,-extreme vector of weight ¢ in W,,, lying above v,. The v} are linearly

independent. If the integers ¢, are as in Lemma 9 and z = X%} ... X7,
then xv;, - .., 2v; are P,-extreme vectors of weight t’¢# in W,; moreover, by

(v) of Lemma 5, they are even linearly independent. This proves (ii) and,
for ¢+ =\, gives (i). Corollary 11 gives (iv) in the same manner. For (iii) it
is enough to prove that av,., = B_p(@)(\ + 26,)7,., foraec Q. Now, if a e Q,
a commutes with the X_; (8¢ P,) and so

X .. X:@In(avn+1) = a(XZ

-7 -t X3 Vi)
=av, (cf. (iii) of Lemma 5)
= B_.p(@)(t'\)v,
since v, is —tP-extreme in the Verma module W,. Hence
Xilrl te X:?/”n(a,v,,ﬂ) = Xilrl ce 'X—%;n(x—tP,t’l(a’)'anrl) ’

showing, in view of (v) of Lemma 5, that av,,, = Y_ip.r:(@)v,.,. By (15),
X-tp,2(@) = X_p,1+25,(a). Hence

17) AVpis = B_p(@)(N + 20,)0,4, = X—P,Z+26k(a)v‘n+1 (ael) .

This gives (iii) on going over to W, ,.

Let & be the collection of all -submodules of W, ; that do not contain
Vpi1. Let WZ,; be the sum of all the 8-submodules of W, ; that are irreduci-
ble and have P,-extreme weights = A. If Me &, then Mc WZ,. Let

(18) Moy =3, .M.

Then M, ,c W%, and so M,,€® also. It is obvious that the G-module
D, ; = Wp /M, is irreducible, and f-finite. We have [D, ;:7,] =1 and the
action of Q on the corresponding isotypical &-submodule is given by the
homomorphism ¥_p ;... These two properties already determine D, , up to
equivalence in view of the well-known theorem of Harish-Chandra [4]. We
thus have

THEOREM 2. Let M€ L. Then, given any positive system P of roots of
(g, b) that contains P,, there exists a unique (up to equivalence) irreducible
t-finite G-module D, , having the following property: the irreducible K-
module T, with P,-extreme vector \ occurs with multiplicity 1 in Dy, and
the action of Q on the corresponding isotypical K-submodule is given by the
homomorphism Y_p i, If pte Lf, the multiplicity of t, in D, , cannot
exceed the (finite) marimum number of linearly independent P -extreme
vectors in the Verma &-module Vi _,p ;. Moreover, if ac Pand » — ac L},
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the irreducible -module t,_, does not occur in Dy ;.

6. Identification with the discrete series

Let G. be a complex simply connected group with Lie algebra g, and
G C G, the real analytic subgroup determined by g. As in Section 1, B and
K are the analytic subgroups of G defined by b and f respectively. Let L,
L' be as in Section 1. As usual, fix a positive system P, of roots of (£, b); let
P be a positive system of roots of (g, b) with P, — P; and let

a9 =X, h=—F.,a 4=—T.a

where P, = P\P,. If Ae L’ and (A, a) > 0 for all « € P, we denote by w(A)
the equivalence class of discrete series representations of G whose character
O, is given on the regular subset B’ of B by (cf. [6])

(200 O, (exp H) = (—1)* Eeewk e(s)e™* ™ [A(exp H) (Heb, exp He B))

where

- —;—dim (/K) and

Alexp H) = IL... {exp (éa(H)) — exp <—%a(H)>} (Heb).

In order to relate the &-modules D, constructed earlier with the
discrete series of G we make use of the results of Schmid [9] (see also Hotta
and Parthasarathy [7]). Let A be as above and assume that A satisfies the
following additional conditions (“sufficiently regular”):

i) A—-96,a>>0 for all ae P,
@) (G <A—9,8) =0, —<&,B) forall peh,, QCP,
where (Q) denotes the sum 3° «a.

The results in [7] that are relevant for our purposes may then be summarized
as follows:

1. A—6,+6,, A—0,+0,—aecLnNL{, ac P, being arbitrary. More-
over, [0(A): Ta_s,4s,] =1 and [@(A): Ta_s45,-] = 0 for all €€ P,.

2. Let V be a unitary K-module belonging to 7,_,.s,. Let 7, be an
irreducible unitary representation belonging to w(A). Let © be the Hilbert
space of 7,; H, the isotypical subspace of H corresponding to 75_,,+s,; E the
orthogonal projection H— H,; and F(x) = 7" En(x)E | H,)7 (x€ G) where
7: V— H, is a unitary K-module isomorphism. Let & be the set of all C~
maps F’ of G into the algebra A of endomorphisms of ¥V such that
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i F'1) =1

(i) F'(kxk,) = kF'(2)k, (x€ G, k, k. K);

(iii) If a«€ P, and (, is the character (on K) of
Ta-s+s,-ar then, for all Xep, 2z € G,

L Co(k) (X F')(xk)dk = 0 ;

here X is the left invariant vector field on G defined by X. Then Fe 9D and
D contains no member other than F.

Consider now the irreducible &-module D, 4_, ., . By Harish-Chandra’s
subquotient theorem [4] there exists a Hilbert space H and an irreducible
representation # of G in H, quasi-simple in the sense of Harish-Chandra [3]
such that #/K is unitary and the G-module defined by # on the K-finite
vectors of H is equivalent to Dp s_,..s,. Let H, be the isotypical subspace
of H corresponding to 7x_;,.s,; E, the orthogonal projection H — H,; and

Flo) = 7(ER@)E | H)T (e @)

where 7 is a unitary K-module isomorphism of V with H,. The fact that the
&-modules 75_, 1s,-. (@€ P,) do not occur in D, A-s,+3, then shows that F
satisfies condition (iii) of 2. above. So F e 9D and hence F = F. Standard
results in representation theory of semisimple groups [6] now imply that #
and 7 are infinitesimally equivalent. We thus have

THEOREM 3. Let A€ L' and let P be the positive system of roots of (g, b)
such that (A, a)>0 for all ®e P. Suppose A satisfies the additional restric-
tions (21). Then A — 0, + 0,€ L N L; and the @-module Dp 4_,,+,, s equiv-
alent to the &-module defined by any representation of the discrete class w(A)
on its K-finite vectors. In particular, [0(A): Ta_s4s,] =1, and the action of
Q on the isotypical subspace of w(A) corresponding to Tx_, s, 18 given by
the homomorphism Y_p ayse

Remark. For the cases in which G equals SU(%n, 1) or the simply con-
nected double covering of the connected component of the identity in SO(2k, 1),
the conclusions of Theorem 3 are valid when the restrictions (i) and (ii) of
(21) are replaced by restriction (i) only (see [7]).

It appears likely that Theorem 3 remains true for all A< L’. This has
been shown to be the case by Enright [2] for the groups SU(m, 1), SO(2k, 1).
In [2] this infinitesimal description of the discrete series is used to determine
the exact rate of decay at infinity on G of the matrix coefficients of the
discrete series representations of G.
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