
���������	����
����������������
���
�������������� ���"!#��
���
����$���

%'&)(+*-,/./01,12436587:9�*<;+=	=?>@9�*-AB*C,'D-7)E�=?,1F<*<G4=	HJI/9�*CAB*C,:KC7'*-,'LNMO&:M624PQ,1PR><*-H4*S9�*C3)5
TVUCWJXZY<Y8['Y	\^]�Y	_a`cbZd+eJfgU-WihjeikZWie8lZm�kchjnoeJf+pqhjdsr�Y	\ut�v?d+e4f+[jY<YZlct/v?d+eJf+[wY<Yax�yzl6]�v	k6v	{cv�y}|	~
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®¨¯O°i±i²�³6´	±8µ tNe¶hjkCnoeip�d+hj·8v?d+egd+XZeg`-f+Y8¸Z[we4_ Y	\:pqbcW4WihjkcW4d+[¦r«f+ei`-f+eipqeik<d+hjkc·�v	k$v?fq¹¸Zhjdqfºv�fqr/`)e4f+_zbZdºv?d+hjY	k:lO»�lOY8k½¼¾e4[we4_aeik<d+p�pqYBd+X6v�d«»�¿-À©ÁsÂ�W�v?k½p�d+hw[j["¸)e�WiY8_«¹
`ZbZd+e�{�Ã<bZhwWºÄC[¦r@\RY	f«v	k<rNe4[we4_aeik<d�Á}v	kc{/v	k<rÅÀ©`)Y8pqh¦d+hjnoeaY	fzkcei·8v?d+hjnoe¨hjk<d+ei·8e4fJÂ
`)Y�Æ�eJf«Ç �uÈ f+ei`Zf+eipqe4kCdºv�d+hjY8kNdºv?Ä-hjkZ·/À �¶É¾Ê ÂË¼}[j·�¼Ì¸ch¦d+p�pqbZÍaWie4p�d+YSW4Y8_a`cb-d+ev�f+¸ch¦dqfºv?fqrÎ`)Y�Æ�e4f+p�hwkÎWiY	kcp�dºv	k<dSd+hj_ae �¶È f+ei`-f+eipqeik<dºv?d+hjY8kÏdºv	ÄChjkc·½d+Xce�Y8`-d+hj¹_¨v?[@ÐR[w·§¼OÑ Ò ÉÔÓ À©¼:ÂS¸ch¦d+pBW�v?kÔ¸)e�bZpqe�{Îd+Y¾W4Y8_a`cb-d+e�v�f+¸ch¦dqfºv?fqrÕ`)Y�Æ�e4f+pVhjk
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Ø ÙcÚ¶Û)Ü1Ý�Þzß�à�Û1á+Ý¶Ú
âÅ=�ã?3-,'HJPäL)=?2�G4I1=�å'2J3Zæ1çQ=	Aè3-éu24=?å'2J=8Hº=	,ZG4PQ,'êaå:=	2JA$0)G4*CGJPR3-,'H�ës*Cæ1æ'2J=	>cPä*<G4=	LSI1=	2J=8*<é©G4=?2¶*ZH
ì1í?î�ï�ð�ñ òoó©ô 3Cé ñ õuó"öø÷où1ú?û	û?û�úJõ½üþýCÿ &���=	2JABH�*C24=¨é¢01,'L'*CAS=?,cG4*-ç�PQ, ã�3-ASå101GJ=?2«H4ã�PR=?,'ã?=*C,'LBI:*o>-=�æ�=?=	,VGJI'=�é¢3)ã�0'H�3-é�=��6GJ=	,'HºPR>-=zH+G40'L��-&�� ,601A�æ�=?2�3Cé�å'*-å:=	24H¶I'*o>-=zL)=	*-çwG���PwG4I
PRH4Hº0'=	H}å�=?2JG4*CPR,1PR,1ê�GJ3Så�=?24A ê-=	,1=?2i*<G4PQ3Z,�7cA�=	A�æ�=?2iHºI'PQå�PR,�å�=?24A êZ2J3Z01å'H�=�GiãC&�	z012�*-PQA
I1=?24=�PäHzGJ3�L)=?>Z=?çR3-åÌ*�
ºå�=?24A L1*<Gi*@HºGJ240'ã�G4012J=�BG4I'*<G«PRH	7��g=S*C24=�êZPQ>Z=?,Ì*�Hºå�=	ã?P���ã$*-,'L
*C24æ1PwG424*-2���ë HºG4*CGJPäã ô å:=	2JA GJI:*<G�*C24PRHJ=	H^PQ,�HJ3-AS=�*Cå1å1çRPäã?*<G4PQ3Z,�7	*-,'L¨I:*o>-=�G43�24=?å124=	HJ=?,cG�G4I1PRHå:=	2JA�HJ3VGJI:*<Gz3Zå:=	24*CGJPR3-,'H�3-,/PQG«ã	*C,½æ�=�å�=?2Jé¢3-24AS=	L/2i*Cå'PRL)ç��-&:(q,1PQGJPä*CçRç���AS3CG4PQ><*<G4=	L/æ��
æ:=	PQ,1ê�*Cæ1çR=�G43$ã?3-ASå10)G4=��/3Z2�����5��c01PäãiFcç��-7���=zã�3Z,'HJPRL)=	2"G4I1=zAS3Z2J=�êZ=?,1=	24*-ç'3Zå:=	24*CGJPR3-,
3Cé:ã?3-ASå10)G4PQ,1ê����)ë! ô é¢3-2�*-,��«PR,cGJ=?êZ=?2#"u7$��I1=?24=��&%Zë' ô"ö  ué¢3-2�*CçRç� )($���)ë! ô"ö �"ë!����O5-ë' ôºô
��I1=?,*",+ ù *-,'L-���1ë' ô"ö ����5<ë!���/.§5Zë' ôºô ��I'=?,*",0 ù &

1 =?2JG4*CPR,1ç��-7�é¢3-2VHºG4*CGJPäãNå:=	2JABH�GJI'=½*Cæ�3<>-=@å'2J3Zæ1çQ=	A PäH�GJ24PQ>6Pä*Cç�PQé«HJå'*-ã?=�PäHS,13-GB*-,
PRH4Hº0'=-&2	z012¶PR,cGJ=?24=	HºGgI'=?24=�PäH¶PR, ð/35464�798�4�: 3-2g>-=?2)�SHºå'*Zã�=<;Ë=<=Bã?PQ=	,cGg24=?å124=	HJ=?,cG4*CGJPR3-,'H�GJI'*CG*Cå1å1243Z*ZãiI�G4I1=�PR,)é¢3-24AB*<GJPR3-,2;sG4I1=?3Z2J=?GJPäã§çR3>��=?2Oæ�3-01,'L«3-é@?@ë õ^ô"öBA çQê õ#C D 5 &E�PR>-=	,a*}å:=	2JA
� PR,�PwGiH�AS3ZHºG�,'*<G4012i*CçO24=?å124=	HJ=?,cG4*CGJPR3-,�7)PË& =-&)G4I1=�HJ=F�c01=?,:ã�=G�"ë' ô 7'é¢3-2� ö�ù'ú?û	û?û�úJõNü ý 7
���)ë' ô PRH�=	*ZHºPRç���ã?3-ASå10)Gi*Cæ1çR=zPR,H" ü¾ý H+G4=?å'H	&6(q,'L)=?=8LO7cé¢3-2gGJI1PäH�2J=	å124=	HJ=?,cG4*CGJPR3-,�7c*JISë õ^ôçQ3>��=?2�æ�3-01,'L$é¢3ZçQçR3>��H�é¢3-2"ã?3-ASå10)G4PQ,1êG���)ë! ô ��I1=?,K"$PRH�çä*C24ê-=}*C,:LJ ^PRH�3Z,�*�çä*C24ê-=}ã��)ã�çR=-&
L^3/é *Zã�PRçQPQG4*CGJ=BG4I1=@ã?3-ASå10)Gi*<GJPR3-, PR,Îã?3-,'HºG4*-,ZGaG4PQAS=Z7§3Z,1=Vã�3Z01çRL HºGJ3Z2J=M���'ë' ô é¢3Z2$*CçRçN *C,'LO"Ïë�P "QP�R õ 7u*-çQ3Z,1ê-��PQGJI PQG4H«ã��)ã�çR=�çQ=	,1êCG4I ô 7Oæ101G�G4I'*<GG��3-01çäL½24=F�c01PR2J=SISë õ D^çQê õ^ôæ1PwGiH?&TL}I1=BAS3ZHºG¨,'*<G4012i*Cç"ã�3ZASå12J3ZASPRHJ=SPRH«G43/2J=?G4*-PQ,O���)ë' ô ��PQGJIUP "QP�R õ *�å�3>�g=	2a3Cé
V &@L}I'PRH õ ë¢çRê õ^ô D�æ1PQGg24=?å124=	HJ=?,cGi*<GJPR3-,S=8*-HJPQç��J�6PR=?çäL1H�*açQ3ZêZ*-2JPQGJI1ASPäã}=?><*CçR0'*CGJPR3-,VH4ãiI1=?AS=-&
W�,)é¢3Z2ºG401,'*<G4=?ç��X��=Ì*-2J=½* é *Zã�GJ3Z2@3-é«çRê õ é¢243-A GJI1=½ASPR,1PRAS*-çzHJå'*-ã?=½24=?å124=	HJ=?,cG4*CGJPR3-,*C,'L H+G4PQçRç�I'*o>Z=/*YISë çQê õ^ô *CçRê-3Z2JPQGJI1A�&�	z012BAB*-PQ, 2J=8Hº0'çwGV24=?AS3<>-=8H¨G4I1PäHBçQ3ZêZ*-2JPQGJI1ASPäãé *-ã�G43-2�é¢2J3ZA æ�3CGJIÏGJI1=@GJPRA�=N*C,'L G4I1=�HJå'*Zã�=SGJ=	2JABH	7^êZPQ>6PR,1ê*���)ë! ô PQ,Îã?3-,'HºG4*-,cGaGJPRA�=*C,'L�=	H4Hº=	,cGJPä*CçRç��VASPR,1PRA�01A Hºå'*Zã�=Z&2L^3Sæ�=aA�3Z2J=aHJå:=8ã�P��:ãC75�g=aL)=	A�3Z,'HºGJ2i*<GJ=@Z
T [j·¨{ZeikZY	d+eip"[jY8·8v?f+h¦d+Xc_ d+Y�d+XZe}¸6v?pqe�|



ý &�*a24=?å124=	HJ=?,cG4*CGJPR3-,�3Cé�*«å�=?24A ��G4I'*<G"Gi*CFZ=	H�ë ý ��� ô+õ çRê õ ��� ë õ^ô æ1PQG4H¶3Cé�HJå'*-ã?=-7-*-,'LHº0'å1å:3Z2ºGiHN�"ë ô PR,��Së ý8ô GJPRAS=z*C,:LS���)ë ô 7-é¢3Z2¶*C,��M"u7-PR,��Së ý	� � ô GJPRAS=-7Zé¢3-2�*C,�� � + ù &âÅ=¨*-çRHJ3BHºI'3>� *S2J=8H+G42JPäã�G4=	L@çQ3>��=?2}æ�3-01,'LNAB*<GiãiI1PR,1êSGJI1PäH�GJPRAS=�;qHºå:*-ã�=�G424*ZL)=�;�3�
�&
V &�*/Hº=8ã�3Z,'L 2J=	å12J=8Hº=	,cG4*<G4PQ3Z,Ì3-é}*�å�=?24A �ÕGJI:*<G¨Gi*CF-=8H�?@ë õ^ô ��� ë õ^ô æ1PQG4Ha3-é�Hºå'*Zã�=Z7*C,'L�HJ01å1å�3-2JG4H ���)ë ô é¢3-2�*-,��H"@PR,��Së¢çRê õ� çRê"çRê õ^ô GJPRAS=-&
��çR3-,1ê GJI'= ��*$�Z7#�g=/HJI13>� G4I'*<G@*-,'H ��=?24PR,1ê �"ë ô *C,:LX����5<ë ô �c01=?24PQ=8HBHº02=Bã?=	H�G43ã�3-ASå101GJ= �c01=?24PR=	H�3Cé�*C24æ1PQGJ2i*C2)�Bå:=	2JA å�3>��=?2iH?&
	z,1="Hº0'æ�;Ë243-01GJPR,1=#�g=gL)=?>Z=?çR3-å«I1=?24=�PäH^*}24=?å124=	HJ=?,cG4*CGJPR3-,�3Cé1*�HJ=F�c01=?,:ã�="3-é õ PR,ZG4=?êZ=?2iHé¢2J3ZA ñ �8ó 7)é¢3-2�HJ3-AS=�PQ,cGJ=	ê-=	2 ��� ý 76GJI:*<G}G4*-F-=	H õ çRê � ��� ë õ^ô æ1PQG4H�*-,'L@*-çQçR3>��HgGJI1=G ;sG4IPQ,cGJ=	ê-=	2}GJ3Bæ�=¨*-ã?ã?=	H4Hº=8L@PR,��Së ýoô GJPRAS=-&���3CGJ=«G4I'*<G�G4I1PäH�PRH�ISë õ^ô æ1PQG4H�æ:=?GºGJ=	2�G4I'*C,NGJI'=,'*CPR>-=�24=?å124=	HJ=?,cGi*<GJPR3-,$GJI:*<G"Gi*CF-=8H õ*A çRê �D æ1PQG4H	&@�zH¶*-,BPQASAS=	L)Pä*<G4=�*Cå'å1çQPäã?*CGJPR3-,S3CéuG4I1PRH2J=8Hº01çQG	7���=�3-æ)Gi*CPR,Õ*C, PRA�å'2J3<>Z=?AS=?,cG$3-é�* HºPRASPQçä*C2SAB*CêZ,1PQGJ0'L)=�é¢3-2VHºGJ3Z2JPR,1ê HJ*CGJ=?çRçRPwG4=

PQ,)é¢3Z2JAB*CGJPR3-,NPQ, ��*CêZI�� H�L1PRã�GJPR3-,'*-2�� ñQý��Có &
L}I1=?24=B*C24=S*�,601A$æ:=	2¨3Cé}AS3CG4PQ><*<G4PQ3Z,'H�é¢3-2$Hº0'ã	ã�PR,'ã�G�L'*<G4*/HºGJ240'ã�GJ0124=	H«PR,¾ê-=?,'=?2i*CçË7

AS*-,��SGJ3SL)3J��PQGJI�GJ=<�6G�PR,'L)=<�6PR,1êS3-2�24=?å124=	HJ=?,cGJPR,1ê$Ic0'ê-=�êZ24*-å1I'H ñ � 7��'7 ý-ý 7 ý��-ó &6(q,'L)=	=	LO7GJI1=	2J=}I'*ZH�*-çQ24=	*ZL��«æ:=	=?, �g3Z2JF«3Z,�HJå'*-ã?=�;�=�=Vã�PR=?,cG�2J=	å124=	HJ=?,cG4*CGJPR3-,¨3-é'2J=8H+G42JPäã�G4=	L$ã�çä*-H4Hº=8H
3Cé'å�=?24ABH?7<HJ0'ãiI�*-H§G4I1=gå�=?24ABH�2J=	å12J=8Hº=	,cGJPR,1ê�GJI'=�çR=��)Päã�3Zê-2i*Cå1I1Päã�3Z24L)=	2^3-é1GJI1=}HJ0�=S�6=8H�3Cé
*�HºGJ24PQ,1ê ñ �<ó 3Z2§HJ3 ;qã?*CçRçR=	La*Cå'å12J3$�)PRAB*<GJ=	ç��zASPQ,�; ��PäHº=gPQ,'L1=?å�=?,'L)=	,cG�å�=?24ABH?780'HJ=	L«é¢3Z2§L)3)ã/;01AS=?,cG�HºPRASPQçä*C24PQG �B=	HºGJPRAS*CGJPR3-, ñ V ó &)âÅ3Z2JFV3Z,NHJ0'ã	ã�PR,'ã�G�24=?å124=	HJ=?,cG4*CGJPR3-,�3Cé�*$å�=?24A *-,'LPwGiH�PR,c>Z=?2iHº=#�}*-H	7�é¢3Z2�3-,'="3Cé)G4I1=¶*C01GJI13Z24H	7�3-24PRê-PR,'*CçRç��zAS3CGJPR><*<G4=	L«æ���*�L1*<Gi*���*-2J=	I13-0:HºPR,1ê
*Cå1å1çRPäã?*<G4PQ3Z,�& W�,'L)=	2�GJI'=¨PQ,:L)=��)PR,1ê@H4ãiI1=?AS=¨PR,�GJI1=$H �)HºGJ=?A�7'GJI1=$å:=	2JA ã�3Z2J24=	HJå:3Z,'L)PR,1ê
GJ3ÅGJI1=N2J3>��H�3Céz*Ì2J=	çR*CGJPR3-,ÎHJ3-2JGJ=8L 01,'L1=?2S*C,��¾ê-PR>-=?,ÎF-=<�Y�}*-H$=��)å1çRPRã?PwG4ç��ÏHºGJ3Z2J=8LO&�(�G
��*ZH¶24=	*-çQP��?=8LSGJI'*CG}GJ3�å:=	2ºé¢3Z2JA ã�=	2ºGi*CPR,¨;+3ZPQ,'H	7cGJI1=�PR,c>Z=?2iHº=z3Cé§*�HJ=?ê-AS=	,ZG�3Cé�G4I1PäH}å:=	2JA
��*ZH�å124=	ã�PäHJ=?ç��-��I'*CG ��*ZH}2J=�c01PQ24=	L�&5L}I1=¨å�=?24ABH�PR,*�Z0'=	HºGJPR3-,�3)ã?ã�0'å1PQ=8L/*VHJ01æ'HºG4*C,cG4PR*-ç
å:3Z2ºG4PQ3Z,@3Cé^GJI1=«Hº=	>-=	24*-ç'I601,'L)24=	L@ê-PRêZ*-æ��cG4=	H"PR,�GJI1=�PQ,:L)=��)PR,1ê�HºGJ240'ã�GJ0124=z*-,'L@L)3Z01æ1çRPQ,'ê
GJI1PäH}Hºå'*Zã�=z2J=�Z0'PQ24=?AS=?,cG«ë©é¢3-2gGJI'=zå�=?24A PQ,6>Z=?2iHº=8H ô é¢3Z2¶G4I1=«Hº3ZçQ=zå10124å:3cHº=z3Cé�PRA�å'2J3<>6PR,1êGJI1=@GJPRA�=@GJ3 ã�3-ASå101GJ=@ã?=?2JG4*CPR,�;+3-PR,'HJ��*ZHaPR,'*Cå1å'2J3Zå12JPä*<G4=-&T	�G4I1=?2�*Cå1å'çQPäã?*CGJPR3-,'H$*C24PRHJ=
PQ,� �PQ3ZPQ,)é¢3Z2JAB*CGJPäã?H ñwý?ó &2L}I1=«AS3-24=�ê-=?,'=?2i*Cç�å12J3Zæ1çR=?A 3Cé��c01PRãiF6ç��Vã�3ZA�å'0)GJPR,1êS���)ë ô *-çRHJ3I'*-H�,601A$æ:=	2�3-é�*-å1å1çRPRã	*<GJPR3-,:H?&5��,/PQ,cG4=?24=	HºGJPR,1êB3-,1=�PRH�L1=�GJ=	2JASPR,1PR,1êBGJI'= �"!$# 2J363-G�3Cé�*å:=	2JA ñwý V ó &T	z012aG4=	ãiI1,'P��c01=8H¨,13-G¨3-,1ç�� HJ3-çR>-=�G4I1= �"!%# å�3>�g=	2aå1243-æ1çR=?A PQASAS=	L1PR*CGJ=?ç��-7æ10)G�ã?*-,N*-çRHJ3Sæ:=a0:Hº=8L@G43 �','L�GJI1= �"!%# 24363CG	7)PQé�3-,1=«=��)PäH+GiH?&

L}I1=¶24=?AB*CPR,'L)=	2�3Cé)G4I1=¶å:*Cå�=?2�PRH§3-24êZ*-,1P&�	=	L«*-H�é¢3-çRçQ3>��H	&FL}I'=¶,1=<�cG�Hº=8ã�G4PQ3Z,�L)=	H4ã�24PRæ:=8H
Hº3ZA�=�å124=?>6PR3-0'H�24=	HJ01çwGiH�3-,NPQ,'L1=��1*Cæ1çR=aL)Päã�GJPR3-,:*C24PQ=8H¶0'HJ=	L�PR,�çä*<G4=?2�HJ=	ã�G4PQ3Z,'H	76*ZH��g=	çQç�*ZH
GJI1=�2J=	å124=	HJ=?,cG4*CGJPR3-,/3Cé�*@HJ=F�c01=?,:ã�=�3-é õ PR,cGJ=?êZ=?2iH�é¢243-A ñ �8ó 7�é¢3-2aHJ3-AS=�PR,cGJ=	ê-=?2 ���èý &M6=	ã�GJPR3-, � L)=	H4ã�24PRæ:=8H¨G4I1=('¦HJI13-2JG4ã?0)G���AS=�G4I13)LÎ*C,:LÏ*ÌAB*CG4ãiI1PR,1êÌçR3>��=?2�æ�3-0','L ë PwG4=?Aë ý8ô *-æ:3<>Z= ô *-,'L/M6=	ã�GJPR3-, � L)=	H4ã�24PRæ:=8H}PwG4=?A ë V ô *-æ:3<>Z=-&)â =�*-H4HJ01AS=«*BHºG4*-,'L1*-24L*),+ î�-
.0/21 AS3)L)=	çQ��PwG4I �g3Z24LNHºP��?= ISë çQê õ^ô æ1PwGiH}é¢3-2�*-çQç^3-012}24=	HJ01çwGiH?&
3 4ÅÜ6587ºá�9øáºÚ;:�Ü'á<58=

>@?ACB"D�EGFIHJBLKNMPO�Q�MPRS?CEGT	MJBVUXW E�PQ>Z=?,½*BHJ=�G2Y[Z ñ \�ó 7�*C, 798]-Zí�^V_X`@aQíb- 7!4�: 7 + 8c_<îed 24=?å'2J=<;Hº=	,ZGi*<G4PQ3Z, ñQý��-ó é¢3-20YÕHº01å'å:3Z2ºGiH�GJI1=«é¢3ZçQçR3>��PQ,'ê�3Zå:=	24*CGJPR3-,'H�PR,/ã�3-,:H+Gi*C,cG}GJPRA�=@Z

fhg"i"j ë%k ú Y ô@l E�PR>-=	,�k�m ñ \�ó 7124=�G40124, üaý Pwénkpom�Y *C,'LYP ÷rq m�Y P q 0sk ÿ P63-GJI1=	2���PäHJ= (
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(a) construction of (r + 1)-Benes network
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(b) Benes network realising the permutation (4 7 0 6 1 4 2 3)
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