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SYNOPSIS

1 Introduction

Finite graphs are used to model a variety of problems [Fou12] and are of central impor-
tance in computer science. There are di↵erent variants of graphs i.e. directed graphs,
undirected graphs, graphs with edge weights etc. which are used to model di↵erent sit-
uations. In this thesis, we restrict our study to finite, undirected, simple graphs i.e. ones
where the edge relation E is a symmetric and irreflexive binary relation. In particular, we
study the first order theory of structures of the kind (G, ⌧) where G is the set of isomor-
phism types of finite graphs; and the vocabulary ⌧ contains a binary relation 6 which is
interpreted as a partial order. There are several natural candidates for the partial order 6
which arise from graph theory, and we study the induced subgraph, subgraph and minor
orders (denoted 6i,6s and 6m respectively); with an emphasis on the induced subgraph
and subgraph relations. We will call such theories first order theories of graph order.

The study of the FO theory of (N,+,⇥), called first order arithmetic (or simply arithmetic)
has a long and storied history [Bés02]. Another example of the study of the FO theory
of a structure is Tarski’s celebrated decision procedure for the first order theory of real
arithmetic [VDD88]. These examples follow a particular pattern : collect the objects of
interest into one infinite domain D, specify a finite set of operations ⌧ of interest (addition
and multiplication in the case of numbers), and study the first order theory of the structure
(D, ⌧). The study of FO theories of graph order is exactly this kind of study where the
objects of interest are graphs; which does not seem to have a large body of literature.

At this juncture, we would like to make a note of the di↵erence between a major field of
logical study of finite graphs, namely Finite Model Theory (FMT) and the study of graph
orders. In FMT (and in its associated field of Descriptive Complexity), the approach taken
is that a single finite graph g = (V, E) is the model and the vocabulary is the edge relation



{E} (sometimes extended by other operators such as a total order on the finite domain).
We do not have explicit access to the edge relation in theories of graph order, though as
we shall see, the ‘internal structure’ of graphs can be accessed in an indirect fashion using
graph order.

We now describe two bodies of literature which are closely related to this thesis. The
first body of work is the study of substructure orderings on various kinds of finite objects
such as finite posets, lattices, semi-lattices and distributed lattices initiated by Jězek and
McKenzie [JM09]. This was extended by Wires [Wir16] to the case of graphs, where the
notion of substructure is the induced subgraph order. One of the main objectives in Wires’
study is to understand the automorphisms of the induced subgraph order.

Theorem 1.1 ([Wir16]). Every element is definable as a constant in the first order the-

ory of (G,6i, P3), where P3 is a constant interpreted as the path on three vertices. The

only non-trivial automorphism of (G,6i) is the automorphism mapping every graph to its

complement.

On the way to proving the above theorem, Wires shows that many important graph the-
oretical predicates such as connectivity, disjoint union of graphs, independence number
etc. are definable in this first order theory; which we find to be of independent interest.
The undecidability of the theory follows from the following fact:

Theorem 1.2 ([Wir16]). First order arithmetic is interpretable in the first order theory of

(G,6i, P3).

However, the computational content of the first order theory of induced subgraph is not
studied by Wires. This thesis makes crucial use of the notion of o-presentations intro-
duced by Jězek and McKenzie and defined for graphs by Wires. An o-presentation of
a graph g is a representation of a vertex-labelled version of g as another graph g̃. This
can be used as a tool to relate edge information of g which is not available to us in the
vocabulary with induced subgraph information about g̃.

The second body of literature is the study of various kinds of orderings on terms (which
can be seen as ranked trees) and words (which can be seen as symmetric labelled paths);
which is a part of the term rewriting literature [Der79, CT94]. Di↵erent kinds of orders
such as lexicographic path order, infix order and subword order have been studied in this
literature, of which the subword order is closest in spirit to the graph orders considered.
An early result which considers the subword order is by Kuske:

Theorem 1.3 ([Kus06]). The ⌃3 fragment of the subword order is undecidable, and the

⌃1 fragment is decidable.

Recently, the subword order has regained interest. The question about the decidabil-
ity of the ⌃2 fragment which was left open by Kuske was shown to be undecidable by
Karandikar and Schnoebelen [KS15]. This result was further strengthened by Halfon et
al. to show the following surprising result.

Theorem 1.4 ([HSZ17]). The ⌃1 theory of the subword order expanded with constants is

undecidable.



There was also work done on finite variable fragments.

Theorem 1.5 ([KS15]). The FO
3

fragment of the subword order expanded by constants

is undecidable. The FO
2

fragment of the subword order with constants is decidable.

The techniques used to obtain the above results are based on automata theory. Unfortu-
nately, automata theory for tree and graphs is not as well understood as that for words.

In the following section, we describe the results and organization of this thesis and discuss
future directions.

2 Results and Thesis Organization

We recall that the graph orders studied in this thesis are the induced subgraph, subgraph
and minor orders. In the case of the induced subgraph order, the vocabulary is expanded
by adding a constant P3 for the path on three vertices. This is to break the automorphism
f : G ! G defined as f (g) = g

c i.e. every graph is mapped to the graph obtained by
exchanging edges and non-edges (see Figure 1). We note that without the constant P3,
there is no way to distinguish between a graph and its complement using first order logic.
In the case of the subgraph and minor orders, the constant P3 is not required as there
do not exist any non-trivial automorphisms. In the rest of this section, when we talk of
the induced subgraph order, we assume that the constant P3 is also available to us unless
explicitly left out.

2.1 Chapter 1 : Introduction

This chapter expands on the introduction in this synopsis, explaining in more detail the
place of this thesis with respect to the literature.

2.2 Chapter 2 : Preliminaries

We recall basic definitions from first order logic and graph theory. We also introduce
encodings of graphs as strings and vice versa. These are used to give formal definitions
for the notion of ‘recursively enumerable predicate over graphs’ used in this thesis.

2.3 Chapter 3 : Arithmetic and Graph Order

This chapter contains many basic constructions which culminate in the definability of
arithmetic in the subgraph and minor orders. In the case of the induced subgraph order,
many of the graph theoretic predicates required to carry out the constructions in this thesis
are already present in Wires’ work [Wir16].



?g

N1

K2

N2

K3

P3

K2N1

N3

K4

Kite4

C4

Paw4

K3N1

S 4

P4

P3N1

K2K2

K2N2

N4
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from the automorphism f (g) = g
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Many interesting predicates are definable using simple formulae with just an order rela-
tion.

Theorem 2.1. The following predicates are definable in the subgraph and minor orders:

1. Covering relation: x l y if and only if x < y and there is no graph strictly between

them.

2. Constants N1,K2,K3, S 4, P4 for the graph with one vertex, clique on two vertices,

clique on three vertices, star on four vertices, path on four vertices.

3. The family N of graphs with isolated points.

4. The cardinality of a graph: |x| = |y| if and only if x and y have the same number of

vertices.

The ability to define constants combined with atomic negation is powerful: for instance,
the formula S 4 ⇥s x defines the family pac of graphs which are disjoint unions of paths
and cycles by avoiding degree 3 vertices. For a fixed cardinality n of the vertex set,
collecting the maximal graphs in the family pac under the subgraph order gives us the
family soc of disjoint unions of cycles. Bootstrapping on these basic constructions allows
us to define many families of graph theoretic interest.

Theorem 2.2. The families N ,K , f orest,T ,C,S,P, conn which denote isolated points,

cliques, forests, trees, cycles, stars, paths and connected graphs respectively, are definable

in the subgraph and minor orders.

The maximum degree and maximum path length of a graph are definable in the subgraph

and minor orders.

The family N is used to represent numbers, and numerical parameters of a graph such as
maximum degree are interpreted as belonging to this family. That is, maxDeg(x, n) if and
only if n 2 N and the maximum degree of a vertex in x is |n|, in the above theorem.

At this point, we can construct gadgets to define arithmetic operations in our representa-
tion setN . For instance, given any n, there is a maximum tree tn under the subgraph order
which has maximum path subgraph P5 and maximum degree n; and the cardinality of tn

is n
2 + 1. This gadget tn is used to define the arithmetical predicate square(m, n) if and

only if n,m 2 N and |n| = |m|2. Together with a gadget for defining addition, we are able
to define arithmetic.

Theorem 2.3. First order arithmetic is definable in the subgraph and minor orders.

We note that the result above does not immediately follow from the corresponding result
for the induced subgraph order obtained by Wires [Wir16].

Though the converse is not unexpected, we also show the definability of graph orders in
arithmetic.

Theorem 2.4. The induced subgraph, subgraph and minor orders are definable in arith-

metic.
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Figure 2: Top left: the graph S 4. Bottom left: A vertex ordering of S 4. Right: The
o-presentation corresponding to the given vertex ordering.

2.4 Chapter 4 : Defining Recursively Enumerable Predicates in Ab-
stract Structures over Graphs

In this chapter, we establish some su�cient conditions for any structure over graphs (G, ⌧)
to be able to define every recursively enumerable predicate over graphs. To do so, we need
the notion of an o-presentation discussed in the Introduction.

Definition 2.5 (o-presentation). An o-presentation of g 2 G is another graph g
0

con-

structed as follows: Fix a vertex ordering v1, v1, .., vn of vertices of g. Let g
00

be the graph

formed by the disjoint union of g and the cycles Cn+i+2 for each 1 6 i 6 n. Add n ad-

ditional edges to g
00

connecting each cycle Cn+i+2 to the corresponding vertex vi. The

resulting graph is g
0
.

The graph g
0 as constructed above is not unique; in fact there is a bijective correspondence

between vertex orderings of g and the set of o-presentations of g. We write g
0 2 g̃ to denote

that g
0 is an o-presentation of g.

Definition 2.6 (Capable Structure over Graphs). We call a structure (G, ⌧) a capable

structure over graphs if it satisfies the following three conditions:

(C1) Arithmetic can be defined in (G, ⌧), in particular, the following predicates are defin-

able:

1. The familyN of graphs which do not contain edges i.e. are made of isolated points.

2. The predicate plus(x, y, z) if and only if x, y, z 2 N and |x| + |y| = |z|.

3. The predicate times(x, y, z) if and only if x, y, z 2 N and |x| ⇥ |y| = |z|.



(C2) The following predicates related to o-presentations are definable in (G, ⌧):

1.  opres(x, y) if and only if x is an o-presentation of y, also written x 2 ỹ.

2.  edgeOP(x, i, j) if and only if there exists a graph y such that x 2 ỹ and in the vertex

labelling induced on y by the o-presentation x, the vertices vi and v j in y have an

edge.

(C3) The predicate sameCard(x, y) if and only if x and y have the same number of vertices,

is definable in (G, ⌧).

Theorem 2.7. For any (G, ⌧) which is a capable structure over graphs, every recursively

enumerable predicate R ✓ Gn
over graphs is definable in (G, ⌧).

Remark 2.8. In the thesis, we consider the possibility of strengthening the above theorem

to show that any arithmetical predicate over graphs is definable in graph order, giving a

characterization of definability in graph order.

The proof of the above theorem has two ingredients: (1) arithmetical definability and
(2) the ability to define a binary predicate  enc(x, y) which represents an injective map
enc : G! N i.e.  enc(x, y) is true i↵ enc(x) = y. Together, these two ingredients allow us
to go from a graph g to its corresponding image enc(g) which resides in N and perform
the required computation in the isomorphic copy of arithmetic (N , plus, times) residing
inside the graph order.

The rest of the chapter involves showing that the hypotheses of Theorem 2.7 hold true for
the induced subgraph order i.e. that it is a capable structure over graphs. The fact that the
induced subgraph order satisfies conditions (C1) and (C3) is already implicit in the work
of Wires [Wir16]. However, the fact that the induced subgraph order satisfies condition
(C2) does not immediately follow rom Wires’ work, and we focus on establishing this.
Once this is done, it follows that:

Theorem 2.9. Every recursively enumerable predicate is definable in the induced sub-

graph order.

2.5 Chapter 5 : Defining Recursively Enumerable Predicates in the
Subgraph Order

This chapter contains the constructions required to prove condition (C2) for the subgraph
order. There are subtle di↵erences between the induced subgraph and subgraph orders.
For instance, in the induced subgraph order an o-presentation g̃ is constructed from g by
first constructing g [ S|g|

i=1 P|g|+i+1 and then adding the rest of the vertices and edges. In
contrast, we construct the graph g [S|g|

i=1 C|g|+i+2 and add the remaining edges in the case
of the subgraph order.

We reduce the problem to that of defining three other intermediate predicates. To state the
technical lemma, we need some definitions.



Definition 2.10. The graph Ci!1 is the connected graph formed by adding one new vertex

and one new edge to the cycle of cardinality i denoted Ci.

Given a graph g with |g| = n, an indicator cycle is a cycle Cn+i+2 where 1 6 i 6 n. Note

that these are the cycles attached to vertices of g to form an o-presentation.

Lemma 2.11. The predicates  opres and  edgeOP are definable in the subgraph order as-

suming the definability of the following predicates:

1. CP4C(x, i, j) i↵ i, j 2 N , 3 < i < j and x is constructed from the graph Ci!1 [C j!1

by adding one additional edge between the unique degree one vertices of Ci!1 and

C j!1.

2. G̃(x) i↵ x is an o-presentation of some graph.

3. constructFromCycles(x, y) i↵ y is constructed by adding |x| edges to the graph g

which is the disjoint union of x and all indicator cycles corresponding to x.

Of the three intermediate predicates, CP4C is the easiest, followed by G̃ and
constructFromCycles(x, y) the most di�cult. The last of these involves the definition of
two familiar graph theoretical predicates of independent interest: disjoint union of graphs
and the number of edges of a graph.

Lemma 2.12. The predicate constructFromCycles is definable in the subgraph order

assuming the definability of the following predicates:

1. csum(x, n) i↵ x =
S

n

i=1 Cn+i+2.

2. dis jointUnion(x, y, z) i↵ z is the disjoint union of the graphs x and y. Since x [ y,

the disjoint union of graph x and y is a unique graph, we will simply write z = x[y.

3. countEdges(x, n) i↵ n 2 N and x has |n| many edges.

The remainder of the chapter is devoted to the construction of gadgets to enable the defi-
nition of disjoint union and edge counting. We sum up the results of this chapter and the
previous one with the formal statement of definability of recursively enumerable predi-
cates in graph order:

Theorem 2.13 (Recursively Enumerable Predicates in Graph Orders). Let R.E. be the set

of all recursively enumerable predicates over graphs. For a structure A, let De f (A) be

the set of all definable predicates inA. Then

R.E. ✓ De f (G,6s) = De f (G,6i, P3) = De f (G,6m, sameS ize).

2.6 Chapter 6 : Decidability in Graph Order

In this chapter, we take up the issue of decidability. The ability to encode arithmetic im-
plies that the full first order theory of graph order is highly undecidable. We concentrate



on examining syntactic fragments, namely the existential fragment and the finite variable
fragments; with an emphasis on the induced subgraph order. As observed in the dis-
cussion after Theorem 2.1, atomic negation and constants contribute significant power to
definability of predicates. Hence we explore the consequences of extending the vocab-
ulary by constants and removal of negation in the syntactic fragments. In Table 1 we
summarize the decidability results obtained. We discuss some of them below.

Table 1: Summary of decidability results for the induced subgraph order. A † indicates
the result also holds for the subgraph and minor orders.

Existential FO
1

FO
2

FO
3

Pure NP-complete† -NA- ? ?
With constants Undecidable in NPNP \ coNPNP † ? Undecidable

Positive with constants NP-complete† in NPNP \ coNPNP † Decidable ?

We first describe the results on the existential fragment. The following result is a conse-
quence of the fact that each of the graph orders is universal for finite posets.

Theorem 2.14. The existential theories of each of the induced subgraph, subgraph and

minor orders is NP-complete.

But on addition of constants to the vocabulary, we get an undecidable theory.

Theorem 2.15. The existential theory of the induced subgraph order with a constant sym-

bol for each graph (denoted 9⇤(G,6i,Cg)) is undecidable.

The result is obtained via a quantifier free interpretation of the subword order in the sub-
graph order; the analogous result for subword order has already been established [KS16].
However, it is not clear whether it is possible to interpret the subword order in the sub-
graph and minor orders. On further restriction to only the positive fragment, we get back
decidability.

Theorem 2.16. Let 6 denote any one of 6i,6s,6m. The theory 9⇤ + (G,6,Cg), which has

formulae given by the grammar

� := c⇤x | x⇤y | 9y � | �1 ^ �2 | �1 _ �2

where ⇤ 2 {<, >,=} is NP-complete.

Next we describe the results for finite variable fragments. The ⌃0 interpretation of the
subword in the induced subgraph order also gives the following result.

Theorem 2.17. The FO
3 \ ⌃2 fragment of the induced subgraph order with constants is

undecidable.



Since the single variable fragment with constants can be shown to be in NPNP \ coNPNP,
this leaves open the question of decidability of the FO

2 fragment. We note that many
constants are already definable (upto automorphism of the structure) in the FO

2 fragment,
and thus with regards to decidability, there is unlikely to be any di↵erence on adding
or removing constants from the vocabulary; and we concentrate on the expansion with
constants.

Lemma 2.18. Every graph on at most 4 vertices is definable upto automorphism in the

FO
2

fragment of the induced subgraph order.

The decidability of FO
2 with constants in the case of the subword order does not carry

over in any obvious way to the case of graphs. By analyzing the proof by Karandikar and
Schnoebelen [KS16], we are able to separate the logical and combinatorial concerns. In
particular, it is clear that the techniques used by them are relevant for a broad class of
infinite posets which we call locally recursive.

In the case of such locally recursive posets, the quantifier free formulae in one free vari-
able define sets which are finite unions of universes which are solution sets ~�(x)� of
quantifier free formulae of the form �(x) = c 6 x ^Vd2D d ⇥ x; where D is a finite set.
We call a finite union of universes a multiverse.

We have the following result:

Theorem 2.19. Let (P ,6P) be a locally recursive poset. Given a set S ✓P we define the

unary operations S += {p | 9p
0 2 S p <P p

0} and S || = {p | 9p
0 2 S p ⇥P p

0 ^ p
0 ⇥P p}.

If the multiverses of P are recursively closed under S + and S ||, then the FO
2

theory of

(P ,6P,CP) is decidable.

The conditions of recursive closure in the above theorem in the case where P is a graph
order are related to generalizations of the Ramsey theorem. We do not attack this problem
in this thesis.

2.7 Chapter 7 : Conclusion and Future Work

We recognize that there are two immediate technical questions for the short term. The first
is the possibility of strengthening Theorem 2.13; in particular, we raise the question of the
existence of a vocabulary ⌧ so that the existential theory of (G, ⌧) is capable of defining
every recursively enumerable predicate. This can be thought of as the analog in graphs to
the MRDP (Matiyasevich-Robinson-Davis-Putnam) theorem [Mat71], which states that
the definable sets in the existential theory of arithmetic are exactly the recursively enu-
merable sets of numbers. Secondly we discuss the combinatorial results required to prove
the decidability of the FO

2 fragment left open.

A longer term project is the understanding of how various complexity classes fit into theo-
ries of graph order. This involves developing the graph analog to the Bounded Arithmetic
theories [Bus] shown to characterize complexity classes. Unfortunately the vocabulary of
graph order is too coarse since the atomic predicates are already NP-complete and hence
we need to identify the right vocabulary.
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