Systems Biology Across Scales:
A Personal View
XXIII. Spatial Patterns in Biology:
Turing mechanism

Sitabhra Sinha
IMSc Chennai



The magnificent patterns of Dr Turing

Question: How to explain the development of biological form (morphogenesis) ?



The magnificent patterns of Dr Turing

P.T. Saunders: Turing’s work in biology illustrates clearly his
ability to identify a fundamental problem and to approach it in a
highly original way... He chose to work on the problem of form
at a time when majority of biologists were primarily interested
in other questions

Turing did not choose to work on understanding the structure
of the genetic “program’” something that may have been
expected from his work on Turing machines and the
contemporary interest in the problem

This would have also been consistent with the zeitgeist
E.g., Schrodinger’s What is Life was speculating that “aperiodic
crystals” were the physical basis for heredity being



In fact, the very next year after Turing’s paper on morphogenesis,

Crick and Watson discovered the structure of DNA

1953: Discovery of DNA structure

* Francis Crick
(Cambridge University)
* James Watson

(Harvard University)
1962 Nobel Prize

MOLECULAR STRUCTURE OF
NUCLEIC ACIDS

A Structure for Deoxyribosa Nucleic Acid

E wish to suggost & strucluve for ihe salt

of deoxyribose mucleic acid (D.N.A,  This
alructurs has novel featnres which are of considerable
binlogical mteresr,

A wtrueture for nuclvic oacid haa already been
proposed by Panling and Corey'. They kiedly made
their manugeript available to us in advenes of
publication. Their maodel eonsists of three imter-
twined ehains, with the phosphates nesr the fibre
axia, and the buses on the outside. Ta our opinion,
this sbructure is unsabisfuerory for two reasoms :
(1) We beligve that the material which givos the
Z-ray disgrama is the salt, nof. the free acid, Without
the aeidie hydrogen atoms it is not elear what forees
would hold the strueture togsther, expecially ss the
regatively charged phosphates near the axis will
repel cach other. [2) Bome of the von der Wials
dislances appesr 10 be oo small,

Another thrae-chein structura has also been sug-
gested by Traser {in the press). In his model the
phosphates are on the outside and the bases on the
ngide, finked together by hydeogen bonds,  This
gtructire ws described is rather ill-defined, wod for
thig reason we shall not eomment
on it.

We wigh to pat forward o
radivally different structure for
whe salt of deoxyribose nuelsic
acid.  This struetwe hag two
helieal chains each coiled round
the same axin isee dingram). We
have made the wsual chemical
asgumptions, namely, that each
chair conzists of phosphate di-
egter group joining B-p-doexy-
ribofwranose residuss with 1,57
linkages. The two chaing (but
not their bases) are related by a
dyad perpendicular to the fibre
wxis, Both cheins follow right-
handed helicos, but owing to

The novel foaturs of the strueture is the menner
in which the two cheins are hold together by the
puring and pyrimidine bases. The planes of the bases
are porpendicular to the fibro axie, They are jomed
togothor in pairs, & single bass from ove chain being
hydrogon-bonded to & single base from the other
chain, o thet the two Lis side by side with identical
zeo-ordinates. One of tha pair must bs a purine and
the other & pyrimiding for bonding to oecur. The
hydrogen bonds ate made as follows : purine position
1 to pyrimidine pogition 1; pumne pegition § to
pyrimidine position 6,

Tf it ie ussnmed vhat the bases only ceeur in the
strueturc i the most plawsible tautomoric forms
(thet 1s, with the keto rather than the ennl on-
figurations) it is found that only specific pairs of
hasas ean bond together, These pairs sro: adenioe
(puring) with thymine (pyrimidine), snd guanine
{purins) with cytosine {pyrimidine).

Tn other words, if an adenine forme ones member of
& pair, on cither chain, then on these assumptions
the other member musl be thymine ; similurly for
guanine and cytosine. The sequenco of bass on a
single chain dozs not appear to be rostricted in any
way. However, it only specific paire of hases can be
formed, it follows that if the sequence of bases on
ona ohain s given, then the sequence on the other
chain is automatioally determined.

It has been found experimentally®* thav she ralio
of the amounts of adenine to thymine, und the ratio
of puanine to cytosing, are slways very ekse to unity
for deoxyribose nucleie anid,

Tt is probably impossible to build thiz structure
with & ribose sugar in place of the deoxyribose, 85
the sxtra oxygen atom would make {00 oloso a van
der Waals contact,

The previoudy published X-ray datart on deoxy-
riboze nucleis acid are insufficient for & rigorous test
of our structure, 3o far as we can ell, it is voughly
compatibls with the experimontal data, but it must
ba regarded as unproved until it has been checked
against more cxaet resits, Some of these are given
in the following communications, We were not aware
of the detwils of the results presonted there when we
davigerd our strueturo, which reats mairdy though not
colively on published experimental datw and stereo-
chemical arguments.

Nature, 1953



The magnificent patterns of Dr Turing

Nor did Turing choose to work on automata models — in which
the fate of a cell is determined by the states of its neighbors
through simple sets of rules

Again, this is something that Cellular automata
would have been expected -

given his pioneering work on O | )
the invention of digital o o s 1 1 1 1 0

computers...

although some handwritten
notes from the last days of
his life point to an interest in
random Boolean networks




In fact is what Turing’s dobplesanser did mmu
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The magnificent patterns of Dr Turing

Instead Turing chose to “defeat the argument from design” in
biology, i.e., the appeal to natural selection to any and every
feature of biological systems

Instead of Evolution = Natural selection
Turing chose to view it as Adaptation + Self-organization

In this, he was influenced by the views of D’Arcy Thompson
who insisted that biological form is to be explained chiefly in
the same way as inorganic form: as the result of physical and
chemical processes.

The primary task in biology is to discover the set of forms that
are likely to appear — only then is it worth asking which of them
will be selected.



Genesis of Biological Form: Self-organization

Ox GROWTH
AxD Form

DARCY THOMPSON

D'Arcy Wentworth Thompson (1860 - 1948)

xvi] THE COMPARIZON OF RELATED FORME 1063
start thie saries with the figure of Folypeion, in Fig, 521, we seo that
the outlines of Peudepriveoathus (Fig, B22) and of Selosfer or
Seorpeens (Fig. 023) ame casily derived by substituting a systom

|~
Fig. 521, Palpprion. Fig. 322, Pumdapriscantizs alies,

of triangular, or radinl, coordinates for the rectangular cnes in which
we hnd inscribed Polyprion.  The very curicus fish Awrigonie capros,
an coeanie relative of cur own boar-fish, conforma  closely to the
peculisr deformation ropresented in Fig, 524

Fig. 32F. Seorparsa sp. Fig. -Bﬁ-ln. Andipmis capros

Fig. 525 & n commen, typical Ihodon or porcupine-fish, and in
Fig. 526 1 bnve deformed its vertical cocodinates inte o svstem of
concentro cireles, and its horzontal coordinetes into & system of
curves which, approximately and provisionally, are made to resemble



The magnificent patterns of Dr Turing
A.Turing

The Chemical Basis of Morpogenesis
Phil. Trans. Roy. Soc. Lond. B 237 (1952) 37

sunflower florets

To explain phyllotaxis patterns

Slow diffusion
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BOX 1A

Basic stages of
Xenopus laevis
development




Turing: Explaining morphogenesis

Mike Cross: In the tradition of great theoretical science, Turing set as his goal
not the quantitative explanation of morphogenesis but the discovery of a clear
plausible mechanism that could guide researchers in how to think about such a
complex phenomenon.

The opening paragraph of his 1952 paper :

“In this section a mathematical model of the growing embryo will be described.
This model will be a simplification and an idealization, and consequently a
falsification. It is to be hoped that the features retained for discussion are those
of greatest importance in the present state of knowledge.”

Important (and Unexpected) Insights from Turing’s work:

O at least two interacting chemicals are needed for pattern formation

O diffusion in a reacting chemical system can actually be a destabilizing influence
[contrary to intuition that diffusion smooths spatial variations in

concentration]

[ can cause the growth of structure at a particular wavelength

[ pattern formation in a chemical system will not occur unless the diffusion rates

of at least two reagents differ substantially.



Turing: Explaining morphogenesis

Morphogenesis, i.e. development of shape or form in plants and animals
explained using reaction-diffusion model systems of two substances
with concentrations u,, u,

. 02
0] = tf'l (U, Uy) + Dﬂful _ af“ — f(ll) + Ddru
ity = fr (uy, ur) + Dﬁfuz B D= Dy 0
' 0 D

*Activator u,: substance that stimulates
increase in concentration of both
chemicals

*Inhibitor u,: substance that leads to a
decrease in concentrations

*Turing: such a system can produce
stationary pattern through spontaneous
symmetry-breaking if inhibitor diffuses
much faster than activator (local activation
with lateral inhibition).

AY a




Turing’s analogy:

Missionaries vs. Cannibals
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Turing Archive

A =
= T = Al

An island populated by
(i) cannibals & (ii) missionaries.
* Missionaries [inhibitors]
eare all celibate
*depend on recruiting to maintain their population as
members gradually die.
*Cannibals [activators]
*also die,
*but can reproduce, increasing their population.
*When two missionaries meet a cannibal, (s)he is
converted to missionary status

When both populations mixed together,

stable balance reached between reproduction &
conversion.

If disturbed by a small amount of noise, the system
returns to balanced state.



Pattern formation via diffusive instability

Missionaries (on cycles) vs. Cannibals (on foot)

Now introduce space in the model:

* consider the populations to be spread
- out in a thin ring around the narrow

beach of the island,

* individuals interact only with their

nearest neighbors

* while diffusing at random

http://www.swintons.net/deodands/

But the missionaries have bicycles and move faster

. . | short rangeactivation |
—Instability in system: N
. . ; . \ | Long range inhitition |
if there is at any point a small excess of cannibals /
—excess 'production’ of more cannibals /\ ;
—> more missionaries ~— S~
(as more targets for conversion). N

Without diffusion, extra missionaries reduce cannibal excess, system
returns to balance.

But with diffusion, missionary excess transported away faster = a
pattern develops with cannibal excess in center and excess
missionaries at edge.



Solving Turing’s Model

Begin by assuming we have found a stationary uniform solution
u; = (U1, U>p) that satisfies the Turing model with all partial
derivatives set to zero:

Ji(uyp, trp) =0
Jo(uyp, trp) =0

Linearizing about the solution w; = (215, 1/>5) We can show
that an arbitrarily small perturbation
ou(t,x) = (bu,(t,x),o0u>(t,x))
evolves in fima ac
0,0U; = ay 10U + appdu, + Dlaf&zl

f(llb) =(

001> = a>r10U| + ar» o> + Dzafcﬁuz

The coefficients are from the 2x2 Jacobian matrix A = 9f/du
evaluated around the uniform solution W; = (115, U2p)



Solving Turing’s Model

Dy 0
In other words: 9;6u = Adu + Da_fjcﬁu D = ( 0 D, )

Linear eqn with constant coefficents and for very large system
size (or periodic boundaries) we can use translational symmetry
to obtain particular solutions of the form
Su = du, e’ ! = ( Ol 1g ) e’ g1
1 Sty
With growth rate o, and wave number ¢
Substituting this solution we obtain the eigenvalue problem:

1 — Dyg? a
A,déu, =o0,6u, where A, =A—D 2:(““ 19 12 )
K ! 1 E ! 1 ) Ci-'zz—Dij2

For each wavenumber ¢ there will be one such eigenvalue problem
with the solution (cy, duy, €' + ¢y, Suy, €7') "4

The coefficients ¢i; are complex constants depending on initial
perturbation (t=0) and an arbitrary perturbatiordu(z, x) is a
superposition of such expressions for all wavenumbers ¢



Solving Turing’s Model

The uniform solution u;, = (2, 15;)is stable if both eigenvalues
Jiq. have negative real parts for all wave numbers ¢:
max; max, Re(o;,) < 0

The characteristic polynomial for the eigsenvalue problem is
0 = det (Aq — oy I) — %2 — (trAy)o, + det A,
and the eigenvalues are given by
1 1 _
0 = SUrA, + 5\/ (trA,)? — 4 det A,

The regions of (in)stability can be
mapped with criterion for stability:

&%11,;00 trA, = a1 +axn — (D1 + Dy)q™ < 0,
trA det A, = (ay; — D1¢”)(ax; — Drg®) — aypayy > 0
q

Im01.2=0
Re G, >0Re02<0



Physical Implications of Turing’s Solution

Turing’s insight : diffusion of chemicals may cause a spontaneous
symmetry breaking via a pattern-forming instability.

Starting point: switch off diffusion (setting D or q = 0)
We need to assume that the reacting chemicals form a stable
stationary state in the absence of diffusion, i.e.,

a1 —+ r < 0, dy11dr» —d1pdry1 = 0.

So, when diffusion is present,as D and g? are non-negative
t'rAq = dy| + ar» — (Dl -+ Dz)q2 < dy t+an < 0 always

Thus the only way for diffusion to destabilize the uniform state is
for detA, to be negative.



Physical Implications of Turing’s Solution

When is det A, negative !
We find the minimum by setting its derivative w.r.t. q> to zero and

finding its value at this ~
Dyazy + Dran
2D, D,

(Diar» + Dsayy)?
4D, D>

This is negative when D-lazz -+ Dza“ > 2\/D1D2(C¥116122 — d12071)

Gy = — detA, =ajan —apay —

As the term in the square rootis +ve |[)1d>> + DHray; > 0

Thus, d11 = 0 and dry < 0‘ (1:activator, 2:inhibitor)

In terms of the diffusion lengths /, = /— and /, = D,
11 \ —axn

qz ) 1 ( ) . \/allavz — d12d) . Z >s ]
— 5\ 7 = 1
mo2\E B Dy D, 2

Local activation with long-range inhibition




Typical patterns of 2D reaction-diffusion
system

Stripes



