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Example: scale-free networks 

Barabasi and Albert (1999): In many large networks the vertex 
connectivities follow a scale-free distributions, i.e., the degree distrn has a 
power law tail: P(k) ~ k-. 

In contrast,  

ER random networks (start with N nodes and connect each pair with 

probability p) have Poisson degree distrn: P(k) = e- (k/k!) 
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How can scale-free networks evolve ? 

The birth of a BA scale-free network (H Jeong) 

The Price-Barabasi-Albert preferential attachment scheme: 

(A)  Networks expand continuously by addition of new 

nodes 

(B)  New nodes attach preferentially to nodes already well-

connected, i.e., probability that a new node is connected 

to a node of degree ki is (ki)=ki/jkj (“linear” scheme) 

=3 

Resulting network degree distribution: P(k)~k -3 

 Characterised by highly connected “hubs”, which hold the network together  

Achilles’ heel: Network fragile to directed attack on “hubs” 

Albert, Jeong & 

Barabasi, 2000 



From 

Statistical mechanics of complex 

networks 
Reka Albert and Albert-Laszlo´Barabasi 
Rev Mod Phys 74 (2002) 47-97 

Why the degree distribution is scale-free 



Importance of “hubs” 

Newman 2008 

Random failure of nodes typically has little effect on scale-free network as most nodes 

connect only to a few other nodes:  Robustness to random node removal  

However targeting the highest-degree nodes (hubs) has devastating  effect on the network – 

most nodes become isolated on removing a few hubs:  Vulnerability to targeted removal of hubs 
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No threshold for epidemics in  

scale-free networks 

 Networks of sexual relations have been claimed to be scale-free ! 

A few highly promiscuous individuals act as “hub’’ nodes 
May play a crucial role in spreading sexually transmitted diseases ! 

If the contact structure of a disease is network with inhomogeneous 

degree distribution, the condition for occurrence of an epidemic is: 

           R = bN/g   >    <k> /<k2> 

b: rate of infection spreading, g: recovery rate (=1/period of infection) 

Initial popn of susceptibles, S(t = 0) = N, the total population 

 

For a scale-free network having degree exponent  2<3, <k2> 

There is no epidemic threshold ! 

 

Even diseases with extremely low transmission probabilities are likely 

to cause a major outbreak involving a signficant fraction of population  



Nodes may prefer to connect to nodes with 

similar or dissimilar connectivity 
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Two networks may have the same degree distribution but different connectivity patterns 

overall because high-degree nodes may prefer to connect to other high-degree nodes 

(positive degree correlation) or may want to avoid them (negative degree correlation) 
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Assortativity, r 

ji, ki: degrees of vertices at ends of the i-th edge        L: total number of links 

Measuring degree correlations  

Random networks (e.g., random Price-Barabasi-Albert networks) do not 

exhibit any correlations between the degrees of connected nodes, i.e., 

The probability a link connects nodes of degrees k & k’ is 

P(k,k’) = k P (k) k’ P (k’) /<k>2 (degree-uncorrelated network) 

Most real-life networks exhibit degree correlations measured by 

 r < 0: disassortative mixing 

 

Nodes of high degree mostly have 

nearest nbrs of low degree  

E.g.,most biological & technolgical 

networks 

 r > 0: assortative mixing 

 

Nodes of high degree mostly 

have nearest nbrs of high degree 

E.g., social networks 

  

(Newman, 2002) 



 Macroscopic properties of networks 
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