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» How awareness propagated by mass media affects the af-
termath of an epidemic outbreak ?

» Can we capture this interplay using mathematical models?
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The mathematical model

L Basic model: model for infectious diseases

Modeling the effect of media-induced preventive
behavior on an epidemic outbreak
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> Awareness programs by media, M

Anupama Sharma IMSc-Chennai, Nov. 25, 2015 11



Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The mathematical model

L Basic model: model for infectious diseases

Schematic diagram

immigration
7777777 -»

incidence

v

A

= ————
recovery

Anupama Sharma

IMSc-Chennai, Nov

- — >
mortality

—— ="
mortality

25, 2015 12



Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The mathematical model

L Basic model: model for infectious diseases

The model

% = A= BXY = AXM +vY + A X, — dX,

% = BXY —vY —aY —dY, (1.1)
d;ia = AXM — AX, — dXa,

P = oy —soM,

where, X(0) >0, Y(0) > 0, X;(0) >0, M(0) > 0.
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The mathematical model

L Basic model: model for infectious diseases

The model contd...

Using X + Y + X; = N, model system (1.1) becomes,

Y
%t — BIN=Y —X))Y —(w+a+tdy,
dX,
2= AN =Y = XM = XX, — dXs, (1.2)
N A av-—ay,
dt
dM
T oY — goM.
g o o
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L Basic model: model for infectious diseases

Region of attraction

The total population N(t) is variable with
dN

S =A—aY —dN<A—dN. (1.3)

For the solution of equation (1.3), we have

0 < N(t) < N(0)e 9 + 3(1 —e 9, (1.4)
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L Basic model: model for infectious diseases

Region of attraction

The total population N(t) is variable with

CC/T,:I:A—QY—ngA—dN. (1.3)

For the solution of equation (1.3), we have

0 < N(t) < N(0)e 9 + 3(1 —e 9, (1.4)

> t—o00, N— 4.
> If N(0) < 4, then 4 is the upper bound of N.

» If N(O) > g, then the solution enters or approaches asymptot-
ically to the feasible region €2 defined by

A A
Q :{(Y,XE,N,M)eRi:OSY—f—Xag Ngg,ogMS%:/\AR},
0
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L Basic model: model for infectious diseases

Analytical results

The model system (1.2) has two non-negative equilibria as follows:

> (i) Disease free equilibrium (DFE) E(0,0,4,0).
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The mathematical model

L Basic model: model for infectious diseases

Analytical results

The model system (1.2) has two non-negative equilibria as follows:

> (i) Disease free equilibrium (DFE) E(0,0, 4,0).

» (ii) Endemic equilibrium E*(Y™*, XZ, N*, M*).

E* exists only when SA — d(v+ a + d) > 0.

BA

Rp=———""-—+
T dv+a+d)
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The mathematical model

L Basic model: model for infectious diseases

Analytical results contd...

Theorem

The equilibrium Eg is stable whenever Ry < 1 and is unstable for
Ro > 1. The endemic equilibrium E* exists for Ry > 1 and is locally
stable provided,

A1ArAs — A3 — A2A, > 0, (1.5)

where, A;'s are the coefficients of characteristic equation of Jacobian
matrix evaluated at E*.
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The mathematical model

L Basic model: model for infectious diseases

Analytical results contd...

The endemic equilibrium E* is globally stable in Q) provided,

73)\2& < min d—2 a 2 (1.6)
(Mo + d)qu% 3A27 A2’ 9(N* — Y* — X;")2 ' '
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L Basic model: model for infectious diseases

Analytical results contd...

The endemic equilibrium E* is globally stable in Q) provided,

73)\2& < min d—2 a 2 (1.6)
()\0+d)2¢(2) 3A27 A2’ 9(N* — Y* —X;")2 ' '

A and ¢ have destabilizing effect on the system.
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L Basic model: model for infectious diseases

Numerical simulation

» Set of parameter values :

A =400, B=0.00002, \=0.0002, \o=0.2 v=0.6
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L Basic model: model for infectious diseases

Numerical simulation

» Set of parameter values :

A =400, B=0.00002, \=0.0002, \o=0.2 v=0.6
a =002, d=0.01, ¢=0.0005 d¢o="0.06.

» Components of endemic equilibrium :
Y* = 2615, X; =653, N* = 34769, M* = 21.
» Eigenvalues :

—0.2214, —0.03014, —0.0426 — 0.0375/ and — 0.0426 + 0.0375/.
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The mathematical model

L Basic model: model for infectious diseases

Numerical simulation contd...

Awareness programs M(t)

3800

2500

. 550
Aware papulation X, it 2000 Infective population i

Global stability of E* in Y — X; — M space.
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The mathematical model

L Basic model: model for infectious diseases

Numerical simulation contd...

3000 2
B .
2 2000 5
E 215
2 10m g
8 £s
=, 2
0 100 200 300 400 50 % 100 200 30 400 500
Time (1) Time (t)
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Variation of variables with time for different values of parameters
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The mathematical model

L Model for vector borne diseases

Modeling the effect of media-induced
awareness on the prevention of vector borne
diseases
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The mathematical model

L Model for vector borne diseases

Criss-cross interaction

incidence

incidence
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L Model for vector borne diseases

Variables considered

Total human population Ny
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The mathematical model

L Model for vector borne diseases

The model
dXy
o A= Bay Xy Yv — AXgM — duXy + v Yy + MoAHn,
% = BuvXuYv —vYy —aYy —dyYh,
‘%” = AXuM — XAy — dnAn, (2.1)
% = byNy — rl\}lj/ — BveXv YH — 0AuXy — dy Xy,
% — BunXy Yy — 0ARYy — dy Yy,
DL~ ¥~ do(M — M),

where, Xu(0) > 0, Yu(0) > 0, A4(0) > 0, Xy (0) > 0, Yv(0) > 0, M(0) > M.
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The mathematical model

L Model for vector borne diseases

The model contd...

As Ny = Xy + Yy + Ay and Ny = Xy + Yy, the model system
(2.1) can also be written as,

% = Buv(Ny — Y — Au)Yv — (v + a+ dy) Ya,
G’S\T"’ = ANy — Yy —Ag)M — (Mo + dn)An,

% = A—aYy—dyNy, (2.2)
% = Bvn(Nv = Yv)Yh — (0An + dv)Yv,

% = rNy (1 — A;(V> —0AHNy,

DL~ 5%~ do(M — M),
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The mathematical model

L Model for vector borne diseases

Region of attraction

Q = {(YHyAmNH,Yv,/Vv,M)GRiiOSYH+AHS /VHSdA,
H
0<Yy < Nv <Kg,0<M< Mg},
where, Kkiwand MR:M'
0
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The mathematical model

L Model for vector borne diseases

Region of attraction

0 = {(YH,AH,NH, Yv,Ny,M) €RS : 0< Yy + Ay < Ny < dA,
H
0< Yy < Ny <Kgr,0<M< Mg},
where, Kg = K(r = (9p1/du)) and Mg = #(A/dn) + doMo ¢0MO.
r q50
> pis a dimensionless quantity defined as,
AMy
p = -
AMo + X + dy
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The mathematical model

L Model for vector borne diseases

Equilibria obtained

The model system (2.2) exhibits three non-negative equilibria:

» Disease and vector free equilibrium (DVFE)
EO(O: P/\/dH /\/dH7 07 07 MO)
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The mathematical model

L Model for vector borne diseases

Equilibria obtained

The model system (2.2) exhibits three non-negative equilibria:

» Disease and vector free equilibrium (DVFE)
EO(O: P/\/dH /\/dH7 07 07 MO)

» Disease free equilibrium (DFE)
E1(07 p/\/dH/ /\/de 07 KR; MO)

» Endemic equilibrium
* * * * * * *
E ( H> H> H> \V&) (V&I M )
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The mathematical model

L Model for vector borne diseases

Basic reproduction number

» R Brv Bvr(l — p)AK(r — 0p(A/dR))
° = Wdu(6p(Ndi) + dv) (v +  + di)
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The mathematical model

L Model for vector borne diseases

Basic reproduction number

N /3[-[\/“8\//_/(1 — p)/\K(r — H,D(/\/dH))

> RO =
rd(Op(N/dn) + dv)(v + o + dy)
» It is cumulation of K“:&'ﬁgﬁfﬂgﬁ"’v and dH(éth/l\j)gfﬁdv)
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Basic reproduction number
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> RO =
rd(Op(N/dn) + dv)(v + o + dy)
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The mathematical model

L Model for vector borne diseases

Basic reproduction number

N /3[-[\/“8\//_/(1 — p)/\K(r — H,D(/\/dH))

> RO =
rdH(Hp(/\/dH) + d\/)(l/ + o+ dH)
. . K(r—0p(A/dy))B (1-p)AB

» It is cumulation of r(VeraJr(’]H) # and dH(¢p(/’\’/dHS/idv)
> Ro'(p) <0

op op

e S .
> a>\>Oan Mo >0
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The mathematical model

L Model for vector borne diseases

Critical coverage

2
OA oA OA OA 4A9Roo(Rop—1)
Roo (1 + ﬁ) +avan T \/[ROO (1 + ﬁ) + deV] - OOT,TOO
Pc = 2A6Rog
rdy

Brv BvuAK
de\/(l/ + o+ dH) '

where Ro() =
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The mathematical model

L Model for vector borne diseases

Stability analysis

The DVFE always exists and is locally asymptotically stable if
r < 0p(N/dy). Whenever r is greater than 6p(A/dy), DVFE be-
comes unstable and DFE exists which is stable until Ry < 1.
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The mathematical model

L Model for vector borne diseases

Stability analysis contd...

The endemic equilibrium, if exists, is locally asymptotically stable
provided the following conditions hold,

Ol YN b [ YU vt atdn)
(Buv Yy + v+ o+ dy)(AM* + Xo + dy)2 45 5M*2 ’
BrvYydy 2By Yy + v+ a+dy) 23)
aM*2 " 6¢2(Nj, — Y — A¥)? ’
B (Nis ~ Vi~ Ah)° min { (BHYYV 4 v+ 0 4 dy)
(Brv Yy + v + a +duy)(Bvn Yy + 6A], + dy)? 58%,(Ny — Y2
AM* 4 Ag + dyy)k
( ;23*2 H) 1}’ (2.4)
v
B Yi® o < (AM* + Ao + dy)r? . (25)
Bun Yy, + 0AT, +dy 6K202 T i
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The mathematical model

L Model for vector borne diseases

Stability analysis contd...

The endemic equilibrium is globally asymptotically stable in 2, pro-
vided the following inequalities hold,

)

i YU 222 4 | (BavYy +v+a+dy)
— min _—
(Buv Yy + v+ a + dy)(Ao + dy)? 5M2

BuvYydy $2(Buy Yy + v+ o+ dy) 26)
aMZ T 6¢2(Nj, — Y} — Af)? ’ ’
585, N < min (BuvYy +v+a+dy) (Xo+dy)pr
(Brv Yy + v + a + dy)d2d? 56, (Ny — Yp)? T 662Y2 ’

(2.7)

BN (Mo + du)r?
\2/H P3 202 PU (2.8)

d2dy 6K26
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The mathematical model

L Model for vector borne diseases

Numerical simulation

» Parameter values:
AN =3, r=0.5, K=15000, 4y = 0.0008, Sy = 0.000002,
A =0.001, A\p = 0.05, » = 0.15, @ = 0.005, dy = 0.00005,0 =
0.00000001, dy = 0.05, ¢ = 0.0015, ¢g = 0.22, My = 5.
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The mathematical model

L Model for vector borne diseases

Numerical simulation

» Parameter values:
AN =3, r=0.5, K=15000, 4y = 0.0008, Sy = 0.000002,
A =0.001, A\p = 0.05, » = 0.15, @ = 0.005, dy = 0.00005,0 =
0.00000001, dy = 0.05, ¢ = 0.0015, ¢g = 0.22, My = 5.

» Components of endemic equilibrium :
Y} = 589, A}, = 66, Nj, = 1023, Yy, = 311, Ny, = 13499,
M* =9.
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The mathematical model

L Model for vector borne diseases

Numerical simulation

» Parameter values:
AN =3, r=0.5, K=15000, 4y = 0.0008, Sy = 0.000002,
A =0.001, A\p = 0.05, » = 0.15, @ = 0.005, dy = 0.00005,0 =
0.00000001, dy = 0.05, ¢ = 0.0015, ¢g = 0.22, My = 5.

» Components of endemic equilibrium :
Y} = 589, A}, = 66, Nj, = 1023, Yy, = 311, Ny, = 13499,
M* =9.

» Eigenvalues:
—0.4499, —0.4293, —0.2164, —0.0582, —0.0251 and —0.0052.

» Ry = 168.47 and p. = 0.9944.
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The mathematical model

L Model for vector borne diseases

Numerical simulation contd...

Awareness Programs Mt

.
=1
So

20

300 B0
Infective Vector Population Y., () , 50 Aware Human Population A i

50 40

Global stability of E* in Ay — Yy — M space
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The mathematical model

L Model for vector borne diseases

Numerical simulation contd...

2004

Uy

s )
e sl =
'ﬁ 50 \ :

0 1

2 3
Deterioratign rate of vectors, & 45 576 Dissemination of awareness, x
w10

Variation of reproduction number, Ry w.r.t. A and 6.
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The mathematical model

L Model for vector borne diseases

Numerical simulation contd...

1.35
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Total WYector Population \/(t)
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Variation of variables w.r.t. time for different values of A
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The mathematical model

L Model for vector borne diseases

Numerical simulation contd...
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Variation of variables w.r.t. time for different values of ¢
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The mathematical model
L

Model for vector borne diseases

Numerical simulation contd...

E00 10

= 500 g
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£ 400 =
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& 2m 3

E 2m0 z
= 2
5

] £ °
E £

= o 5
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Variation of variables w.r.t. time for different values of 0
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The mathematical model

L Model for HIV/AIDS

Modeling the interplay between transmission
of HIV/AIDS and awareness with a case
study of India
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The mathematical model

L Model for HIV/AIDS

Scenario HIV/AIDS epidemic in India

» PLWHA: 23.9 lakh
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The mathematical model
L Model for HIV/AIDS

Scenario HIV/AIDS epidemic in India

» PLWHA: 23.9 lakh
» Adult prevalence: 0.31 %.
» According BSS 2006
An average of 72.45% people exposed to the media
are aware about HIV prevention whereas 14.3% who
are not exposed to the media.
» Nearly 68% of Indian population lives in rural areas.
> Interpersonal communication through Self Help Groups, An-

ganwadi workers, ANM, ASHA, NGOs, etc.
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Variable considered

» Susceptible population, X

» Infected population, Y
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The mathematical model
L Model for HIV/AIDS

Variable considered

» Susceptible population, X
» Infected population, Y

» Aware susceptible population, X,
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The mathematical model
L Model for HIV/AIDS

Variable considered

>

Susceptible population, X

v

Infected population, Y

» Aware susceptible population, X,

v

Aware infected population, Y,
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The mathematical model
L Model for HIV/AIDS

Variable considered

>

Susceptible population, X

v

Infected population, Y

» Aware susceptible population, X,

v

Aware infected population, Y,

» Awareness programs by media, M
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The mathematical model
L Model for HIV/AIDS

The model

?::MN_ﬁ)W_MXM_%W_MX’
I _ XYY oy, YOS (4 ayy,
TN S SR L B
d;:‘” —ﬁW+x\2YM+VZW_(N+O‘)Yav
aM Y

o = Oy oM.

where, X(0) >0, Y(0) > 0, X;(0) > 0, Y,(0) >0, M(0) > 0.
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The mathematical model
L Model for HIV/AIDS

The model contd...

Using % =S5, % =1, % =S,, and % = I,, we obtain the scaled

system comprising the fractions of populations as,

d

d—f = pu—BSI— X\ SM —~5(5,+ I,) — S,

dl

2 = PSI=2aIM —l(S, + 1) —
ds,

p = MSM+ ’}/15(53 + /a) — usa, (3.2)
dl,

E = )\QIM+’)/21(53+IQ)7‘LL/3,
am
== = gl — oM.

pm ¢l — ¢o

Region of attraction:
Q = {(I,Sa,/a,/\/l) ERL:0</+S,+,<1,0<M< j}
0
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The mathematical model
L Model for HIV/AIDS

Equilibria obtained

The model system exhibits three equilibria namely:

» Disease and awareness free equilibrium E((0,0,0,0),
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The mathematical model
L Model for HIV/AIDS

Equilibria obtained

The model system exhibits three equilibria namely:
» Disease and awareness free equilibrium E((0,0,0,0),

» Disease free equilibrium E1(0,1 — 11/~1,0,0),

This equilibrium exists provided 71 > pu.
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The mathematical model
L Model for HIV/AIDS

Equilibria obtained

The model system exhibits three equilibria namely:
» Disease and awareness free equilibrium E((0,0,0,0),

» Disease free equilibrium E1(0,1 — 11/~1,0,0),
This equilibrium exists provided 71 > pu.
» Endemic equilibrium E*(/*, SX, I3, M*),

It exists if 8> p and (y172 + py — pB — py2) < 0.
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The mathematical model
L Model for HIV/AIDS

Basic reproduction number

and
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The mathematical model
L Model for HIV/AIDS

Basic reproduction number

s Ri=C  and RE=D
I
» Relation:
RS < CRY,
1+%
where C = @
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The mathematical model
L Model for HIV/AIDS

Stability analysis

1. The Disease and awareness free equilibrium is locally stable iff
Ry <1and RE < 1.
2. Disease free equilibrium exits iff R§ > 1 and is locally stable
provided ( R(’; < R§.

The endemic equilibrium E*, whenever exists, is locally asymptoti-
cally stable provided, A1 > 0, A3 > 0, A1A> > As.
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The mathematical model
L Model for HIV/AIDS

A case study of India

According to 2006 technical report of NACO, the adult prevalence
in the initial phase of HIV/AIDS epidemic are given in the following

table:
Year | Adult prevalence (%)
1989 0.010
1990 0.017
1991 0.03
1992 0.05
1993 0.09
1994 0.16
1995 0.26
1996 0.35
1997 0.43
1998 0.47
1999 0.48
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...

» The NACP-II, started in the year 1999.
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...

» The NACP-II, started in the year 1999.
» No attention on behavioral changes was paid till then.

>

X = uN—BXY/N—puX,

Y= BXY/N—(a+p)Y. (3:3)
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...

v

The NACP-II, started in the year 1999.

No attention on behavioral changes was paid till then.

v

{X: ulN — BXY /N — pX, (33)

Y= BXY/N—(a+p)Y.

v

w=1/34 =0.0294 and o = 0.0706.

Anupama Sharma IMSc-Chennai, Nov. 25, 2015 49



Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The mathematical model
L Model for HIV/AIDS

A case study of India contd...

Adult prevalence
.

NV S I I I I I I I I
5 1905 1997 1908 1989 1990 1991 1992 1993 1934 196 1995 197 1996 1999
Year

HIV/AIDS model fitting for the adult prevalence in India (initial phase).
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...

> 3 = 0.3089
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...

> 3 = 0.3089

» Best fit (with R-squared = 0.98) for parameter values:

A1 = 08’ Ay = 05’ Y= 05, Yo = 025, (Z) = 50,
¢o = 0.02, p = 0.4
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...

» 3 =0.3089

> Best fit (with R-squared = 0.98) for parameter values:

A1 = 08’ Ay = 05’ Y= 05, Yo = 025, (Z) = 50,
¢o = 0.02, p = 0.4

» Initial start:

1(0) = 0.004, S,(0) = 0.001, /,(0) = 0, M(0) = 2.
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...

Adult prevalence

®  Actual estimates

Model estimates 4
Upper uncertainty tounds for actual estimates
— === Lower uncertainty tounds for actual estimates

) S S S S
2000 2001 2002 2003 2004 2005 2006 2007 2008 2003 2010 2011 2012
Years

HIV/AIDS model fitting for the adult prevalence in India.

Anupama Sharma IMSc-Chennai, Nov. 25, 2015 52



Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The mathematical model
L Model for HIV/AIDS

A case study of India contd...

o 5 o o o
5 &8 = o o
2 8B 2 &5 5
\
N
N

Adult prevalence (%)
a

o
=
4
b
i
«

— = — Model estimates

— & — Model estimates for p=0

— ¥ — Model estimates without awareness programs (§=0)

HIV/AIDS prevalence simulation under different scenarios
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...
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The mathematical model
L Model for HIV/AIDS

A case study of India contd...
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Future projections of HIV epidemic in India.
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Conclusions

» Prevalence-elastic media campaigns can only control the epi-
demic not eradicate it.
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Conclusions

» Prevalence-elastic media campaigns can only control the epi-
demic not eradicate it.

» Sustained media campaigns must be devised for eradication of
disease.

» Swift dissemination of awareness via word-of-mouth can also
eradicate disease.

» Media-induced behavioral changes can perturb the stable en-
demic equilibrium.
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Future research

Social contact structure is highly heterogeneous.
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Future research

Social contact structure is highly heterogeneous.

Is homogenous/random mixing adequate to reflect the
reality ?

NETWORK MODELS

e Scale-free e Modular e Multiplex
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“Vtank Yo
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The existence of equilibrium Ep is trivial. We prove the existence of E* in
detail. In equilibrium E*(Y™, X;, N*, M*), the values of Y*, X;, N* and M*
are obtained by solving the following algebraic equations(for Y # 0):

BIN=Y —-X,)—(v+a+d)=0, (1)
AN = Y — X.)M — XX, — dX, = 0, ()
A—dN—aY =0, (3)
Y — doM = 0. (4)
Using equations (1) and (4) in equation (2) , we get,
Ap(v +a+d)Y
S e ©)
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Further, using equations (3), (4) and (5) in equation (1), we get

A—aY Mp(v+a+d)Y (v+a+d) (6)
d Boo(ho +d) B '

This yields the value of Y as

v — (BA—d(v+ a+d))
dp(L+ 5 + Sy
= Y*(Say), (7)

which is positive provided Ry > 1. Finally using this value of Y = Y™ in
equations (3), (4) and (5), we get positive values of N, M and X, respectively.
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The Jacobian matrix ‘J’ for the model system (1.2) is as follows:

all —ﬂy ﬂy 0
A —(AM+Xo+d) AM AN-—Y —X)
J=
—« 0 —d 0
¢ 0 0 —do

where, a;; = B(N —=2Y — X;) — (v + a+ d)
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Now the Jacobian matrix ‘J', evaluated at the equilibrium Ep is given by

B(A/d) — (v +a+d) 0 0 0
b = 0 —(d + Xo) 0 MA/d)
B = —a 0 —d 0
¢ 0 0 —do

> Eigenvalues of matrix Jg, are (B(A/d) — (v+a+d)), —(Ao+d), —d and
—¢o.

> One eigenvalue of this matrix i.e., (8(A/d) — (v + a + d)), is positive
whenever E* exits (i.e., Ry > 1).

> Thus if E* exists, then Ep is a saddle point with stable manifold locally in
the X; — N — M space and with unstable manifold locally in the Y-direction.

» Thus Eg is unstable whenever E* exists.
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Furthermore, to establish the local stability of endemic equilibrium E*, we eval-
uate the Jacobian matrix ‘J" at equilibrium E* as

gy* —BY* By* 0
—AM* —(AM* + Xo + d) AM* AN — Y* = X2)
JE* =
—« 0 —d 0
¢ 0 0 —¢o
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The characteristic equation for matrix Jg= is given by,
P+ A1 + A’ + Asp + Ay =0, (8)
where,

A1 =8Y" + AM* + Xo + ¢o + 2d,

A =BY (Ao + ¢o + a+2d) + (AM™ + o + d)(do + d) + ¢od,

Az =BY ¢o(a+d) + BY (¢o+ a+d) (Ao +d)+ BY AMN" = Y* — X))o
+ (AM™ + Xo + d)¢od,

As =BY* do(No + d)(do + d) + BY AN* — Y* — X))od.

Now, it is apparent from here that all the A;'s for i = 1,2, 3, 4 are positive. Thus,
it follows from Routh-Hurwitz criterion that all the roots of equation (8) are either

be negative or with negative real part provided, A;A,As — A3 — ATA; > 0.
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Consider the following positive definite function,

Y

V=(Y-Y"-Y"I
( n Y*

I+t (X=X )P+ T2 (NN )+ (M= M)?
9)
where my, my and mj3 are some positive constants to be chosen

appropriately later on. On differentiating 'V with respect to ‘t' we
get,

. Y . . .
V = (Y—Y*)7+m1(Xan;)Xa+m2(N—N*)N+m3(M—M*)/\/I,
(10)
where ° represents differentiation w.r.t. time. Now the value of V
along the solutions of model system (1.2) is computed as,
Vo= —B(Y = Y2 —m(AM+ X+ d)(Xs — X)? — mpd(N — N*)?
66
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Consider the following positive definite function,

V=(Y=Y"—Y"In %)+%(X37X;)2+%(NfN*)2)+%(MfM*)2 (9)

where mi, mp and ms are some positive constants to be chosen appropriately
later on. On differentiating 'V’ with respect to ‘t" we get,

V= (Y- y*)% +m(Xo — X2)Xo 4+ ma(N — N)N 4+ ms(M — M*)M, (10)
where ° represents differentiation w.r.t. time. Now the value of 1% along the
solutions of model system (1.2) is computed as,
V o= —B(Y =YY —m(AM+ X+ d) (X — XJ)* — md(N — N*)?

— mago(M — M*)? — (B+ mAM)(Y — Y*)(Xo — XJ)

H(=maa+ B)(Y = Y*)(N = N°) + ms(Y — Y*)(M — M)

+ mAM(X; — XJ)(N — N*) + mA(N* — XJ — M™)(X, — XJ)(M — M™).
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

On choosing m> = 3/« and making some simple algebraic manipulations we get,
Vo= —mAM(X = X = B(Y = Y = m(ho+ d)(X — XI)?
d * * * *
_%(N CNTY = mao(M — M7 — (B + mAM)(Y — Y*)(Xo — X)
+m3p(Y — Y)Y (M — M"Y+ miAM(X; — X7 )(N — N¥)
+m A(N™ — X7 — M*)(Xs — X;) (M — M™).

Now V will be negative definite inside the region of attraction €, provided

B < 7"’1”?6’) (11)

mN Mg < M (12)
myp® < 2[?0 (13)
m Mz < W (14)

* * * m3¢0 >\0 + d
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

From inequality (13), we may choose a positive value of ms as mz =

Thereafter, from rest of the inequalities, we may choose positive m; if the fol-
lowing inequality holds.
3\2 . 1 d 263
—_ . 1
Dotdp ~m" {3/\//5\,’ a2’ O(N* — Y™ — X; )2 (16)

A
Finally using the fact that Mg = % (see region of attraction), the above
0

inequality (16) reduces to inequality (1.6).
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To obtain the equilibria of model system (2.2), we solve the following
algebraic equations, which are obtained by setting growth rate of all
the variables equal to zero.

ﬁH\/(NH — YH — AH)Y\/ — (V + o+ dH)YH = 0, (1)
)\(NH — Yy — AH)M — ()\o + dH)AH = 0, (2)
AN—aYy—dyNy = 0, (3)

BvH(Ny — Yv)Yy — (0An+dv)Yy = 0, (4)

Ny (1 — l\;<‘/> —0AuNy = 0, (5)

¢Yn — po(M —Mp) = 0.  (6)
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

To obtain the equilibria of model system (2.2), we solve the following algebraic
equations, which are obtained by setting growth rate of all the variables equal

to zero.
Bruv(Nw — Yo — An)Yv — (v +a+du)Yn = 0, (1)
ANy = You — Au)M — (Mo + dn)An = 0, (2)
N—aYy—duNy = O, 3)
Bvr(Nv — Yv)Yh — (0An +dv)Yy = 0, (4)
va (1 — %) — GAHNV = 0, (5)
dYu — do(M — Mo) = 0. (6)

Anupama Sharma IMSc-Chennai, Nov. 25, 2015 69



Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The existence of Ey and E; is trivial. So, here we discuss the existence of E*
only. For this purpose, using equations (2), (3) and (6), we obtain

_ AMA = (a+du)Yu)(oYn + doMo)
" du(AM(@YH + doMo) + do(No _:d:)) = g(Yn)(say). )

Further, for Ny # 0, equation (5) yields

An

N =S~ og(v). (8)

From equations (4) and (8), we obtain

__ BwK(r —0g(Yn))Yn
Y= r(Bva Yu + 0g(Yu) + dv)’ )
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Finally using all these values in equation (1) for Yy # 0, we get a function f(Yy)

as
- A—aYy K(r —0g(Yn))
f(Yu) = BuvBwn (T = Yu - g(YH)> r(Bve Yu + 0g(Yn) + dv)
—(v+a+dy)=0. (10)

The investigation of function f(Y4) leads to following observations,

. (1= pP)AK(r — Op(A/dH))
f(0) =

(i) £(0) = BuvBwn 1 (6p(Ndm) + dv)

provided

Brv Bvi(1 — p)AK(r — 0p(A/dH))
rdH(ep(/\/dH) + dv)(lJ + o+ dH)

(i) f(ﬁ/\d,.,) = —(v + a + du), which is negative.

— (v + a+ du), which is positive

> 1. (11)
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Therefore, we may obtain a unique positive value of Y in the interval (0, A/(a+
dn)) provided f'(Yy) < 0. Let us denote this positive value of Yy as Yj.
Furthermore, the substitution of this value in equations (3), (6), and (7), yields
the equilibrium values of Ny, M, Ay as N, M*, Af;. Finally, using value of Y}
in (8) and (9), we get a positive value of Ny and Yy as Ny, and Yy provided
r>0g(Yy)ie., r>0A5.
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The Jacobian matrix ‘J' for model system (2.2) is given by:
—BrvYv BuvYv

[ —au
—\M

L ¢

where,

—a
0
—0Yy
—0Ny
0

AM
—dy
0
0
0

ai4
0
0
—aa4
0
0

0
0
0
BvH YH
r— Zr% — 0Ay
0

0

—¢o |

ann = PuvYv +v+a+dy, aia = Buv(Nu — Yu — An), ax =
AM 4+ Ao + dy,

axe = ANy — Yu — An), as1 = Bvu(Ny — Yv), asa = BynYH +

0AL + dy.
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The Jacobian matrix ‘J’ for model system (2.2) is given by:

—ann —PuvYv PBrvYv  au 0 0
—\M —a2 M 0 0 ane
= - 0 —dy 0 0 0
- an —0Yy 0 —aa BvH YH 0
0 —ONy 0 0 r—2rv—9A, 0
1) 0 0 0 0 — oo
where,

a1 = BuvYv + v+ a+dy, ais = Buv(Nu — Yu — An), a2 = AM + Ao + d,
axe = A(Nu — Yn — An), as1 = Bvu(Nv — Yv), ass = Bvn Yu + 0An + dv.

Anupama Sharma IMSc-Chennai, Nov. 25, 2015 73



Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The Jacobian matrix ‘J’, evaluated at the equilibrium Ey is given by

~(v+at+ds) 0 0 BwEER 0 0

—)\Mo —an )\Mo 0 0 ale
= — 0 —du 0 0 0
B~ 0 0 0 —(05 +dv) 0 0
0 0 0 0 r— 9% 0

o 0 0 0 0 —do

where,

an =AMy + o + dy, ax = )\%-

It is apparent that the eigenvalues of Jg, are —(v+ a+dun), —(AMo + Xo + dh),
—dy, 7(9% +dv), r— 9% and —¢o. Therefore, all eigenvalues of Jg, are
negative provided r < Op(A/dy). Hence, Jg, is stable until r < 8p(A/dy) and it
becomes unstable if r > Op(A/dy) i.e., E1 exists. Thus, if E; exists, then Ey is a
saddle point with stable manifold locally in the Yy — Ay — Ny — Yy — M space

and unstable manifold locally in the Ny-direction. Thus Egp is unstable whenever
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Further, the Jacobian matrix 'J’, evaluated at equilibrium E; is,

—(v+a+du) 0 0 Bry 1524 0
—AM, —an AMo 0 0 byt
Je= —Q 0 —dy /\0 0
Bvr 0 0 —(05; +dv) 0
0 —(0K(r—05%)/r 0 0 —(r—05)
¢ 0 0 0 0 -

where, ax; = ()\Mo + Xo + dH)
Form Jg, it is found that four eigenvalues i.e., —(AMo + Ao + dn), —du, —(r —
Op(N/dn)), —¢o are negative.
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

The rest two eigenvalues are roots of following quadratic equation
E+aé+q=0, (12)

where,

g =v+a+dy+0p(N/dy)+dv,

(1 = p)AK(r — Op(N/dn))
rdu(6(A/du)p + dv)

It is noted that if g» > 0, then the roots of equation (12) are either negative or

92 = —Buv v + (v + a+dn).

with negative real part. On the contrary if g2 < 0, then one root of equation
(12) is positive. In this case, E; has an unstable manifold locally either in Yy-
direction or in Yy-direction and stable manifold locally in Ay — Ny — Ny — M
space. It is interesting to note here that gq» becomes negative if Ry > 1, which
implies the existence of E*. So we infer that E; becomes unstable whenever E*

exits.
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Consider a Liapunov's function as,

2N*Vn2+*m 5 (13)

V== o 22 sl
2 Jr21+2"1+224r 2

where, ki, ko, k3, kg and ks are positive constants to be chosen ap-
propriately. Here y1, a1, n1, y2, n2, and m are small perturbations in
Yu, A, Ny, Yv, Ny and M around the equilibrium E*, respectively.
Now differentiating ‘V' with respect to ‘t’, we get

kq
V = yiy1 + kiarar + kaniniy + kayays + —— N nanip + ksmm, (14)
v

where ~ represents differentiation w.r.t. time.
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Consider a Liapunov's function as,

ka ks

V==>yi+2al+ + 2N*2+5m

1 ki o ke 2 ks o

> SAT oMt Sy, + (13)
where, ki, ko, ks, ka and ks are positive constants to be chosen appropriately.
Here y1, a1, n1, y2, n2, and m are small perturbations in Yy, Ax, Nu, Yv, Ny and
M around the equilibrium E*, respectively. Now differentiating 'V’ with respect

to ‘t', we get
- . . . . ky . .
V = yiy1 + kia1ar + konini + ksyoyo + N 202 + ksmm, (14)
v

where * represents differentiation w.r.t. time.
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

Using the linearized system of model system (2.2) corresponding to E*, we get

V. = yl[-amy — Buv Y ar+ Buv Y ni + ajeye)
+kiai[-AM"y1 — aza1 + AM™ ny + azem]
+kom[—ayr — dum]
+kayolagyr — 0Yvar — agay> + Bvn Yiim)
+kany[—0a1 — (r/K)no)
+ksm[dyr — dom].

Here, aj; denotes the values of aj in Jacobian matrix Jg« evaluated at E™.
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

After choosing k» = % a little algebraic manipulation yields,

V = —aiyi — kiakhat — koduni — ksajsys — ka(r/K)ns — ksom®
+y1a1[—Buv Yv — ki AM™] + yiye[ais + ksazi] + yim[ks ]
+arm [k AM™] + a1y [— k3O Yy ] + arno[—ka0] + a1 m[kiazs]
+y2n2[ksBvr Y]
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Now, V will be negative definite provided the following inequalities are satisfied,

* 2 * >k
BavYy® < Eklanazzv (15)
2
KO2M*2 < Zafah, (16)
15
1
aj® < gk391<1324’ (17)
1
* 2 * %
k3a41 < 33113447 (18)
2
ks¢? < gaﬁ(ﬁo, (19)
kg \2 M*2 g w (20)
3 « ’
1
kPYS?: < ol abyals, (21)
1 ro.
ke0? < gkl 0% (22)
1
kias® < Zksaxo, (23)
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Epidemic and media campaigns: Understanding the interplay from mathematical standpoint

From inequality (19), we can choose ks = 2‘21(;?0. Now using this value of ks,
we can choose a positive value of k; from inequalities (15), (16), (20) and (23),

as

15 iy YV ° [ 2 ahia3 2 BuvYyduak 1 ksdoas
— <k < —_ - - . 25
2 apa, 0 TT\BRM? 3 XM 3 & (25)
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Using inequalities (17), (18) and (21), a positive value of k3 can be chosen as

2
5a1,
”

"
11944

26
5a;° " 602Y2 (26)

* % * % k
< ks < min { d11944 d22844K1 } '
Finally using values of ki and ks as chosen above, in inequalities (22) and (24)
we may choose a positive value of ks provided following inequality holds,
B i r’a
ki.

P
. ° S K2

(27)

Hence the proof.
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1 « p « p « p
W=(Yu=Yi? + S (An—AW? + (N — Ny + (Vv -
N
+ pa(Ny = Ny = Ny n 2l + (M- mry?
14

where the coefficients p1, po, p3, ps and ps are positive constants to

be chosen suitably later on. Differentiating (28) with respect to ‘t’
we get,

W:(YH— Y:,)YH + pl(AH—AT_,)A.H + pQ(NH—N;:)NH + P3(Y

N .
+ palNy = Ny~ + ps(M = M),

where * represents differentiation w.r.t. time.
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Consider the following positive definite function,

1 * * * *
W= (V=Y + BAn - AR+ B = Np? o+ B - vy
Ny
Ny

+ pa(Ny — Ny — N In —2) + %(/\/1—/\//*)2 (28)

where the coefficients pi, p2, p3, pa and ps are positive constants to be chosen

suitably later on. Differentiating (28) with respect to ‘t’ we get,

W= (Yu—Yi)Yu + pi(An—AAs + po(Nu— NGNu + p3(Yv — Y)Yy
+  pa(Ny — Nv),ﬁ + ps(M — M™)M, (29)

where * represents differentiation w.r.t. time.
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Evaluating W along the solutions of model system (2.2), we get

W:

Anupama Sharma

(Yo = YD) [Brv{(Ny — Y — An)Yv — (Nf — Yi — A Yv} — (v 4+ a + d)
+p1(An — AL (Nw — Y — An)M — (Nj; — Y5 — Af)M*}

(Mo + du)(An — A)] + p2(Nu — Ni)[—du(Nu — Nig) — a(Yn — Yi)]
+ps(Yv — Y;)[BVH{YH(NV - Yv)— YI:;(N\*/ - Y\j)}

—0(AnYv — AL YY) — dv(Yv — WV)]

+pa(Ny = N[ (N = Ny) = 6(An — AR)]
+ps(M — M) [p(Yr — Vi) — ¢o(M — M")].
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. . Yy
On rearranging the terms and setting p, = M W reduces to,
e

W = =B YU +v+a+d)(Yu — Yi) — pr(AM + Xo + du)(An — Ap)?

duYy % %
_W#(NH - NH)2 — P3(Bvn Y + 0Ay + dv)(Yv — YV)2

—P4%(NV — NY)? = psho(M — M*)?

+[Brv(Nu = Yu — An) + psfvn(Ny — Y¥)I(Yu — Ya)(Yv — Yv)
—[Buv YV + pLAM]( Y — Yi)(An — AR) + [psd) (Y — Yi)(M — M™)
+[PAAM](An — Al)(Nu — Niy) = [ps0 YV ](An — AL)(Yv — YV)
~[ps01(An — AR)(Nv — Nv) + [prA(Ni — Yi — AL)](An — AR)(M — M)
+lpsBvr YH](Yv — Yv)(Ny — Ny).
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Using region of attraction €, we infer that W will be a negative definite provided
the following inequalities hold:

* 2 *
5%-1va2 < EPI(BHVyV‘FV"‘OH‘dH)()\O"‘dH)v (31)

PNME < By v ot d)Ootd),  (32)

512_2%’/\2 < %P3(BHV Yy + v+ a+ dy)dy, (33)

psBm(NG — Y0P < S(Bn Yo + vt at du)dy, (34)
psd’ < %(ﬁHv YV + v+ o+ du)éo, (35)
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2 Brv Yvdu(Ao + dn)

2512

pl)\ MR < 3 a ) (36)

N 1
p392 Y\/2 < EPI(AO + dH)dV7 (37)

5 1 r(Xo+dn)

paf” < 3pl K ) (38)

* * * 1
p N (Nf — Yi — AL)? < §P5¢o(/\0 + dh), (39)

/\2/3%/,_, 1 rdy

pP3 d,E/ < §p477 (40)
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2(BrvYy + v+ a+ du)do

6¢?
Further, using inequalities (31), (32), (36) and (39), we may choose a positive
value of p; as follows

From (35), a positive value of ps can be chosen as ps =

15 B Vv’ ) 2(BuvYy v+ a+dy)(ho + du)
>y ¥ < p1 < min Ve ,
2 (,BH\/ YV +rv+a+ dH)()\O + dH) 15\ MR

2Bnv Yy (Mo + dn)dn #o(Xo + dn)ps }
3ar2M3 3NN}, — Yy — Afp)?
(41)
Further, from inequalities (33), (34) and (37), we can choose a positive value of ps3 as,
562, A2
(Buv Yy + v+ a+ dy)dyd?

(ﬁHV Y\)’; +v+a+ dH)d\/
Ny —Yo2

< p3 < min {

p1(Xo + dn)dy } . (42)

602Y?
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Using positive values of p; and ps as obtained from (41) and (42) in inequalities
(38) and (40) respectively, we may choose a positive value of ps if the following
inequality is satisfied,

Bon (Ao +du)r?

2dy P 6K

p1- (43)

Hence, we made the assertion that W is a Liapunov’s function for model system
(2.2), provided conditions (2.6), (2.7) and (2.8) hold.
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