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General theory of continuous time Markov chains (CTMC)
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Useful references

» A wonderful book:

Linda J.S. Allen
An introduction to stochastic processes with applications to biology
CRC Press (2010).

» The mathematical model of T cell homeostasis was
introduced in the following reference:

E.R. Stirk, CM-P and H.A. van den Berg
Stochastic niche structure and diversity maintenance in the T cell repertoire
Journal of theoretical biology 255 237-249 (2008).

» The mathematical model of bivariate clonotype competition

was introduced in the following reference:

E.R. Stirk, G. Lythe, H.A. van den Berg and CM-P
Stochastic competitive exclusion in the maintenance of the naive T cell repertoire
Journal of theoretical biology, 265 396-410 (2010).
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Continuous time Markov chains (CTMC)

Let {X(¢)}, where t € [0, +00), be a collection of discrete random
variables with values in a finite S = {0,1,2,..., N} or infinite

S ={0,1,2,...} state space. The index set, time, is continuous:
[0, +00).

Definition

The stochastic process {X(¢)}, where ¢ € [0, 4+00), is called a
continuous time Markov chain (CTMC) if it satisfies the following

condition: for any sequence of real numbers satisfying
0<tp<ti <...<t, < tn+t1 and io,...,in+1 € S:

P (X(tnt1) = int1 | X(G0) =i, -+, X(tn) = in) =P (X(tnt+1) = int1 | X(tn) =in) . (@)

This is the Markov Property: the transition to state 7,4 at time
tn+1 depends only on the value of the state at the most recent time
t,, and does not depend on the past (or history of the process).
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Probability distribution

Each random variable {X(¢)} has an associated probability
distribution {p;(t)}ics, with p;(t) = P{X(t) =i} with i € S.

Definition
For the random variables {X(s)} and {X(¢)}, where s < ¢, we

define the transition probabilities as:

pji(t,8) = P{X(t) = j | X(s) =i} for i,j €S .

Definition
For 7,7 € S and s < t, we say that the transition probabilities are
stationary or homogeneous if they do not depend explicitly on s or

Thanks

t, but depend only on the length of the time interval, t — s, that is:

pji(t—5) = P{X(t) = j | X(s) = i} = P{X(t —s) = j [ X(0) = i} .
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Transition probabilities

We denote the matrix of transition probabilities (or the transition
matrix) as

P(t) = (pi(t)) , (2)

which is a stochastic matrix for all t > 0.
Properties of the transition probabilities

» pji(t) >0, Vte[0,+oof, Vi,jeSs.

» For a fixed, but fiducial 7 € S, we have

Zpﬂ(t)zl for t>0, ViesS.
JES

» The probability that there is a transition from state 7 to some
other state at time ¢ equals one, for all ¢ € [0, 00| and for all
i€S.
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Transition probabilities: solutions of the Kolmogorov equations

Theorem

The transition probabilities
pii(t+ At) = P{X(t + At) = j | X(0) =i}
satisfy the forward and backward Kolmogorov equations.

pji(t + At) = E Pk (At) pri(t) forward Kolmogorov equations ,

kes

3)
= E Pk (t) Pri(At) backward Kolmogorov equations .

kes
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Proof of the forward Kolmogorov equations

pji(t + At) =P{X(t + At) = j | X(0) =i} = E P{X(t + At) = 5, X(t) = k | X(0) =i}
keS
here we make use of the conditional probability property to get
= E P{X(t + At) = j | X(¢) = k and X(0) = ¢} P{X(¢) = k | X(0) = <}
keS

now we use the Markov property

= Z]P’{X(t +At) =j | X(t) =k} P{X(t) = k | X(0) = i}
kES

we now use the general definition for the transition probabilities to get

- ijkw) PR D) -

kes

We obtain the forward Kolmogorov equations: pji(t + At) = E ij(At) Pri(t) -

kes

Thanks
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Homework: Derive the backward Kolmogorov equations

pji(t + At) = E Pk (t) Pri(At) backward Kolmogorov equations . (4)

kes
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Birth and death processes
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Birth and death processes: special type of Markov processes

» Birth and death processes are a special type of Markov
processes.

» Transitions are only allowed as follows in the infinite case:

1251 H2 M3 H4 Hn—1 Hn HMn+1
0 = 1=2=3=.--- = n—-1=n= n+l--.

)\020 )\1 )\2 /\3 )\n72

)\nfl n
» Transitions are only allowed as follows in the finite case:

0 ‘;1_1 12 M3 M4 HUN-—1 KN

=1=2=3=--- = N—-1 = N
Ao A1 A2 A3 AN—2 AN-1

Thanks
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Birth and death process

» A continuous time birth and death process is a CTMC, X(¢),
with either a finite {0,1,2,..., N} or infinite {0,1,2,...,}
state space.

» A birth and death process has the following transition
probabilities as At — 0T:

pji(At) = P{X(t + At) = j | X(t) = i}

X; At + o(At) j=i+1,

it + o(At) j=i-1, )
) L Oy e)At+o(AL) G =i

o(At) jFi—1,4,i4+1.

» We denote \;= birth rate and u;= death rate, when the
population has size i. A;, p1; > 0 and o(At) is the Landau

order symbol:
i 2AD

At—0t+ At

0. (6)

Thanks
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Forward Kolmogorov equations: birth and death process |

» Let p,(t) = P{X(t) =n | X(tp = 0) =no} Vn €S and with
initial condition ng € S at time tg = 0.
» The forward Kolmogorov differential equations for p,(t) can
be derived directly from the transition probabilities of Eq. (5).
» Assuming At is sufficiently small, we consider p, (¢ + At), and
make use of the forward Kolmogorov equations:
pn(t+ At) = pp—1(t)[An—1At + 0(At)] + pnt1(t)[Hnt1 At + o(At)]

F a0 = O +un)At+o(A0]+ Y pa(o(an)

Pl oron il (7)
=Pn—1(O)An—1At + pnt1(t)unt1At
+pn(t)[1 — (An + pn)At] + o(At), Vn €S except n=0,N .

» If n =0 and assuming ug = 0, we can write

Po(t + At) = p1()u1 At + po(t)(1 — AoAt) + o(At) . ®)
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Forward Kolmogorov equations: birth and death process Il

» In the case of a finite state space, where n = N is the
maximum population size and assuming that Ay = 0, we have

pN(t+ At) =pN_1(DAN_1At +pN (2)(1 — pNAL) + o(Al) . (9)

» We can now derive the forward Kolmogorov differential
equations making use of the transition probabilities of the
previous slides.

» We obtain from Equation (7)

pn(t + At) — pn(t) o(At) .

~ =Pn—1(O)An—1 + Pnt1 () pnt+1 — Pr(t)(An + pun) + ~
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Forward Kolmogorov equations: birth and death process Ill

» We then take the limit as At — 01, where
. o(At
lima¢ 0+ (Tt) =0
dpn(t) _ - pn(t + At) — pp(t)

dt At—0 At (10)
= Anflp'n,—l(t) + l"7z+1pn+1(t) - (An aF }"n)pn(t) )

forl<n<N-—1.
» Using Equation (8) we obtain:

dpo(t) _

e p1p1(t) — Aopo(t) - (11)

» Using Equation (9) we obtain:

dpp (t)

e AN—1PN-1(t) — kPN () - (12)

Thanks
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Stationary probability distribution

» A positive stationary probability distribution can be defined for
a general continuous time birth and death chain:

™= (7T0>7Tl77r21"'7)T7

where the transition probability matrix, P satisfy:

P(t)r =, > =1, andm, >0,
nes
fort >0and n e S.

» If the state space, S, of the birth and death process is infinite,
a unique positive stationary probability distribution, {7, }nes,
exists under certain conditions.
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Theorem
Suppose the continuous time Markov chain {X(t)}, t >0, is a
general birth and death process satisfying Equation (5). If the
state space is infinite {0,1,2, ...}, a unique positive stationary
probability distribution, {7, }nes, exists iff (if and only if) p,, > 0
and \,_1 >0 forn=1,2,..., and
+oo
Z AOML - - Ap_1 c i 6
H1H2 .- - Pn
n=1
The stationary probability distribution is given by
o= 2OM Ao (14)
H1P2 - - - fin
and )
o= 14§t XX An g ’ (15)

n=1 HK1H2---Hn

Thanks
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Theorem
If the state space is finite {0,1,2,..., N}, then a unique positive

stationary probability distribution, {7, }ncs, exists if and only if

:lj’n>07 A’I'L*1>O’

forn=1,2,...,N. The stationary probability distribution is given
by Equations (14) and (15), where the index n and the summation
on n extend from 1 to N.

Thanks
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Continuous time birth and death processes with absorbing states
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Stochastic extinction

>

In a simple birth and death process with Ay = 0 (remember
o = 0), the zero state, n = 0, is absorbing.

Eventually the distribution for the total population size is
concentrated at zero.

A positive stationary probability distribution does not exist in
this case.

Furthermore, the zero state is absorbing and eventually the

total population will become extinct as t — +o0. If
po(t) = P(X(¢) = 0|X(0) = ng > 1), we have

lim po(t)=1.

t——+o00

What are the conditions for total population extinction in a
general birth and death process?
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Theorem

Let pg = 0 = Ay in a general birth and death process with
X(0) =ng > 1. Suppose pi, >0 and A, >0 forn=1,2,....
Then, if

+o0
H1M2 - - - fhn
—— = 1400, 16
= Ade. A (16)
we have lim;_, o po(t) = 1, and if
+oo
= Ada. A

then we have

e R
lim po(t) = T iz
400 -MUn
t—+4o0 1 = anl %

(18)

Thanks
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Expected times to extinction

» Suppose {X(t)}, t > 0, is a continuous time birth and death
process with X(0) = ng > 1, satisfying \g = 0 = o and
A >0and pup >0forn=1,2,....

» Furthermore, we assume that lim;_, o po(t) = 1.

» The expected time to extinction 7,,, = E(70 ,) satisfies:

Ao Ay
1 +oo A1A2 nlyno:ly
K1 n=2  Hl---Hn
‘I'no

ng—1 +oo Al Ap—1
Tl-‘y-znol [“1 L 7], ng =2,3,... .

(19)

k=n+4+1 H1---Hg

» The extinction time is finite if 3125 % < +o00.
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The limiting conditional probability distribution

» Prior to extinction at n = 0 occurring, the probability
distribution of a birth and death process may remain
approximately stationary for a long period of time, if
extinction times are relatively large.

» We define the following conditional probabilities:

pn (t)

n =PX =n|X )= —— Vn2>1. 20
an (1) (X(2) | X(¢) # 0) Fp— > (20)
» These conditional probabilities satisfy:
dgn(t) 1  dpn Pn 1 dpo
dt ~ 1—po dt 1—pol—po dt (21)

=An—19n—1 — (An + kn)an + Bnt1dn+1 + an(p1qr) , forn > 1.

» In the case n = 1, we have

dqi
?:‘DN&*‘ZI()\I +p1) +a1(qipr) - (22)
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Quasi-stationary probability distribution

» A distribution {gy}n>1 is called a quasi-stationary probability
distribution (QSD) if it is a solution of the previous equations,
where the time derivatives are set equal to zero.

Limiting conditional probability distribution

» The limiting conditional probability distribution (LCD) of the
process is defined as lim; o0 qn(t) Vn > 1.

» Since the LCD is independent of time, it is also a QSD.

> If state space, S, is infinite, there may be no QSD, and if a
QSD does exist, it is not necessarily unique.

» The LCD can be approximated analytically by making two
different assumptions.
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Approximations to the LCD

> Assume p = 0.

» This is a good approximation when the mean time to
extinction is long.

» Replace the death rate p,, by p,—1 to allow for one immortal
individual.

» Allowing for one immortal individual is a better approximation
when the mean extinction time is short.
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A A brief introduction to T cell immunology
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History of a T cell

Common @
O lymphoid

Immature thymocyte .
progenitor

Positive and negative selection
BONE
MARROW

@ Mature thymocyte Stem cell @

/ THYMUS

@)\@ PERIPHERY

Self antigen (Survival signal) Memory T cell
Naive TN
(or mature T gell)

Foreign antigen (T cell activation)

Thanks
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Development of T cells in the thymus
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CcTMC
The T cell receptor and T cell development

Medulla  *  Translocation
3 5 into new

Cortex Egress
. confinement
DN3 DN2 DN1 “Ss. zone?
(~2d) (~2d) (~10d) 0 SN
,,-'O( -------- Q<------- o< o Teeee
‘s‘o (3-8 um/min) ApOptOSiS\‘\\ ‘ll
Pre-selection DP ;E & S
2=5d) (>10 um/min) i
um/mi -
. I
Post-selection DP i o e
cTEC (<1 d2) (<10 pi/min) N <*
BoSS +SelfAg -7 .-

T cell development in the thymus: space and time

Developing T cells spend at most two weeks in the thymus.
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An exquisitely stringent test: less than 5% chance to pass

T cells interact with special cells that present ligand (that can bind
to TCR) on their surface:

» if no TCR signal = death by neglect,

» if strong TCR signal = death by apoptosis (negative
selection), and

» if intermediate TCR signal = export to the periphery
(positive selection).

Self-MHC-restricted,
self-tolerant
T-cell repertoire
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Immunological evidence

» A protective immune system requires a T cell population that
can respond to foreign antigens.

» The host cannot predict the precise pathogen-derived antigens
that will be encountered in the future.

Homeostatic regulation of naive T cells in the periphery

» The human mature naive T cell repertoire consists of a
constant number of cells (=~ 10'!) distributed over a large
number (107 — 108) of different T cell clonotypes.

» T cells compete for proliferation signals furnished by
professional antigen-presenting cells. The immune system
guarantees coexistence and persistence of different T cell
clonotypes.

» A decline in the size and diversity of the T cell population is a
hallmark of the ageing process = T cell clonotype extinction.
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Surface of APCs

Antigen presenting cells (APCs)

» APCs present peptides (or
ellpepide antigens) on their surface by

/ Ij_l r _l ' I_l_I I_l_I I_l_I means of an MHC molecule.

» We denote by pMHC the
thymic APC
MHC molecule complex formed by a
orelgn peptide

,,,,,,,, peptide-MHC molecule.

I'.'I I'.'I I'.'I 1 I'.'I [ » We describe APCs as a

""""""" peripheral APC collection of arrays of pMHCs,
each of them denoted an
antigen presentation profile of
the APC (APP).
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Surface of T cells: TCRs

T cells: T cell receptor (TCR)

» T cells have on their surface
receptors (TCRs) for ligand pMHC.

N S T cell Each T cell expresses only one type

TCR clonotype 1

of TCR = clonotype.

» TCR diversity ~ 107 — 108 is
randomly generated by genetic
recombination.

~N |

TCR clonotype 2

» Inevitably some clonotypes (all
N T cells with identical TCR

TR clonotype 3 molecules), recognise one or more
self peptides and can generate
autoimmune responses.
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H Mathematical model of naive T cell homeostasis
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Mathematical setup of the multi-variate stochastic model

>

We want to model the number of T cells (of a given
clonotype) with a stochastic approach.

The variable that describes the number of T cells (of the
given clonotype) at time ¢ is represented as X(¢), with ¢ =0
the initial time.

The state space is S = {0, 1,2,3,...}. This represents the
values X(t) can take at any time (number of cells).

The stochastic (Markov process) model is determined
uniquely by the transition probabilities:

P (X(t+At)=m |X(t)=n) with n,meS.

Birth and death Markov process:
M1 Mn—1 Hn Hn+1
()’:,1ﬁ2 Sﬁ---ﬁn—l:n:n—i—l
=0 A A g An—2 An—1 An

Thanks
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T cells require homeostatic signals from self pMHCs to proliferate

v

T cells are defined by their clonotype i (TCR molecule).
» n;(t) is the number of T cells of clonotype i at time t.
» u; is the death rate per single T cell of clonotype 1.

» )\; is the birth rate per single T cell of clonotype .

» A given self peptide-MHC molecule (pMHC) is labelled by
index ¢ € Q, with Q the set of all self pMHCs.

» Q; is the set of self pMHCs from which T cells of clonotype ¢
receive a signal, which triggers one round of cell division.

» C, is the set of T cells that receive a signal to divide from self
pMHC gq.
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Self pMHCs and T cell clonotypes (T cells expressing identical TCRs)

Self pMHCs T cell clonotypes

o
(* )
Q:
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Self pMHCs and T cell clonotypes (T cells expressing identical TCRs)

Self pMHCs T cell clonotypes
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Self pMHCs and T cell clonotypes (T cells expressing identical TCRs)

Self pMHCs T cell clonotypes
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Self pMHCs and T cell clonotypes (T cells expressing identical TCRs)

Self pMHCs T cell clonotypes

" o
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Self pMHCs and T cell clonotypes (T cells expressing identical TCRs)

Self pMHCs T cell clonotypes

o
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T cells that receive a signal from self pMHC ¢

Self pMHCs T cell clonotypes

39/63



CTMC  Birth and death  Extinction Immunology Mathematical model Exact model Mean field model Thanks

T cells that receive a signal from self pMHC ¢

Self pMHCs T cell clonotypes
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T cells that receive a signal from self pMHC ¢

Self pMHCs T cell clonotypes
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T cells that receive a signal from self pMHC ¢

Self pMHCs T cell clonotypes

39/63



CTMC  Birth and death  Extinction Immunology Mathematical model Exact model Mean field model Thanks

T cells that receive a signal from self pMHC ¢

Self pMHCs T cell clonotypes
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T cell clonotype competition for self pMHCs

Self pMHCs T cell clonotypes
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T cell clonotype competition for self pMHCs

Self pMHCs T cell clonotypes
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T cell clonotype competition for self pMHCs
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T cell clonotype competition for self pMHCs
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T cell clonotype competition for self pMHCs
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T cell clonotype competition for self pMHCs

Self pMHCs T cell clonotypes
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T cell clonotype competition for self pMHCs

Self pMHCs T cell clonotypes

Cq| = ni +nig e
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Competition for self pMCHs that can bind TCR of clonotype i

» Given %, we need to identify the set Q.

» Given g € ;, we need to identify clonotypes that compete
with 7.

Self pMHCs T cell clonotypes
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QOutline

@ Exact stochastic model of naive T cell homeostasis
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Multi-variate Markov dynamics: an example |

SO OO O
O = OO OO
O = OO O =
oo = O OO
OO O = OO
SO = == O
_— o O o oo
O = O O OO
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Multi-variate Markov dynamics: an example |l

a1

q2 11

0 . » Suppose that n(t) = (15,7,9,0,11,1) .
qa ns > P(next event is a death) = % :
g g e Q) =p (154+74+9+0+1141).
6 5 e A(t) = Ar(t) + Ao(t) + -+ Ag(t)

7 @ @
Q8°/
> m®) = (8 + i) 2@ = (7 ) s = (8 + 78 ) -
> A =0,A5(0) = (B + g+ ) ae) = (1)
» P(birth in clonotype 1) = #% .
» P(death in clonotype 3) = m )

» Gillespie algorithm: time is incremented by At = ﬁ% .
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Model of large-scale clonal competition

With probability p, pMHC ¢ is recognised by T cell clonotype 7,
independently of all other pairs. uw=1.0,v=10.0

s Number of Surv}ﬁ‘;‘?ﬁgce" clonotypes

t=0ja95 t

Mean number of cells per surviving clonotype

otal number of T cells=818

n>=16.3

coverage histogram: niche overiap (nu) 100
umber of surviving clonatypes per AP

0 1 2 3 & 5 6 7 6 00051015202.53.0354.045

Thanks
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QOutline

Mean field model: two approximations
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Self pMHC signal: one round of T cell division

> 1, is the proliferation rate from self pMCH g.

» C, is the set of T cells that receive a proliferation signal (to
go through one round of cell division) from self pMHC gq.

» Q; is the set of self pMHCs from which T cells of clonotype ¢
receive a signal that triggers one round of cell division.

> If ¢ € Q;, then ‘(Cq| = n; + Nig = n.
» n; is the number of T cells of clonotype :.

> N4 is the number of T cells, other than clonotype i, that
receive proliferation signal to divide once from self pMHC gq.

» The birth rate per T cell of clonotype 7 is
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> 1, is the proliferation rate from self pMCH g.

» C, is the set of T cells that receive a proliferation signal (to
go through one round of cell division) from self pMHC gq.

» Q; is the set of self pMHCs from which T cells of clonotype ¢
receive a signal that triggers one round of cell division.

> If ¢ € Q;, then ‘(Cq| = n; + Nig = n.
» n; is the number of T cells of clonotype :.

> N4 is the number of T cells, other than clonotype i, that
receive proliferation signal to divide once from self pMHC gq.

» The birth rate per T cell of clonotype i is (assume 7, = )
o Yo _ v ot
)\Z 7 qu@i ﬁ 7 qu@i 1Cql — ZC]EQz‘ 'n,,,;+,n,,,;q : (*)
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More on this partition

— | |to©
> QZ — Ur=0 Qir .
» Q; is the subset of self pMHCs in Q; that provide

proliferation signals to T cells of clonotype 7 and 7 other
different T cell clonotypes.

> Qir NQip =0, forr #7/, and Y cq, = 2% Xoeqn, -
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More on this partition

Q;r is the subset of self pMHCs in Q; that provide

proliferation signals to T cells of clonotype 7 and 7 other
different T cell cIonotypes

> er N er’ - @ forr 7é T and ZZIEQz +OO
X =2 0eQ: mitnn

v

v

q€Qir

v

Thanks
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More on this partition

> QZ = j:og Qir .

» Q; is the subset of self pMHCs in Q; that provide
proliferation signals to T cells of clonotype 7 and 7 other
different T cell cIonotypes

> @zr N er’ - @ forr 7é ’I” and ZZIEQz 7:1-:08
> A= qu@z 7L1+mq Z q€Qir n; +’ILLq :

qe@ir :

Thanks
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More on this partition

v

Q;r is the subset of self pMHCs in Q; that provide
proliferation signals to T cells of clonotype 7 and 7 other
different T cell cIonotypes

Qir N Qe =0, forr #1r', and quQl o

)\7‘ - quQ’L 7L»L+7L“1 = Z qe\ém' VLL'+7LL'q :

v

v

q€Qir

v

Mean field approximation (two hypotheses)
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Qir N Qe =0, forr #1r', and quQl o

)\7‘ - quQ’L 7L»L+7L“1 = Z qe\ém' VLL'+7LL'q :

v

v

q€Qir

v

Mean field approximation (two hypotheses)

7y
> qu@ir g —‘r?‘Liq
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More on this partition
> @Z = j:og @ir .

» Q; is the subset of self pMHCs in Q; that provide

proliferation signals to T cells of clonotype 7 and 7 other
different T cell cIonotypes

+
» Qi NQy =0, forr # 7', and quQl = 4€Qir -
> )\ - quQ’L 7L»L+7L“1 = Z qe\ém' VLL'+7LL'q :

Mean field approximation (two hypotheses)

A = ) 1
> qu@ir ni+nyg v |er| quQiT [m}
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More on this partition

— | |to©
> @Z — Ur=0 @ir .
» Q; is the subset of self pMHCs in Q; that provide

proliferation signals to T cells of clonotype 7 and 7 other
different T cell cIonotypes

+
» Qi NQy =0, forr # 7', and quQl = 4€Qir -
> )\ - quQ’L 7L»L+7L“1 = Z qe\ém' VLL'+7LL'q :

Mean field approximation (two hypotheses)

A = ) 1
> qu@ir ni+nyg v |er| quQiT [m}

1 ~ 1
> qu@ir |:ni+niq:| ~ quQ”[mq}Jrni . (H].)
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More on this partition

v

Q;r is the subset of self pMHCs in Q; that provide
proliferation signals to T cells of clonotype 7 and 7 other
different T cell cIonotypes

v

» Qir NQy =0, forr # 7', and Zqé@ e €0sr -
> )\ - qu@1 7L1+7L“1 = Z q€Qir VLL+VLLq :
Mean field approximation (two hypotheses)
> Tocon mbm =7 1@l Eaco, [
qe@ir ni+niq 7 w qui'r ni+niq :
1] 1
> qu@" [”ﬁ‘niq} - EqEQM["iq}Jrni ’ (Hl)
» Eycq,, [nig] = 7(n) , with (n) the average clonotype size
(average number of T cells per clonotype). () (H2)

Thanks
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More on this partition

v

Q;r is the subset of self pMHCs in Q; that provide
proliferation signals to T cells of clonotype 7 and 7 other
different T cell cIonotypes

» Qi NQy =0, forr #1', and Zqé@ +OO

v

q€Qir -
> )\ - Z(IGQ1 7L7,+n“1 = Z q€Qir n; +VLLq :
Mean field approximation (two hypotheses)
> Yuean b = 71Qrl Baca, [
qe(@ir TLi—‘rTLiq 7 w qe@”' ni+niq :
1] o 1
> qu@ir |:ni+niq:| ~ quQ”[mq}Jrni . (H].)
» Eycq,, [nig] = 7(n) , with (n) the average clonotype size
(average number of T cells per clonotype). () (H2)

» The cardinality of the set Q;, (for fixed ¢ and r) can be
computed from the binomial distribution.

Thanks
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Cardinality of Q;,

» N¢ is the number of clonotypes in the periphery.

> p.|; is the probability that a self pMHC randomly chosen from
Q; belongs to Q;/, with 7' a different and random clonotype.

» |Qir| can be computed from the binomial distribution.
Competition for self pMHCs

» The different r clonotypes are chosen from N — 1 different
ones. The probability of success is p. ;.

> |er| = ’Ql’ (Nc;»_l) p7: i (1 _p-|z’)NC_1_r o
> If No > 1and p.j; < 1, we have |Qi,| = Qi X5 .

!

» Define the niche overlap v; = p.|; (Nc —1) = p.|; N¢ .
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Meaning of the mean field approximation

» The cells of clonotype i are competing with many T cells
belonging to a large number of other clonotypes in the
repertoire.

» Individual competitive interactions with other clones are weak:
access to any given self pMHC does not have a significant
impact on the fate of the clone.

» The clone experiences interactions with very many other
clones, each of which is virtually inconsequential by itself.

» The cross-reactivity of a given TCR can be 10°, that is, a
single TCR can “see” 10° different pMHCs.
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Continuous time Markov chain for a given T cell clonotype

>

v

v

v

v

v

v

The number of T cells of a given clonotype is modeled as a
continuous time birth and death process: X(¢).

State space and transitions (birth and death events):
p1 M2 p3  pa Hn—1 Hn Hn+1
0 5= 1523 = n—-1=n = n+1---
Ao=0 A1 A2 A3 An—2 An—1 An
ln = it is the death rate from state n.

—v +oo v 1
r=0 7! r(n)+n

1 is the death rate per single T cell.

An = pne is the birth rate from state n. (x)
@ is the proliferation rate per single T cell.

v is the average number of clonotype competitors of the given
clonotype.

(n) is the average number of T cells per clonotype.
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Extinction is certain

0 ,M_l H2 M3 H4 Hn—1 Hn #n+1

1=2=3=--- = n—-1=n = n+1-
A=0 A1 A2 A3 An—2 An—1 An

» We assume X(0) = ng > 0, the thymic output at time ¢t = 0.
» Denote by p,,,(t) = P(X(t) = m|X(0) = ng) for m > 0.

> Zm 0 pm( ) =1.

» It can be shown that (first lecture)

dpn (t
pdt( ! = —(ptn + An)pn(t) + pnr1Pns1(t) + An-1pn-1(t) -

» The probability of absorption into state 0 from any state
m > 1 is one. Extinction is certain if (first lecture)

+oo k

SN | R

klnl"
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Expected time until extinction

» |f extinction is certain, the mean time until extinction from
state m > 1, 7, is finite if Z:{i’i Pn < +00 .

_ +o00 m—1 400
> Tm = Zn:l Pn + Zs:l Qs Zk:s+1 Pk Where
Al coo )\k‘fl

k
Hon 1
ay = —, pp=—, and pp=——""— Vk>2.
11 An pi Ry

» The expected time to clonotype extinction given thymic
output X(0) = ng > 0 is 7p,.

» For m > 1, 7, > 71. This implies that the time scale for
extinction is determined by 7.

Thanks
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Theorem

Stationary probability distribution

» The unique stationary solution of the forward Kolmogorov
equations is characterised by lim;_, 1, po(t) =1 .

» The stationary probability distribution is given by

(pS’pT7p§7) = (170505) .

Question

What can we say about the time evolution of X(¢) before
extinction takes place?
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Conditional probability distribution

» Before extinction takes place, we define the conditional
probability for n > 1

qn(t) = P(X(t) = n|no extinction) .

> gn(t) = 2205, yn>1.
b Z:{g Qn(t)zl'

» It can be shown that

dg, (t)
dt

= —(An+ tn) @u(t) + tnt1 @1 (t) + Aa1 guo1(2)
+ 1 qi(t) gu(t) -
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Quasi-stationary probability distribution

» A sequence {¢}, 5,43, -} is called a quasi-stationary
probability distribution if

0= =+ pn)dp + tint1ns1 + An-18n-1 + 114145,
with g5 =0, for each n > 1, ¢} > 0 and :{i’i q; = 1.
» For general birth and death population rates, there is no
analytic solution.

Thanks
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Approximation | to the LSD — Ingemar Nasell

» Remove absorbing state and set p; = 0.

» I = 2dednn o) g > 9
21437+
» 71 sets the time scale for absorption. This is a good

approximation if 7 > uy.

K2 ~3 14 Bn—1 Kn Bn41
-7 -7 -7
-1
2 /\3 Ay T oo n—+1
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Approximation Il to the LSD — Ingemar Nasell

» Remove absorbing state and replace p, by p,—1 in the
original Markov chain.

(2) _ A1A2 Aﬂl 1 ()

» 71 sets the time scale for absorption. This is a good
approximation if 7 ~ p.

M1 H2 H3 Hn—2 Hn—1 Hn
-7 -7 -7 -7 -7 -7
LaxZzadn alLn-lynantl
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Two extreme competition limits

Hard niche (v < 1)

» On average, T cells of the given clonotype compete very little
for self pMHC (small number of competitors).

Soft niche (v > 1)

» On average, T cells of the given clonotype compete a lot for
self pMHCs (large number of competitors).

Thanks
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Analytic results

Hard niche (v < 1) Soft niche (v > 1)
» Parameter z = %. » Parameter y = me < 1.

m (1) . m
’H%)ZW,VMZL ’Hm——m,szl.
> (Mo = == > (o = ~ ==

(2 _  gm-! (2) _ . m—1
> ' = e Ym > 1. > ' = (1—y)y™ ', Vm > 1.
> (n)pe =1+ > (n)pe = ﬁ
> = > = U,
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» Professor Gautam Menon and Professor Sitabhra Sinha for
organising this meeting (school and conference).

» Post-graduate student (University of Leeds): Emily Stirk
(currently at NHS).

» Collaborators: Hugo van den Berg (Warwick) and Grant
Lythe (Leeds).

» Discussions: Robin Callard and Rob de Boer.
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