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we can prove that solutions of this cquation have the fore-
going properties, provided
n-1
c- X p+n>0,
1

n-1 n—i-k
oI+ Z(1=p)+m 2 (1-p)>0, (k=0,1,2, .., n—2),
n—k 1

These all reduce to the single condition

fn—1

o - Ep)-+72>0
1

when m=1. It is clear that all the conditions are satished if

O+1>051-p,>0, (k=1,2,..,n~1).

MODULAR EQUATIONS AND APPROXIMATIONS
TO ar.

By 8. Ramanuviax,
1. TF we suppose that
pp

1) (a+ e in) (1 +e—31Jn) (1 +e—57rJu)“'= 24w Inj24 G"
and .

(2) (=) (1= g3miny (1 - ghminy, =gke-m 2t g
then @, and g, can always be cxpressed as roots of algebraical
equations when n is any rational number, For we know that

(3) 1+ +¢) (1 +4)..= 28934 (kk')—
and

4) (1 -q)(1— q’) (- Q"')..,: 2#@7’2&“’)‘{&%.

Now the relation between the moduli & and {, which makes

K L
N—s ==
I L
where n=7/s, » and s being positive integers, is expressed by
the modular equation of the rs® degree. If we suppose that
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k=l k=150 that K= L', K'=I. then
g= e—mL|L e,

m?d the corresponding value of k may be found by the solution
of an algebraical equation,

From (1), (2), (3), and (4) it may easily be deduced that

®) I3u=29,G,
(6) G" = G”"’ 1 /gn =-q4/n’
(M) (9,G) (@ —gt)=1.

I shall consider only integral values of n. Tt follows
from (7) that we necd ouly consider one of @, or g, for any
given value of #; and from (5) that we may suppose n not
divisible by 4, It is most convenient to consider g, when
1s even, and G when n is odd.

2. Suppose then that n is odd. The values of ¢ and g,
are got from the same modulur equation, For example, let
us take the modular oquation of the 5 degree, viz.,

u\? vy s 1
8 — —, = ——
() (v) +(u/ 2(“” u'v’)’
where Uplu=(1+9) (1 +¢") (1 + 2%...
and 2gdhy = (1 +¢) (L + ) (14 ...

By changing ¢ to —¢ the above equation may also be written

as
OV (2 2o g L
(9) (n) (v) = (uv +;‘;,>,
where Qiqala'z(: (1 — (l) (1 _QJ) (1 _95)‘”

and 2#{1-‘;’:0:(1—95)(1—9'5)(1—9”)... .

If we put g=e=ib iy (8), so that u= Gy and v=_=Y%, and
hence =0, we see that

Hence = L+vs G.=(l+v5)i.
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Similarly, by putting g =e ™R, s0 that u=g,,, and v=g,,
and hence u=1/v, we see that

v —vt=4.

. 1445 14 4/5
Hence v=—0 .‘7,0:\/( ) )

Similarly it can be shown that

G, = (1-;;/3

o - )+ (25,
NS )]

)-’( s T =(’\/2+’\/3)é )

and 8o on.

3. In order to obtain approximations for = we take
logarithms of (1) and (2). Thus

(10) m = o log (210,

™= % log (24g,),
approximately, the error being nearly %e—" {7 in both cases.
These equations may also be written as
(11) erin/2t=20k@F  emini2 =2ig

In those cases in which G and g arc simple quadratic
surds we may use the forms

(@7 + @M% (97 4920
instead of & and g,, for we have
gt = hebmdn - goimin,
approximately, and so

g: +g~|z =%e§"4“+ ‘g’e‘i”",

bt 455 7 b 3 1

[
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approximately, so that

A/n

. 104 ey e
the error being about —— e=74n, which is of the same order as
n

(12) m=—log {8 (g +9," )}

the error in the formule (10). The formula (12) often leads
to simpler results.  Thus the formula (10) gives

eri8i2 = 9kg
or A8 102 +8 3.
But if we use the formula (12), or
(ﬂrin: =24 (.qn“ + gn—") ,J"
we get a simpler form, viz.,

=2 7.

4. The values of g, and @, are obtained from the same
equation. The approximation by means of g, is preferable
to that by G, for the following reasons.

(@) It is more accurate.  Thus the errov when we nse G
contains a factor -7, whereas that when we use g, con-
tains a factor e—7 4130,

(b) For many values of n, g, is simpler in form than G5

thus
, _ 3+\/13
R

while

G = {(H-;/s) (3 *2«/13)}1;4
)

(¢) For many values of n, g,, involves quadratic surds
only, even when @, is a root of an cquation of higher order.
Thus G, G,, @, arc roots of cabic equations, @, G, are
those of quintic equations, and @, is that of a septic equation,
while ., Gus Ton Four Tyam 20 g, are all expressible by quad-
ratic surds,
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5. Since G, and g, can be expressed as roots of alge-
braical equations with rational coefficients, the same is true
of G " orgX. Solet us suppose that

=48

L=ag, ™ ~0bg, " +...,
or glt=a—bg M+....
But we know that
Gde—ming * =1 — 24" In 4 270 2m I —
64g M =gmin — 24 | 2760 7R — ..,
6da — 84bg ™ .. =emin— 24 + 276 TR~
64 — 4096beTI8 4. =emIn — 24 4 276 TR~ |
that is
(13) emdn=(64a+24) — (4096h +276) e ™i" +....
Similarly, if
1=a@ =G " +...,
then

(14) emdn=(64a—24) — (4096b + 276) i 4....

From (13) and (14) we can find whether emin is very
nearly an integer for given values of n, and ascertain also the
number of 9’s or 0’s in the decimal part, Butif G, and g,
be simple quadratic surds we may work independently as
follows. We have for example

gﬁ::\/(l +4/2).
Hence 64g™ =€ — 24 4+ 2762 — .,
n
6497 = 4098422 4.,
22
0 that
64 (g +9™)=cmN2—24 + 4372672 4,
22 22
=64 {(1+V2)"+ (1 =)},
Hence em {22 = 2508951.9982... .
Agam G = (6 +4/3TH,
64 GF =T 4 24 4 2767 4,
37

64G™ = 409067 BT |

ERSTTIIDRT
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Ut

s0 that
64 (G* 4 GM)=emd7 4 24 + 43727 BT,
=64 {(6 +4/37)°+ (6 — /37)°}.
Hence e i3T=199148647.999978....

N

64 (9" 4+ g7 ) =i — 24 4 437277 P8 4.,
58 58

e 2}

Heuce ™38 = 24591257751.99999982,,..

Similarly, from

we obtain

6. I have calculated the values of @, and g, for a large
number of values of n.  Many of these results are equivalent
to results given by Weber; for example,

C B3

, L+4/5
Gl: u, =“.\ i

2 = 2

S o= (24+45) (BH10), G, = 6+4/37,
. B20
o =5

G =w<_*+_@ =,
. _ (34+45)(1+42)
G = 2 )

o =) ),

S4By 94 85\ 1A
@ =| 2\)( 2 >

G =\/(132«/97)+ (5+:97)’

g:,, = <2+\/5) (3+\/10)’
Gy = L (34 4/11) (V5 +VT) (VT +¥11) (3 +V5),

and so on. I have also many results not given by Weber.
I give a complete table of new results. In Weber's notation,

G, =21 fY(=n)} and g, =2} £ {(V(—m)}.
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TasLe L.
1
9oty = HV(+V2) + /(9 +542)},
a2

N e
AN )
Gi = V(2 +3) (TY2+3Y11)16
P )
@, = (343 +y28)H (5+T\/-23>1,‘\6

) )

G = BT HVIL) (843D}

R )

o (24342)18 41
T (23 —2)B 1

{(2+v5) (W5 + /6)}16
D) )

= §W(T4+V2) + /(745 ¥2)},

G

4

0

g+
T Gy

1
g, + — = E W2+ V(14 + 4V,

g, =NVIWZHN3)(3V24419)18

SNESUENES 2,

8 ”2‘/13)1“(2 V3 /13)1 (314 4 /(4 4 4/3)],

(E =é(

Gnl

1
Gm

G, = (43 +yaT)I (7

1

G
¢
153

'quc

_*.

+

W

1
'qllB

L
.GIZI
1
34/2

and approximations to m.

()" st -

|

wa) |

(11 =3 /11)1B {(34/11 +34/3 —4)\/3

357

+(3\/11—3\/3—4)1.’3}—2:] ,

V34T

2 ) (V6 +T7)16

N

g = d(%) (78 4/2 + 23 4/23)16

Y (s

T4 A/4T\1S
Ve )

)

y i\}(18+9~/3>+\/(14+9«/3>}
1 4 '

., = )
y {\//17+~/145>+ \/(94-«/145)}
8 8 ’

— g-1/12 [% + \% {\/(;) - (28)1/6}] ,
- W) )

y {\}(37+3J17) . \/(33

| v =\/{<2«/2+~/7) (‘”*2‘/“)}

V)

=4 (W(9+4/2)+ V(17 + 13 42)},

+f\/17)} ,

19 4 2 4/22
4

2AA

3

)}
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G\, +l~01: = (?)w {(1 + %/5)”3 + (1 - 3%/3)3}9 , ' G = {(8 +347) (?ﬂ/ﬁg""’_‘”)}'“

G_l,,j= % [(«/13-2) + (13~3413)1;a N {\f(46 +Zgg> + \/(5&:&)} i
N {(3 3 11-—;/13)113_ <3 /34 11—;/13)1;3}} ’ - 0 = <1+\/a)‘\/ L +42)

g, =V +V2)(4V2+ V36 N {\}(7+i«/10> +\/(3+i~/w)},

* {\/(281/%) + \/(1 4-:33” ’ G, = <3 +;/13)1“ t, where

Q,, = (1 + V5) (3 /5 + 441>1/4 pyp (1 vls) + t(l +2\/13)’+1

2 2

v Vid1—1 ? .
W)« sunfe-e () ()

. 2
G:u ={5434 x/71)1/4 (59 +Z MZ,I_)IIG

G, = 3 (6+ 3711 (T4/3+24/37)18

/ 1 \/3/\'}1
B {\}(21+;2\/3>+ \j,\19+;2~/3)}’ . | x (W(T+2438)+V(3+2
e, = W)+ NEE) ! I;_ r s 412459
x{ (12+5v7) N (1e+5¢7)} —t{t+ /(11 +24/33)] -1=0,
1445 \/\ ! \j ! ’ ' G, = (“/3??“/7) (2 +y3)1I8
G, = (F57) @+ Vs v + 18+ 1514 2

24T+ A(T+4 w)} {i(; A7)+ (6 \/7)1/1}
{ 2 VE+ V) =BV

NG AN
ey, el
G =\/{(2+45) (7+2~/53)} '
Oy ey e (e e
0 = [Jsgres ) ) )
N e N

21 4 \/445)1

{13+¢89 5+~/89)}’
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G (1 +~/o> (6 + v/35) 1t {W}*/’

s 2
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&, = (24 V5) \j{(l +2‘/5) (10 + V101)}

x{<5s/5-};\/101)+\)(105—%84/505)}, N [\}{43-}—15~/7+(8;-3~/7)~/(10,\/7)}
=\/(5+2v29)(5v29+11¢5)1,fs +\}{35_7515~/7+(8:3~/7)~/(10~/7)}]’

G, = \}{(3+¢11)(5+3¢3) (- +2‘/‘23)}

X {\/<9_+f_@) + \j(5+43\/6>} ’ | v . (0317+321 \/451>w

4

¢ = 96 +11¥79) (100411479
{\K N {4 (141)+ 16359) 4 (143>+}16 ¢79)} : { (1” 5~/33) (25““/33)}
\/ 2 ’ . {\/<561+99¢33> \/<069+99~/33>}

B e ¢3+¢7 1 \
Yo _WHM/IJWO\/{( )} Q.. = (2 t4/5) {(3“/7 7+~/47>} ‘3‘/”9«/379\,
{ «/19+«/7+z> (~/15+\/7 2)} - { (119+y¢329 (1 7+7~/329)}
V15 +«/7+4 ~/15+\/7 4 1 .
{ ( 5 > ( )}’ . N {\/(Eiig .‘/‘«329> +\}(7514 21 JSQQ)}.
G:“ = (3+ (16 + 4/255)\6 {(4 +~/15 9+*/85 } L 7. Hence we deduce the following approximate formule.
- Tasue II.
x {\/(6—%:/31) +\j(10+4~/51)} : AT g g Ry ehﬁo=20\/3+16\/6,
18+ 3 /51 22 +34/51 : A sr0 (e pv17), =14 (147 4 104 42),
X{\/( ¢ )+\/( 4 >} ST gy gy g (miRIZ_BHN39
) \/2 ’
@, =\/{(2+\/3)(6+«/37)(«/3;~/7)}(246«/7—%107«/37)’/“ ™ =60 v35 4+ 96 /14, & =300/ + 208 /6,

[TBI2 1+4/(3+24/5) A0z _
V2 !
A0 219 (323 1 404/65), ™V (2424 /10)(3 4 10),
12 (2 +4/5) (3 +4/13)
™= \/130103{ V2 }’

=800 4/3 + 196 4/51,

) )
VD) 4 )
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W=~/2T442]0g{\}(10+11\/2)+\/(10+47~/-2)},

™= %Iog{(? V2+y/10) (3 +¥10}}.

™= ars 0B (8 +VS) 2 D)5+ 2V10)4 (81420 V10) ]

= «/;2'2 log L(f’ +~/?2/29): (5 4/29 + 11 y6)
N BN s i

The last five formulz are correct to 15, 16, 18, 22, and 31
places of decimals respectively.

8. Thus we have seen how to approximate to = by means
of logarithms of sords. I shall now show how to obtain
approximations in terms of surds only. If

E I
"KTI
ndk dl

we have

kR T L

Bat, by means of the modular equation connecting % and 7,
we can express dk/dl as an algebraic function of 4, a function
moreover in which all coefficients which oceur are algebraic
numbers. Again,

q
g1 (1—¢%) (1 —¢*) (1 —g5)...
gt (1=g™) (1 —g¥") (1 —g*n)...
kk'\$ K
= () NZ)-
Differentiating this equation logarithmically, and using the
formula

KK gn_ g LIL

and

(15)

dg _ g
dk  2kk’K*’
we see that
_ qu ‘Zq‘ﬂ }
(16) = {1 24 (1 el — +>

! 2¢ KL
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where A (k) denotes an algebraic function of the special class
described above. I shall use the letter 4 generally to denote
a function of this type.

Now, if we put £=1 and &'=1{in (16), we have

(17) 1:{1-—24( ! + 2 1+...)}

e‘lw g1 847 n _

- {1_24 (62171_—1 + E’Tﬁ':—l +>} = (fr—()’A (k).

The algebraic function A4 (k) of course assumes a purely
numerical form when we substitute the value of £ deduced
from the modular equation. But by substituting k=1 and
k'=1in (15) we have

uée_"j"‘/l?(] _ e—?an) (l _e—41rJn) (1 - e—~6-rJn)'“

= e—w[(l? n) (1 _e-—Qrlel) (1 - e——ir/.]n) (1 _6—61“”)”. )

Differentiating the above equation logarithmically we have

. 1 2
(18) n{l—24 <,,2"J"-1+e“‘”"—1+m>

1 2 6/n
+{1—24 (f"“"—1 T +)} =2

Now, adding (17) and (18), we have

3 1 2
(19) 1- -2 (eZﬂJn_l t e, +)
K )
- (;)A(A)

But it is known that

q 3q° 5¢° ) (2 K )’ ( .,)

- 24 )= =) {1—=2F),
! (1+q+1+q”+l+q5+ T

g0 that

1 3 Ky

- ={= ),
(20) 1 24(614”+1 e +) ( ) Ak
Hence, dividing (19) by (20), we Lave

1 —~3 24 ( ! + 2 + )
—.n- n— 2x Jn dmn o
(21) v e -1 : 1 =R,
1 P
1—-24 ( + +)
e"Jﬂ_‘_] e31r.hl+ 1
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where R can always be expressed in radicals if n is any
rational number. Hence we have

_ 3

= {T=Ejvn

nearly, the error being about 8we=7» {7 /n—3).

(22) ”

9. We may get a still closer approximation from the
following results.
It is known that

=0 g™ 2 K
14240 = 1—9"=(—

r=]

) (=8,

k(s

and also that

1—504 2

r=1 T

r= qu-zr 2I0\¢ "
=(— —2F) (1 + ££°K7).
= () (m2k) (4R

Hence, from (19), we see that

@) fi--2 g {1 T g —
'rr\/n—24 = e?nrr.]n_l + — e?vrrJn_l

r=l

B r=m 2
= {1 — 504 ,E[ ;2_7"‘1—”—1 N

where B’ can always be expressed in radicals for any rational
value of n. Hence

_ 3

T (1=R)yn’

nearly, the ervor being about 24 (107 Jn—31) e2min,

1t will be seen that the error in (24) is much less than that
in (22), if n is at all large.

(24) T

10. In order to find R and R’ the series in (16) must be
caleulnted in finite terms. I shall give the final results for
a few values of n.

TasrLe I1I.

g=erKE, g =erlIL,

mn

e
=nf1-243 9 _) — _24§—q~.)
a0 n(l 24211—51"‘") (1 =)

1
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4K
fey= 2w,
k(3
4KL
JSBi=—= L+ kl+ K1),
4KL . ,
S W= — WE+ VI,
ey AKL 0 14+ R4 AT
Sy =" /‘uu)\/(, R ) ,
o 12KL ,
SO == L+ A+ kD),
I, )
F01) = = (2 (L4 R R 4 (kD) + VKT = VR
. 4KL
S8)= =2 L+ ROV (R = (1 4+ KL+ K,
F(17) = 4"’.,13”44 (14 T4 K1) 4 168 (R4 K1 = k)
m™
— 102 (1 — Al = KUY (4RE'UYs — 192 (45K 3,
24 KL . . -
F9)= 25 (4 k4 KT+ (R VR = R U
4KL

f23) = — (V1 (L 4k + KUy =16 (4REU 3}

X L+ N (k) b (R D)} =20 (4K 3,
F(31)= Eéf’ (3(1 4+ kL4 A7) + 4 [V (kD) + N (ET + VREU )]
~ & REIU P 4 (kLA + (KT)4]),
£ i35 = B2 (o i + vk ) - vk L))
AR (1 = ()~ VR

Thus the sum of the series (19) can be found in finite
terms, when #=2, 3, 4, 5, ete., from the equations in Tuble L11.
We can use the same table to find the sum of (19) when
n=29, 25, 49, etc.; but then we have also to use the equation

LY 2 +)
™ (E”'—1+e"’—1 -1 )

which is got by putting =k =1/y2 and n=1 in (18).
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Similarly we can find the sum of (19) when n=21, 33, 57,
93, etc., by combining the values of f(3) and £(7),/(3) and
f(11), and so on, obtained from ‘I'able 11iI.

11. T'he errors in (22) and (24) being about
Sremin (w /- 3), 247 (107 o/ — 31) g2 dn,

we cannot expect a high degree of approximation fo.r small
values of n. Thus, it we put n=7, 9, 16, and 25 in (24),
we get

19
= /7=13.14180...
TS ,

7 \/'3) i
—{ 14+ — ) =3.14162...
3( i 5 ’

vo 7

R0\T =32
63 /17 + 15 /5
while 7=3.14159265358....

):3.14159274...,

):3.14159265380...,

But if we put 2 =25 in (22), we get only

9 9
— —=3.14164....
5 *\/s

12. Anothier curious approximation to o is
BE
9" + —li =3.14159265262....
22
This value was obtained empirically, and it has no connection

with the preceding theory.
The actnal value of 7, which I have used for purposes of

calculation, i3

355 (, _ 0003
xTa( 3533

which is greater than o by about 107, This is obtained by
simply taking the reciprocal of 1~ (113 [355).

v this connection it may be interesting to mote the
following simple.geametrical constructions f?l" m. The first
merely gives the ovdinary value 355/113. T'he second gives

the value (0"+ 19%/22)" mentioned above.

) =3.1415926535807943...,
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(1) Let 4B (fig. 1) be a diameter of a circle whose centre
18

Bisect 40 at M and trisect OB at 7.

Draw 7'P perpendicular to 4B and meeting the circum-
ference at P.

Draw a chord B equal to PT and join 4 Q.

Draw 08 and 7R parallel to BQ and mecting 4@ at
S and R respectively.

Draw a chord AD equal to 48 and a tangent AC=ERS.

Join BC, BD, and CD aund draw EX, parallel to CD,
meeting BC at X.

Then the square on BX is very nearly equal to the area
of the cirele, the crror be'ng less than a tenth of an inch
wlien the diameter i3 40 miles long.

P

Fig. 1.

~ (2) Let 4B (fig. 2) be a diameter of a circle whose centre
is O.

Bisect the are ACB at € and trisect 40 at 1.

Join BC and cut off from it CM and MN equal to AT

Join A3 and AN and cut off from the latter 4P equal
to AM.

Through P draw PQ parallel to SN and meeting AM at

Join 0Q and through 7" draw T'R, parallel to 0Q, and
meeting 40 at R.
0 Draw 4S8 perpendicular to 40 and equal to 4R, and join
S.
Then the mean proportional between 08 and OB will be
very uearly equal to a sixth of the circumference, the error
being less than a twelfth of a inch when the diameter is 8000
miles long.
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13. [ shall conclude this paper by giving a few series
for 1/ ’

It is known that, when 2 <1/ /2,

. 2IC\* N ns o (1283

o) (25) =1+ <3) (kL) + (2_4) (2EKY ...

Hence we have

(26) =g -g")(t—¢)

- G /,-k')?’ {1 + (%)3 (2BR) + (g) (2Ick')‘+...} .

Differentiating both sides in (26) logarithmically with respect
to k, we can easily show that

7 29" 3¢° )
0 -2 - i SR
i27) 1 4(1_q,41_q+1_q5r

) . N, 1.3\* Ve
=(1~zk-){1 +4 (3) (kK " 4 7<ﬂ) (kK +}

But it follows from (19) that, when g=e™¥", n being a
vational number, the left-hand side ot {27) can be expressed

in the form
* B
4 (25) +2,
a

mw

where 4 and B are algebraic numbers expressible by surds.
Combining (25) and (27) in such a way as to eliminate the
term (2K/m)%, we are left with a series for 1/m. Thus, for
example,

4 . T 1\ 13 /1.3\° 19(1'3'5)3+
28 —= +Z<§) ty (2.4) t 3 \eae) T

(g=em b, 2k =1),

16 47 /1\* 89 /1.3\* 131 /1.3.5\* .
@) T=0+5,(5) *er (53) *+ 5% (ﬂs) e
(g=em1, 2k =}),
32 474/5 429 [1N° ¢5—1>°
== D ——" (=) (=) Fees
(30) =0Vo-L+—g (2)( 2

89 4/5 + 59 (1.3)3 <¢5— 1)‘°+
64* 2.4

2
1 //5—1
— p—m J15 AN .
[q_.g 4 ’2kk—8< 2 >]’

(o

7 P Al PN
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here (54/5 - 1), (474/5 + 29), (89 4/5 + 59), cte. are in arith-
metical progression.

14. The ordinary modular equations express the relations

which hold between % and I when nK'|K=L'|L, or ¢"= @,
where
g= e-—wK',’K, Q = e—-uL'/L’

1\" 1.3\?
K=1+ (;) N (2—i> E4....

There are corresponding theories in which ¢ is.veplaced by
oune or other of the functions

q,=eTHS 2K, g,= KK ) g = 2Ky
where

1.3, 1.3.5.7 1.3.5.7.9.11
lrl=1+—4,7/c'+ NS k4 TOTRTL A N
. 1.2, 1.2.4.5 1.2.4.5.7.8
Byt o b g e =g #

RS o 1.5.7.11.13.17 ,
6% 127 6°.12°.18*

1.6,, 1

From these theories we can deduce further seriea for 1/,

such as
27 1 1 2 /2
31 bR SINEY SRl g
G oot 233 (27>
430 1.3 14 2.5 2)’
9.4 36" .s'(2_7 Feen
(32) 154/3 gyap L0102 (4)
o T2 373 \125
o1 14 25 (4 :
BRI c'125>+ ’
54/5 1 1 3B 4
33 =1 12, — . —.— . {—
(33) 21 A/3 + 2°6°6 (12')
1.3 1.7 5.1 4\*
93, =, s () 4.,
VRN R TRRT (125)+ ’
85 4/85 1 1 5 47"
34 A VRS V' R (s
@9 Tmvs=3 g oo ()
1

1.3 75611 4\¢
214 . — = =

t+ 2.4 6.12 6.12 < > +
VOL. XLV, BB
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(35) 4_3 23 1 13 448 13 1357 Iu all these series the first factors in cach term form an
w2 22727 a7 2t Ta4” 408 ’ arithinetical progression; eg., 2, 17, 32, 47, ..., in (31), and
4 3 31 1 13 4, 37, 70, 103, ..., in (32). The tirst two series belong to
(36) — = L — the theory of g, the next two to that of g, and the rest to
mA/3 4 347 27 4 : that of ¢,.
59 1.3 1.3,5.7 } The last series (44) is extremely convergent. 'I'hus,
TP o4 pe T taking only the first term, we see that
‘ ‘ 1103
(37) 423 28 1 13 L o 11253953678,
m 18 18 2 ¢ 99
5 1
548 18 1357 = .11253953951... .
18 “2.4 7 48 ' 2m A2
4 41 68 1 1.3 _ _
(38) mNs 72 522 A 15. In coucluding this paper 1 have to remark that the
o series
1329 1.3 13.5.7 | ¢ 29" 3¢°
B2 2.4 0 4tRY T ' 1—24 (1 7 + =g + 7 =7 ) )
(39) 4 128 22583 1 . 13 ‘ which has been discussed in §§ 8—13, is very closely connected
w882 gge' 2 " 4* with the perimeter of an ellipse whose eccentricity is k. For,
44043 1.3 1.3.5.7 l if @ and b be the semi-major and the semi-minor axes, it is
S S e, 3 known that
882 24 48 1 1'.3 1345
24/3 9 1 13 17 13 1357 (45) p=2madl -—,k'—r,-‘k‘~—,——,—;k—...},
(40) B T T St 2 2'4 2°.4°.6
T 92 924" 4N8 ! . . .
where p is the perimeter and k the eccentricity. It can
(1) 1 1 11 1 13 N 21 1.3 1.3.5.7 + easily be seen from (45) that
qry2 9 9072 4t T 9t Tag” 48 T BT e
] 5 43 1 1.3 (46) p = dak” {K%—/x(y;} .
(42) _— = L= . X
3my/3 49 49 27 4 But, taking the equation
83 13 1.35.7 y ‘
LR ROt | g (1= ") (1= ¢) (1 =)= (2RE V(K ),
0 19 299 1 1.3 and differentiating both sides logarithmically with respect to
4 = 4 Z 2y k, and combining the result with (46) in such a way as to
(43) +omc g A g y
TNl 99 99T 2 4 climinate dK[dk, we can show that
579 1.3 1.3.5.7 + ia
F SO (47) P=ﬁ([1‘"<1 FEY F )
1 1103 27493 1 1.3 ( ] 9ot
=— "+ " .= .= 9 2
(44) 271 /2 99° + 99¢ 2 4 X <41 — 24 — —— +... .
l-¢ 1-¢
_*ZK'_M._.S;% . 1.3 . 1.3.5.7 Foenn But we have shown already that the right-hand side of (47
991 "4 48" h y o e :
2 . can be expressed in terms of K if g=e-™d* where n is any
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rational number. Tt can also be shown that K can be
expressed in terms of I™-functions if ¢ be of the forms e=,
e~ 2 and e 83, where n is rational. Thus, for example, we
have

k=sin%, g=e",
S 185! )
p=“\/(é‘>{£<§)+x‘rﬂ(é'}’
/.-=mn—;'—, g=e2,
o () TG
R

.ow
k=sin g=e",

p= (@) e 7o)

(48)

aud so on.

16. The following approximations for p were obtained
empirically :—

(49) p=w[3(a+b) —y{a+3h)(3a+b)} +el,

where € is about ak' /1048576

.t 3(a—"5)"
(50) p—ﬂ1<(‘+b)+ 10 (a+8) + A/(a" + 14ab + 6*) t e}’

where € is about 3ak™/68719476736.




