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A CLASS OF DEFINITE INTEGRALS.

By S. RAMANUIAN,

1. I’l‘ is well known that

(1.1) " (cos)" e d = — T'(1+4m)

- 2_”‘1"51+—21(m+u)]l"{1+—21(m—-n)}

it B(m)>—1, It follows from this and Fourier’s Theorem
that, it » is any real number except +m and R (@+8)>1,
orif n=24m and B (« + B)> 2, then

08 [ =
—w M@+ )" (B —2) Fla+B8—1)
according as [n| < or [n{>w. In particular we have
o s gath-2
f—» a+e)T(B=2) " Fla+B-1)
if Bla+8)>1; and
(1.22) f"’ dx _ 2
o MNa+2)T{a~x) I(2a-—1)
if B (a)> 4. 1fais an integer n+ 1, (1.22) reduces to

0

edin(B-a) gp ¢

(1.21)

2a-3

sin _m2hal)
{1.23) jow“_(a;’/l’)[{1_(:c'/z')}...{l-(:c"/n")}dm_i (en)t -~

Again, if m is a positive integer, we have

smmmwx

=14 2c082mx 4 2 cos 4t +...
sin 7

or 2cosmx+ 2 coslww +..,

according as m is odd or even, It follows from this and (1.2)
that, if R (a)>1,

© sinmmwe da _
jo sinme I'(a+x)Dla—-a) I'(2a—1)

22:1-3

or 0,

W St

Whirigy s
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according as mn is odd or even, Mence, if m and n are positive
integers, we have

* sinmmwe

020, ST e

according as m is odd or even. From this we easily deduce
that, if 7, m and n are positive integers,

Jm ; . (Finmna;',“"l N
0 @{l =@ [U)} {1 =(@[ 2} 1= (&)
o 2D
= 2% (?;é}l( )w or 0

according as m is odd ov even, It follows that -

(1.25)

(st mara) ™!

J‘” *“‘ﬁ*\,‘,——————,—,—,—dx=wor 0,
0 m{l—(zv/l)}{1—-(:1:/2)}...{1—(:15 {a")} 2

(1.26)

according as m is odd or even, Similarly we can show that
o sinmaz)"
(1.27 j ( L ——dr =0
Vo T=ETEE -y
for all positive integral values of I, m, and n.

In this connection it is interesting to note the following
results,

() fRB{a+B)>1and R(y+ 8)> 1, then
b2 cos ma)Y et inly-d)z
-t Da+a)r(g—=a)

i 2 cosma atf-2 t'?r(a»ﬂ)x
=F(fy+3—1)f (2 cos ma) e
-1 Ty+a)r(d—a)

This is easily proved by writing

(1.3) I“(a+13—1)f dx

dw.

L .
j & (2 cos 71‘2) a+f~2 cmz(u—ﬁ+2:) dz

F(a+B~—1)
Ta+ 2) (8 —a)
in the left-hand side of (1.3).

instead of
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(i) 1f m and n are integers of which one is odd and the
other even, and m> 0 and R (a + 8)> 2, then

* (cos )" einmz

o B [

_ JEH _wm)"'e""" de

=li Ta-t1+mr@E-o"

where £ is any real number. 'This is proved as follows:

Suppose that the left-hand side, minus the right-hand side, i3
f(E). Then

gy (a+B—2) (coswE)™

SO=""rarprE-n

(= 1" (cosmk)” einmE {cosmE)" einmE
et B M E—F-7) T T+ HrE-H"

Hence £ (£) is a constant which is casily seen to be zero.

einTE

2. Before proceeding further I shall give a few general
rules for generalising the results in the previous and the
following sections. If

n(w+e)te). . (x+e)
i §)=j ' 2 0y
ol £ L({x=)

where  is zero or a positive integer, and the €s, £, 9, £ and
F (x) are all arbitrary, then it is easy to sce that

(2'1) j‘rd(§+ 1) ==+ {_/;(;} - (é‘; ‘ru)fr (§+ 1) }7

provided the necessary convergence conditions are satisfied.
Similarly if

£G={ @te) o te) o+ ) TEx0) F)d,

(w)dx,

then

22) L =2+ - EFe)LO)

Thus we see that, if £,(£) is known, /, ({) can be easily deter-
mined.

Suppose now that P(x) is a polynomial of the " degree
~and N any integer greater than or equal to ». Let D, E
and A denote the usual operators, so that

E=1+A=¢D.
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o e , n F(x)
Then, if S© =JE mdx,
n P(x) F(; Nf(E—v .
ey [V RO o3IO warpi- g4,

as is easily seen by replacing P (x) by

(1+ AEHHET P (1))
Similarly, using the equation

Pe)=(1F aB7 ) P e,
we find that, if

f(t)=J:r(gix)F(x)dm, .
then
(2.4) f ; D(¢x) Pla) I (fv)dx=% [%’,L—V) (AY P{— v F(E+3v)).

As an illustration let us apply (2.3) to (1.2). We find that
if n is any real number except +m, and B(a+8)>1+r, or
itn==mand R{a+B)>2+r and Nis any integer preater
than or equal to », where » is the degree of the polynomial
P(x), then

%0 P(m)eiuz

2.5 — 1 dr=0
(2.5) j—m Mo+ 2)T(B—2a)
Xk @eos k) gy

o ! D{a+B—v—1) !
according a8 {n|> m or |n| <, k, being either A" P(1—a)
or edim(—A)Y P(B—v—1). It is immaterial which value
of k, we take,

1f P(z)

[

_T'{{+2)

where ¢ — ¢, is a positive integer, then it is well known that
(-8)! TE+a)

(€—=g—n!Tg+a+v)

This affords a very good example for the previous formule.
It is easy to sec that (1.2) can be restated as

(2.6) A P@R)=

o0 e‘llx v
@) | rarmrEn =
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or
» ez ™ ein(v-a)
2.71 f.‘:
(71 j-w F(a-%—m)l“(/s—x)w ‘?’F(v)l‘(a{—ﬁ—y)
_ § n(B—v)
TATOT@+B—y)

according as [n|> or |n| <m (n being of course real). But
0 P(SC) ginz o o D+inje P (())
e do = T d.
j_” T r@E—a) ™ f_w Fatn)B=-a) "
Hence, if the conditions stated for (2.5) are satisfied,
£ . 1) (m)einx

e P A TE ) =0

(2.8)

or
P (x) ginz

*® ©  einlv-a) P(v —a)
\ I 2 L ¢ =
(2,81) j—w IMNoa+a)T (8 —x)

= )Tt A=)
elB-) P(8 — »)
THT(a+ A=)’

~ M3

according as ‘n|>m or Inl <m,

8. We shall now consider an important extension of (1.2).
Let [x] denote the greatest integer not exceeding x, so that
(e.9.) [—5%)=—6. Let us agree further that

=0,

* M=

if v<p, Then if n and s are real and ¢ (2) is a function that
can be expanded in the form

§ Cz

when |2 =1, we have
o0 e\  inx
¢ ()€
3.1 — =
1) j_m Fa+aT@E=g %
osd (n+ vs)}"‘”e_2
I'a+B-1)
where the summation is bounded by

S e J i
[s| " s 8] s

=s¢ 2 ebi(Ba)(ntse)
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provided that either
() 7 +n and 7=n are not multiples of s, and R(a+B8)>1,
or (ii) w4 n or w—n is a multiple of s, and R (a + 8) > 2,

or (ili) Cir-mys=0 and C_(myn)s=0, whenever one or the
other or both of the suffixes of C happen to be integral, and
Ba+B)>1,
or (iv) o +n and 7 —n are multiples of s, « + 2 is an integer
greater than 1, and C(r-n)s = €27 C_(rinys.

The formula (3.1) is easily oblained by substituting the
series for ¢ and integrating term-by-term, using (1.2).

It should be remembered that (3.1) is not true if n or s
ceases to be real, though the integral may be convergent, In

such cases, generally, the integral cannot be evaluated in
finite terms,

The following integrals can be evaluated at once, in finite
terms, with the help of (3.1):

= dx
j —w (pe"+ g™ T(a+a) T (8-2)’
where m and n arc real and |p| #|ql;
N

.8in I
- Ma+a)T(B—2)
where n and s are real and m is a positive integer ;
] 1 + eeilx‘meinz

where m is real and ‘e| <13

(3.11)

(3.12)

(3.13)

®©  ppcosszr+igsinsz + inx d

——— dZ.
—o MNa+2) T (B —x)
For instance, the value of (3.14) is

C(TEPNY e (2 cosh (nd )]0
L(Fp) LW =P e e ‘

where J,(x) is the ordinary Bessel function of the v* order,

(3.14)

ehilB-a)(ntrs) |

~and {(g+p)/(g-p)}¥ should be interpreted so that the first

term in the expanston of

{g+p)/{g—p* 7, (g —p))}
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is Bl +al/v!

Putting s=27 in (3.1) we obtain the following corvollavy.
If ¢ is the same function as in (3.1), and n is any real number,
then

Joe * ~~—~-'E-(fﬁx) _ me Jor
(-2 —x Da+2) T (8—x) e da
{2cos (dn—m [(m + n)/Q-n])l“*‘ﬂ'?

I'(a+8-1)

T+ n
where ==\ D

provided that cither

= C.\

gl(B-al{in—m{{m+n)2x]}

(i) = is not an odd multiple of =, and B (a4 8) > 1,
or (i) n is an odd wmultiple of 7, and B (a+ 8)> 2,

or (iii) n is an odd multiple of m, Crny2r =0, C—(riny2r =0,
and B (a+B8)>1,

or (iv) n is an odd multiple of m, a+ 8 is an integer greater
than 1, and Cir—nyzn = %7 C_irinyan.

Thus we see that the value of the integrals (3.11)—(3.14),
when s =2, reduces to a single term.

The next section will be devoted to the application of (3.2)
in evaluating some special integrals.

4, Suppose that a is not real and
¢ () =1+ g timag 4 g~dimaz’y . (I(a) <0),
and ¢ (2) =—ebimaz i~ ptimaz— | (I(a)> 0),

so that ¢(z) is convergent when [2]=1. Then it is easy to
see that

® Tlaix) ;. L J” ¢ (%) )
o €T dT= e Y gir(w—n)
. TS ML N o) i L

It follows from (3.2) that if « is not real; n real, and
(i) = is peither 0 nor any multiple of 27, and R (a- 8) <0,
or (ii) n has the same sign as Z(a) and B (a— 8) <0,

or (ili) n is 0, or a multiple of 2m, having the sign opposite
to that of Z(a), and B{a—B)<—1,

S &
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or (iv) nis not 0 and @ —(3 is a negative integer, then

° T{a+2)
wy [ o

or + »———21'"‘ {2 cos (W—_ n + n fret
NG 2 ""lom )}

X exp {— ma+t{(8—a—1) (2—2:—’—1+ ™ [;_:r])} s

the zero value being taken when n and I(a) have the same
sign, the plus sign when n=0 and () <0, and the minus
sign when n<0 and [ («)> 0.

As particular cases of (4.1) we have

" Tata)
- F('@-{—I)

if a is not real and B (a—8)<—1. If a is not real, n real,
and (i) 7 is a positive integer, or (ii) r=0 and ##0, then

enz dy =0

(4.11) dx =0,

.

e dw

(4.12) J—x @wta)@iat ). (@ tatr) =

or + ?1_21'7 (2 sinén)" ehir(r—n)—ina_

the different values being selected as in (4.1).
Similarly we can shew that if « and B are not real and n
real, and

-(i) n is not an odd multiple of 7 and I (a+8) <1,

or (i1) n is an odd multiple of « which has either the sign of
I(B) or the sign opposite to that of I{a), and R {a+8) <0,

or (i) n is an odd multiple of = which has neither the sign
of I(8) nor the sign opposite to that of (a), and Ra+8)<1,
then

2inr T (o + B)

ehin(B-a)
|2 cosdn la’rﬂ

(4.2) ’[_w I {a+2)T (B~x) e do =

% [n,(8) exp {iw{atB)[(w+n)27]} -7, (-a) exp{' ir(a+B)[(-n+n),“2,r];]’

* where 7,(£) is equal to 0 when w—n and I({) have the same

sign, to 1 when n<m and I({)<0, and to —1 when a>m
and 1(¢)>0.
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It should be remembered that for real values of n
{2eosdn|=2cos (dn—m [(w+n))2mw]).

1t follows, in particular, that if a and 8 are not real, and
B {(a+8) <1, then

(4.21) Da+2) T(B—a)de =0 or +2FinT (a+),
the zero value being chosen when I (a) and I(8) have different
signs, the plus sign when I{a) and 7{8) are both negative,
and the minus sign when I (a) and I{8) are both positive.

The following results can either be deduced from (1.5) or
be proved independently in the saine way as (1.4).

If n is zero or any multiple of 2m, £ is real, « any number
except the real numbers less than or equal to — £, and 8 is
any number such that B (8-a)>1, then

“Tla+x) . U Mata) |
—a—1 = mzd ___J' m,z:(]_ .
(4.3) (8—a )fg T‘(ﬁ+x)€ x ; I‘(ﬁ—l-}x)e {7

If n s any odd multiple of o, a and £ are the same as in

(4.3}, and 8 is not real and R (a+8) <0, then

(4.4) (a+8) j: I(a+ @) ['(8—r)einzdx

E+1 ) .
= fe Fla b @) T(8+1—a) e dr.

3. We now proceed to consider an application of (1.2) to
some other functions.  Suppose that U, (), V,(x) and W, (x)
are many valued functions of @ defined by

w,x? u xSt urst2e
U(r)= -1 : z =+,
=TT T irege I(lts+2e "
v, X8 v xste v,zoHe
Vig)=__0 — —_— 4.
) I'(145) (l+s+e)  I(1 +s+‘2€)+ ’

TTO4s) ' Putst e T T{is 2 T

where £ (€)>0, the s, v’s, and w’s are any numbers connected
by the relation to be found by equating the coefficients of the
various powers of  in the equation

vt wktwk +o= (4 wktuk ) (vy+vk+v k' +...)*

* T'hese series need not, of course, be convergent for any value of £.
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and the scries U, (@), V,(x) and W, (x) are convergent at least
for the values of s and & that appear in the equation (5.2).
The functions U, V, and W are many valued, If |x/y|=1
and farg(z/y) <, then one value of arg (x4y) is given by
the equation
(5.1) arga + argy =2 arg (¢ + ). _
[f we choose arga and arg y arbitrarily, and agree that
st = oxp {(s-+ we) (log || + Farga)),
and that y4us and (x+y)*+#e are to be interpreted similarly,
that value of arg (x-+y) being chosen whicl is given by (5.1),
then a definite branch of W is associated with any arbitrary
pair of branches of U and V.
If «, B, x, y are any wumbers such that |z/y|=1, and

B (a+8)>0 when [arg(x/y)|=7 and B(at8)>—1 other-
wise, then

62) [ Ul Vot ) @) dE=0 o Warp(oty),

according as |arg (z/y) [>m or <, whatever be the branches
of U(x) and V(y), provided that the corresponding branch of
W(z+y) is fixed in accordance with the convention explained
above. "I'his is proved as follows, Suppose that

Xr= tebf", y= te“b"",

where ¢ is arbitrary and n is avy real number. Then the

integral becomes

j st (tebin) Va_g (te-bin) gin g,

If we expand the integrand in powers of ¢, and integrate
term by tern with the help of (1.2), and then make use of the
relations between the s, v’s and '3, the result will be

Waip (2t cosdn) =Weip (x +),

or zero, according to the conditions stated with regard to (5.2).
In particular, if B (a+8)>—1, we have

o) [ Uusglo) Vo) de = Wass (),

Suppose now that &, (p, x) is a many-valued function of 2

_defined by

@8 P e+l P\,P+1) x8+2
I(s+1) 1! T{s+2) 2! I'(s+3)

G (p x)=
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Then it follows from (5.2) that if «, 8, 2, y are any numbers
such that |a/y =1, and B(a+8)>0 when |arg(z/y)|=7
and R (a+#)>—1 otherwise, we have

63) [ Gerel.2) Go-g @) G dE=0 or Gusplpg,es,

according as |arg (@/y)|= 7 o |arg (x]y) <, whatever be
the branches of G'(p, ) and G (g, y), provided the branch of
G (p+q, ©+y) is chosen according to our former conventions.
If, in particular, B(ax+8)> -1, then

(5.31) J'_w Garg (P, %) G- (g, 2) dE= Gurp(p+ g, 22).

It may be interesting to note that the right-hand sides of
(5.3) and (5.31) arc of the form Gasp (p+¢, 2), which veduces to

zn+ﬂ
'(a+B+1)
when p=—g, becoming independent of p or g.
_ The ordinary Bessel’s functions are particular cases of the
function @,(p, ). Heunce we have the following particular

vesults. 1f n is real, and E(x+8)>0 when n=zm and
R (a+8)>—1 otherwise, then

? Jurg(@) Jo-£()
(5.4) f_w arE —yﬁE_Ty enEdE=0

. ( 2 cos A}Jt h)b(aﬂ@)

x"e—éhﬂ—y’ébin edinf-a) ], g[v/{2cos Ln(atetinyebin)} ],

according as |n!>m or <m. If n is real, and R(a+B)>0
when n=%m and E(a+8)>—1 otherwise, then

(5.41) j_wila-}-E(x) Jp-g(x)enEdE=0 or edinlB=a) J oy p(2x cosdn),

according as 2|2 or <m.  If R(a+B)>—1, then

- ® Jasg(2) Jp-£(3) Jarp (W (22" +2y")}
(5-42) j_w g+t g =" s
¥ 32"+ 49"

and

) [ T Jpel)dE = Turn 22).

I

R #&M

P
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6. We shall now consider some special cases of the integral

*® einx
6.1 -
(1) J_w C{a+a)D(8—z)T(y+{x)T (8- z) d,

1 and n being real numbers.

Replacing 1/{0(y+ )T (=)} by

1, L 32 —iz(y-
B 2 v+ 12(y—8+2ix)
w—f‘(v~+3—1) j—h\'( cosz) e dz,

it follows from (1.2) that (6.1) is equal to
(6.11) m—lm JZ{Z cm(én-[z)}aw—?(g cos z)‘H‘ﬁ-‘z
x exp [{(B—a)(kn—12) I(8—9)z] dz,
where w and » are the lower and upper extremities of the
common part of the intervals
—ymr<z<im, —dm<in—-lz<im.

If the intervals do not overlap, the value of (6.1) is zevo. It
ia easy to see that if

(6.12) ()= (141,

the intervals do not overlap; aud that, if they do overlap
and [>0, then

_\f+"_—1\_ T _n-m
Ll IRV \4 al k’

T ndw P ot |
a\nd U—‘|Z+ 41 ‘ ‘Z"" 1l "

It should also be observed that, though (6.11) may not be
convergent for all the values of a, B, v and § for which (6.1)
is convergent, yet we may evaluate (6.11) when it is con-
vergent, and 8o obtain a formula for (6.1) which may be
extended, by the theory of analytic continuation, to all values
of the parameters for which the integral converges.

From (6.12) we see that, it { and n are any real numbers
such that |n|=w(1+]1]), then

ginx

(6-2) L, Flata) T (B—2) 1 (y+1n) D (6—12) de =0,

provided that (i) R(x+B+y+8)>2 when |ul>m(1+17),

and (i) R{a+8+y+8)>3 when |nj=m (1+[1]).
VoL, XLVIIL x
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7. Suppose now that =1 and n=03 then (6.11) reduces to

1
7l (a+8—-1)T(y+8—1)

which is easily evaluated by the help of (1.1). Hence

°° dx
@) [, Fata) FE=A T+ T (=2

Fla+B8+vy+8-3)
Cle+3 - B+y=1)TC(y+8-1)C(E+a—1)’

provided that (i) R{(«+B8+v+8)>3, or (i) 2 (« — o) and 2(B—8)
are odd integers and 2 (a+B8+y+8)>2.

It should be noted that the formula fuils when a+8 1 y+8=3
and 2(x—«) and 2(8~38) are odd mtugens The value of the
integral in this case is sometimes 1/27 and somctinies —1j2m
The value to be selected may be hxed as follows. It is easy
to see that, in this case, one and only one of the numbers
at+B-1, /3+fy—1, ry+8—1, and 84a—1 will be an integer
less than or equal to zero. If a4+8—1 or /:3-{-7—-1 lmppens
to be such a number, then the value of the integral is 12w,
according as 2(B— 8) F1 (mod. 4). But if y+8-1 or
3+a~1 happens to be such a number, the value of the
integral is =1/2m, according as 2(8—8) = +1 (mod. ¢).

As particular cases’of (7.1), we have

® dx _ I'(2a+28-3)
(.11) J—-oo T['(a+x)l“(ﬁ-—x)}!—. {Cla+B-1)}""
provided that R (a+ 8)>

b (2 cos z)a+}3+‘y+d—4 eiz(zbﬁ—y—}'d) C{Z,

dx
(7.12) jo Fa+m (oﬁ_'?)i“_(5+x)l“(/3 x)
. I'(2a+28 -3)
~ T2l (2a—1)T (28 -1) ([ (a+p—1)}*°

!
provided that (i) B(x+ 8)>3, or (i) 2(a—3) is an odd integer
and B@a+P)>1. If 2(a+8)=3 and 2(z—B) is an odd
integer, then the value of the integral (7.12), when a>1, is
+1/2m, according as 2(2—8) =+1 (mod. 4), and when a<1
it is #1/2m7, according as 2(a—f3) = F1 (mod. 4).
Putting a=f3 in (7.11) or in (7.12), we obtain

dx _ T(4a-3)

(7.13) j() [Pt TMa—n)) ~ 2T @a=1)"

P

‘(82)_" Clat+a)T{F—=
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if B{a)>3. Suppose again that I—-] n=m,and a+8=0 +v.
Then (6. 11 reduces to :

ebin(f-a)
al(a+B -1 {y+8-1)

Ilence we see that

b . _9 _
j (2 sin2)**2 (2 cos2)7 2.
0

(1.2) J’ " et dy
o Clat+z)TiB-2)'(y+2)T (5—2)
himip-a)
. 2[‘ (@+BiT{(y+8) Ma+d—1) *
ifat+d=B+yand Rla+B+y+8)>2. In particular
Sivz Ahin(p-a)
02 [ e e AT
if Bia+0B)>1, and
3
(7:22) f afj)wi—xn“m=4r@a-;{r@n“

if Ba)>1.
8. It follows from (6.2) and (7.1) (lmt, if
‘P(z) =2 s Z", ’1{/("’) Conr l’

-0

the series being convergent when |z ]=1, then

i (e"‘)
CEIN T

c,,F (a+f3+v+8-3)
TlatB-HrE+y-)ry+o-1)I(@+a~1)’
provided that (i) B(a+3+v+8)>3 or (i) Ria+B+y+8)>2
and c,eim Bt ¢ e—im(B+o) =2c, cos (3 - 8),

~1 ) 1 H
X w(atd) 4 c., eirlaty) = 2¢,cosm(a—1);

(8.1) J FCla+2)I (B~

and that
ey
Tiy+2)T(8— 1;)
Hirlp-e) o hinlp-a)
{*(“'1”/5)}Pl%(7+5)ff(a+5-1)
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provided that a+8=3+y and Rla+3+y+8)>2. )

If a+8—0B —y is an integer other than zero, it is possible
to evaluate the integrals (7.2) and (8.2) in finite terms, but
not as a single term.

I'he following integrals can be evaluated as a single term,
with the Lelp of (8.1) and (8.2), whenever they are convergent:

®© F(8+x)einz o
o MMat2) M (@B-x) D (y+ )
where (i) » is an odd multiple of o, or (ii) n is an even multiple
of 7 and a+1=‘3<}—7+5; .

« S+
(8.4) f Ty + )T (3+2)

-

(8.3) dz,

L=k gina g,

Matx)C(B4x)
where (i) n is an even multiple of 7, or (ii) n is an odd multiple
of wand a+ 8=F+1v; .

(8.5) J” FB+a)(y-2)T(8+2)

—00 ) F(a+o:)
where (i) 7 is an odd multiple of a, or (ii) n is an even
multiple of 7 and a+B+y=1+8;
4

einz g, z,

69 [ rarar@-asare-sed,

where (i) n is an even multiple of 7, or (ii) u is an odd multiple
of 7 and a+8=B+vy. Thus, for instance, if 8 is not real,
at+l=B+v+8, and Ra+PB+y—8)>1, then
- r(8+2) .
630 [ rerar@-a e ®
retbiT3-)
= T T e T G—8+1)

according as I(8) is posit_ive or negative; and if y and & are
not real and R{a+ 3—y—38)>1, then
* Ty+x)I8+=

2/ I'(a+B8—y—-8-1)
7 a8 [ @=TE-NT(B-5’
the iero value being taken when I(y) and I(38) have the same

sign, the plus sign when I(y)>0 and I(8)<0, and the minus
sign when /(y) <0 and I(8)>0.

(8.41)

MR N

—— e ——

. 4 ——
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9. "The following results ave easily obtained with the help
of (6,11). If 2(a—B)=y—38 and R(a+[3+v+8)>3, then

0 eil"lrx
9.1 — - e
(-1 ,(,.w P TP Ty 422 (5= 27)
_ 2u+/3+7§é'—58—t!1f1r(/i—a)r{)ﬁ_(a+ B+7+8'—3)}
Nt (a+ B) D (y+8-1)I"(2a+ 8—2)
If B(a+f3)>3, then

* cosmxy
) fo D(a+a)T{a—2) (3 +22) (3 -22)
B 2?u+?ﬁ—6r\(a+ﬁ_g)
= @ EA-T (@4 =)
It a++y+8=1, then

* cosm{x+3+7)
9.12 —— -
(.12) o T{at ) {3 =) (y + 22) 1" (8 — 2%) dx
1
T A (vt 8- )20+ 6—2)T (2B ry—2)
If 2{a—f3)=7y~- 844k, wherc £ is =1 or £2, then

®

(9.11 dr

) J sinw (224 a—3)
- D{a+x) D3 -2) T (y+22) (8~ 22)

ola—y-3

(9.2

dx

VAT By —ar )T Ca15-2)
provided that R{a+ 3 +-v+8)>2.
1t 3(a—P)=y—8+k, where & is =1 or +2, then

* sina (224 a—f3) -
) f—x: Ma+x) T3 —2, T (v+3x, 1" (8—3x)

332y 34 8—2)

= T+~ (Bxr5-3)"
provided that (i) R(atPB+y+8)>3, or (i) F+y—22 is in-
tegral and B(a+3+y+8)>2.

In (9.2) and (9.3) the plus or minus sign on the right-hand
side is to be taken according as & is positive or negative.  If
& is an integer other than £ 1 or +2, the integrals in (9.2) and
(9.3) can still be evaluated in tinite terms, but in a less simple
form,

dx

(9.3

X2
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10. Tn this connection it may be interesting to note that,
if 7 is an even multiple of m, and @t B+y+8=4, then
) il pinx
10.1 -2 —2 d.
B B2 |, e
E+1 . einx d
¢ Ta—1+)I"(B-a2)Cy—142) (8 —r)

for all real values of £.  The proof of this is the same as that
of (1.4).
Finally I may mention the formula

£

(102) [ Jure@)Jp-£(e) Jyep(e) o) df = (1)

v=00 (-}:r")”“‘{I“(a+{3+'y+8+2v—l I

x El D)0t B4 3v) e B+r) DB +y+ )0 (y+ 8 e0) (B2 v)

whicl holds if (i) R(a+B+vy+8)>—1, or (i) 2(a—n) and
2(3—8) arve odd integers and R(a+ 34 y4 8)>-2.

MOTION OF ONE SOLID ON ANOTHER,
By A. B. Basser, M.A., F.RS.

1. "TMHE motion of one solid on another, both of which
are sufficiently rough to prevent slipping, has been
discussed by Routh* and Besantt; and a detailed investigntion
has been given of various interesting problems. Both authors
have assumed that the mutnal reaction between the two solids
consists of a force alone, whose line of action passes through
the point of contact; but on examining a problem relating to
the motion of a disc on a plane, set by the late Sir W. D.
Nivent in the Mathematical T'ripos for 1873, I discovered that
this hypotlesis is untenable except in special cases, for as will be
shown hereafter the mutual reaction frequently consists of a
couple as well as a force.

* Advanced Rigid Dynamics, §§ 240—253.
t Dynamics, Chapter xvi.
3 Tuesday morning, January 14th, problem 13,



