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Abstract

The reachability problem in Petri nets is known to be decidable but the algorithms
known have non-primitive-recursive complexity. Lot of research has gone into identi-
fying structural and behavioural restrictions, when imposed on Petri nets will result in
efficient algorithms. We look at some of these properties, focussing on the relationship
between the properties and the resulting complexity of the reachability problem in Petri
nets satisfying these properties.
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Chapter 1

Introduction

Petri nets were introduced by C.A.Petri in 1962 in his PhD thesis [2]. They are one of
the most popular formal models of concurrent systems. A Petri net is a mathematical
model of a parallel system, in the same way that a finite automaton is a mathematical
model of a sequential system. Properties such as deadlock freedom, liveness, fairness
etc. can be studied formally using Petri nets.

For any mathematical model possessing high expressive power, we expect algo-
rithms for analysis of such models to be of high complexity. Research on Petri nets
has pointed out that this is indeed the case. Even though mostinteresting properties are
decidable for arbitrary nets, the decision algorithms are extremely inefficient. Many
attempts have been made to restrict Petri nets in terms of their structure and/or be-
haviour to get better (more efficient) algorithms. As expected, expressive power of the
restricted class of nets will be lower than those of arbitrary nets.

The problem ofreachability in Petri nets is an important one. It was observed
by Hack [9] and Keller [14] that many other problems likelivenessandpersistence
are recursively equivalent to the reachability problem. Hack has also observed in [9]
that many subproblems and variations of the reachability problem like submarking
reachability problem, zero reachability problemetc. are in fact recursively equivalent
to it.

Mayr gave the first complete proof of decidability in 1981 in [22]. Kosaraju [15]
later gave a simplified proof. The algorithm given in both [22] and [15] are quite
complicated and need non primitive recursive space. Lambert [17] simplified the proof
further but the algorithm is still non primitive recursive.The best known lower bound
for this problem is exponential space by Lipton [21]. Many subclasses of Petri nets have
been studied and primitive recursive algorithms have been obtained for the reachability
problem of these subclasses. The survey by Esparza and Nielsen [7] contains a list of
such results. The purpose of this thesis is to study some of these subclasses and the
complexity of the reachability problem of such subclasses.

The subclasses for which complexity of the reachability problem is known can be
classified as follows based on the technique used to design the algorithm for solving
reachability.
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1.1. Organization of the thesis

• Combinatorial techniques In these subclasses, reachability algorithm is de-
signed based on some combinatorial properties satisfied by the Petri nets in the
concerned subclass. 1-safe Petri nets, whose complexity ofthe reachability prob-
lem was given by Cheng, Esparza and Palsberg in [4] is an example of this.

• State equation technique In these subclasses, the reachability question is stud-
ied in terms of a system of equations. For general Petri nets,existence of solu-
tion to this system of equations is a necessary condition. Properties satisfied by
Petri nets in these subclasses are then used to prove that it is also sufficient and
thus, the reachability problem is reduced to checking feasibility of a system of
equations. Normal Petri nets, introduced by Yamasaki in [33] is an example of
this type of subclass. Howell, Rosier and Yen established the complexity of the
reachability problem in Normal Petri nets and the closely related Sinkless Petri
nets in their paper [12].

• Linear algebraic techniques In these subclasses, results from linear algebra are
used to reason about Petri nets. Live T-systems, which are studied in [6], is an
example of this. Linear algebraic techniques have also beenapplied successfully
to other problems related to Petri nets. [23] contains many such results. [19] by
Lautenbach, [5] by Desel and [31] by Silva et. al. are good references for uses
of linear algebraic techniques and linear programming in Petri net theory.

• Other advanced algebraic techniques In [3], Cardoza, Lipton and Meyer
used results from ring of polynomials to establish the complexity of the reacha-
bility problem in a subclass of Petri nets called reversiblenets.

1.1 Organization of the thesis

Rest of this thesis is organized as follows. Section1.2 introduces the notations used
throught this thesis and gives some preliminary definitions. This is followed by a result
known as exchange lemma in section1.3. In section1.4, we mention the complexity
classes that arise in connection with the reachability problem in various subclasses of
Petri nets.

Chapter2 studies various subclasses of Petri nets and their complexity of the reach-
ability problem. Each section of this chapter is dedicated to a subclass or a family of
closely related subclasses. The sections have been orderedin increasing order of the
complexity of the respective reachability problem.

In Chapter3, the concept of S-Variants is introduced. Some subclasses of Petri nets
are identified based on properties pertaining to S-Variantsand the complexity of the
reachability problem in these subclasses is studied.

Chapter4 concludes with a summary of the results and some potential directions
for further work.
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1.2. Notation and preliminaries

1.2 Notation and preliminaries

LetZ be the set of integers,Z0+ the set of natural numbers andZ+ the set of positive
integers. Afinite Petri net is a 4-tupleN = (P, T,Pre,Post) where:

• P is a set ofm places,

• T is a set ofn transitions,

• Pre andPost are the incidence functions:

Pre : P × T → [0..D] (representing arcs going from places to transitions),

Post : P × T → [0..D] (representing arcs going from transitions to places).

If t ∈ T is a transition, by•t, we denote the set of places that have arcs leading tot,
i.e.,•t = {p ∈ P | Pre(p, t) 6= 0}. •t is called the set ofinput placesof t. Similarly,t•

denotes theoutput placesof t: t• = {p ∈ P | Post(p, t) 6= 0}. The input and output
transitions of a placep (•p andp• respectively) are defined similarly. For a subset
T ′ ⊆ T of transitions,•T ′ (T ′•) denotes the union of input places (output places) of all
transitions inT ′. The set of input and output transitions of a subsetP ′ ⊆ P of places
is defined similarly.

For the purpose of complexity analysis, we assume the Petri net is presented as two
matrices, one forPre and one forPost . This has size2mnd bits, whered is defined to
be log D. Them × n incidence matrixof the netN = [nij ] (1 ≤ i ≤ m, 1 ≤ j ≤ n)
is given bynij = Post(pi, tj)− Pre(pi, tj).

A function M : P → Z0+ is called amarking. A net system(N , M0, Mf) is a
Petri netN with an initial markingM0 and a final markingMf . A transitiont ∈ T is
enabledat markingM iff for all p ∈ P : M(p) ≥ Pre(p, t). If t ∈ T is enabled at
a markingM , thent may befired yielding a new markingM ′ given by the equation
M ′(p) = M(p)− Pre(p, t) + Post(p, t) for all p ∈ P or M ′ = M + Nt, wheret is

the characteristic vector of the transitiont. M
t
→M ′ denotes thatM ′ is reached from

M by firing t. For a subsetS ⊆ P of places,M(S) denotes the sum of tokens in places
of S underM : M(S) =

∑

p∈S M(p).
A finite sequence of transitions,σ = t1t2 . . . tr is afinite firing sequenceof (N , M0, Mf )

iff there exist markingsM1, M2, . . . , Mr such that∀i, 1 ≤ i ≤ r : Mi−1

ti→Mi. Its
Parikh vectorσ : T → Z0+ has as thei’th component the number of occurrences inσ
of transitionti. In the above case, we haveMr = M0 +Nσ. We will also useσ(U) to
denote the number of occurrences inσ of transitions from a subset of transitionsU . For
a firing sequenceσ, A(σ) is called the alphabet ofσ and denotes the set of transitions
occurring inσ.

We say that the markingMr is reachablefrom M0 by firing σ: M0

σ
→Mr. The

reachability setR(N , M0) = {M : P → Z0+ | ∃ finite firing sequenceσ : M0

σ
→M}

denotes the set of all markings reachable fromM0.

Definition 1 (Reachability problem). Given a net system(N , M0, Mf), the reachabil-
ity problem is to decide ifMf ∈ R(N , M0). Let m0 = log M0 andmf = log Mf .
From the discussion above, it is clear that the input to the problem is of sizeN =
2mnd + m0 + mf bits.
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1.2. Notation and preliminaries

We now introduce some vector notation which is convenient for studying Petri nets.
We will use1 to denote a vector of all1’s: the dimension of the vector will be clear
from the context. Similarly0 denotes a vector of all0’s. If T is a finite set andU ⊆ T ,
thene[U ] is the characteristic vector which has entry1 in components corresponding
to elements ofU and0 entries everywhere else. For two vectorsX andY with n
components,X ≥ Y means that for1 ≤ i ≤ n, X(i) ≥ Y(i). X > Y means that
X ≥ Y andX 6= Y. X ≤ Y andX < Y are similarly defined.

S-invariants and T-invariants of a Petri net are useful in analysis of many properties.
These are fundamental in nature and used widely in analysis of Petri nets.

Definition 2 (S-invariant). SupposeN = (P, T,Pre,Post) is a Petri net. An integer
vector (mapping)K : P → Z is a S-invariant iff for allt ∈ T ,

∑

p∈P

K(p) (Post(p, t)− Pre(p, t)) = 0 .

Informally, a S-invariant is a linear combination of numberof tokens in each place
such that its value doesn’t change when transitions fire.

Definition 3 (T-invariant). SupposeN = (P, T,Pre,Post) is a Petri net. An integer
vector (mapping)J : T → Z is a T-invariant iff for allp ∈ P ,

∑

t∈T

J(t) (Post(p, t)− Pre(p, t)) = 0 .

If all entries of a T-invariantJ are non-negative (positive), then it is called asemi-
positive(resp. positive) T-invariant. If σ is a finite firing sequence of(N , M0, Mf )

with Parikh vectorσ = J, then, by definition of T-invariant, we getM0

σ
→M0. Thus,

semi-positive and positive T-invariants denote firing sequences whose net effect is zero
on every place.

Sometimes, we will view Petri nets as special graphs. It willbe convenient to
extend of the concept of paths and circuits to Petri nets as well.

Definition 4. SupposeN = (P, T,Pre,Post) is a Petri net. A nonempty sequence
x1x2 . . . xk of nodes is a path ofN if for all 1 ≤ i < k, it satisfies

xi is a place⇒ Pre(xi, xi+1) 6= 0

and
xi is a transition⇒ Post(xi+1, xi) 6= 0 .

A path leading from a nodex to a nodey is a circuit if no element occurs more than
once and eitherPost(x, y) 6= 0 (if x is a place) orPre(y, x) 6= 0 (if x is a transition).
If γ is a circuit,Pγ denotes the set of places inγ.

If we ignore directions of arcs and treat places and transitions as vertices, we will
get the underlying undirected graph of a Petri net. Throughtthis thesis, we only deal
with Petri nets whose underlying undirected graph has one connected component.
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1.3. Exchange Lemma

1.3 Exchange Lemma

Firing sequences do not provide full information about the causal relationship between
transition firings. If a markingM enables a sequencet1t2, it is not necessarily the case
thatt2 can be fired only aftert1. If •t1 ∪ t1

• and•t2 ∪ t2
• are disjoint, thent2t1 is also

enabled atM . TheExchange Lemma given in [6] provides a more general condition
under which transitions of a firing sequence can be exchanged. We reproduce it here
without proof.

Lemma 1 (Lemma 2.14 in [6]). Let U andV be disjoint subsets of transitions of a
Petri net satisfying•U ∩ V • = ∅. Letσ be a firing sequence such thatA(σ) ⊆ U ∪ V ,

whereA(σ) denotes the alphabet ofσ. If M
σ
→M ′, thenM

σ|Uσ|V
→ M ′.

1.4 Complexity classes

In this thesis, we study the complexity of the reachability problem in different sub
classes of Petri nets. For each class of Petri nets, we give anupper bound and/or a
lower bound for the reachability problem in that class. Upper bound will be given by
giving an algorithm to solve reachability in a class of Petrinets and proving that the
algorithm is in some complexity class. Lower bound will be given by proving that
reachability problem for a class of Petri nets is hard for some complexity class.

Below is a list of complexity classes used in this thesis.

• NL : Non deterministic logarithmic space.

• NLIN : Non deterministic linear space.

• P: Deterministic polynomial time.

• NP: Non deterministic polynomial time.

• PSPACE: Deterministic polynomial space.

• EXPTIME : Deterministic exponential time.

• EXPSPACE: Deterministic exponential space.

5



Chapter 2

Structural and behavioural
restrictions

Structural and behavioural restrictions can be imposed on Petri nets to get efficient
reachability algorithms. In this chapter, we will study several such restrictions and see
the complexity of the reachability problem for the resulting subclass of Petri nets.

2.1 S-systems

In this section, we study a simple class of Petri nets calledS-systems. We will prove
that reachability problem for S-systems isNL -hard.

S-systems are those Petri nets where every transition has exactly one input place
and one output place.

Definition 5 (S-systems). A Petri netN = (P, T,Pre,Post) is a S-net iff |•t| =
1 = |t•| for every transitiont and the range ofPre andPost is {0, 1}. A net system
(N , M0, Mf ) is a S-system iffN is a S-net.

If M0 puts one token in exactly one place and zero tokens in all other places, the
S-system(N , M0, Mf) can be thought of as a finite state automaton over the alphabet
T with set of statesP . For this reason, S-systems with1 token are also calledstate
machine graphs.

The fundamental property of S-systems is that all reachablemarkings have the same
total number of tokens as the initial marking.

Proposition 1 (Proposition 3.2 in [6]). LetN = (P, T,Pre,Post) be a S-net andM0

an initial marking. IfM is a reachable marking, thenM0(P ) = M(P ).

Proof. SinceN is a S-net, the occurrence of a transition removes a token from one
place and adds a token to one place (these two places may be thesame). So the total
number of tokens remains unchanged.

6



2.1. S-systems

2.1.1 Lower bound

Now, we will prove that reachability problem for S-systems is NL -hard. For this, we
will reduce the well knownNL -hard problem directed s-t connectivity (see e.g., [25])
to reachability in S-systems.

Theorem 1. The reachability problem for S-systems isNL-hard.

Proof. We will reduce directed s-t connectivity problem to reachability in S-systems.
SupposeG = (V, E) is a directed graph with set of verticesV and edgesE. Suppose
s andu are two vertices and we are to determine if there is a path froms to u.

Define a Petri netN = (P, T,Pre,Post) as follows. P = V and T = E.
Pre(p, t) = 1 iff there is ap′ ∈ V such thatt = (p, p′) ∈ E, andPre(p, t) = 0
otherwise. Post(p, t) = 1 iff there is ap′ ∈ V such thatt = (p′, p) ∈ E, and
Post(p, t) = 0 otherwise. It is easy to see thatN is a S-net. Define initial marking
M0 asM0(s) = 1 andM0(p) = 0 if p 6= s. Define final markingMf asMf(u) = 1
andMf (p) = 0 if p 6= u. It is easy to see thatu is reachable froms in G iff Mf is
reachable fromM0 in (N , M0, Mf ). It is also easy to see that(N , M0, Mf) can be
computed fromG = (V, E) in logarithmic space. Since the constructed net system has
1 token, this hardness proof holds for state machine graphs also.

2.1.2 Shortest sequence

Now, we will look at a result that guarantees the existence of“short” firing sequences
that reach reachable markings. These results are proved in [6] and play an important
role in establishing upper bound of reachability in S-systems.

Lemma 2 (Lemma 3.10 in [6]). LetN = (P, T,Pre,Post) be a S-net,M a marking
ofN , andX : T → Z0+ a vector such thatM + N · X ≥ 0. If every circuit ofN
contains a transitiont such thatX(t) = 0, then there is a firing sequenceσ such that
M

σ
→M ′ andσ = X.

Proof. We proceed by induction on|X|, the sum of entries inX.
Base. If |X| = 0 thenX = 0. We can takeσ = ǫ, the empty sequence.
Step. |X| ≥ 1. Let 〈X〉 denote the set of transitionst satisfyingX(t) > 0. We

claim that a transition of〈X〉 is enabled atM .
SinceT is finite and every circuit contains a transition that doesn’t belong to〈X〉,

there is a places such that some transitiont ∈ s• belongs to〈X〉 but no transition in
•s belongs to〈X〉. SinceM + N ·X ≥ 0 by assumption, we have

0 ≤ M(s) +
∑

u∈•s X(u)−
∑

u∈s• X(u)
= M(s)−

∑

u∈s• X(u) (•s ∩ 〈X〉 = ∅)
≤ M(s)−X(t) (t ∈ s•)

SinceX(t) > 0, we haveM(s) > 0, and thereforet is enabled atM , which proves the
claim.

Let M
t
→M ′′. ThenM ′′ + N · (X − e[t]) = M + N · X ≥ 0. We can apply

the induction hypothesis to(X − e[t]), which yields a sequenceM ′′ τ
→M ′ satisfying

τ = X− e[t]. Takingσ = tτ , the result follows.
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2.1. S-systems

Theorem 2 (Theorem 3.11 in [6]). SupposeN = (P, T,Pre,Post) is a S-net withn
transitions. SupposeM0 is an initial marking withM0(P ) = b. If M is a reachable
marking then there exists a firing sequenceσ of length at mostb ·n such thatM0

σ
→M .

Proof. Let X ≥ 0 be an integer-valued solution of the system of equationsM0 + N ·
X = M . Such a solution exists sinceM is reachable fromM0. Assume further thatX
is minimal with respect to the order≤.

We claim that〈X〉 doesn’t contain the set of transitions of any circuit ofN . Sup-
pose thatX(t) > 0 for all transitionst of some circuitγ. Then, fromX, we can
remove one occurrence each of every transition inγ to get another vectorY such that
M0 +N ·Y = M (this is possible since every transition has exactly one input and one
output place). ThenY < X, contradicting the minimality ofX. This proves the claim.

By Lemma2, there is a firing sequenceσ such thatM0

σ
→M andσ = X. We will

prove that no transition occurs more thanb times inσ, which implies the result of this
theorem.

Let t be an arbitrary transition of the alphabetA(σ) of σ. Define

U = {u ∈ A(σ) | there is a pathu . . . t containing only transitions ofA(σ)}

V = A(σ) \ U

We claim that•U ∩V • = ∅. Otherwise, we end up with a contradiction as follows.
Supposep ∈ •U ∩V •. Then, there is a transitiontv ∈ V such thatp ∈ tv

•. Also, there
is a transitiontu ∈ U such thatp ∈ •tu. This means there is a pathtv . . . tu . . . t con-
taining only transitions ofA(σ), contradicting the definitions ofU andV . Therefore,
•U ∩ V • = ∅.

By definition, we also have thatU andV are disjoint andA(σ) ⊆ U ∪ V . Now we
can apply the Exchange Lemma, and conclude that the sequenceσ|U is also enabled at
M0.

By definition,t ∈ U . Lets be the unique place int•. Since no circuit contains only
transitions ofA(σ), no transition ins• belongs toU . So no transition ofs• occurs in
σ|U . Since no place ofN has more thanb tokens in any marking reachable fromM0

(Proposition1) andt ∈ •s, we can infer thatt occurs at mostb times inσ|U . Therefore,
t occurs at mostb times inσ, which finishes the proof.

2.1.3 Upper bound

We are now ready to give an upper bound for reachability in S-systems. Algorithm1 is
a non deterministic algorithm that decides whether a given target marking is reachable
from a given initial marking in the given S-net.

Claim 1. Suppose(N , M0, Mf ) is a S-system whereMf is reachable. Then at least
one execution path of Algorithm1 accepts. IfMf is not reachable, then no execution
path of Algorithm1 accepts.

Proof. If Mf is reachable, by Theorem2, there is a firing sequenceσ of length at most
n · b such thatM0

σ
→Mf . The execution path of Algorithm1 that guessesσ will accept.

If Mf is not reachable, then the test in line9 of Algorithm 1 always fails in any
execution path. Hence, in this case, all execution paths reject.

8



2.2. T-systems

Require: Net System(N , M0, Mf) is a S-system.
1: Let b = M0(P ).
2: Let n = number of transitions inN .
3: Let i = 1.
4: Let currentMarking = M0.
5: while i ≤ n · b do
6: i← i + 1. Non deterministically guess a transitiont.
7: If t is not enabled incurrentMarking , halt and reject.
8: If t is enabled incurrentMarking, currentMarking ← currentMarking +N ·

e[t].
9: if currentMarking = Mf then

10: Halt and accept.
11: else
12: Continue with the loop.
13: end if
14: end while
15: We never reachedMf in the above loop. Halt and reject.
Ensure: Accept ifMf is reachable formM0, reject otherwise.

Algorithm 1: Reachability algorithm for S-systems

Claim 2. Algorithm1 runs in linear space.

Proof. Input to the algorithm requires2mn + m0 + mf bits. Sincelog b ≤ m0,
space needed for the variablei is log n + m0 bits. Space required for the variable
currentMarking is m0 bits. Space needed to guess a transition islog n bits and space
needed for updatingcurrentMarking is m0 bits. Hence, the whole algorithm runs in
linear space.

Claim1 and Claim2 imply that reachability problem for S-systems is inNLIN . For
a state machine graph, there is only one token in any marking.Hence,b is Algorithm
1 is 1. Therefore, variablei needs onlylog n bits. Also in this case,currentMarking

can be represented inlog m bits (just store the place in which the token is present).
This will make Algorithm1 run in log space. Along with Theorem1, this implies that
reachability problem for state machine graphs isNL -complete.

2.2 T-systems

Here, we study a class of Petri nets calledT-systems. A Petri net where every place has
exactly one input and one output transition is called a T-system.

Definition 6. SupposeN = (P, T,Pre,Post) is a Petri net.N is defined to be a T-net
iff for every placep, |•p| = |p•| = 1 and the range ofPre andPost is {0, 1}. A net
system(N , M0, Mf ) is a T-system iffN is a T-net.

We will study the complexity of reachability in a subclass ofT-systems calledlive
T-systems.
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2.2. T-systems

Definition 7. SupposeN = (P, T,Pre,Post) is a Petri net. The net system(N , M0, Mf)
is a live system iff, for every reachable markingM and every transitiont, there exists
a markingM ′ reachable fromM such thatM ′ enablest.

If γ is a circuit andM is a marking of some Petri netN , M(γ) denotes the number
of tokensM puts in the places ofγ. The following result from [6] demonstrates a
fundamental property of T-systems.

Proposition 2(Proposition 3.14 in [6]). Supposeγ is a circuit of a T-system(N , M0, Mf ).
For every reachable markingM , M(γ) = M0(γ).

Proof. Let t be a transition. Ift does not belong toγ, then the firing oft doesn’t change
the number of tokens of any place inγ sinceN is a T-net. Ift is in γ, then exactly
one input place and one output place oft are inγ. So the firing oft removes one token
from a place inγ and adds one token to a place inγ. In both cases, the token count of
γ doesn’t change.

If in a net system(N , M0, Mf ), there is a circuitγ such thatM0(γ) = 0, then from
Proposition2, γ is never marked in any reachable marking and hence no transition in γ
is ever enabled. Thus, we can conclude that in a live T-system, every circuit is initially
marked.

T-invariants of T-nets have a special property. This property will also be used in the
study of complexity of reachability problem in T-systems.

Proposition 3 (Proposition 3.16 in [6]). SupposeN = (P, T,Pre,Post) is a T-net. A
vectorJ : T → Z is a T-invariant iffJ = (x, . . . , x) for somex.

Proof. SinceN is a T-net, every placep has exactly one input transitiontp and one
output transitiont′p. Therefore

∑

t∈T

J(t)(Post(p, t)− Pre(p, t)) = J(t′p)− J(tp) .

It follows thatJ is a T-invariant iffJ(t′p) = J(tp) for every placep. This is the case iff
J(t) = J(t′) for every two transitionst andt′; in other words, iff there exists a number
x such thatJ(t) = x for every transitiont ofN .

Another concept used in reachability analysis is the following relationship between
two markings of a Petri net.

Definition 8 (Definition 2.32 in [6]). SupposeN = (P, T,Pre,Post) is a Petri net
andK is an arbitrary rational valued vector that satisfies for alltransitionst ∈ T the
following equation:

∑

p∈P

K(P )(Post(p, t)− Pre(p, t)) = 0 (2.1)

Two markingsM andL of N are said to agree on all S-invariants ifK ·M = K · L
for every rational valued vectorK that satisfies (2.1).

10



2.2. T-systems

The following result from [6] characterizes markings that agree on all S-invariants.

Theorem 3(Theorem 2.34 in [6]). SupposeN = (P, T,Pre,Post) is a Petri net. Two
markingsM andL ofN agree on all S-invariants iff the equationM +N ·X = L has
some rational-valued solution forX.

Proof. (⇒): SinceM and L agree on all S-invariants, they also agree on a basis
{K1, . . . ,Kf} of the solution space of (2.1). For every vectorKj of this basis we
haveKj · (L − M) = 0. A well known theorem of linear algebra states that the
columns ofN include a basis of the space of solutions of the homogeneous system

Kj ·X = 0 (1 ≤ j ≤ f) .

Therefore,(L −M) is a rational linear combination of these columns, i.e.,N · X =
(L−M) has some rational valued solution forX.

(⇐): LetK be any rational valued vector satisfying (2.1). Then we haveK ·N = 0

and hence
K · L = K ·M + K ·N ·X = K ·M .

2.2.1 Upper bound for live T-systems

Now, we are ready to give an upper bound on complexity of reachability problem
in live T-systems. The following result from [6] gives a characterization of reachable
markings, from which we can easily get a polynomial time algorithm for solving reach-
ability.

Theorem 4 (Theorem 3.21 in [6]). Suppose(N , M0, Mf) is a live T-system.Mf is
reachable iff it agrees withM0 on all S-invariants.

Proof. (⇒): Straightforward application of (2.1).
(⇐): Theorem3 implies that there exists a rational valued vectorX satisfying

Mf = M0 + N · X. SinceJ = (1, . . . , 1) is a T-invariant (Proposition3), we have
N · (X + λJ) = N ·X for everyλ. Therefore, we can further assume thatX ≥ 0.

Let T denote the set of transitions ofN . The proof is divided into two steps:

1. There exists a vectorY : T → Z0+ such thatMf = M0 + N ·Y.

Define Y by Y(t) = ⌈X(t)⌉ for every transitiont, where, given a rational
numberx, ⌈x⌉ denotes the smallest integer greater than or equal tox. Since
Mf = M0 + N ·X, we have for every placep:

Mf(p) = M0(p) + X(t1)−X(t2)

wheret1 is the unique transition in•p andt2 is the unique transition inp•.

Since bothMf(p) andM0(p) are integer valued,X(t1) − X(t2) is an integer.
By the definition ofY, we haveX(t1)−X(t2) = Y(t1)−Y(t2). So

Mf (p) = M0(p) + Y(t1)−Y(t2)

and henceMf = M0 + N ·Y.

11



2.3. Sinkless Petri nets

2. M0

∗
→Mf

By induction on|Y|, the sum of entries of the vectorY defined in part 1.

Base. |Y| = 0. ThenY = 0 andMf = M0.

Step. |Y| ≥ 1. We first show that some transition ofsupport(Y) is enabled at
M0. Let PY be the set of places in•support(Y) that are unmarked atM0.

If a placep ∈ PY has an input transition that belongs tosupport(Y), then, since
p is unmarked atM0 andM0 +N ·Y = Mf ≥ 0, some transition in•p belongs
to support(Y) as well.

Every circuit ofN is marked atM0 because the system(N , M0, Mf) is live.
Therefore, there exists a path of maximal length containingonly places ofPY

and transitions ofsupport(Y). Since, as shown above, every place ofPY has an
input transition that belongs to•support(Y), the path begins with a transition
t ∈ •support(Y). Moreover, no input place oft belongs toPY because the
path has maximal length. Therefore, every input place oft is marked atM0, and
hencet is enabled.

Let M0

t
→M1. Then,M1 + N · (Y − e[t]) = Mf . Since|Y − e[t]| < |Y|,

we can apply the induction hypothesis toM1. So, M1

∗
→Mf . It follows that

M0

t
→M1

∗
→Mf , which impliesM0

∗
→Mf .

It is now easy to get a polynomial time algorithm for solving reachability problem
in live T-Systems. Suppose(N , M0, Mf) is the given live T-System. From Theorem4,
we have thatMf is reachable iffMf andM0 agree on all S-invariants. Theorem3 then
implies thatMf is reachable iff there is a rational valued solutionX for the system of
equationsM0 + N · X = Mf . This can be easily checked by Gaussian elimination
method. Thus, we conclude that reachability problem for live T-Systems is inP.

2.3 Sinkless Petri nets

S-Systems and T-Systems we have studied till now have simplestructure and are very
restrictive in terms of their expressive power. Now, we willrelax the requirements
on structure a little and obtain a more general class of Petrinets whose reachability
problem isNP-complete.

The most general class of Petri nets we study in this section is Sinkless Petri nets.
We start with simpler classes of Petri nets calledcircuit freePetri nets andconflict free
Petri nets and develop the idea progressively. We begin withthe definitions.

Definition 9. A Petri netN = (P, T,Pre,Post) is defined to be circuit free iff
N doesn’t have any circuits and range ofPre and Post is {0, 1}. A net system
(N , M0, Mf ) is called circuit free iffN is circuit free.

Definition 10. A Petri netN = (P, T,Pre,Post) is defined to be conflict free iff

1. Range ofPre andPost is {0, 1}.

12



2.3. Sinkless Petri nets

2. For every placep for which there are at–least two transitionst1 and t2 with
p ∈ •t1 ∩ •t2, we also havep ∈ t1

• ∩ t2
•.

Informally, in any marking of a conflict free Petri net, if transitionst1 andt2 are
enabled,t2 is enabled even aftert1 fires.

If γ is a circuit in a Petri netN , let Pγ denote the set of places inγ.

Definition 11. SupposeN = (P, T,Pre,Post) is a Petri net andγ is a circuit ofN .
γ is defined to be a minimal circuit iffPγ doesn’t properly include the set of places of
any other circuit.

Definition 12. Suppose(N , M0, Mf) is a net system andγ is a circuit inN . γ is said
to have asink iff there are reachable markingsM ,M ′ and a firing sequenceσ such that
M(Pγ) 6= 0, M

σ
→M ′ andM ′(Pγ) = 0. γ is said to besinklessiff it doesn’t have a

sink. The net system(N , M0, Mf) is sinkless iff each of its minimal circuits is sinkless
and range ofPre andPost is {0, 1}.

Reachability algorithm for all the classes of Petri nets studied in this section are
based on the following idea. Suppose(N , M0, Mf) is a net system andMf is reach-
able. Ifσ is a firing sequence such thatMo

σ
→Mf , σ is a positive integral solution for

X in the system of equations

M0 + N ·X = Mf (2.2)

If a structural and/or behavioural property ofN implies that existence of positive inte-
gral solution to (2.2) is also sufficient, then reachability problem reduces to checking
if there is a positive integral solution to (2.2). This is an instance of integer linear
programming and hence is inNP.

2.3.1 Circuitless Petri nets

Circuit free Petri nets are a simple class of Petri nets whereexistence of positive integral
solution to (2.2) is a necessary and sufficient condition for reachability. We will start
with its simple proof and then move onto more complicated proofs for other classes of
Petri nets.

Theorem 5 (Theorem 16 in [24]). Suppose(N , M0, Mf ) is a circuit free net system.
Mf is reachable iff there exists a nonnegative integral solutionX satisfying(2.2).

Proof. Only sufficiency remains to be shown. Suppose there exists such a solution
X. Let NX denote the sub net ofN consisting of transitionst such thatX(t) >
0, together with their input and output places and their connecting arcs. LetM0X

(MfX) denote the sub vector ofM0 (Mf ) for places inNX . Consider the net system
(NX , M0X , MfX) that is circuit free. We claim that at least one transitiont is enabled
atM0X .

Suppose for contradiction’s sake that all transitions are disabled atM0X . Let t be
any transition andp ∈ •t be an input place that doesn’t have enough tokens to enable
t at M0X . If p has any input transitiont1, t1 is also disabled atM0X . Let p1 ∈ •t1

13



2.3. Sinkless Petri nets

be an input place oft1 that doesn’t have enough tokens to enablet1. If p1 has any
input transitiont2, t2 is also disabled atM0X . Since there are finitely many places and
transitions andN doesn’t have circuits, this backtracking ends up at a token free place
p that doesn’t have any input transitions but has at least one output transitiont. Since
p doesn’t have input transitions, it will never receive any tokens. SinceX(t) > 0 and
firing of t takes away a token fromp, this contradicts the fact thatMf ≥ 0. Thus, at
least one transitiont is enabled atM0X .

Now, fire t. Let the resulting marking beM ′ = M0 + N · e[t]. If X′ = X− e[t],
Mf = M ′ +N ·X′, and the sub netNX′ is circuit free. Repeat the above process until
X′ becomes0. This process will terminate in a finite number of steps sinceall entries
of X are finite. This proves thatMf is reachable.

2.3.2 Conflict free Petri nets

Now, we will prove that reachability problem for conflict free Petri nets isNP hard.
This was first proven by Jones, Landweber and Lien in [13].

Theorem 6(Theorem 2.6 in [13]). The reachability problem for conflict free Petri nets
is NP hard.

Proof. We will reduce CNF-SAT problem to reachability problem for conflict free Petri
nets. LetF = C1 ∧ C2 ∧ · · · ∧ Cr be a CNF formula where eachCi is a disjunction
of (some of) the variablesx1, . . . , xs and their negationsx1, . . . , xs. We construct a
Petri netNF = (P, T,Pre,Post) with P = {x1, . . . , xs, C1, . . . , Cr}, i.e., one place
each for each clause and one place for each variable ofF . The set of transitions is
T = {t1, . . . , ts, t′1, . . . , t

′
s, tC1, . . . , tCr}. Pre andPost are defined as follows:

• Pre(Ci, tCi) = 1 for 1 ≤ i ≤ r. Pre(p, t) = 0 for all other cases.

• Post(xi, ti) = 1 = Post(xi, t
′
i) for 1 ≤ i ≤ s. Post(x, t) = Post(x, t′) = 0

for all other cases.

• Post(Ci, tj) = 1 if variablexj appears in clauseCi. Post(Ci, t
′
j) = 1 if xj

appears in clauseCi. Post(C, t) = 0 in all other cases.

Initial markingM0 is given byM0(p) = 0 for all placesp. Final markingMf is given
by Mf(p) = 1 for all placesp.

If there is an assignment satisfyingF , we can prove thatMf is reachable fromM0

as follows. If the satisfying assignment setsxi to true,ti can fire, putting one token in
placexi and one token each in all those placesCj wherexi appears inCj . If xi is set to
false,t′i can fire, putting one token in placexi and one token each in all those placesCj

wherexi appears inCj . Thus, if a satisfying assignment exists, we can fire transitions
ti, t

′
i such that each placexi receives exactly one token and each placeCj receives

at least one token. Extra tokens inCj can then be removed by firingtCj as needed.
Therefore, ifF is satisfiable, there is at–least one firing sequence throughwhich final
markingMf is reachable fromM0.

On the other hand, supposeMf is reachable fromM0. If M0

σ
→Mf , then for each

i, 1 ≤ i ≤ s, exactly one ofti, t′i is fired in σ. If neither of them are fired, the
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2.3. Sinkless Petri nets

placexi will not have any tokens afterσ fires, a contradiction. If bothti andt′i fire or if
one/both of them fire more than once, the placexi will have more than one token, again
a contradiction (note that there are no transitions that cantake away tokens from place
xi). Now, consider the assignment that assigns true to the variablexi if transition ti
fires inσ, and assigns false to the variablexi if transitiont′i fires inσ. This assignment
satisfies all the clauses ofF (otherwise, if clauseCj is not satisfied, the placeCj will
not have any tokens afterσ fires, a contradiction).

Therefore,F is satisfiable iffMf is reachable fromM0 in the Petri netNF . It is
also easy to see thatNF , M0 andMf can be constructed fromF in polynomial time.
Since the constructed net is conflict free, it follows that reachability problem in conflict
free Petri nets inNP hard.

2.3.3 Upper bound for Sinkless Petri nets

We will now give upper bounds for reachability problem in conflict free Petri nets and
sinkless Petri nets. Sinkless Petri nets were introduced byYamasaki in [33]. Howell
and Rosier [11] gave aNP algorithm for solving reachability in conflict free Petri nets.
It was followed by Howell, Rosier and Yen’sNP algorithm for solving reachability
in normal and sinkless Petri nets [12]. Normal Petri nets are those that behave like
sinkless Petri nets for all initial markings. Hence, normalPetri nets form a subclass
within sinkless Petri nets. Since conflict free Petri nets are a subclass of normal Petri
nets (see [18]), we will directly study the algorithm for normal and sinkless Petri nets.

In all the results that follow,ordinary petri netsmean those Petri nets for which
range ofPre andPost is {0, 1}. Following three results from [33] establish the funda-
mental properties based on which algorithm for reachability in sinkless Petri nets are
developed.

Lemma 3 (Lemma 3.1 in [33]). SupposeN = (P, T,Pre,Post) is an ordinary Petri
net andM0 is an initial marking. Letσ be a firing sequence such thatM0 +N ·σ ≥ 0

and no transition occurring inσ is enabled inM0. Then there exists a token free circuit
γ = p1t1 . . . prtrp1 such thatσ ≥ τ whereτ = t1 . . . tr.

Proof. Let t be a transition occurring inσ. Sincet is not enabled inM0, there exists
a placep such thatM0(p) = 0 andp ∈ •t. SinceM0 + N · σ ≥ 0 andt occurs in
σ, there must be another transitiont′ ∈ •p that also occurs inσ. Sincet′ is also not
enabled inM0, we will have another token free placep′ ∈ •t′ and so on. Since there
are finitely many places and transitions, this backtrackingwill stop when we reach back
p. Consequently, we can get a token free circuitγ = p1t1 . . . prtrp1 such thatσ ≥ τ
whereτ = t1 . . . tr.

Lemma 4 (Lemma 3.2 in [33]). SupposeN = (P, T,Pre,Post) is an ordinary Petri
net andM0 is an initial marking. For every finite firing sequenceσ, a rearrangement
of σ is enabled atM0 if

1. M0 + N · σ ≥ 0.

2. For each firing sequenceη enabled atM0 and each circuitγ = p1t1 . . . prtrp1

with τ = t1 . . . tr, if σ ≥ ητ , then the token count ofγ is non zero at the marking
M0 + N · η.
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2.3. Sinkless Petri nets

Proof. We proceed by induction on length ofσ. If σ = ǫ, the empty sequence, the
result is clear. Ifσ 6= ǫ, from Lemma3, there exists a transitiont that occurs inσ and
is enabled atM0. Letσ = utu′. Then(M0 +N ·e[t])+N ·uu′ ≥ 0, andM0 +N ·e[t]
anduu′ satisfy condition (2). By induction hypothesis, a rearrangementv of uu′ is
enabled atM0 + N · e[t]. Thus,tv is a rearrangement ofσ and is enabled atM0.

Lemma 5 (Theorem 3.3 in [33]). SupposeN = (P, T,Pre,Post) is an ordinary Petri
net andM0 is an initial marking. If there are no token free circuits in any reachable
marking, then the reachability set is given by

R(N , M0) = {M |M = M0 + N · σ for some firing sequenceσ}

Proof. By Lemma4, M is reachable fromM0 iff M = M0 + N · σ for some firing
sequenceσ.

Lemma5 requires that there be no token free circuit in any reachablemarking. As
seen in Definition12, sinkless net systems may have token free circuits. We are only
ensured that once a minimal circuit is marked, it will never be unmarked again. Howell,
Rosier and Yen [12] showed how to extend Lemma5 to sinkless Petri nets.

Lemma 6 (Lemma 4.2 in [12]). LetN = (P, T,Pre,Post) be a sinkless Petri net,
and letN ′ = (P, T ′,Pre ′,Post ′) be another Petri net such thatT ′ ⊆ T and Pre ′

(Post ′) is the restriction ofPre (Post ) to P × T ′. LetM0 be an initial marking ofN
andσ be a firing sequence ofN such thatM0

σ
→M and eacht ∈ T ′ is enabled at some

intermediate marking during firing ofσ fromM0. Then the netN ′ with initial marking
M doesn’t have any token free circuits in any reachable marking.

Proof. Suppose for contradiction’s sake that some reachable markingM ′ in R(N ′, M)
has a token free circuitγ′. SinceM ′ is reachable inN ′, it must also be reachable from

M in N . Let σσ′ be a firing sequence ofN such thatM0

σ
→M

σ′

→M ′. Also, sinceγ′ is
a circuit inN ′, it must also be a circuit inN . Thus, there must be a minimal circuitγ
ofN such thatPγ ⊆ Pγ′ . Clearly,M ′(γ) = 0. Letp be any place inγ, and lett be the
transition followingp in γ′. Sincet ∈ T ′, t must have been enabled at some marking
M ′′ reached during the firing ofσ from M0 in N . Thus,M ′′(p) > 0, soM ′′(γ) > 0.
SinceM ′(γ) = 0 andM ′ is reachable fromM ′′, γ has a sink - a contradiction.

SupposeN = (P, T,Pre,Post) is a sinkless Petri net,M0 an initial marking and
P = {p1, . . . , pm} andT = {t1, . . . , tn}. Let τ = tj1 · · · tjr

be any sequence of
distinct transitions fromT . In [12], characteristic system of inequalities forN , M0

andτ is defined asS(N , M0, τ) = S0 ∪ S1 ∪ · · · ∪ Sr, whereS0 = {x0 = M0},
Sh = {xh−1(i) ≥ Pre(pi, tjh

),xh = xh−1 + Nh · yh | 1 ≤ i ≤ m}, andNh is N

restricted to{tj1 , . . . , tjh
} for 1 ≤ h ≤ r. The variables inS are the components of

m dimensional column vectorsx0, . . . ,xr and theh dimensional column vectorsyh,
1 ≤ h ≤ r.

Lemma 7 (Lemma 4.3 in [12]). SupposeN = (P, T,Pre,Post) is a sinkless Petri
net andMo is an initial marking. LetM be any marking ofN . Then there is a firing
sequenceσ such thatM0

σ
→M iff there is some sequenceτ = tj1 · · · tjr

of distinct
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2.3. Sinkless Petri nets

transitions inT such thatS(N , M0, τ) has a non negative integer solution in which
xr = M . Furthermore,σ andτ can be chosen such thatσ = σ1 . . . σr, whereM0 =
x0

σ1→x1

σ2→· · ·
σr→xr = M , tjh

is enabled atxh−1, σh ∈ {tj1 , . . . , tjh
}∗, andyh(h′)

gives the number of timestjh′
occurs inσh, for 1 ≤ h′ < h ≤ r.

Proof. (⇒) Let M ∈ R(N , M0). Then for some firing sequenceσ, M0

σ
→M . Let

σ = σ1 . . . σr such that for1 ≤ h ≤ r, σh begins with some transitiontjh
that doesn’t

occur inσ1, . . . , σh−1 andσh contains only transitions from the set{tj1 , . . . , tjh
}. Let

τ = tj1 · · · tjr
. By lettingyh(h′) be the number of timestjh′

occurs inσh, 1 ≤ h′ ≤
h ≤ r, it is easily seen thatS(N , M0, τ) has a non negative integer solution for which
M0 = x0

σ1→x1

σ2→· · ·
σr→xr = M .

(⇐) We will show by induction onr that for any sequenceτr = tj1 · · · tjr
of r

distinct transitions fromT and any markingM , if S(N , M0, τr) has a non negative
integer solution for whichxr = M , thenM0 = x0

σ1→x1

σ2→· · ·
σr→xr = M such that

tjh
is enabled atxh−1, σh ∈ {tj1 , . . . , tjh

}∗, andtjh′
occursyh(h′) times inσh for

1 ≤ h′ ≤ h ≤ r. The lemma will then follow.
Base. Let r = 0. ThenS = (N , M0, τ0) = {x0 = M0}. Clearly, the only solution

to S is M0, andM0

ǫ
→M0.

Hypothesis. Let r be some positive integer, and assume that for any sequence of
distinct transitionsτ = tj1 · · · tjr−1

from T and any markingM , if S(N , M0, τr−1)

has a non negative integer solution in whichxr−1 = M , thenM0 = x0

σ1→x1

σ2→· · ·
σr−1

→ xr−1 =
M such thattjh

is enabled atxh−1, σh ∈ {tj1 , . . . , tjh
}∗, andtjh′

occursyh(h′) times
in σh for 1 ≤ h′ ≤ h ≤ r − 1.

Step. Let τr = tj1 · · · tjr
be a sequence of distinct transitions inT , M be any

marking ofN , τr−1 = tj1 . . . tjr−1
, andT ′ = {tj1 , . . . , tjr

}. ThenS(N , M0, τr) =
S(N , M0, τr−1)∪{xr−1(i) ≥ Pre(pi, tjr

),xr = xr−1 + Nr · yr | 1 ≤ i ≤ m}. Sup-
poseS(N , M0, τr) has a non negative integer solution in whichxr = M . Since
any solution ofS(N , M0, τr) is clearly a solution toS(N , M0, τr−1), from the in-

duction hypothesis,M0 = x0

σ1→x1

σ2→· · ·
σr−1

→ xr−1 such thattjh
is enabled atxh−1,

σh ∈ {tj1 , . . . , tjh
}∗, andtjh′

occursyh(h′) times inσh for 1 ≤ h′ ≤ h ≤ r − 1. Let
σ′ = σ1 . . . σr−1. Sincexr−1(i) ≥ Pre(pi, tjr

) for 1 ≤ i ≤ m, tjr
is enabled atxr−1.

Thus, eacht ∈ T ′ is enabled at some intermediate marking during firing ofσ′ from
M0. So from Lemma6, (P, T ′,Pre ′,Post ′) has no token free circuit in any mark-
ing reachable fromxr, wherePre ′ (Post ′) is Pre (Post ) restricted toP × T ′. Since
M = xr = xr−1 + Nr · yr for some non negative integer vectoryr, from Lemma
4, xr−1

σr→xr = M from someσr ∈ T ′∗ containingyr(h
′) occurrences oftjh′

for

1 ≤ h′ ≤ r. Thus,M0 = x0

σ1→x1

σ2→· · ·
σr→xr = M such thattjh

is enabled atxh−1,
σh ∈ {tj1 , . . . , tjh

}∗, andtjh′
occursyh(h′) times inσh for 1 ≤ h′ ≤ h ≤ r.

Now, we are ready to prove that reachability problem for sinkless Petri nets is in
NP.

Theorem 7(Theorem 4.2 in [12]). The reachability problem for sinkless (normal) Petri
nets isNP complete.

Proof. From Theorem6, the reachability problem for conflict free Petri nets isNP
hard. Since any conflict free Petri net is normal [18], it follows that the reachability
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2.4. Free choice Petri nets

problem for normal Petri nets isNP hard. Since any normal Petri net is sinkless, we
need only show that reachability problem for sinkless Petrinets is inNP. We use the
following non deterministic algorithm for deciding reachability in any given sinkless
net system(N , M0, Mf). First, guess a sequenceτ of r distinct transitions from the
set of transitionsT . Then constructS(N , M0, τ) in polynomial time. Next, construct
S = S(N , M0, τ) ∪ {xr = Mf}. Since integer linear programming is inNP, we can
guess a solution toS and verify it in polynomial time. ClearlyS has a non negative
integer solution iffS(N , M0, τ) has a non negative integer solution in whichxr = Mf .
From Lemma7, there is aτ such thatS(N , M0, τ) has a non negative integer solution
in which xr = Mf iff Mf ∈ R(N , M0). Therefore, the reachability problem for
sinkless (normal) Petri nets inNP complete.

Most of the results in this chapter are for ordinary Petri nets. As observed by
Yamasaki in [33], Lemma3, Lemma4, Lemma5 can be made to work with little
modifications for Petri nets where range ofPre is {0, 1} but range ofPost is Z0+.
Consequently, Lemma6, Lemma7 and Theorem7 also go through for such Petri nets.

2.4 Free choice Petri nets

In this chapter, we will look at free choice Petri nets. In [8], Esparza proved that
reachability in live and bounded free choice Petri nets isNP-complete.

Definition 13. A Petri netN = (P, T,Pre,Post) is afree choicePetri net ifPre(p, t) 6=
0 impliesPre(p′, t′) 6= 0 for anyp′ ∈ •t andt′ ∈ p•. A net system(N , Mi, Mf) if a
free choice net system iffN is a free choice Petri net. If, in addition, every reachable
marking of (N , M0, Mf) enables at least one transition, then it is called a live free
choice system. If, in addition, there exists a positive integerb such that every reachable
marking puts at mostb tokens in each place, then a live system(N , M0, Mf ) is called a
live and bounded free choice system. It is sometimes referred to as live andb-bounded
free choice system.

Free choice Petri nets as defined here are sometimes referredto as extended free
choice nets in the literature. In a free choice net, if transitionst1 andt2 have a common
input place andt1 is enabled at some marking, thent2 is enabled at that marking too.

The NP hardness lower bound for reachability in live and bounded free choice
Petri nets is divided into two parts. In the first part, the CNF-satisfiability problem is
reduced to what is called the constrained reachability problem of live and bounded free
choice Petri nets. In the second part, constrained reachability problem is reduced to the
reachability problem in live and bounded free choice Petri nets.

Definition 14 ( [8]). Theconstrained reachabilityproblem is defined as follows.
Given: A live and bounded free choice Petri net system(N , M0, Mf), two subsets

T=1 andT≥1 of transitions ofN .
To decide: Is there a firing sequenceσ such thatM0

σ
→Mf andσ contains each

transition ofT=1 exactly once and each transition ofT≥1 at least once?
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2.4. Free choice Petri nets

2.4.1 Lower bound for constrained reachability problem

Given a CNF formulaφ, a literal is a boolean variable or it’s negation. A clause isa
disjunction of literals andφ is the conjunction of clauses. A CNF formula is identified
with the set of clauses that appear in it. A clause is identified with the set of literals that
appear in it.

Given a CNF formulaφ = {C1, C2, . . . , Cc}, over variablesx1 . . . , xv, we assume
w.l.o.g. that no clause contains both a variable and it’s negation, and that for every
1 ≤ i ≤ v, there is a clause that contains eitherxi or xi. In [8], Esparza constructed
a system(N , M0, Mf ), two subsetsT=1 andT≥1 of transitions. N is constructed
in several steps. To begin with, we have the empty net. At eachstep, new places,
transitions or even new subnets are added toN .

txi fxi

xi

TCj UCj

Cj

Figure 2.1: The netNxi (left) andNCj (right)

Cj

TCj
UCj

txi

fxi

xi

xi in Cj

x̄i not inCj

Cj

TCj
UCj

txi

fxi

xi

xi not inCj

x̄i in Cj

Cj

TCj
UCj

txi

fxi

xi

xi not inCj

x̄i not inCj

Figure 2.2: Connection fromNxi to NCj

• For every variablexi, add toN the netNxi shown in Fig.2.1.
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2.4. Free choice Petri nets

Start

Ax1 Ax2 Axv

x1 x2 xv

C1 C2 Cc

End

Figure 2.3: Connection fromNC1,. . . ,NCm to Nx1, . . . ,Nxn
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2.4. Free choice Petri nets

• For every clauseCj , add toN the netNCj as shown in Fig.2.1.

• For each variablexi and every clauseCj , connect the netNxi to the netNCj as
shown in Fig.2.2, according to three possible cases: (1)xi appears inCj butxi

does not; (2)xi appears inCj but xi does not; (3) Neitherxi not xi appears in
Cj .

• Connect the placesC1, . . . , Cc to the placesx1, . . . , xv as shown in Fig.2.3.

This concludes the construction ofN . M0 andMf are both equal to the marking
that puts one token in the placeStart and no tokens anywhere else. Finally,T≥1 =
{TC1, . . . , TCc} andT=1 = {Ax1, . . . , Axv}.

It is a routine exercise to prove that(N , M0, Mf) constructed above is a live and
1-bounded free choice Petri net. The intuition behind this construction is briefly ex-
plained below. Letσ be a firing sequence of(N , M0, Mf ) in which transitions ofT=1

occur exactly once and transitions ofT≥1 occur at least once.

• The occurrence of the transitionAxi denotes thatxi is going to be assigned a
truth value.

• The netsNxi are used to determine the assignment of the variables. Sincethe
transitions of the setT=1 occur exactly once inσ, for every1 ≤ i ≤ v either
txi or fxi occurs inσ, but not both. In this way,σ determines a unique truth
assignmentAσ defined by:Aσ(xi) = true if txi occurs inσ, andAσ(xi) =
false if fxi occurs inσ.

• After assigning a value to a variable,σ updates the truth values of the clauses.
The connections between each pair of netsNxi andNCj are chosen with the
following intended meaning: the occurrence ofTCj in σ setsCj to true, while
occurrence ofUCj leaves it unchanged. Therefore,Cj is true underAσ iff the
transitionTCj occurs at least once inσ.

The following lemma follows from the above construction.

Lemma 8 ( [8]). Constrained reachability problem in live and bounded free choice
nets isNP-hard.

Proof. Given a CNF formulaφ, construct the corresponding system(N , M0, Mf) as
explained above. It is easy to see that this construction canbe done in polynomial time.

Suppose there is a firing sequenceM0

σ
→Mf satisfying the conditions of the prob-

lem. Since every transition ofT≥1 occurs at least once inσ, the truth assignmentAσ

makes all clauses true, which implies thatφ is satisfiable.
Conversely, letφ be a satisfiable formula. We take an assignment that makesφ true

and use it to construct a firing sequenceσ such thatM0

σ
→Mf andσ satisfies the condi-

tions of the problem. The sequenceσ is the concatenation of sequencesσ1, σ2, . . . , σv.
Eachσi starts with firing of one of the output transitions of the place Start, followed
by the correspondingAxi transition and the transitiontxi or fxi, according to the as-
signment, and ends with the transition End. Due to the way nets Nxi andNCj are
connected,σ contains every transition ofT≥1 at least once.
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2.4. Free choice Petri nets

2.4.2 Constrained reachability to reachability

We now see how to reduce constrained reachability to reachability problem in live
and bounded free choice Petri nets. Given a live and 1-bounded free choice system
(N , M0, Mf ), two subsets of transitionsT=1 andT≥1, Esparza [8] constructed a sys-
tem (N ′, M ′

0, M
′
f ) such thatMf is reachable fromM0 in N under the constraints

given byT=1 andT≥1 iff M ′
f is reachable fromM ′

0 in N ′.
In order to define(N ′, M ′

0, M
′
f ), some building blocks and a composition operation

is defined. The blocks are shown in Fig.2.4and Fig.2.5. The following two lemmata

t≥1

•

◦

• MarkingM≥1

0

◦ MarkingM≥1

Figure 2.4: The system(N≥1, M≥1

0 , M≥1)

◦•

◦•

◦

•
t=1 •MarkingM=1

0

◦MarkingM=1

Figure 2.5: The system(N=1, M=1
0 , M=1)

can be easily proved by inspecting all enabled firing sequences.

Lemma 9( [8]). Let(N≥1, M≥1

0 , M≥1) andt≥1 be as shown in Fig.2.4. (N≥1, M≥1

0 , M≥1)
is a live and 1-bounded free choice system and satisfies the following property: there
exists a firing sequenceσ with M≥1

0

σ
→M≥1 containingr times the transitiont≥1 iff

r ≥ 1.

Lemma 10( [8]). Let(N=1, M=1
0 , M=1) andt=1 be as shown in Fig.2.5. (N=1, M=1

0 , M=1)
is a live and 1-bounded free choice system and satisfies the following property: there
exists a firing sequenceσ with M=1

0

σ
→M=1 containingr times the transitiont=1 iff

r = 1.

The composition operation is defined on nets in the followingway. LetN1 andN2

be two disjoint nets, and lett1 andt2 be transitions ofN1 andN2 respectively. The
mergeof t1 andt2 is the operation consisting of the following three parts.
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2.4. Free choice Petri nets

• PutN1 andN2 side by side.

• Removet1 andt2 together with their incident arcs.

• Add a new transitiont; let the preset (postset) oft be the union of presets (post-
sets) oft1 andt2.

Let N be the net obtained after the above operation. The set of places ofN is the
disjoint union of places ofN1 andN2. Therefore, a marking ofN is characterized
by its’ projection onto these two sets of places. We denote by(M1, M2) that mark-
ing that projects onto markingsM1 of N1 andM2 of N2. The composition opera-
tion is extended to systems as follows: the system obtained after the merge of tran-
sitions t1 and t2 of the systems(N1, M01, Mf1) and (N2, M02, Mf2) is the system
(N , (M01, M02), (Mf1, Mf2)), whereN is the net defined above. We are now ready
to construct(N ′, M ′

0, M
′
f). Take(N , M0, Mf ) and merge iteratively each transition

of T≥1 with t≥1 of a fresh copy of(N≥1, M≥1

0 , M≥1). Then, merge iteratively each
transition ofT=1 with the transitiont=1 of a fresh copy of(N=1, M=1

0 , M=1). Using
Lemma9 and Lemma10, the following lemma can be proven.

Lemma 11( [8]). Let(N , M0, Mf ), T≥1 andT=1 be an instance of constrained reach-
ability problem, and letN ′, M ′

0, M
′
f be as described above.(N ′, M ′

0, M
′
f ) is a live

and 1-bounded free choice system, andMf can be reached fromM0 satisfying the
constraints corresponding toT≥1 andT=1 iff M ′

f can be reached fromM ′
0.

For a rigorous proof the above lemma, reader is referred to the original paper [8].
The reductions from CNF satisfiability to constrained reachability and from con-

strained reachability to reachability in live and 1-bounded free choice Petri nets proves
theNP-hardness of the problem.

2.4.3 Upper bound

Esparza [8] also proved that reachability problem in live and bounded free choice Petri
nets is inNP. The main result used for this is the following theorem due toLee, Kodama
and Kumagai [20].

Theorem 8. Let(N , M0, Mf) be a live and bounded free choice system.Mf is reach-
able fromM0 iff the following conditions hold:

1. The equationMf = M0 + NX has an integer solution, and

2. Every trap of the subnet ofN generated by the transitions of the support ofX is
marked atM0.

Now, the following non-deterministic polynomial time algorithm can be used for
the reachability problem (from [8]).

1. Guess a subsetT ′ of transitions ofN .

2. Check that every trap of the subnet ofN generated byT ′ is marked atM0 (a
polynomial algorithm for this problem can be found in [6]).
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2.5. 1-Safe Petri nets

3. Guess a solution ofMf = M0 + NX whereX has supportT ′ (it is well known
that a solution exists iff a solution of polynomial size exists, see for instance
[10]).

2.5 1-Safe Petri nets

In this section, we will study the class of 1-Safe Petri nets.In a 1-Safe net system,
every reachable marking has at most 1 token in every place.

Definition 15. A net system(N , M0, Mf) is defined to be 1-Safe iff every reachable
marking has at most 1 token in every place.

The reachability problem for 1-safe net systems was proved to bePSPACEcom-
plete by Cheng, Esparza and Palsberg in [4].

2.5.1 Lower bound

Theorem 9 (Theorem 6 in [4]). The reachability problem for 1-Safe Petri nets is
PSPACE hard.

Proof. The proof is by reducing the problem ofQuantified Boolean Formula to
reachability of 1-Safe Petri nets in polynomial time. It is well known that Quantified
Boolean Formula isPSPACEcomplete.

The problem is, given a well formed quantified Boolean formula

F = (Q1x1)(Q2x2) · · · (Qrxr)E

whereE is a Boolean expression involving the variablesx1, x2, . . . , xr and eachQi is
either∃ or ∀, we have to decide ifF is true.

If we are given a quantified Boolean formulaF , then we construct a 1-Safe net
system(N , M0, Mf ) such thatMf is reachable iffF is true.

Before constructing the net and the marking, we writeF , in polynomial time, into
an equivalent closed formulaG generated by the grammar:

P ::= x | ¬P | P ∧ P | ∃x.P

and such that all bound variables inG are distinct.
The construction of the net forG is illustrated in Fig.2.6, Fig.2.7and Fig.2.8. The

construction is compositional. The only complication is the interpretation of variables.
The netG contains the places:

{P_in , P_T, P_F | P is an occurrence of a subformula ofG} ∪

{x_is_T, x_is_F | x is bound inG}

Transitions are defined in Table2.1. x_in + x_is_T → x_T + x_is_T denotes a
transition with input placesx_in, x_is_T and output placesx_T, x_is_T , with all
arc weights equal to1. For readability, when in the following we name places and
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2.5. 1-Safe Petri nets

A

G_in• G_T G_F

B

x_is_T x_is_F

read_x_is_T read_x_is_F

x_in x_T x_F

C

P_in P_T P_F

call_P not_P_is_F not_P_is_T

not_P_in not_P_T not_P_F

Figure 2.6: Reduction from QBF
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2.5. 1-Safe Petri nets

P_in P_T P_F Q_in Q_T Q_F

call_P P_F_and_Q_?

P_T_and_Q_?

P_T_and_Q_T P_T_and_Q_F

P_and_Q_in P_and_Q_T P_and_Q_F

Figure 2.7: Reduction fromP ∧Q

P_in P_T P_F

call_P_with_x_T call_P_with_x_F x_T_and_P_T x_F_and_P_T Ex.P_is_F

Ex.P_in
x_is_T

x_is_F

Ex.P_T Ex.P_F

Figure 2.8: Reduction from∃x.P
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2.5. 1-Safe Petri nets

Occurence Transitions
x read_x_is_T : x_in + x_is_T → x_T + x_is_T

read_x_is_F : x_in + x_is_F → x_F + x_is_F
¬P call_P : not_P_in → P_in

not_P_is_F : P_T → not_P_F
not_P_is_T : P_F → not_P_T

P ∧Q call_P : P_and_Q_in → P_in
P_T_and_Q_? : P_T → Q_in
P_F_and_Q_? : P_F → P_and_Q_F
P_T_and_Q_T : Q_T → P_and_Q_T
P_T_and_Q_F : Q_F → P_and_Q_F

∃x.P call_P_with_x_T : Ex.P_in → P_in + x_is_T
call_P_with_X_F : X_is_T + P_F → x_is_F + P_in

x_T_and_P_T : x_is_T + P_T → Ex.P_T
x_F_and_P_T : x_is_F + P_T → Ex.P_T

Ex.P_is_F : x_is_F + P_F → Ex.P_F

Table 2.1: Definition of transitions

transitions, we writenot_P for ¬P , P_and_Q for P ∧Q andEx.P for ∃x.P .
The initial marking is one token inG_in and zero tokens in all other places.
Intuitively, whenP_in receives a token, the checking of truth ofP begins. When

eitherP_T (“true”) or P_F (“ false”) becomes marked, this checking is completed.
Let us consider in turn the construction for each of the productions in the above gram-
mar.

First, consider variablex, see Fig.2.6, boxB. The placesx_is_T (“x is true”) and
x_is_F (“x is false”) are not part of the net forx but are included to indicate that they
will be added when treating quantification that bindsx. Note that all occurrences of
the same variablex share these two places. The two transitions implement the reading
of the current value ofx.

Second, consider a negation¬P , see Fig.2.6, boxC. The transitioncall_P trans-
fers the “control” to the subnet forP . The two other transitions implement the negation.

Third, consider a conjunctionP ∧Q, see Fig.2.7. The transitioncall_P transfers
the “control” to the subnet forP . The four other transitions implement the conjunction.

Fourth, consider an existential quantification∃x.P , see Fig.2.8. The placesx_is_T
(“x is true”) andx_is_F (“x is false”) are the ones we mentioned above. The transition
call_P_with_x_T assigns true tox and transfers the “control” to the subnet forP . In
caseP was not true, the transitioncall_P_with_x_F assigns false tox and again
transfers “control” to the subnet ofP .

The final markingMf puts one token inG_T and zero tokens in all other places. It
is now easy to see that the final marking is reachable in the netfor G iff G is true.
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2.5. 1-Safe Petri nets

2.5.2 Upper bound

Now, we will give aPSPACE algorithm for solving reachability problem in 1-Safe
Petri nets. This algorithm is also given in [4]. Along with the hardness forPSPACE,
this will imply that reachability problem for 1-Safe net systems isPSPACEcomplete.

Given a net system(N , M0, Mf) that is 1-Safe withm places andn transitions,
Algorithm 2 solves reachability.

Require: Net System(N , M0, Mf) hasm places and is 1-Safe.
1: Let m = number of places inN .
2: Let n = number of transitions inN .
3: Let i = 1.
4: Let currentMarking = M0.
5: while i ≤ 2m do
6: i← i + 1. Non deterministically guess a transitiont.
7: If t is not enabled incurrentMarking , halt and reject.
8: If t is enabled incurrentMarking, currentMarking ← currentMarking +N ·

e[t].
9: if currentMarking = Mf then

10: Halt and accept.
11: else
12: Continue with the loop.
13: end if
14: end while
15: We never reachedMf in the above loop. Halt and reject.
Ensure: Accept ifMf is reachable formM0, reject otherwise.

Algorithm 2: Reachability algorithm for 1-Safe net systems

Claim 3. Suppose(N , M0, Mf ) is a 1-Safe net system whereMf is reachable andN
hasm places. Then at least one execution path of Algorithm2 accepts. IfMf is not
reachable, then no execution path of Algorithm2 accepts.

Proof. Since there arem places inN and it is 1-Safe, there are at most2m possible
distinct markings ofN . If Mf is reachable, there is a firing sequenceσ such that
M0

σ
→Mf . If length ofσ is more than2m, at least one marking repeats at two positions

in the sequence. We can now remove the transitions between these two positions and
get a shorter firing sequence that is enabled atM0 and reachesMf . We can repeat
this process till we get a firing sequence of length at most2m. The execution path of
Algorithm 2 that guesses this short path will accept.

If Mf is not reachable, then the test in line9 of Algorithm 2 always fails in any
execution path. Hence, in this case, all execution paths reject.

Claim 4. Algorithm2 runs in polynomial space.

Proof. Input to the algorithm requires2mn + m0 + mf bits. Since maximum value
stored ini is 2m, space needed for the variablei is m bits. Space required for the
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2.5. 1-Safe Petri nets

variablecurrentMarking is m bits. Space needed to guess a transition islog n bits
and space needed for updatingcurrentMarking is m bits. Hence, the whole algorithm
runs in polynomial space.

Claim3 and Claim4 imply that reachability problem for 1-Safe nets is inPSPACE.
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Chapter 3

S-Variants

In this chapter, we will introduce the concept of S-variantsand study how S-variants
can help in designing algorithms for certain classes of Petri nets. We will characterize
the nets that have S-variants and see how far this technique can be pushed with Petri
nets that do not have S-variants.

All proofs of general Petri net reachability use a vectorv ≥ 1 as one of the suf-
ficient conditions for reachability (for example in the conditions for Kosaraju’s suffi-
ciency theorem, cf. [27]). An S-variant generalizes this kind of vector with weights.

Definition 16 (S-variants). SupposeN = (P, T,Pre,Post) is a Petri net. An integer
vector (mapping)V : P → Z is an S-variant iff for allt ∈ T ,

∑

p∈P

V(p) (Post(p, t)− Pre(p, t)) ≥ 1.

Informally, an S-variant is a linear combination of number of tokens in each place
of the net such that the value of this combination strictly increases with the firing of
any transition. IfV is an S-variant andM is a marking, then we defineV(M) =
∑

p∈P V(p)M(p).

3.1 Petri nets with S-variants

In this section, we examine those Petri nets for which S-variants exist. We first give a
characterization of such nets in terms of the T-invariant-less nets studied by Kostin [16].
We then give a polynomial space algorithm for solving the reachability problem in such
net systems.

3.1.1 Characterizing nets with S-variants

If N = (P, T,Pre,Post) is a Petri net andN is its incidence matrix, an S-variantV

is an integral solution to the system of inequalities

NTv ≥ 1
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3.1. Petri nets with S-variants

Also, a T-invariantJ is an integral solution to the system of equations

Nj = 0

The following theorem characterizes nets that have S-variants by relating it to the non-
existence of semi-positive T-invariants.

Theorem 10. A Petri net has an S-variant iff it does not have any non-trivial semi-
positive T-invariant.

Proof. SupposeN = (P, T,Pre,Post) is a Petri net andN is its incidence matrix.
N has an S-variant iff the system of inequalitiesNTv ≥ 1 has an integral solution.
NTv ≥ 1 has an integral solution iff it has a rational solution (a rational solution can
be converted to an integral one by multiplying the solution vector by the least common
multiple of the denominators).NTv ≥ 1 has a rational solution iff−NTv ≤ −1 has
a rational solution.

Now, we can apply a variant of the Farkas lemma (corollary 7.1e of Schrijver [29]).
−NTv ≤ −1 has a rational solution iff for each rational row vectory ≥ 0 with
y ·−NT = 0, y ·−1 ≥ 0. But for any non-zero rational row vectory ≥ 0, y ·−1 < 0.
Hence,−NTv ≤ −1 has a rational solution iff for each non-zero rational row vector
y ≥ 0, y · −NT 6= 0.

Since a rational solution toy ·−NT = 0 can be converted to an integral solution by
multiplying the solution vector by the LCM of the denominators, we can conclude that
−NTv ≤ −1 has a rational solution iff for each non-zero integral row vectory ≥ 0,
y · −NT 6= 0. Equivalently, we can state thatN has S-variants iff for each non-zero
integral vectorj ≥ 0,−Nj 6= 0.

By the fact that T-invariants are exactly the solutions of the equation systemNj =
0, we conclude thatN has S-variants iff it does not have any non-trivial semi-positive
T-invariant.

Checking whether a Petri net has S-variant is equivalent to checking ifNTv ≥ 1

has an integral solution. Since any rational solution toNTv ≥ 1 can be converted to
an integral solution,NTv ≥ 1 has an integral solution iff it has a rational solution.
The later can be checked in polynomial time using linear programming. Therefore,
checking whether a given Petri net has S-variant can be done in polynomial time.

The example net in Fig.3.1 is a T-invariant-less net and hence, it has S-variants.
E.g.,V = [3, 2, 0, 1, 2]T is an S-variant for this net.

3.1.2 Reachability algorithm

Kostin gave an algorithm to decide reachability of T-invariant-less nets [16]. However
there is no complexity analysis in this paper. The main idea behind our reachability
algorithm for nets with S-variants is somewhat different and we are able to analyze its
complexity. Given an initial and target marking, an S-variant can be used to bound
the length of any firing sequence that starts at the initial marking and ends at the given
target marking. The following proposition makes this formal.
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p1

p2

p3 p4

p5

t1 t2

t3

t4

Figure 3.1: Hopcroft and Pansiot’s example net

Proposition 4. Suppose(N , M0, Mf) is a net system. Ifσ is a finite firing sequence
of (N , M0, Mf) such thatM0

σ
→M and ifV is an S-variant ofN , then the length ofσ

is at mostV(M)−V(M0).

Proof. Supposeσ = t1t2 . . . tr andM0

t1→M1

t2→ . . .
tr→Mr = M . By definition of S-

variant, for1 ≤ i ≤ r, V(Mi) ≥ V(Mi−1) + 1. Substituting for all i’s starting from
r, we getV(Mr) ≥ V(M0) + r. Hence,r ≤ V(M) −V(M0).

The complexity analysis is based on the following result.

Proposition 5 (Borosh and Treybig [1], Theorem 5). LetA be an× r integer matrix
and B be ann × 1 integer matrix. Supposex denotes ar × 1 vector of variables
and the system of equationsAx = B has a non-trivial positive integral solution. Also
suppose thatR is the maximum of absolute values of all minors of the augmented
matrix [A | B]. If A is a full row rank matrix andn ≤ r, then the system of equations
Ax = B has a positive integral solution where each entry of the solution is at most
Rn + nrR2.

To give an upper bound for our algorithm, we need the following lemma that gives
bounds for the S-variant itself. A similar result was used byRackoff [26] to give
exponential space upper bound for the boundedness problem of Petri nets.

Lemma 12. SupposeN is a Petri net having an S-variant withm places andn tran-
sitions, and its incidence matrixN has entries in[0..D]. ThenN has an S-variantV
such that the absolute value of each entry ofV is O

(

mn2(n!)2D2n
)

.
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Proof. SinceN has S-variants, an integral solution exists for the systemNTv ≥ 1.
If I is the identity matrix, then an integral solution exists forNTv ≥ 1 iff a positive

integral solution exists for the system of equations
[

I | NT | −NT
]

v′ = −1.

Now we can use Proposition5 on the system of equations
[

I | NT | −NT
]

v′ =

−1.
[

I | NT | −NT
]

has full row rank due to the presence ofI. The number of

columns of this coefficient matrix isr = n + 2m ≥ n. The absolute value of minors
of the augmented matrix is upper bounded byR ≤ n!Dn. Hence, Proposition5 is
applicable andRn + nrR2 ≤ nn!Dn + n(n + 2m)n!2D2n. Thus, we have a positive
integral solution with each entry beingO

(

mn2(n!)2D2n
)

.

It can be easily seen that a positive integral solution to
[

I | NT | −NT
]

v′ = −1

can be converted to an integral solution forNTv ≥ 1 without affecting the bounds. So
we conclude that ifN has an S-variant, it has one with the absolute value of each entry
beingO

(

mn2(n!)2D2n
)

.

Now, Proposition4 and Lemma12 can be combined to give an exponential upper
bound on the length of firing sequences.

Proposition 6. Suppose(N , M0, Mf) is a net system with S-variants. Supposen is
the number of transitions andm the number of places inN and[0..D] is the range of
entries inN. If σ is a finite firing sequence ofN such thatM0

σ
→Mf , the length ofσ is

at mostO(m2n2(n!)2D2nmax(M0, Mf )),

Proof. SinceN has S-variants, Lemma12shows that there is an S-variantV such that
the absolute value of each entry ofV is O(mn2(n!)2D2n). By Proposition4, we have

length ofσ ≤ V(Mf )−V(M0)

=
∑

p∈P

V(p) (Mf(p)−M0(P ))

≤
∑

p∈P

O(mn2(n!)2D2n)max (M0, Mf)

≤ mO(mn2(n!)2D2n)max (M0, Mf)

length ofσ ≤ O(m2n2(n!)2D2nmax(M0, Mf )) .

By Proposition6, it is easy to see that the following non-deterministic algorithm is
correct.

1. Given a net system(N , M0, Mf) with S-variants, initialize variablei to 0 and
also store the initial markingM0 in a variablecurrentMarking.

2. while i ≤ bound given by Proposition6, repeat the following steps.

(a) Non-deterministically guess some transitiont ∈ T .
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3.2. Lower bound

(b) If t is not enabled in the marking stored incurrentMarking , reject and
halt.

(c) If t is enabled, updatecurrentMarking to the marking resulting from firing
t from the marking previously stored incurrentMarking.

(d) if the marking now stored incurrentMarking is equal to the target mark-
ing, accept and halt, else incrementi and continue with the loop.

3. If the target marking is never reached in the above loop, reject.

Now we analyze the space complexity of the above algorithm. The algorithm needs
space to store the variablesi and currentMarking . The maximum value ini will
beO(m2n2(n!)2D2nmax (M0, Mf )). Hence, the space required for it isO(log m +
n logn+2nd+m0 +mf) bits. SinceD is the maximum number of tokens that can be
added to a place by one transition and the maximum number of transitions we consider
is O(m2n2(n!)2D2nmax (M0, Mf)), the maximum value that will be stored for each
place in the variablecurrentMarking is bounded byO(m2n2(n!)2D2n+1max (M0, Mf)).
Hence, the space required for the variablecurrentMarking is bounded byO(m log m+
mn logn + mnd + m(m0 + mf )) bits. It is easy to see that space needed for guess-
ing transitions and calculating resulting markings is dominated by the space required
for the variablesi and currentMarking. Thus, the whole algorithm runs in space
O(m log m + mn logn + mnd + m(m0 + mf )) bits.

The input to the algorithm ismnd + m0 + mf bits. So the space needed by the
algorithm is bounded by a polynomial in the size of the input.By the well known the-
orem of Savitch [28], we have a deterministic polynomial space algorithm that solves
the reachability problem in T-invariant-less Petri nets.

3.2 Lower bound

Now, we will prove that reachability for nets with S-variants is PSPACE-hard. In
section2.5, we saw that reachability problem for 1-Safe nets isPSPACE-complete. To
prove that it isPSPACEhard, we saw that there is a polynomial time reduction from
Quantified Boolean Formulas to reachability in 1-Safe nets. Here, we will prove that
the resulting 1-Safe net also has an S-variant, which provesthat reachability for nets
with S-variants isPSPACE-hard.

Note that nets in Fig.3.2 and Fig.3.3 are exactly the same as the nets in section
2.5. We have presented them here in a slightly different format to make it easier to see
that these nets have S-variants. Since we are using exactly the same nets as given in
section2.5, we will not repeat proof of correctness of the reduction here, but just prove
that resulting nets have S-variants.

In what follows, it will be convenient to think of S-variant as a linear combination of
number of tokens in each place of the net. IfN is a net with 3 placesp1, p2 andp3, then
the expression2p1 + 3p2 − 4p3 denotes the S-variant[2, 3,−4]T . An expression like
2p1 + 3p2 − 4p3 is an S-variant iff value of this expression strictly increases whenever
any transition in the net fires.
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Figure 3.2: Reduction fromP ∧Q
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Figure 3.3: S-Variant for∃x.P
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3.2. Lower bound

Theorem 11. SupposeG is a Quantified Boolean Formula andNG is the correspond-
ing net as given in section2.5. Then, for eachi ≥ 1,NG has a S-variantV(i) satisfying
the following properties:

1. V(i) + k ·G_in is a S-variant ofG for 0 ≤ k ≤ i− 1.

2. The co-efficient ofG_in in V(i) is 0.

3. There exists a finite numberjG(i) such that removing a token fromG_T or G_F
decreasesV(i) + k ·G_in by at mostjG(i) for 0 ≤ k ≤ i− 1.

4. The co-efficient ofX_is_T andx_is_F in V(i) is0, for any unbounded variable
x in G.

Proof. By induction on structure ofG.
Base. G = x for some variablex. See boxA in Fig. 3.2. It is easy to see that

V(i) = i · x_T + i · x_F is a S-variant that satisfies all the required properties with
jx(i) = i.

Step. G = ¬P . See boxB in Fig. 3.2. By induction hypothesis, we have a S-
variantVP (i) for the net corresponding toP that satisfies all the stated properties. The
S-variant for the net corresponding to¬P is given by

V(i) = VP (i+1)+i·P_in+(jP (i+1)+1)·not_P_T +(jP (i+1)+1)·not_P_F .

SinceVP (i + 1) + i · P_in is a S-variant forNP (the net corresponding toP ) and
transitions insideNP do not affect the placesnot_P_T andnot_P_F , V(i) strictly
increases whenever any transition insideNP fires. When the transitioncall_P fires,
V(i) increases due to the presence ofi ·P_in . When the transitionnot_P_is_F (resp.
not_P_is_T ) fires,Vi increases due to the presence ofVP (i + 1) + (jP (i + 1) +
1) · not_P_F (resp. VP (i + 1) + (jP (i + 1) + 1) · not_P_T ). It is easy to see
that V(i) + k · not_P_in is a S-variant ofN¬P for 0 ≤ k ≤ i − 1. In this case,
jG(i) = jP (i + 1) + 1.

G = P ∧ Q. See boxC in Fig. 3.2. The S-variant for the net corresponding to
P ∧Q is given by

V(i) = VP (i + 1) + i · P_in + VQ(jP (i + 1) + 2) + (jP (i + 1) + 1) ·Q_in

+(jP (i + 1) + jQ(jP (i + 1) + 2) + 1) · (P_and_Q_T + P_and_Q_F ) .

SinceVP (i+1)+i ·P_in is a S-variant forNP and transitions insideNP do not affect
places inNQ or P_and_Q_in, P_and_Q_T or P_and_Q_F , V(i) increases when-
ever any transition inNP fires. SinceVQ(jP (i+1)+2)+(jP (i+1)+1)·Q_in is a S-
variant forNQ and transitions insideNQ do not affect places inNP or P_and_Q_in,
P_and_Q_T or P_and_Q_F , V(i) increases whenever any transition inNQ fires.
When call_P fires, V(i) increases due to the presence ofi · P_in. When transi-
tionsP_F_and_Q_? or P_T_and_Q_F fires,V(i) increases due to the presence of
(jP (i + 1)+ jQ(jP (i + 1)+ 2)+ 1) ·P_and_Q_F . When transitionP_T_and_Q_?
fires,V(i) increases due to the presence of(jP (i + 1) + 1) · Q_in. When transition
P_T_and_Q_T fires,V(i) increases due to the presence of(jP (i + 1) + jQ(jP (i +
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3.3. Petri nets with partial S-variants

1)+2)+1) ·P_and_Q_T . It is easy to see thatV(i)+k ·P_and_Q_in is a S-variant
ofNP∧Q for 0 ≤ k ≤ i− 1. In this case,jG(i) = jP (i + 1) + jQ(jP (i + 1) + 2) + 1.

G = ∃x.P . See Fig.3.3. The S-variant for the net corresponding to∃x.P is given
by

V(i) = VP (i + 1) + i · P_in + (2 + 2jP (i + 1)) ·Ex.P_T

+(1 + jP (i + 1)) · x_is_F + (2 + 2jP (i + 1)) ·Ex.P_F .

SinceVP (i + 1) + i · P_in is a S-variant forNP and co-efficient ofx_is_F is 0
in VP (i + 1) (sincex is not bound insideP ), V(i) increases when any transition
insideNP fires (note that transitions insideNP don’t change token count ofx_is_F ,
Ex.P_T andEx.P_F ). When transitioncall_P_with_x_T fires,V(i) increases due
to the presence ofi · P_in. When transitionx_T_and_P_T fires,V(i) increases due
to the presence of(2 + 2jP (i + 1)) · Ex.P_T . When transitioncall_P_with_x_F
fires,V(i) increases due to the presence of(1 + jP (i + 1)) · x_is_F . When transition
x_F_and_P_T fires,V(i) increases due to the presence of(2+2jP (i+1))·Ex.P_T .
When transitionEx.P_is_F fires,V(i) increases due to the presence of(2 + 2jP (i +
1)) · Ex.P_F . It is easy to see thatV(i) + k · Ex.P_in is a S-variant ofNEx.P for
0 ≤ k ≤ i− 1. In this case,jG(i) = 2 + 2jP (i + 1).

3.3 Petri nets with partial S-variants

In this section, we examine the applicability of S-variantstechnique for nets that do
not have S-variants. First, we identify transitions with some properties, which will
motivate the extension of S-variants. Then, we identify some properties satisfied by a
more general class of nets and use those properties to implement a slightly modified
version of the S-variant algorithm for reachability. We then identify some bottlenecks
that prevent this technique from being applied to general Petri nets.

The net in Fig.3.4 is used as a motivating example for understanding these prop-
erties. This is a modified version of the net in Fig.3.1(the placep5 has been removed
from that net). The firing sequencet3t4 represents a semi-positive T-invariant and thus
it does not have S-variants.

3.3.1 Transitions that make progress

The principal idea behind the S-variant technique is to use the changes caused in the
marking by a transition to get a bound on the number of firings of that transition. If a
transition is part of some semi-positive T-invariant, thenthe action of that transition can
be cancelled by firing other transitions that are part of the T-invariant. The S-variant
technique will not work for such transitions. The rest of this section formalizes this
notion.

Definition 17. SupposeN = (P, T,Pre,Post) is a Petri net andt ∈ T is a transition.
t is said to beprogressive if it is not part of any semi-positive T-invariant.
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3.3. Petri nets with partial S-variants

p1

p2

p3 p4

t1 t2

t3

t4

Figure 3.4: Net system with progressive transitions,M0 = (0, 1, 1, 0)

In Fig. 3.4, U = {t1, t2} is the set of progressive transitions.

Definition 18. SupposeN = (P, T,Pre,Post) is a Petri net and∅ 6= U ⊆ T is a
nonempty subset of progressive transitions. An integer vector (mapping)V : P → Z
is apartial S-variant iff it satisfies the following properties:

1. For allt ∈ U ,
∑

p∈P V(p)(Post (p, t)− Pre(p, t)) ≥ 1.

2. For all othert ∈ T \ U ,
∑

p∈P V(p)(Post(p, t)− Pre(p, t)) ≥ 0.

As before, ifM is a marking,V(M) denotes
∑

p∈P V(p)M(p). If t ∈ U and

M
t
→M ′, thenV(M ′) ≥ V(M)+1. If t ∈ T \U andM

t
→M ′, thenV(M ′) ≥ V(M).

For the net in Fig.3.4, a partial S-variant isV = [3, 2, 0, 0]T , for the set of progres-
sive transitionU = {t1, t2}. If we think of pi as denoting the number of tokens in the
placepi at any time, then the expression3p1 + 2p2 denotes the partial S-variant. The
value of this expression increases by1 if either t1 or t2 fires. It remains unchanged if
t3 or t4 fires.

Again, it will be useful to think of a partial S-variant as an integral solution to
a system of inequalities. Suppose for a Petri netN = (P, T,Pre,Post), N is the
incidence matrix. IfNT is represented as

NT =

[

N1

N2

]
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3.3. Petri nets with partial S-variants

whereN1 represents progressive transitions andN2 represents other transitions, then
a partial S-variant is an integral solution to the system of inequalities

[

N1

N2

]

v ≥

[

1

0

]

. (3.1)

The following theorem characterizes nets having partial S-variants by relating them
to positive T-invariants.

Theorem 12. A Petri net has a partial S-variant iff it does not have any positive T-
invariant.

Proof. SupposeN is a Petri net with incidence matrixN. If N has a partial S-variant,
it has at least one progressive transition. Since progressive transitions are not part of
any semi-positive T-invariant,N cannot have positive T-invariants.

On the other hand, ifN does not have positive T-invariants, there must be a non-
empty subsetU of transitions that are not part of any semi-positive T-invariant. Let us
representN as

[

NT
1 | N

T
2

]

, whereNT
1 represents transitions inU andNT

2 represents
the other transitions. Absence of transitions fromU in every semi-positive T-invariant
means that the following system of equations does not have integral solutions.

[

NT
1 | N

T
2

]

j = 0

j ≥ 0 (3.2)

jT
[

1

0

]

> 0 .

We can again apply a variant of the Farkas lemma and convert rational solutions to
integral solutions to conclude that absence of integral solutions to equation (3.2) means
presence of integral solution to equation (3.1). This means that a partial S-variant exists
forN .

3.3.2 Modified algorithm for nets with specific properties

As we have seen before, nets that do not have S-variants will have semi-positive T-
invariants. Since presence of semi-positive T-invariantsindicate presence of firing se-
quences that can repeat arbitrarily many times without changing the marking reached,
it is not possible to get an upper bound on the length of firing sequences. On the other
hand, since we are only interested in knowing whether a giventarget marking can be
reached, we could restrict ourselves to just those firing sequences where such repe-
titions do not occur. If a Petri net has the property that any firing sequence can be
replaced by another one where such “useless” repetitions are removed, we can extend
the S-variant technique to that net. In the rest of this section, we will formalize this
notion.

We now define the properties characterizing the class of netsto which we aim to
extend the S-variant technique.

Definition 19. SupposeN = (P, T,Pre,Post) is a Petri net withn transitions. The
net system(N , M0, Mf) is calledS-varying if it satisfies the following properties:
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3.3. Petri nets with partial S-variants

1. The setU of progressive transitions ofN is not empty.

2. The non progressive transitionsV = T \U are bounded by progressive ones, that
is, there is a functionf such that for every firing sequenceσ with M0

σ
→M , there

is another firing sequenceτ with M0

τ
→M andτ (V ) ≤ f(τ(U), M0, D, n, m),

wheren is the number of transitions,m is the number of places andD is the
maximum entry in the incidence matrixN ofN .

The first property above states that there are some progressive transitions so that
we can track them in terms of upper bounding the number of their occurrences in firing
sequences. The second property states that there may be transitions that are part of
T-invariants, but the number of their occurrences will be bounded by the progressive
transitions in those firing sequences where the “useless” repetitions are removed. In
our example net in Fig.3.4, V = {t3, t4}. Using different functions in this definition
leads to different complexities for the reachability algorithm of the corresponding class
of nets.

In Fig. 3.4, the firing sequencet3t4 represents a semi-positive T-invariant and it
can repeat arbitrarily many times without affecting the marking reached. However, any
such firing sequenceσ can be replaced by another oneτ where between any two firings
of t3, there is at least one occurrence oft2. Thus,τ(t3) ≤ 2τ(t2)+1. In addition, once
t3 fires,t4 can fire at most once beforet3 fires again. Hence,τ (t4) ≤ τ (t3) + 1. Thus,
the net in Fig.3.4is S-varying withτ (V ) ≤ 2τ(U) + 1.

We will use these properties satisfied by S-varying net systems to bound the length
of firing sequences that need to be considered for reachability.

Lemma 13. Suppose(N , M0, Mf ) is an S-varying net system withn transitions,m
places and incidence matrix entries in the range[0..D]. There exists a partial S-variant
V ofN such that the absolute value of each entry ofV is O(mn2(n!)2D2n).

Proof. Since(N , M0, Mf) is an S-varying net system,N has at least one progressive
transition. Since this transition is not part of any semi-positive T-invariant,N does not
have any positive T-invariant. Therefore Theorem12 implies that a partial S-variant
exists. IfU is the set of progressive transitions ofN , then equation (3.1) has an inte-
gral solution, whereN1 represents progressive transitions andN2 represents the other
transitions. Equation (3.1) has integral solution iff the following system of equations
has a positive integral solution.

[

I |
N1

N2

|
−N1

−N2

]

v′ =

[

−1

0

]

(3.3)

The coefficient matrix in equation (3.3) has full row rank due to the presence ofI. The
number of rows isn and the number of columnsr = n + 2m ≥ n. The absolute
value of minors of the augmented matrix is upper bounded byR ≤ n!Dn. Hence
Proposition5 is applicable andRn + nrR2 ≤ nn!Dn + n(n + 2m)n!2D2n. Thus, we
have a positive integral solution with each entry beingO

(

mn2(n!)2D2n
)

.
It is easy to see that a positive integral solution to equation (3.3) can be converted

into an integral solution of equation (3.1) without affecting the bounds. Hence, there
exists an S-variantV with absolute value of each entry bounded byO

(

mn2(n!)2D2n
)

.
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Lemma 14. Suppose(N , M0, Mf ) is an S-varying net system withm places and set of
n transitionsT and the entries of its incidence matrix in the range[0..D]. Suppose the
setV of non-progressive transitions are bounded by the functionf(τ(U), M0, D, m, n).
If Mf is reachable fromM0, then there exists a firing sequenceσ of length at most
O(m2n4(n!)2D2nmax (M0, Mf)) + f

(

O(m2n4(n!)2D2nmax(M0, Mf )), D, n, m
)

andM0

σ
→Mf .

Proof. SinceMf is reachable, there exists a firing sequenceσ that satisfies the proper-
ties ofτ mentioned in property 2 of Definition19. We partition the set of transitionsT
into two setsU andV . We then give upper bounds forσ(U) andσ(V ), leading to the
conclusion of the lemma.

• (Bound forσ(U)) Supposeσ = t1t2 · · · tr andM0

t1→M1

t2→M2 · · ·
tr→Mr = Mf .

By Lemma13, there exists a partial S-variantV with absolute value of each entry
bounded byO

(

mn2(n!)2D2n
)

. By definition of partial S-variant, we have for
all 1 ≤ i ≤ r, if ti ∈ U , thenV(Mi) ≥ V(Mi−1) + 1 and if ti ∈ T \ U , then
V(Mi) ≥ V(Mi−1). Starting ati = r and substituting fori all the way up to
i = 1, we getV(Mr) ≥ V(M0) + σ(U). Thus,σ(U) ≤ V(M) −V(M0) ≤
O

(

m2n2(n!)2D2nmax (M0, Mf)
)

.

• (Bound forσ(V )) By property 2 of Definition19, σ(V ) ≤ f(σ(U), M0, D, n, m).

By combining the three bounds, we can see that the length ofσ is at mostO(m2n4(n!)2

D2nmax (M0, Mf)) + f
(

O(m2n4(n!)2D2nmax (M0, Mf )), D, n, m
)

.

By Lemma14, we can see that the algorithm given in section3.1.2works in this
case also with the same kind of complexity analysis, but withdifferent values. In
particular, iff is at most polynomial inσ(U), M0, D and exponential inn, m, this will
lead to a polynomial space algorithm.

3.3.3 An example of an S-varying net system

In section2.3.3, we saw an NP algorithm for reachability in sinkless Petri nets. Al-
though that section considers only those Petri nets where weights on edges are0 or 1,
many of the results, including the reachability algorithm,can be extended to Petri nets
where nonnegative weights are allowed in thePost function.

The Petri net in Fig.3.4 provides an example of a S-varying net system but it is
sinklessin this extended sense. In this section, we twist our examplea little bit to the
one in Fig.3.5to give an S-varying Petri net which is not sinkless.

The progressive transitions of this net areU = {t1, t2, t5} and the non progressive
transitions areV = {t3, t4}. A partial S-variant for this Petri net isV = [3, 2, 0, 0, 4]T .
We also haveσ(V ) ≤ 2σ(U) + 1.

3.3.4 Bottlenecks for general Petri nets

Here, we identify some reasons why it is difficult to extend the S-variant technique
to other Petri nets in general. The principal idea behind this technique is to use the
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p1
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p3 p4
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t1 t2

t3
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Figure 3.5: S-varying net system that is not sinkless

changes caused in the marking by a transition to get a bound onthe number of firings
of that transition. If there are no progressive transitions, every transition is part of a
semi-positive T-invariant. Thus, the action of every transition can be “cancelled” by
other transitions. So, even though some transitions fire, their net effect on the marking
is zero and this makes it impossible to apply the S-variant technique. The presence of
progressive transitions is important for this technique towork.

To see the difficulties in extending this technique, we need the notion ofinitial
synchronic leadintroduced by Silva and Colom [30].

Definition 20 (Silva and Colom). SupposeN = (P, T,Pre,Post) is a Petri net with
n transitions, andTi andTj are non-empty subsets ofT . Let Wi,Wj ben-vectors of
natural numbers such thatsupport(Wi) ⊆ Ti andsupport(Wj) ⊆ Tj . Let Wij =
Wi −Wj. The initial synchronic leadISL(Wij) is defined as

ISL(Wij) = sup
{

Wij
T σ | σ ∈ LM0

(N )
}

whereLM0
(N ) is the set of firing sequencesσ that satisfy the equationM0 +Nσ ≥ 0.

ISL(Wij) gives an upper bound on the weighted count of transition firings from
Ti that can be fired in terms of the weighted count of transition firings fromTj in any
firing sequence of(N , M0).

Now, suppose the subset of progressive transitionsU is not empty.T \ U is the set
of “cancellable” transitions. The main idea of the extendedalgorithm in section3.3.2
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is to first bound the occurrences fromU and use this to bound the occurrences from
T \ U . To do this, we need a relation between the number of occurrences fromT \ U
and fromU in any firing sequence. Formally speaking, we are looking fora finite value
of ISL(ae[T \U ]− be[U ]) for some natural numbersa andb greater than0. Silva and
Colom [30] give a necessary and sufficient condition forISL(Wij) to be finite.

Theorem 13(Silva and Colom [30], Theorem 5.2). LetTi andTj be non-empty subsets
of T of a Petri netN = (P, T,Pre,Post) with n transitions and incidence matrix
N. Let Wi,Wj ben-vectors of natural numbers such thatsupport(Wi) ⊆ Ti and
support(Wj) ⊆ Tj . ISL(Wi −Wj) is finite iff for all X such thatNX ≥ 0,
(Wi −Wj)

TX ≤ 0 is satisfied.

In particular, the condition in Theorem13 requires that if a firing sequenceσ de-
notes a T-invariant, the number of firings ofTi with weightWi should not be greater
than the number of firings ofTj with weightWj in σ. For our purpose,Ti = T \ U
andTj = U . With this definition ofTi andTj, we can see thatISL(ae[T \U ]− be[U ])
is not finite for non-zeroa.

It is to be noted thatISL(Wi −Wj) takes into account every firing sequence
σ whereM0 + Nσ ≥ 0, M0 being the initial marking andN being the incidence
matrix. In particular, linear algebraic techniques cannotmake a distinction between
firing sequences of the kindσ andτ given in property 2 of Definition19. So we have
to look for structural and/or behavioural properties to apply this technique for solving
the reachability problem.

3.4 Partially bounded S-varying nets

In this section, we will look at S-varying nets with a specialstructural property that
will guarantee the existence ofPSPACE algorithm for reachability in such nets. We
first need the notion of structural boundedness.

Definition 21. A net system(N , M0, Mf ) is said to bebounded if there exists a
positive integerb such that all markings reachable fromM0 puts at mostb tokens
in each place. A Petri netN = (P, T,Pre,Post) is structurally bounded if N is
bounded for any initial marking.

Definition 22. A Petri netN = (P, T,Pre,Post) is said to bepartially bounded
S-varying if it satisfies the following properties.

1. N has a non empty subsetU ⊆ T of progressive transitions.

2. N , when restricted toT \ U is structurally bounded.

It is known that [23] a Petri netN is structurally bounded iff the system of inequal-
itiesNTy ≤ 0 has a positive integral solution (all components of the solution must be
greater than0). Since a positive rational solution toNTy ≤ 0 can be converted to a
positive integral solution, recognizing if a Petri net is structurally bounded can be done
in polynomial time.
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3.4. Partially bounded S-varying nets

Suppose a net system(N , M0, Mf) hasn transitions andm places. SupposeN
is partially bounded S-varying with set of progressive transitionsU . Suppose a fir-
ing sequenceσ is enabled such thatM0

σ
→Mf . To prove that the class of partially

bounded S-varying nets havePSPACE reachability algorithm, it is enough to prove
that in (N , M0, Mf), there is a firing sequenceτ enabled atM0 such thatM0

τ
→Mf

and there is a functionf such thatτ (T \ U) ≤ f(τ (U), M0, D, n, m) andf is at most
polynomial inτ (U), M0 andD and at most exponential inn andm.

Lemma 15. Suppose a Petri netN = (P, T,Pre,Post) is structurally bounded. Then
there exists a positive integral solution to the system of inequalitiesNT y ≤ 0 where
each component of the solution isO

(

mn2(n!)2D2n
)

.

Proof. SinceN is structurally bounded, there is a positive integral solution toNT y ≤
0. Therefore, there is a positive integral solution to

[

NT

−I

]

v ≤

[

0

−1

]

Let us denote the above system of inequalities byAv ≤ b. This means there is a semi
positive integral solution to the system of equations

[I | A]
[v1

v

]

= b

We can apply Proposition5 to the above system of equations to conclude that there is
a solution with each component bounded byO

(

mn2(n!)2D2n
)

.

Lemma 16. Suppose(N , M0, Mf) is partially bounded S-varying with progressive
transitionsU . LetV = T \ U andNV be the Petri netN restricted toV . Supposey
is a positive integral vector such thatNV

Ty ≤ 0. Suppose a firing sequenceσ fires
at M0 such thatσ(U) = k. Then, for any intermediate markingM reached during
firing of σ, MTy ≤MT

0 y + (kD)T y, whereD is the maximum entry in the incidence
matrixN ofN .

Proof. Decompose the firing sequenceσ asσ = σ0u1σ1 · · ·ukσk, whereu1, . . . , uk

are the progressive transitions andσ0, . . . , σk are made up of the non-progressive tran-
sitions. Suppose the markingM is reached just after firinguj or during firing ofσj .
We will prove by induction onj thatMTy ≤MT

0 y+(jD)Ty. The result then follows
sincej ≤ k.

For the base casej = 0, M is reached by firing transitions inNV only. We have
M = M0 + NVσ0. Therefore,MT = MT

0 + σ0
T NV

T and henceMTy = MT
0 y +

σ0
T NV

Ty. SinceNV
Ty ≤ 0 andσ0 ≥ 0, we haveMTy ≤MT

0 y.

For the induction step, supposeM0

σ0→· · ·
σj

→Mj

uj+1

→ Mj+1

σ′

j+1

→ M . By induction
hypothesis,MT

j y ≤MT
0 y + (jD)Ty. SinceD is the maximum entry in the incidence

matrixN ofN , firing of uj+1 can add at mostD tokens to any place. Hence,Mj+1 ≤
Mj + D. Therefore, we haveMT

j+1y ≤ MT
0 y + ((j + 1)D)Ty. Marking M was

reached fromMj+1 by firing only transitions inNV . Therefore, we haveM = Mj+1+

NVσj+1
′. Therefore,MTy = MT

j+1y + σj+1
′TNV

Ty. SinceNV
Ty ≤ 0 and

σj+1
′ ≥ 0, we getMTy ≤ MT

j+1y ≤ MT
0 y + ((j + 1)D)T y. This completes the

induction and hence the proof.
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3.5. More examples of S-varying nets

Theorem 14. Suppose(N , M0, Mf ) is a partially bounded S-varying net. SupposeU
is the set of progressive transitions ofN . If Mf is reachable fromM0, then there exists
a firing sequenceτ with M0

τ
→Mf such thatτ(T \U) ≤ f(τ (U), D, M0, n, m), where

f is a function that is polynomial inτ (U), D andM0 and exponential inm andn.

Proof. SinceMf is reachable, there is a firing sequenceσ such thatM0

σ
→Mf . Let σ

consist of the componentsσ0u1σ1u2σ2 · · ·ukσk for somek, whereu1, u2, . . . , uk are
progressive transitions andσ0, σ1, . . . , σk consist of non-progressive transitions. Now,
define firing sequenceτ asτ = τ0u1τ1u2τ2 · · ·ukτk, whereτi is same asσi but with
subsequences that start and end with the same marking removed. Thus, whenτi is
fired, all the intermediate markings that are reached are distinct from each other. It is
also easy to verify thatM0

τ
→Mf .

SupposeV = T \U is the set of non-progressive transitions andNV is the Petri net
N restricted toV . From Lemma15, there exists a positive integral vectorβ where each
component is greater than0 and bounded byO

(

mn2(n!)2D2n
)

, such thatNV
T β ≤

0. From Lemma16, for any intermediate markingM reached during the firing ofτ ,
MT β ≤ MT

0 β + kDT β. Hence, for any placep, M(p) ≤ (MT
0 β + kDT β)/β(p).

Therefore, during the firing ofτ , each place will accumulate at mostMT
0 β + kDT β

tokens. Since there arem places, total number of distinct markings possible is(MT
0 β+

kDT β)m. Since there arek+1 sequencesτi that make up all firings of non-progressive
transitions inV , we getτ (V ) ≤ (k + 1)(MT

0 β + kDT β)m. This is the functionf
required and it is easy to verify that this is polynomial inτ (U) = k, M0 andD and
exponential inm andn.

3.5 More examples of S-varying nets

Valk and Vidal-Naquet [32] have given a family of Petri nets to demonstrate that the
bound of a bounded Petri net can be non-primitive recursive.We will now show that
all nets in this family are S-varying, though not partially bounded S-varying. In this
family, there is one netNi for each non-negative integeri. They are defined inductively
as seen in Fig.3.6.

The initial marking ofNi for any i ≥ 0 is one token inbi, n tokens inci and no
tokens anywhere else. The working of this family of nets can be understood as follows.
We start withN0 first. With one token inb0 andn tokens inc0, transitionv0 fires once
to get a token inq0. Transitiont0 can now firen times to put2n tokens inp0. Transition
w0 can now fire once to put a token ins0. Transitionu0 can now fire2n times to put
2n tokens inc0. Transitionx0 can now fire once to put a token ine0. Thus,N0 began
with one token inb0 and ended with one token ine0, and in the process, number of
tokens inc0 was doubled.

Working of Ni can now be understood in terms ofNi−1 as follows. Suppose
fi−1(n) is an upper bound on the number of tokensci−1 can accumulate whenNi−1

has finished with its’ token inei−1, when it hadn tokens inci−1 at the beginning. With
one token inbi andn tokens inci, transitionti can firen times to putn tokens each in
ci−1 anddi. Firingxi will now “initiate” Ni−1 and it will “finish” with at mostfi−1(n)
tokens inci−1. Ni−1 can be initiated again by firingri. This time,Ni−1 finishes with
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3.5. More examples of S-varying nets

•

b0

v0 q0
w0 s0

x0 e0

c0
t0 p0

u0

N0

di

xi

• bi

bi−1

ei−1

ci−1ti

ci

vi
si wi

ei

ui

ri
Ni

Ni−1

Figure 3.6: Valk and Vidal-Naquets’ family of nets

at mostf2
i−1(n) tokens inci−1. Ni−1 can be initiated a maximum ofn times like this

to accumulate a maximum offn
i−1(n) tokens inci−1. Now, transitionvi can be fired

once to get a token intosi. Transitionui can be fired as many times as required to
shift tokens fromci−1 to ci. Finally, transitionwi can be fired once to get a token in
ei. Thus,Ni began with one token inbi andn tokens inci and finished with at most
fi(n) = fn

i−1(n) tokens inci.
The family fi(n) of upper bounds on number of tokens inci can be defined as

follows.

f0(n) = 2n

fi+1(n) = fn
i (n)

It is well known that this family of functions dominate any primitive recursive function.
We will now show that any net in this family is a S-varying net and hence there is a
PSPACEalgorithm for solving reachability in any of these nets.

Proposition 7. SupposeNi is a net from the above family,i ≥ 1. Supposeσi is any
firing sequence satisfying the following properties:

1. σi(ti) = σi(ri) = σi(ui) = 1 andσi(xi) = σi(vi) = σi(wi) = 0.

2. σi(rk) = 1 for 1 ≤ k ≤ i− 1.

3. σi(tk) = σi(uk) = i− k + 1 for 1 ≤ k ≤ i− 1.

4. σi(xk) = σi(vk) = σi(wk) = i− k for 1 ≤ k ≤ i− 1.

5. σi(t) = 0 for all other transitionst.
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3.5. More examples of S-varying nets

Then the net effect of firingσi is to addi places tob0 and removei tokens frome0.

Proof. We will prove by induction onj that firing transitions ofσi in nets at leveli− j
to i will result in j + 1 tokens being added tobi−j−1 andj + 1 tokens being removed
from ei−j−1. The result then follows by takingj = i− 1.

In what follows, we will represent the effect of firing a transition by expressions.
jwi : −jsi + jei means that firing transitionwi j times results in removal ofj tokens
from placesi and addition ofj tokens to placeei.

Wheni = 1, t1, r1 andu1 are the only transitions inσi and is not covered by the
induction. In this case, effect of firingσi is given by the following expressions:

t1 : −c1 + c0 + d1

r1 : −d1 − e0 + b0

u1 : −c0 + c1

total : b0 − e0

We will now begin with base case of the induction,j = 1. We want to prove that
effect of firing transitions ofσi that are at leveli − 1 andi result in2bi−2 − 2ei−2.
This can be readily seen by observing that following expressions give the effect of each
transition.

ti : −ci + ci−1 + di

ri : −di − ei−1 + bi−1

ui : −ci−1 + ci

ri−1 : −di−1 − ei−2 + bi−2

2ti−1 : −2ci−1 + 2ci−2 + 2di−1

2ui−1 : −2ci−2 + 2ci−1

xi−1 : −bi−1 − di−1 + bi−2

vi−1 : −ei−2 + si−1

wi−1 : −si−1 + ei−1

total : 2bi−2 − 2ei−2

For the induction step, assume that firing transitions inσi that are at levelsi − j
throughi results in(j + 1)bi−j−1 − (j + 1)ei−j−1. We want to prove that firing
transitions inσi that are at levelsi− j − 1 throughi results in(j + 2)bi−j−2 − (j +
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3.5. More examples of S-varying nets

2)ei−j−2. This can again be verified by the following expressions.

level i− j and higher : (j + 1)bi−j−1 − (j + 1)ei−j−1

ri−j−1 : −di−j−1 − ei−j−2 + bi−j−2

(j + 2)ti−j−1 : −(j + 2)ci−j−1 + (j + 2)ci−j−2 + (j + 2)di−j−1

(j + 2)ui−j−1 : −(j + 2)ci−j−2 + (j + 2)ci−j−1

(j + 1)xi−j−1 : −(j + 1)bi−j−1 − (j + 1)di−j−1 + (j + 1)bi−j−2

(j + 1)vi−j−1 : −(j + 1)ei−j−2 + (j + 1)si−j−1

(j + 1)wi−j−1 : −(j + 1)si−j−1 + (j + 1)ei−j−1

total : (j + 2)bi−j−2 − (j + 2)ei−j−2

Proposition 8. In the netNi, exceptxi, vi, wi, t0 andu0, all other transitions non-
progressive transitions.

Proof. It is sufficient to prove that all other transitions are part of some semi-positive
T-invariant. For this, it is sufficient to takeσi defined in proposition7 and addiv0, iw0

andix0 transitions to it. The resulting firing sequenceτi when fired, doesn’t change the
number of tokens in any place. Hence,τi is a semi-positive T-invariant whose support
contains all transitions exceptxi, vi, wi, t0 andu0.

Proposition 9. For Ni, there exists a partial S-variant whose support consists ofall
the progressive transitions.

Proof. The only progressive transitions aret0, u0, xi, vi andwi. The partial S-variant
V is defined as follows.

1. V(c0) = 3.

2. V(p0) = 2.

3. V(cj) = 3, 1 ≤ j ≤ i.

4. V(bi) = −1.

5. V(si) = 1.

6. V(ei) = 2.

7. V(p) = 0 for all other placesp.

Table3.1 considers each transition and verifies that it satisfies the requirement forV
being a partial S-variant according to definition.

To establish thatNi is S-varying, we need to prove that number of firings of non-
progressive transitions is bounded by a function of number of firings of progressive
transitions and input size. In what follows, the set of places {p0, c0, . . . , ci} plays an
important role. For convenience of notation, we introduce the following definition.
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3.5. More examples of S-varying nets

Transition Places affected
∑

p∈P V(p)(Post(p, t)− Pre(p, t))

t0 c0, p0 1
u0 c0, p0 1

tj , 1 ≤ j ≤ i− 1 cj , cj−1, dj 0
xj , 1 ≤ j ≤ i− 1 bj , dj , bj−1 0
rj , 1 ≤ j ≤ i− 1 ej−1, dj , bj−1 0
vj , 1 ≤ j ≤ i− 1 ej−1, sj 0
uj, 1 ≤ j ≤ i− 1 cj−1, cj 0
wj , 1 ≤ j ≤ i− 1 sj , ej 0

ti ci, ci−1, di 0
ri ei−1, di, bi−1 0
ui ci−1, ci 0
xi bi, di, bi−1 1
vi ei−1, si 1
wi si, ei 1

Table 3.1: Effect of transitions onV

Definition 23. For the netNi, Ci is the set of placesCi = {p0, c0, . . . , ci}. t(Ci)
is the total number of tokens in all the places inCi. For a markingM , M(Ci) =
∑

p∈Ci
M(p).

Proposition 10. SupposeNi has some initial markingMi satisfying the following
properties:

1. Mi(bi) = 1.

2. Mi(bj) = Mi(sj) = Mi(ej) = 0, 0 ≤ j ≤ i− 1.

3. Mi(q0) = 0.

4. Mi(si) = Mi(ei) = 0.

Suppose a firing sequenceσ fires andσ(t0) = k such thatMi
σ
→M . Then we have

M(Ci) ≤Mi(Ci) + k.

Proof. Among all transitions ofNi, t0 is the only one that can increaset(Ci). We will
now prove the result by induction onk.

For the base casek = 0, the result is a direct conclusion of the above obser-
vation. For the induction step, supposeσ(t0) = k + 1. Let us splitσ as follows:

Mi
σ0→M1

t0→M2

σ1→M whereσ1(t0) = 0. By induction hypothesis, we getM1(Ci) ≤
Mi(Ci) + k. By inspecting the action of firingt0, we can conclude thatM2(Ci) ≤
M1(Ci) + 1. Again by the observation made at the beginning of this proof, we can
conclude thatM(Ci) ≤M2(Ci). Therefore, we haveM(Ci) ≤Mi(Ci)+ k + 1. This
completes the induction step and hence the proof.

Proposition 11. Suppose the netNi (for somei ≥ 1) has the initial marking with
nl tokens inci, 1 token inbi and0 tokens in all other places. In this initial marking,

50



3.5. More examples of S-varying nets

suppose a firing sequenceσ is fired. If σ(t0) = k, then, for every0 ≤ j ≤ i − 1,
σ(ti−j) ≤ (nl + k)j+1.

Proof. By induction onj. For the base casej = 0, we need to show thatσ(ti) ≤ nl+k.
This is true since in the given initial marking,ti can fire at mostnl times.

By induction hypothesis, assume thatσ(ti−j) ≤ (nl + k)j+1. For the induction
step, we need to show thatσ(ti−j−1) ≤ (nl + k)j+2. Note that forti−j−1 to fire, there
must be a token inbi−j−1. Once there is a token inbi−j−1, ti−j−1 can fire as many
times as there are tokens inci−j−1. Once all tokens inci−j−1 are exhausted,ti−j−1

can fire again only when more tokens are added toci−j−1. For adding more tokens
to ci−j−1, the token inbi−j−1 has to be removed. Therefore, forti−j−1 to fire once
more after exhausting all tokens inci−j−1, a token needs to be added tobi−j−1. Let us
call the period between adding a token tobi−j−1 and adding one token tobi−j−1 next
time as one round. In one round,ti−j−1 can fire at most as many times as there are
tokens inci−j−1 at the beginning of the round (to add more tokens toci−j−1, the token
in bi−j−1 has to be removed and this takes us to the next round). By proposition 10,
ci−j−1 has at mostnl + k tokens at any time. Thus,σ(ti−j−1) is bounded bynl + k
times number of times a token can be added tobi−j−1.

Now, the only transitions that can tokens tobi−j−1 arexi−j andri−j . For every
firing of xi−j or ri−j , a token is removed fromdi−j . Therefore, total number of times
a token can be added tobi−j−1 is upper bounded by total number of tokens that can be
added todi−j . The only transition that can add tokens todi−j is ti−j . By induction
hypothesis,σ(ti−j) ≤ (nl + k)j+1. Therefore,σ(ti−j−1) ≤ (nl + k)(nl + k)j+1 =
(nl + k)j+2. This completes the induction and hence the proof.

Proposition 12. Suppose the netNi, i ≥ 1 has the initial marking withnl tokens inci,
1 token inbi and0 tokens in all other places. In this initial marking, supposea firing
sequenceσ is fired such thatσ(t0) = k. Then the following are true.

1. σ(xi−j) ≤ (nl + k)j , 0 ≤ j ≤ i− 1.

2. σ(ri−j) ≤ (nl + k)j+1, 0 ≤ j ≤ i− 1.

3. σ(vi−j) ≤ (nl + k)j , 0 ≤ j ≤ i− 1.

4. σ(wi−j) ≤ (nl + k)j , 0 ≤ j ≤ i− 1.

5. σ(ui−j) ≤ (nl + k)j+1, 0 ≤ j ≤ i− 1.

6. σ(v0), σ(w0), σ(x0) ≤ (nl + k)i.

Proof. 1. Every firing ofxi−j needs one token to be added tobi−j . If j = 0, then
xi−j can fire only once. Otherwise, only transitions that can add tokens tobi−j

is xi−j+1 andri−j+1. Every firing ofxi−j+1 or ri−j+1 needs one token to be
added todi−j+1. The only transition that can add tokens todi−j+1 is ti−j+1. By
proposition11, ti−j+1 can fire at most(nl + k)j times. Therefore,xi−j can fire
at most(nl + k)j times.
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3.5. More examples of S-varying nets

2. Every firing ofri−j needs one token to be added todi−j . The only transition
that can add tokens todi−j is ti−j . Since by proposition11, ti−j can fire at most
(nl + k)j+1 times,ri−j can fire at most(nl + k)j+1 times.

3. Between any two firings ofxi−j , vi−j can fire at most once. Sincexi−j can fire
at most(nl + k)j times,vi−j can also fire at most(nl + k)j times.

4. Between any two firings ofvi−j , wi−j can fire at most once. Sincevi−j can fire
at most(nl + k)j times,wi−j can also fire at most(nl + k)j times.

5. Firingui−j needs a token to be present insi−j . Once a token is added tosi−j ,
ui−j can fire as many times as there are tokens inci−j−1. By proposition10,
ci−j−1 will have at most(nl + k) tokens. Therefore, number of timesui−j can
be fired is bounded by(nl + k) times the number of times a token can be added
to si−j . vi−j is the only transition that can add tokens tosi−j and it can fire at
most(nl + k)j times. Therefore,ui−j can fire at most(nl + k)j+1 times.

6. Every firing ofv0, w0 or x0 needs one token to be added tob0. Only transitions
that can add tokens tob0 arex1 andr1. Every firing ofx1 or r1 needs one token
to be added tod1. t1 is the only transition that can add tokens tod1 andt1 can
fire at most(nl + k)i times by proposition11. Hence,v0, w0 andx0 can fire at
most(nl + k)i times.

In terms of Definition19, U = {t0, u0, xi, vi, wi} and V = T \ U . τ(V ) is
bounded by a function that is polynomial inτ (U) and exponential inn, the number
of transitions. As noted in the discussion after Lemma14, this leads to a polynomial
space algorithm for reachability problem in any netNi.
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Chapter 4

Conclusion

We surveyed results that have been obtained for the complexity of the reachability
problem in various subclasses of Petri nets. Table4.1 summarizes the results seen in
the previous two chapters.

Subclass Technique used Complexity of the reacha-
bility problem

S-Systems Combinatorial tech-
niques

NL - hard, with an algorithm
in NLIN

Live T-Systems Linear algebraic
techniques

P

Normal and Sinkless
Petri nets

State equation tech-
nique

NP - complete

Live and bounded
Free choice Petri
nets

State equation tech-
nique

NP - complete

1-Safe Petri nets Combinatorial tech-
niques

PSPACE- complete

T-invariant-less and
partially bounded
S-varying nets *

Linear algebraic
techniques

PSPACE- complete

Table 4.1: Summary of results

The subclasses marked with * in Table4.1have been newly introduced here.
The aim is to find subclasses of Petri nets where the reachability problem is at least

exponential space hard. So far, the only subclass known meeting this criteria is re-
versible nets, studied in [3]. We tried to identify such a subclass using some specific
Petri nets as motivating examples. First is the Petri net with non-semilinear reacha-
bility set given by Hopcroft and Pansiot (Fig.3.1) and the second one is the Petri net
with non-primitive-recursive bound (Fig.3.6). However, it turns out that both these
nets have reachability algorithm running inPSPACE, when final marking is taken to
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be part of the input. In the second case, final marking itself can be non-primitive-
recursive w.r.t. initial marking and size of the net. So, in order to find subclasses where
reachability is at least exponential space hard, we need to find nets where the initial and
final markings are small in size but a very long firing sequencewith large intermediate
markings is needed to reach the final marking.
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