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Abstract

The reachability problem in Petri nets is known to be dedildiut the algorithms
known have non-primitive-recursive complexity. Lot of@asch has gone into identi-
fying structural and behavioural restrictions, when imggben Petri nets will result in
efficient algorithms. We look at some of these properties$ésing on the relationship
between the properties and the resulting complexity ofélaemability problem in Petri
nets satisfying these properties.
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Chapter 1

Introduction

Petri nets were introduced by C.A.Petri in 1962 in his Phzigh§]. They are one of
the most popular formal models of concurrent systems. Al Retris a mathematical
model of a parallel system, in the same way that a finite autmmia a mathematical
model of a sequential system. Properties such as deadleettdm, liveness, fairness
etc. can be studied formally using Petri nets.

For any mathematical model possessing high expressiverpawgeexpect algo-
rithms for analysis of such models to be of high complexitgs&arch on Petri nets
has pointed out that this is indeed the case. Even thoughimeststing properties are
decidable for arbitrary nets, the decision algorithms ateeenely inefficient. Many
attempts have been made to restrict Petri nets in terms ofgtracture and/or be-
haviour to get better (more efficient) algorithms. As expdgcexpressive power of the
restricted class of nets will be lower than those of arbjtreats.

The problem ofreachabilityin Petri nets is an important one. It was observed
by Hack P] and Keller [L4] that many other problems likivenessand persistence
are recursively equivalent to the reachability problemcldhas also observed ]
that many subproblems and variations of the reachabilibblem like submarking
reachability problemzero reachability problenetc. are in fact recursively equivalent
toit.

Mayr gave the first complete proof of decidability in 1981 it¥]] Kosaraju [L5]
later gave a simplified proof. The algorithm given in bofi¥][and [15] are quite
complicated and need non primitive recursive space. Lanfibgrsimplified the proof
further but the algorithm is still non primitive recursivehe best known lower bound
for this problem is exponential space by Liptari]. Many subclasses of Petri nets have
been studied and primitive recursive algorithms have béémimed for the reachability
problem of these subclasses. The survey by Esparza ané&Nig]ontains a list of
such results. The purpose of this thesis is to study someesktBubclasses and the
complexity of the reachability problem of such subclasses.

The subclasses for which complexity of the reachabilitygpem is known can be
classified as follows based on the technique used to desigalgiorithm for solving
reachability.



1.1. Organization of the thesis

e Combinatorial techniques In these subclasses, reachability algorithm is de-
signed based on some combinatorial properties satisfietdebetri nets in the
concerned subclass. 1-safe Petri nets, whose complestig ofachability prob-
lem was given by Cheng, Esparza and Palsberg]irs[an example of this.

e State equation technique In these subclasses, the reachability question is stud-
ied in terms of a system of equations. For general Petri pgistence of solu-
tion to this system of equations is a necessary conditioopétties satisfied by
Petri nets in these subclasses are then used to prove thalsoi sufficient and
thus, the reachability problem is reduced to checking Belityi of a system of
equations. Normal Petri nets, introduced by Yamasakiii s an example of
this type of subclass. Howell, Rosier and Yen establishedtmplexity of the
reachability problem in Normal Petri nets and the closelstesl Sinkless Petri
nets in their paperi[”].

e Linear algebraic techniques In these subclasses, results from linear algebra are
used to reason about Petri nets. Live T-systems, which adiestin [], is an
example of this. Linear algebraic techniques have also appled successfully
to other problems related to Petri netd3][contains many such results.q] by
Lautenbach,q] by Desel and 31] by Silva et. al. are good references for uses
of linear algebraic techniques and linear programming ini Ret theory.

e Other advanced algebraic techniques In [3], Cardoza, Lipton and Meyer
used results from ring of polynomials to establish the caxipy of the reacha-
bility problem in a subclass of Petri nets called reversitats.

1.1 Organization of the thesis

Rest of this thesis is organized as follows. Sectichintroduces the notations used
throught this thesis and gives some preliminary definitidins is followed by a result
known as exchange lemma in sectibi®. In sectionl.4, we mention the complexity
classes that arise in connection with the reachability lerabin various subclasses of
Petri nets.

Chapter studies various subclasses of Petri nets and their contpleithe reach-
ability problem. Each section of this chapter is dedicated subclass or a family of
closely related subclasses. The sections have been olideredteasing order of the
complexity of the respective reachability problem.

In Chaptel3, the concept of S-Variants is introduced. Some subclag$®stio nets
are identified based on properties pertaining to S-Variantsthe complexity of the
reachability problem in these subclasses is studied.

Chapter4 concludes with a summary of the results and some potentiattitins
for further work.



1.2. Notation and preliminaries

1.2 Notation and preliminaries

Let Z be the set of integers?, the set of natural numbers a&] the set of positive
integers. Afinite Petri net is a 4-tupleN = (P, T, Pre, Post) where:

e Pisasetofm places,
e T is a set ofn transitions,
e Pre andPost are the incidence functions:

Pre: PxT — [0..D] (representing arcs going from places to transitions)
Post : PxT — [0..D] (representing arcs going from transitions to places)

If t € T is a transition, by’¢, we denote the set of places that have arcs leading to
i.e.,*t ={p e P| Pre(p,t) # 0}. *tis called the set ahput placesf ¢. Similarly, t*
denotes theutput placeof t: t* = {p € P | Post(p,t) # 0}. The input and output
transitions of a place (*p andp® respectively) are defined similarly. For a subset
T’ C T of transitions? T’ (T"*) denotes the union of input places (output places) of all
transitions in7”. The set of input and output transitions of a subi3etC P of places

is defined similarly.

For the purpose of complexity analysis, we assume the Ratis presented as two
matrices, one foPre and one forPost. This has siz&mnd bits, whered is defined to
belog D. Them x n incidence matrof the netN = [n;;] (1 <i <m,1 < j <n)
is given byn;; = Post(p;,t;) — Pre(p;, t;).

Afunction M : P — Zy4 is called amarking A net systenfN, My, My) is a
Petri netV with an initial marking/, and a final marking/;. A transitiont € T is
enabledat marking)/ iff forall p € P : M(p) > Pre(p,t). If ¢t € T is enabled at
a markingM, thent may befired yielding a new marking\/’ given by the equation
M'(p) = M(p) — Pre(p,t) + Post(p,t) forallp € P or M’ = M + Nt, wheret is
the characteristic vector of the transitian}/-5 M’ denotes thad/’ is reached from
M by firing ¢. For a subse$ C P of places M (.S) denotes the sum of tokens in places
of SunderM: M(S) =3 s M(p).

Afinite sequence of transitions,= ¢1t- . . . ¢, is afinite firing sequencef (N, My, M)
iff there exist markings\f;, M, ..., M, such thatvi, 1 < i < r: Mi,liMi. Its
Parikh vectors : T — Z, has as thé'th component the number of occurrencegin
of transitiont;. In the above case, we hal¢. = M, + Ngz. We will also us&(U) to
denote the number of occurrencegiof transitions from a subset of transitiobis For
a firing sequence, A(o) is called the alphabet ef and denotes the set of transitions
occurring ino.

We say that the markind/, is reachablefrom M, by firing o: Mo-2>M,. The
reachability setR(N, My) = {M : P — 2, | I finite firing sequence : My->M}
denotes the set of all markings reachable friafn

Definition 1 (Reachability problem)Given a net systerg\/, My, M), the reachabil-
ity problem is to decide ifV/; € R(N, My). Letmg = log My andmy = log M.
From the discussion above, it is clear that the input to thublem is of sizeN =
2mnd + moy + my bits.



1.2. Notation and preliminaries

We now introduce some vector notation which is conveniengtiadying Petri nets.
We will usel to denote a vector of all's: the dimension of the vector will be clear
from the context. Similarly) denotes a vector of ali's. If T'is a finite setand/ C T,
thene[U] is the characteristic vector which has entrin components corresponding
to elements of/ and0 entries everywhere else. For two vectdfsandY with n
componentsX > Y means that fol < i < n, X(i) > Y(¢). X > Y means that
X>YandX #Y. X <Y andX <Y are similarly defined.

S-invariants and T-invariants of a Petri net are useful Blysis of many properties.
These are fundamental in nature and used widely in analj/§istd nets.

Definition 2 (S-invariant) SupposeV = (P, T, Pre, Post) is a Petri net. An integer
vector (mappingK : P — Z is a S-invariant iff for allt € T,

> K(p) (Post(p,t) — Pre(p,t)) =0 .
pEP

Informally, a S-invariant is a linear combination of numbétokens in each place
such that its value doesn’t change when transitions fire.

Definition 3 (T-invariant) Suppose\V' = (P, T, Pre, Post) is a Petri net. An integer
vector (mappingJ : T — Z is a T-invariant iff for allp € P,

> " J(t) (Post(p,t) — Pre(p,t)) =0 .
teT

If all entries of a T-invariang are non-negative (positive), then it is calledeani-
positive(resp. positivg T-invariant. If o is a finite firing sequence af\', M, My)
with Parikh vectoiz = J, then, by definition of T-invariant, we gétl,->M,. Thus,
semi-positive and positive T-invariants denote firing sames whose net effect is zero
on every place.

Sometimes, we will view Petri nets as special graphs. It bélconvenient to
extend of the concept of paths and circuits to Petri nets s we

Definition 4. SupposeV' = (P, T, Pre, Post) is a Petri net. A nonempty sequence
172 ... 2 Of nodes is a path of/ if forall 1 < i < k, it satisfies

x; is aplace= Pre(x;,x;i+1) #0

and
x; is atransition=- Post(z;+1,x;) #0 .

A path leading from a node to a nodey is a circuit if no element occurs more than
once and eithePost(z,y) # 0 (if = is a place) oPre(y, z) # 0 (if = is a transition).
If v is a circuit, P, denotes the set of placesjn

If we ignore directions of arcs and treat places and tramsstas vertices, we will
get the underlying undirected graph of a Petri net. Throtigktthesis, we only deal
with Petri nets whose underlying undirected graph has onaexted component.



1.3. Exchange Lemma

1.3 Exchange Lemma

Firing sequences do not provide full information about thesal relationship between
transition firings. If a markind/ enables a sequentg,, it is not necessarily the case
thatt, can be fired only aftef;. If *¢; U¢1® and®t; Uto® are disjoint, themst; is also
enabled af\/. TheExchange Lemma given in [6] provides a more general condition
under which transitions of a firing sequence can be exchangfedeproduce it here
without proof.

Lemma 1 (Lemma 2.14 in§]). LetU andV be disjoint subsets of transitions of a
Petri net satisfyingU N V* = (). Leto be a firing sequence such thdte) CU UV,

oluo|v

whereA(c) denotes the alphabet of If MM, thenM =" M.

1.4 Complexity classes

In this thesis, we study the complexity of the reachabilitplgem in different sub
classes of Petri nets. For each class of Petri nets, we giwgpar bound and/or a
lower bound for the reachability problem in that class. Uppaund will be given by
giving an algorithm to solve reachability in a class of Pagts and proving that the
algorithm is in some complexity class. Lower bound will beegi by proving that
reachability problem for a class of Petri nets is hard fors@mamplexity class.

Below is a list of complexity classes used in this thesis.

e NL: Non deterministic logarithmic space.
e NLIN : Non deterministic linear space.
e P: Deterministic polynomial time.

e NP: Non deterministic polynomial time.

PSPACE Deterministic polynomial space.

EXPTIME : Deterministic exponential time.

EXPSPACE: Deterministic exponential space.



Chapter 2

Structural and behavioural
restrictions

Structural and behavioural restrictions can be imposedein Rets to get efficient
reachability algorithms. In this chapter, we will study eeal such restrictions and see
the complexity of the reachability problem for the resigtsubclass of Petri nets.

2.1 S-systems

In this section, we study a simple class of Petri nets callexystemsWe will prove
that reachability problem for S-systemaN& -hard.

S-systems are those Petri nets where every transition lzas$lyewne input place
and one output place.

Definition 5 (S-systems) A Petri netN = (P, T, Pre, Post) is a S-net iff|*t| =
1 = |¢*| for every transitiort and the range oPre and Post is {0,1}. A net system
(N, My, My) is a S-system iff\/ is a S-net.

If My puts one token in exactly one place and zero tokens in alr glages, the
S-system\V, My, M) can be thought of as a finite state automaton over the alphabet
T with set of states?. For this reason, S-systems withtoken are also callestate
machine graphs

The fundamental property of S-systems is that all reachrabl&ings have the same
total number of tokens as the initial marking.

Proposition 1 (Proposition 3.2 inf]). Let\ = (P, T, Pre, Post) be a S-net and/,
an initial marking. IfM is a reachable marking, thel/(P) = M (P).

Proof. Since NV is a S-net, the occurrence of a transition removes a token e
place and adds a token to one place (these two places may bartiey. So the total
number of tokens remains unchanged. O



2.1. S-systems

2.1.1 Lower bound

Now, we will prove that reachability problem for S-systera®L-hard. For this, we
will reduce the well knowrNL -hard problem directed s-t connectivity (see e.g3])
to reachability in S-systems.

Theorem 1. The reachability problem for S-systemd\iks-hard.

Proof. We will reduce directed s-t connectivity problem to readhigtin S-systems.
Suppos&r = (V, E) is a directed graph with set of verticesand edged’. Suppose
s andu are two vertices and we are to determine if there is a path frton.

Define a Petri nefN' = (P, T, Pre, Post) as follows. P = V andT = E.
Pre(p,t) = 1 iff there is ap’ € V such that = (p,p’) € E, and Pre(p,t) = 0
otherwise. Post(p,t) = 1 iff there is ap’ € V such thatt = (p',p) € E, and
Post(p,t) = 0 otherwise. It is easy to see thaf is a S-net. Define initial marking
My asMy(s) = 1 andMy(p) = 0if p # s. Define final marking\/; asM(u) = 1
andMy(p) = 0if p # u. Itis easy to see that is reachable frons in G iff M/ is
reachable from\/, in (N, My, My). It is also easy to see tha\', My, M) can be
computed fromG = (V, E) in logarithmic space. Since the constructed net system has
1 token, this hardness proof holds for state machine gragbs al O

2.1.2 Shortest sequence

Now, we will look at a result that guarantees the existencstodrt” firing sequences
that reach reachable markings. These results are provédl amdl play an important
role in establishing upper bound of reachability in S-syste

Lemma 2 (Lemma 3.10 in§]). Let N = (P, T, Pre, Post) be a S-netM a marking
of N, andX : T — Z,, a vector such thal/ + N - X > 0. If every circuit of A/
contains a transitiont such thatX(¢) = 0, then there is a firing sequeneesuch that
MZM' and = X.

Proof. We proceed by induction giX|, the sum of entries iX.

Base If |X| = 0 thenX = 0. We can taker = ¢, the empty sequence.

Step |X| > 1. Let(X) denote the set of transitionssatisfyingX(¢) > 0. We
claim that a transition ofX) is enabled af\/.

SinceT is finite and every circuit contains a transition that doebelong to(X),
there is a place such that some transitiane s* belongs to{X) but no transition in
*s belongs to/X). SinceM + N - X > 0 by assumption, we have

0 < M(s) 4 Duees X(u) = D yeqe X(u)
= M(s) = X ycqe X(u) (°s N (X) = 0)
< M(s) —X(t) (tes®)

SinceX(t) > 0, we haveM (s) > 0, and therefore is enabled all/, which proves the
claim.

Let M-5M”. ThenM” + N - (X —e[t]) = M + N-X > 0. We can apply
the induction hypothesis t&X — e[t]), which yields a sequendel” - M’ satisfying
7 =X — e[t]. Takingo = tr, the result follows. O



2.1. S-systems

Theorem 2(Theorem 3.11 inf]). SupposeV = (P, T, Pre, Post) is a S-net withm
transitions. Suppos#/; is an initial marking withMy(P) = b. If M is a reachable
marking then there exists a firing sequencef length at most - n such that\-% M.

Proof. Let X > 0 be an integer-valued solution of the system of equatiggst+ IN -
X = M. Such a solution exists sindd is reachable fromd/,. Assume further thaxX
is minimal with respect to the ordet.

We claim that{X) doesn’t contain the set of transitions of any circuit\éf Sup-
pose thatX(¢) > 0 for all transitionst of some circuity. Then, fromX, we can
remove one occurrence each of every transitiom fo get another vectdY such that
My+ N -Y = M (this is possible since every transition has exactly onatiapd one
output place). ThelyY < X, contradicting the minimality oK. This proves the claim.

By Lemma2, there is a firing sequeneesuch that\, %M andz = X. We will
prove that no transition occurs more thatimes ino, which implies the result of this
theorem.

Lett be an arbitrary transition of the alphabéfo) of o. Define

U = {uc A(o)|thereisapath ...t containing only transitions ofl(c)}
V = A(0o)\U

We claim thatU N V* = (). Otherwise, we end up with a contradiction as follows.
Suppose € *UNV*. Then, there is a transitian € V such thap € t,°. Also, there
is a transitiont,, € U such thap € *¢,,. This means there is a path...t, ...t con-
taining only transitions ofd(o), contradicting the definitions df andV'. Therefore,
‘unve =0.

By definition, we also have that andV are disjoint and4(c) C U UV. Now we
can apply the Exchange Lemma, and conclude that the seqagnc®also enabled at
M.

By definition,t € U. Lets be the unique place it?. Since no circuit contains only
transitions ofA(o), no transition ins® belongs ta. So no transition 0§® occurs in
o|y. Since no place oV has more thah tokens in any marking reachable fraif,
(Propositionl) andt € *s, we can infer that occurs at modttimes ino|y. Therefore,
t occurs at modi times ing, which finishes the proof. O

2.1.3 Upper bound

We are now ready to give an upper bound for reachability igsgesns. Algorithml is
a non deterministic algorithm that decides whether a gigeyet marking is reachable
from a given initial marking in the given S-net.

Claim 1. SupposéN, My, My) is a S-system whet®/; is reachable. Then at least
one execution path of Algorithfnaccepts. IfM; is not reachable, then no execution
path of Algorithml accepts.

Proof. If M/ is reachable, by Theorefthere is a firing sequeneeof length at most

n-bsuch thatV/,-% M. The execution path of Algorithrhthat guesses will accept.
If M, is not reachable, then the test in lifef Algorithm 1 always fails in any

execution path. Hence, in this case, all execution patlestej O



2.2. T-systems

Require: Net System\, My, My) is a S-system.
1: Letb = M()(P)
: Letn = number of transitions iV
: Lets = 1.
. Let currentMarking = M.
while : < n -bdo
i < i+ 1. Non deterministically guess a transitian
If ¢ is not enabled irurrentMarking, halt and reject.
If tis enabled incurrentMarking, currentMarking «— currentMarking + N -
e[t].
9: if currentMarking = My then
10: Halt and accept.
1. else
12: Continue with the loop.
13:  endif
14: end while
15: We never reachefl/; in the above loop. Halt and reject.
Ensure: Accept if M} is reachable formd/,, reject otherwise.

© N oGk DN

Algorithm 1: Reachability algorithm for S-systems

Claim 2. Algorithm1 runs in linear space.

Proof. Input to the algorithm require3mn + mg + my bits. Sincelogb < my,
space needed for the variablés logn + m bits. Space required for the variable
currentMarking is mq bits. Space needed to guess a transitidngs: bits and space
needed for updatingurrentMarking is mq bits. Hence, the whole algorithm runs in
linear space. O

Claim 1 and Claim2 imply that reachability problem for S-systems iNLIN . For
a state machine graph, there is only one token in any markiegce b is Algorithm
lis 1. Therefore, variablé needs onlyiogn bits. Also in this casegurrentMarking
can be represented ing m bits (just store the place in which the token is present).
This will make Algorithm1 run in log space. Along with Theorefn this implies that
reachability problem for state machine graphblis-complete.

2.2 T-systems

Here, we study a class of Petri nets calleslystemsA Petri net where every place has
exactly one input and one output transition is called a Tesyis

Definition 6. SupposeV = (P, T, Pre, Post) is a Petri netV is defined to be a T-net
iff for every placep, |*p| = |p®*| = 1 and the range oPre and Post is {0,1}. A net
system(\, Mo, M) is a T-system iff\ is a T-net.

We will study the complexity of reachability in a subclassTedystems calletive
T-systems



2.2. T-systems

Definition 7. SupposeV’ = (P, T, Pre, Post) is a Petri net. The net systemV, My, My)
is a live system iff, for every reachable markifg) and every transition, there exists
a markingM’ reachable from\/ such thatM/’ enables.

If ~ is a circuit andM is a marking of some Petri naf, M () denotes the number
of tokensM puts in the places of. The following result from §] demonstrates a
fundamental property of T-systems.

Proposition 2(Proposition 3.14 inq]). Suppose is a circuit of a T-systerg\/, M, My).
For every reachable marking/, M (y) = My(7).

Proof. Lett be atransition. If does not belong tg, then the firing of doesn’t change
the number of tokens of any placednsince N is a T-net. Ift is in ~y, then exactly
one input place and one output place afe iny. So the firing oft removes one token
from a place iny and adds one token to a placeyinin both cases, the token count of
~ doesn’t change. O

Ifin a net systen{\V, My, M), there is a circuity such thatV, () = 0, then from
Propositior2, v is never marked in any reachable marking and hence no fiamsity
is ever enabled. Thus, we can conclude that in a live T-sysgary circuit is initially
marked.

T-invariants of T-nets have a special property. This priyp&ill also be used in the
study of complexity of reachability problem in T-systems.

Proposition 3 (Proposition 3.16 inf]). SupposeV = (P, T, Pre, Post) is a T-net. A
vectorJ : T — Z is a T-invariant iffJ = (z, ..., z) for somez.

Proof. SinceV is a T-net, every place has exactly one input transitig and one
output transitiort;,. Therefore

> J(t)(Post(p,t) — Pre(p,t)) = I(t;,) — I(t,) -
teT

It follows thatJ is a T-invariant iffJ (,,) = J(t,) for every place. This is the case iff
J(t) = J(¥') for every two transitions and¢’; in other words, iff there exists a number
x such thatl () = z for every transitiort of V. O

Another concept used in reachability analysis is the follgwvelationship between
two markings of a Petri net.

Definition 8 (Definition 2.32 in p]). SupposeN = (P, T, Pre, Post) is a Petri net
andK is an arbitrary rational valued vector that satisfies fotralhsitionst € T' the
following equation:

> K(P)(Post(p,t) — Pre(p,t)) =0 (2.1)
pEP

Two markingsM and L of A are said to agree on all S-invariant&if- M = K - L
for every rational valued vectdf that satisfiesd.1).

10



2.2. T-systems

The following result from §] characterizes markings that agree on all S-invariants.

Theorem 3(Theorem 2.34 inq]). SupposeV' = (P, T, Pre, Post) is a Petri net. Two
markingsM and L of A/ agree on all S-invariants iff the equatidd + N - X = L has
some rational-valued solution faX.

Proof. (=): Since M and L agree on all S-invariants, they also agree on a basis
{Ki,...,K;} of the solution space of2(1). For every vectoiK; of this basis we
haveK; - (L — M) = 0. A well known theorem of linear algebra states that the
columns oflN include a basis of the space of solutions of the homogenegstsns

K;-X=0(1<j<f).

Therefore(L — M) is a rational linear combination of these columns, é., X =
(L — M) has some rational valued solution ¥
(«): LetK be any rational valued vector satisfyiriy1). Then we havd&-N = 0
and hence
K L=K-M+K-N-X=K-M.

2.2.1 Upper bound for live T-systems

Now, we are ready to give an upper bound on complexity of rabitity problem

in live T-systems. The following result fron®] gives a characterization of reachable
markings, from which we can easily get a polynomial time &tfan for solving reach-
ability.

Theorem 4 (Theorem 3.21 inf}]). SupposéN, My, M) is a live T-systemM; is
reachable iff it agrees wittd/, on all S-invariants.

Proof. (=-): Straightforward application o(1).

(«): Theorem3 implies that there exists a rational valued veclorsatisfying
M; = My+ N -X. SinceJ = (1,...,1) is a T-invariant (Propositiofs), we have
N (X + AJ) =N - X for every\. Therefore, we can further assume tiat> 0.

Let T’ denote the set of transitions 4f. The proof is divided into two steps:

1. There exists a vect&' : T' — Zy4 suchthatMy = My + N - Y.

DefineY by Y(t) = [X(¢)] for every transitiont, where, given a rational
numberz, [2] denotes the smallest integer greater than or equal t&ince
My = My + N - X, we have for every place

My(p) = Mo(p) + X(t1) — X(t2)

wheret; is the unique transition ifip andts is the unique transition ip®.

Since bothM(p) and My (p) are integer valuedX(t1) — X(¢2) is an integer.
By the definition ofY, we haveX(t1) — X(t2) = Y(t1) — Y(¢2). So

My(p) = Mo(p) + Y (t1) = Y(t2)
and hencel; = My + N -Y.

11



2.3. Sinkless Petri nets

2. My>Mjy
By induction on|Y|, the sum of entries of the vectdf defined in part 1.
Base |Y| = 0. ThenY = 0 andM; = M,.

Step Y] > 1. We first show that some transition edpport(Y) is enabled at
M. Let Py be the set of places isupport(Y) that are unmarked atfy,.

If a placep € Py has an input transition that belongssteport(Y), then, since
p is unmarked af/y, andMy + N-Y = M; > 0, some transition iftp belongs
to support(Y) as well.

Every circuit of A/ is marked atM,, because the systeW, M, M) is live.
Therefore, there exists a path of maximal length contaioinly places ofPy
and transitions ofupport(Y). Since, as shown above, every placé’pfhas an
input transition that belongs tsupport(Y), the path begins with a transition
t € *support(Y). Moreover, no input place of belongs toPy because the
path has maximal length. Therefore, every input placei®fmarked at\/,, and
hencet is enabled.

Let My-5M;. Then,M; + N - (Y — e[t]) = M;. Since|Y — e[t]| < |Y],
we can apply the induction hypothesis ¢, . So,MliMf. It follows that
Mo~ M, =My, which impliesMo—>M;.

O

It is now easy to get a polynomial time algorithm for solviregchability problem
in live T-Systems. Suppos&/, My, My) is the given live T-System. From Theoreimn
we have thafl/; is reachable iff/ ; and M, agree on all S-invariants. Theorehthen
implies that); is reachable iff there is a rational valued solutdrfor the system of
equationsMy + N - X = M. This can be easily checked by Gaussian elimination
method. Thus, we conclude that reachability problem fa TvSystems is .

2.3 Sinkless Petri nets

S-Systems and T-Systems we have studied till now have sistpleture and are very
restrictive in terms of their expressive power. Now, we wilax the requirements
on structure a little and obtain a more general class of IRets whose reachability
problem isNP-complete.

The most general class of Petri nets we study in this sedi@inkless Petri nets.
We start with simpler classes of Petri nets calteduit free Petri nets andonflict free
Petri nets and develop the idea progressively. We begintivilefinitions.

Definition 9. A Petri netN' = (P, T, Pre, Post) is defined to be circuit free iff
N doesn’t have any circuits and range Bfe and Post is {0,1}. A net system
(N, My, My) is called circuit free iff\ is circuit free.

Definition 10. A Petri net\' = (P, T, Pre, Post) is defined to be conflict free iff
1. Range ofPre and Post is {0, 1}.

12



2.3. Sinkless Petri nets

2. For every place for which there are at—least two transitionsandt, with
p € *t1 N °ty, we also have € t1* Nis°.

Informally, in any marking of a conflict free Petri net, if trsitionst; andt, are
enabledyi, is enabled even aftef fires.
If ~ is a circuit in a Petri ned/, let P, denote the set of placesin

Definition 11. SupposeV = (P, T, Pre, Post) is a Petri net and is a circuit of \V.
~ is defined to be a minimal circuit ii’, doesn’t properly include the set of places of
any other circuit.

Definition 12. SupposéN, My, M) is a net system andis a circuitin /. v is said

to have asinkiff there are reachable marking$,M’ and a firing sequenceesuch that
M(P,) # 0, M5M’" andM'(P,) = 0. v is said to besinklessff it doesn’t have a
sink. The net systerV, My, M) is sinkless iff each of its minimal circuits is sinkless
and range oPre and Post is {0, 1}.

Reachability algorithm for all the classes of Petri netgl&d in this section are
based on the following idea. Suppas¥, M, M;) is a net system andl/ is reach-
able. Ifo is a firing sequence such that,~ M, 7 is a positive integral solution for
X in the system of equations

My+N-X = M; (2.2)

If a structural and/or behavioural property/gfimplies that existence of positive inte-
gral solution to 2.2) is also sufficient, then reachability problem reduces tec&ing

if there is a positive integral solution t@.Q). This is an instance of integer linear
programming and hence is MP.

2.3.1 Circuitless Petri nets

Circuit free Petri nets are a simple class of Petri nets wiestence of positive integral
solution to @.2) is a necessary and sufficient condition for reachabilitg WMl start
with its simple proof and then move onto more complicateafgdor other classes of
Petri nets.

Theorem 5(Theorem 16 in14]). SupposéN, My, My) is a circuit free net system.
My is reachable iff there exists a nonnegative integral soluX satisfying(2.2).

Proof. Only sufficiency remains to be shown. Suppose there exists ausolution
X. Let Nx denote the sub net of consisting of transitions such thatX(¢) >
0, together with their input and output places and their coting arcs. LetMyx
(Myx) denote the sub vector dfly (1) for places inVx. Consider the net system
(Nx, Mox, Myx) thatis circuit free. We claim that at least one transiti@menabled
atMyx.

Suppose for contradiction’s sake that all transitions #alded atM,x. Lett be
any transition angh € *t be an input place that doesn’t have enough tokens to enable
t at Myx. If p has any input transitioty, ¢; is also disabled at/yx. Letp; € °t;

13



2.3. Sinkless Petri nets

be an input place of; that doesn’t have enough tokens to enahlelf p; has any
input transitionts, ¢, is also disabled at/,x . Since there are finitely many places and
transitions andV’ doesn't have circuits, this backtracking ends up at a tokem fflace

p that doesn't have any input transitions but has at least atubtransitiornt. Since

p doesn't have input transitions, it will never receive ankeies. SinceX(¢) > 0 and
firing of ¢ takes away a token from, this contradicts the fact that/y > 0. Thus, at
least one transitionis enabled af\/y x .

Now, firet. Let the resulting marking b&/’ = My + N - e[t]. If X/ = X — e[t],
M; = M'+N-X’, and the sub neY'x- is circuit free. Repeat the above process until
X’ becomed®). This process will terminate in a finite number of steps satentries
of X are finite. This proves thal/; is reachable. O

2.3.2 Conflict free Petri nets

Now, we will prove that reachability problem for conflict &d°etri nets iSNP hard.
This was first proven by Jones, Landweber and Lien.ij.[

Theorem 6(Theorem 2.6 in]3]). The reachability problem for conflict free Petri nets
is NP hard.

Proof. We will reduce CNF-SAT problem to reachability problem fondlict free Petri

nets. Letl’ = C; A Cy A --- A C,. be a CNF formula where eacly is a disjunction

of (some of) the variables,, ..., z, and their negationsy, ..., 7. We construct a
Petri netNr = (P, T, Pre, Post) with P = {z1,...,z,,C4,...,C,}, i.e., one place
each for each clause and one place for each variable. oThe set of transitions is
T=At1,...,ts,t},...,th,te1,. .., tor}. Pre and Post are defined as follows:

» Vs

e Pre(Ci,te;) = 1forl <i <r. Pre(p,t) = 0 for all other cases.

e Post(x;,t;) = 1 = Post(z;,t;) for1 < i < s. Post(z,t) = Post(z,t') =0
for all other cases.

e Post(Cy,t;) = 1 if variablez; appears in claus€’;. Post(C;,t;) = 1if T;
appears in claus@;. Post(C,t) = 0in all other cases.

Initial marking M, is given by My (p) = 0 for all placesp. Final markingl/; is given
by My (p) = 1 for all placesp.

If there is an assignment satisfyitig we can prove that/; is reachable frond/,
as follows. If the satisfying assignment setgto true,t; can fire, putting one token in
placexz; and one token each in all those pla¢gsvherez; appearsirC;. If z; is setto
false,t; can fire, putting one token in plaeg and one token each in all those placgs
wherez; appears irC';. Thus, if a satisfying assignment exists, we can fire trawst
t;,t; such that each place; receives exactly one token and each plétereceives
at least one token. Extra tokensdfy can then be removed by firing:; as needed.
Therefore, ifF is satisfiable, there is at—least one firing sequence thraingth final
marking M is reachable fromd/,.

On the other hand, suppo3é; is reachable fromf,. If My M/, then for each
i, 1 < i < s, exactly one oft;,t: is fired ino. If neither of them are fired, the

2
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placez; will not have any tokens after fires, a contradiction. If botty and¢;, fire or if
one/both of them fire more than once, the plagwill have more than one token, again
a contradiction (note that there are no transitions thatalke away tokens from place
x;). Now, consider the assignment that assigns true to thahlati; if transition¢;
fires ino, and assigns false to the variablgf transitiont; fires ino. This assignment
satisfies all the clauses &f (otherwise, if claus€’; is not satisfied, the placg€; will
not have any tokens afterfires, a contradiction).

Therefore,F' is satisfiable iffAM; is reachable from\/, in the Petri netVp. Itis
also easy to see thafp, M, andM; can be constructed frotf in polynomial time.
Since the constructed net is conflict free, it follows thatofeability problem in conflict
free Petri nets ilNP hard. O

2.3.3 Upper bound for Sinkless Petri nets

We will now give upper bounds for reachability problem in it free Petri nets and
sinkless Petri nets. Sinkless Petri nets were introducedanyasaki in B3]. Howell
and Rosier [ 1] gave aNP algorithm for solving reachability in conflict free Petritae
It was followed by Howell, Rosier and YenNP algorithm for solving reachability
in normal and sinkless Petri nets]. Normal Petri nets are those that behave like
sinkless Petri nets for all initial markings. Hence, noriRetri nets form a subclass
within sinkless Petri nets. Since conflict free Petri netsasubclass of normal Petri
nets (seeld]), we will directly study the algorithm for normal and sields Petri nets.

In all the results that followprdinary petri netsmean those Petri nets for which
range ofPre and Post is {0, 1}. Following three results fronB[j] establish the funda-
mental properties based on which algorithm for reachahilitsinkless Petri nets are
developed.

Lemma 3 (Lemma 3.1 in 3]). SupposeV = (P, T, Pre, Post) is an ordinary Petri
net andM, is an initial marking. Letr be a firing sequence such thify + N-7 > 0
and no transition occurring ir is enabled ilV,. Then there exists a token free circuit
v = pity . ..p.trp1 SUCh thaG > 7 wherer =t ... ¢,.

Proof. Let ¢t be a transition occurring ib. Sincet is not enabled inV/,, there exists
a placep such thatMy(p) = 0 andp € *t. SinceM, + N -7 > 0 andt occurs in
o, there must be another transitighe *p that also occurs im. Sincet’ is also not
enabled inM,, we will have another token free plagé e *¢’ and so on. Since there
are finitely many places and transitions, this backtrackiiigstop when we reach back
p. Consequently, we can get a token free cireuit pit; ...p,t,.p; such that > 7
wherer =t;...t,. O

Lemma 4 (Lemma 3.2 in $3]). SupposeV = (P, T, Pre, Post) is an ordinary Petri
net andMj is an initial marking. For every finite firing sequengea rearrangement
of o is enabled at\/j if

1. My +N-7 >0.

2. For each firing sequencgenabled atM, and each circuity = pity ... p.qt.p1
witht =ty ...t,., if & > 777, then the token count &fis non zero at the marking
Mo+ N-7.
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2.3. Sinkless Petri nets

Proof. We proceed by induction on length of If o = ¢, the empty sequence, the
resultis clear. 1o # ¢, from Lemma3, there exists a transitianthat occurs in- and
is enabled ab/y. Leto = utu’. Then(Mp+N-e[t]) + N-uw’ > 0, andMy + N - et]
anduu’ satisfy condition (2). By induction hypothesis, a rearamgntv of uu’ is
enabled af\/y + N - e[t]. Thus,tv is a rearrangement of and is enabled a¥/,. O

Lemma 5(Theorem 3.3in33]). SupposeV = (P, T, Pre, Post) is an ordinary Petri
net andM is an initial marking. If there are no token free circuits imyareachable
marking, then the reachability set is given by

R(N, My) ={M | M = My + N - 7 for some firing sequence}

Proof. By Lemma4, M is reachable from\/, iff M = My + N - 7 for some firing
sequence. O

Lemmab requires that there be no token free circuit in any reachaldleking. As
seen in Definitionl2, sinkless net systems may have token free circuits. We dye on
ensured that once a minimal circuit is marked, it will nevetnmarked again. Howell,
Rosier and Yen1Z] showed how to extend Lemnisto sinkless Petri nets.

Lemma 6 (Lemma 4.2 in [7]). Let N/ = (P, T, Pre, Post) be a sinkless Petri net,
and let\” = (P,T', Pre’, Post') be another Petri net such thdt C T and Pre’
(Post’) is the restriction ofPre (Post) to P x T". Let M, be an initial marking of\/
ando be a firing sequence & such that\/,-> M and eacht € T’ is enabled at some
intermediate marking during firing eof from M,. Then the netV”’ with initial marking
M doesn’t have any token free circuits in any reachable markin

Proof. Suppose for contradiction’s sake that some reachable ngahli in R(N', M)
has a token free circuit’. SinceM’ is reachable iV”, it must also be reachable from

M in V. Letoo’ be a firing sequence df such thatMO&Mi/»M’. Also, sincey’ is

a circuit in A/, it must also be a circuit i. Thus, there must be a minimal circuyit
of N such thatP, C P,. Clearly,M’() = 0. Letp be any place in, and lett be the
transition followingp in +’. Sincet € T, t must have been enabled at some marking
M" reached during the firing of from M in M. Thus,M" (p) > 0, soM" () > 0.
SinceM’(y) = 0 andM’ is reachable fromd/”, v has a sink - a contradiction. [

SupposeV = (P, T, Pre, Post) is a sinkless Petri nef\/, an initial marking and
P = {p1,....,pm}andT = {t1,...,t,}. LetT = ¢; ---t; be any sequence of
distinct transitions fronT". In [17], characteristic system of inequalities for A/, M,
andr is defined asS(N, My, 7) = So U S; U---US,, whereSy = {x¢ = My},
Sy = {xp_1(%) > Pre(pi,t;, ), %xn = Xp—1 + Np-yn |1 <i<m}, andNy is N

restricted to{t;,,...,t;, } for1 < h < r. The variables ir5 are the components of
m dimensional column vectoss, . . ., x,. and theh dimensional column vectoss,,
1<h<r.

Lemma 7 (Lemma 4.3 in [7]). SupposeV' = (P, T, Pre, Post) is a sinkless Petri
net andM/, is an initial marking. LetdM be any marking of\". Then there is a firing
sequencer such thatM,% M iff there is some sequenee= t;, ---t; of distinct
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transitions inT" such thatS(N', My, 7) has a non negative integer solution in which
x, = M. Furthermore,c and7 can be chosen such that= o, ... o,, whereM, =
x0Bx; B - Bx, = M, t;, is enabled atc,_1, o1, € {tj,,...,t;,}", andyn(h')
gives the number of times,, occursinoy, for1 < h’ < h <r.

Proof. (=) Let M € R(N, M,). Then for some firing sequenee My%M. Let

o =o01...0.suchthatforl <h <r, oy, begins with some transitior), that doesn't
occuringy, ..., on—1 andoy, contains only transitions from the sfgt;,, . .., ¢;, }. Let

T = tj, ---t;,.. By lettingyy (h') be the number of times;,, occursinoy,, 1 < h' <

h < r, itis easily seen that (', My, 7) has a non negative integer solution for which
MQ :xogxlg--~g—T>xr =M.

(<) We will show by induction on- that for any sequence. = ¢;, ---t;, of r
distinct transitions fron¥” and any markingV/, if S(NV, My, ) has a non negative
integer solution for which:, = M, thenM, = xo5x, 53 --- Bx, = M such that
t;, is enabled a1, o4 € {t;,,...,t;,}", andt;,, occursyy(h') times inoy, for
1 < A’ < h <r. The lemma will then follow.

Base Letr = 0. ThenS = (N, My, 10) = {x0 = My }. Clearly, the only solution
to S is My, andMy— M.

Hypothesis Letr be some positive integer, and assume that for any sequence of
distinct transitionsr = ¢;, ---t;,_, from T" and any markingV/, if S(N, Mo, 7._1)

has a non negative integer solution in which.; = M, thenMj, = xo2x; 53 -- %, =
M suchthat;, is enabled aty_1, 04 € {tj,,...,t;, }", andt;,, occursy,(h’) times

ino,forl<h' <h<r-—1.

Step. Letr. = t; ---t;, be a sequence of distinct transitionsin M be any
marking of /', 7,1 = t;, ...t;._,, andT’ = {t;,,...,t; }. ThenS(N, Moy, 7,) =
SN, My, 7r—1)U{x,—1(i) > Pre(pi,t;.),%Xr = Xr—1 + N, -y, | 1 <i < m}. Sup-
poseS(N, My, 7,) has a non negative integer solution in which = M. Since
any solution ofS(N, My, 7,.) is clearly a solution toS(N, My, 7—1), from the in-
duction hypothesisMy = xo5x;23 -+ 5'x,_1 such that;;, is enabled at;,_,
on € {tj,,...,t;}" andt;,, occursy,(h') timesinoy, forl < h' <h <r—1. Let
o' =01...00_1. Sincex,_1(7) > Pre(p;,t;.) for1 <i <m,t; isenabled ak,_;.
Thus, each € T’ is enabled at some intermediate marking during firing-ofrom
M,. So from Lemmas, (P, T', Pre’, Post’) has no token free circuit in any mark-
ing reachable fronx,., wherePre’ (Post’) is Pre (Post) restricted taP x T". Since
M = x, = x,_1 + N,. - y,. for some non negative integer vectpr, from Lemma
4, x,_153x, = M from somes, € T containingy..(h") occurrences of;,, for
1 <K <r. Thus,My = xo5x; 53 .- Bx, = M such that;, is enabled at;,_;,
on € {tj,,---,t;,}", andt;,, occursyy(h') timesino, for 1 < < h <r. O

Now, we are ready to prove that reachability problem for leis& Petri nets is in
NP.

Theorem 7(Theorem 4.2 in]2]). The reachability problem for sinkless (normal) Petri
nets isSNP complete.

Proof. From Theoren®, the reachability problem for conflict free Petri netsNB
hard. Since any conflict free Petri net is normaf][ it follows that the reachability
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problem for normal Petri nets NP hard. Since any normal Petri net is sinkless, we
need only show that reachability problem for sinkless Reits is inNP. We use the
following non deterministic algorithm for deciding reatfilty in any given sinkless
net system\V, Mo, My). First, guess a sequenceof r distinct transitions from the
set of transitiong". Then construct (N, My, 7) in polynomial time. Next, construct
S = S(N, My, 7)U{x, = M;}. Since integer linear programming isNP, we can
guess a solution t6' and verify it in polynomial time. Clearly¢' has a non negative
integer solution iffS (N, Mo, 7) has a non negative integer solution in which= M.
From Lemmav, there is ar such thatS(N, My, 7) has a non negative integer solution
in whichx,, = M;y iff My € R(N,M,). Therefore, the reachability problem for
sinkless (normal) Petri nets MP complete. O

Most of the results in this chapter are for ordinary PetrisnefAs observed by
Yamasaki in B3], Lemma3, Lemma4, Lemma5 can be made to work with little
modifications for Petri nets where range Bfe is {0, 1} but range ofPost is 2.
Consequently, Lemm@ Lemma7 and TheorenT also go through for such Petri nets.

2.4 Free choice Petri nets

In this chapter, we will look at free choice Petri nets. H), [Esparza proved that
reachability in live and bounded free choice Petri nefd®scomplete.

Definition 13. A Petrinet\' = (P, T, Pre, Post) is afree choicePetri netif Pre(p, t) #

0 implies Pre(p’,t') # 0 for anyp’ € *t andt’ € p®. A net system N, M;, M) if a
free choice net system iff/ is a free choice Petri net. If, in addition, every reachable
marking of (N, My, My) enables at least one transition, then it is called a live free
choice system. If, in addition, there exists a positiveget® such that every reachable
marking puts at mogttokens in each place, then a live systefi My, M) is called a
live and bounded free choice system. It is sometimes refeéoras live and-bounded
free choice system.

Free choice Petri nets as defined here are sometimes referesdextended free
choice nets in the literature. In a free choice net, if trémisst; andt, have a common
input place and; is enabled at some marking, thenis enabled at that marking too.

The NP hardness lower bound for reachability in live and boundee fthoice
Petri nets is divided into two parts. In the first part, the Cd#tisfiability problem is
reduced to what is called the constrained reachabilitylprotof live and bounded free
choice Petri nets. In the second part, constrained redikginoblem is reduced to the
reachability problem in live and bounded free choice Pedtsn

Definition 14 ([8]). Theconstrained reachabilitproblem is defined as follows.
Given A live and bounded free choice Petri net systgkh M,, M), two subsets
T—, andT>; of transitions of\/.
To decide Is there a firing sequence such thatM,—M; ando contains each
transition of7—; exactly once and each transitiontf; at least once?
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2.4.1 Lower bound for constrained reachability problem

Given a CNF formulap, a literal is a boolean variable or it's negation. A clausa is
disjunction of literals ana is the conjunction of clauses. A CNF formula is identified
with the set of clauses that appear in it. A clause is idedtifigh the set of literals that
appear in it.

Given a CNF formula = {C1,Cs, ..., C.}, over variables; .. ., x,, we assume
w.l.o.g. that no clause contains both a variable and it'satieg, and that for every
1 < i < v, there is a clause that contains eithgor z;. In [8], Esparza constructed
a system(\, My, My), two subsets/; andT>; of transitions. A/ is constructed
in several steps. To begin with, we have the empty net. At stah, new places,
transitions or even new subnets are addeti'to

Z;
TC; Uc;

ta; fl‘L
Cj

Figure 2.1: The neNz; (left) and NC; (right)

x; in Cj x; notinC; x; notinC;
Z; notinC) Z; In C; z; notinC;

Figure 2.2: Connection fronVz; to NC;

e For every variable;;, add to\ the netNz; shown in Fig2.1
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Figure 2.3: Connection frol’vCy,... NC,, to Nz, ... Nx,
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e For every claus€’;, add toN the netNC; as shown in Fig2.1

o For each variable; and every claus€’;, connect the neWz; to the netvVC; as
shown in Fig.2.2, according to three possible cases: £1pppears irC; butz;
does not; (2); appears irC; butz; does not; (3) Neithet; notz; appears in
Cj.

e Connectthe placesy, ..., C. to the places:, . .., z, as shown in Fig2.3

This concludes the construction 8f. M, and M are both equal to the marking
that puts one token in the plaGtartand no tokens anywhere else. Finallyy; =
{TCl, Ceey TCC} andT:1 = {Al‘l, ey ALL'U}

It is a routine exercise to prove thgV, M, M) constructed above is a live and
1-bounded free choice Petri net. The intuition behind tloisstruction is briefly ex-
plained below. Let be a firing sequence ¢V, My, M) in which transitions off—;
occur exactly once and transitionsBf; occur at least once.

e The occurrence of the transitiofiz; denotes that:; is going to be assigned a
truth value.

e The netsNz; are used to determine the assignment of the variables. 8iece
transitions of the sef_; occur exactly once i, for everyl < i < v either
ta; or fx; occurs ing, but not both. In this wayy determines a unique truth
assignment4,, defined by: A, (x;) = true if tz; occurs inc, and A, (z;) =
false if fx; occursino.

e After assigning a value to a variable,updates the truth values of the clauses.
The connections between each pair of n¥ts; and NC; are chosen with the
following intended meaning: the occurrencelaf; in o setsC); to true, while
occurrence o/ C; leaves it unchanged. Therefor®; is true underA,, iff the
transitionT'C; occurs at least once in

The following lemma follows from the above construction.

Lemma 8 ( [8]). Constrained reachability problem in live and bounded fréeice
nets isNP-hard.

Proof. Given a CNF formulap, construct the corresponding systén, M, My) as
explained above. Itis easy to see that this constructiofeatone in polynomial time.

Suppose there is a firing sequenidg- M ; satisfying the conditions of the prob-
lem. Since every transition @f-; occurs at least once i, the truth assignmem,,
makes all clauses true, which implies tlieis satisfiable.

Conversely, let be a satisfiable formula. We take an assignment that makes
and use it to construct a firing sequemcsuch thatV/y-> M ; ando satisfies the condi-
tions of the problem. The sequencés the concatenation of sequenegsos, . . ., 0y.
Eacho; starts with firing of one of the output transitions of the gatart, followed
by the corresponding; transition and the transitiotx; or fz;, according to the as-
signment, and ends with the transition End. Due to the way Net; and NC; are
connectedg contains every transition df-; at least once. O
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2.4. Free choice Petri nets

2.4.2 Constrained reachability to reachability

We now see how to reduce constrained reachability to reddhgiroblem in live
and bounded free choice Petri nets. Given a live and 1-balifrde choice system
(N, My, My), two subsets of transitioris-; and7, Esparza{] constructed a sys-
tem (N, Mg, M}) such thatM; is reachable from\f, in AV under the constraints
given byT—; andT> iff M} is reachable fromd// in A”.

In order to defing\”, Mg, M), some building blocks and a composition operation
is defined. The blocks are shown in Fig4 and Fig.2.5. The following two lemmata

=1 o Marking Mg
o Marking M 21

Figure 2.4: The systerV=1, Mz!, M=1)

e Marking Mt
o Marking M ="

Figure 2.5: The systerfV=1, M5, M=1)

can be easily proved by inspecting all enabled firing segemnc

Lemma 9([g]). Let(N=1, Mg", M=") andt>! be as shown in Fig.4. (N =1, Mg, M>1)
is a live and 1-bounded free choice system and satisfies Hibevfiog property: there
exists a firing sequence with M%) =" containingr times the transitiori=" iff

r>1.

Lemma 10([8]). Let(N=!, M5!, M=) andt=! be as shownin Fig2.5 (N =1, M5t M=1)
is a live and 1-bounded free choice system and satisfies bviiog property: there
exists a firing sequence with M;'-%M=! containingr times the transitiort=" iff

r=1.

The composition operation is defined on nets in the followiray. LetA; and N>
be two disjoint nets, and le{ andt, be transitions of\; and N> respectively. The
mergeof ¢t; andt, is the operation consisting of the following three parts.
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2.4. Free choice Petri nets

e PutA; and\; side by side.
e Removel; andt, together with their incident arcs.

e Add a new transition; let the preset (postset) 6be the union of presets (post-
sets) oft; andts.

Let N be the net obtained after the above operation. The set oéplat\/ is the
disjoint union of places of\; andA,. Therefore, a marking of is characterized
by its’ projection onto these two sets of places. We denotéMy, M) that mark-
ing that projects onto markingk/; of A7 and M; of N3. The composition opera-
tion is extended to systems as follows: the system obtaifted the merge of tran-
sitionst; andt, of the systemgA;, Mo1, My1) and (Na, Moa, My2) is the system
(N, (Mo1, Mo2), (My1, Mys)), whereN is the net defined above. We are now ready
to construct\’, M, M}). Take (N, My, M) and merge iteratively each transition

of T, with t=! of a fresh copy of N'=', Mg*', M=1). Then, merge iteratively each
transition of7_; with the transitiont=! of a fresh copy of V=1, M1, M=1). Using
Lemma9 and LemmadL0, the following lemma can be proven.

Lemma11([€]). Let(N, My, My), T>1 andT—, be an instance of constrained reach-
ability problem, and let\”’, Mg, M be as described abové\N’, Mg, M}) is a live
and 1-bounded free choice system, ad can be reached fromd/, satisfying the
constraints corresponding tb>; and7-, iff MJ’, can be reached from/}).

For a rigorous proof the above lemma, reader is referredatotiginal paperd].

The reductions from CNF satisfiability to constrained resdaility and from con-
strained reachability to reachability in live and 1-boudflfee choice Petri nets proves
theNP-hardness of the problem.

2.4.3 Upper bound

Esparza{] also proved that reachability problem in live and boundee thoice Petri
netsis inNP. The main result used for this is the following theorem duede, Kodama
and Kumagaif (.

Theorem 8. Let(N, My, My) be alive and bounded free choice systaufy. is reach-
able fromM, iff the following conditions hold:

1. The equatiod/; = M, + NX has an integer solution, and

2. Every trap of the subnet of generated by the transitions of the supporXofs
marked atM.

Now, the following non-deterministic polynomial time alithm can be used for
the reachability problem (fron&]).

1. Guess a subs&? of transitions of\.

2. Check that every trap of the subnet/dfgenerated by’ is marked atM, (a
polynomial algorithm for this problem can be found &j)[
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2.5. 1-Safe Petri nets

3. Guess a solution dff; = M, + NX whereX has supporf” (it is well known
that a solution exists iff a solution of polynomial size ¢sjssee for instance

[10D).

2.5 1-Safe Petri nets

In this section, we will study the class of 1-Safe Petri ndtsa 1-Safe net system,
every reachable marking has at most 1 token in every place.

Definition 15. A net system(\V, Mo, M) is defined to be 1-Safe iff every reachable
marking has at most 1 token in every place.

The reachability problem for 1-safe net systems was provdePSPACE com-
plete by Cheng, Esparza and Palsbergin [

2.5.1 Lower bound

Theorem 9 (Theorem 6 in {]). The reachability problem for 1-Safe Petri nets is
PSPACE hard.

Proof. The proof is by reducing the problem @fuantified Boolean Formula to
reachability of 1-Safe Petri nets in polynomial time. It islihkknown that Quantified
Boolean Formula i®SPACE complete.

The problem is, given a well formed quantified Boolean foranul

F = (Q121)(Q2x2) - (Qrxy)E

whereF is a Boolean expression involving the variablgsxs, . . . , z, and eaclQ); is
either3 or Vv, we have to decide if" is true.

If we are given a quantified Boolean formulg then we construct a 1-Safe net
system(\V, Mo, M) such that)M s is reachable iffF” is true.

Before constructing the net and the marking, we wfitén polynomial time, into
an equivalent closed formula generated by the grammar:

Pu=g|-P|PAP|32.P

and such that all bound variablesGhare distinct.
The construction of the net f@¥ is illustrated in Fig2.6, Fig.2.7and Fig.2.8. The
construction is compositional. The only complication is thterpretation of variables.
The netG contains the places:

{P_in, P_T,P_F | Pis an occurrence of a subformula@f U
{z_is_T,x_is_F | x is bound inG}
Transitions are defined in Tablel x_in + x_is T — x_ T + z_is_T denotes a

transition with input places:_in,z_is_T and output places T,z is_T, with all
arc weights equal td. For readability, when in the following we name places and
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2.5. 1-Safe Petri nets

read_x_is_T

read_x_is_F

not_P _is T

|
|
|
|
|
[ call_P
|
|
|
|
|

Figure 2.6: Reduction from QBF
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2.5. 1-Safe Petri nets

=
=)

P F and Q| |P.T and Q T||P_T and Q_F

P_and_Q _in

Figure 2.7: Reduction fron? A @

call_P_with_x_T||call_P_with_x_Flx T _and_P T\|x_F_and_P T|FEx.P_is_F

N T i |

xst,

Ex.P_in -~_ _ Ex.P_ T Ex.P_F

Figure 2.8: Reduction fromz. P
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2.5. 1-Safe Petri nets

Occurence Transitions
x read_x_is_ T . ax_in4+x_is T —x T+ax_is T
read_x_is F . x_in+zx is F—x F+x is F
-P call P . mnot_P_in— P_in
not P is F . P T —not P F
not_P_is T . P_F —not_ P T
PAQ cll_ P : P_and_Q _in — P_in
PT and Q7?7 : P T—Q_in
P F and Q? : P F—P and QF
PT and QT : QT — P and QT
PT and Q F : @QF—P and Q_F
Jx. P call_P_with_ x T . Fz.P_in— P_in+ax_is_ T
call_ P _with X F : X s T+ P F—ux_is F+ P_in
x T and PT . x is T+PT— FEx.P T
r F and PT . z_is F+P T — Ex.P T
Ex.P s FF . x_is F+P F — Ex.P_F

Table 2.1: Definition of transitions

transitions, we writerot_ P for -P, P_and_Q for P A Q andEx. P for 3x.P.

The initial marking is one token it¥_in and zero tokens in all other places.
Intuitively, when P_in receives a token, the checking of truth®fegins. When
either P_T (“true”) or P_F (“ false”) becomes marked, this checking is completed.
Let us consider in turn the construction for each of the petidas in the above gram-

mar.

First, consider variable, see Fig2.6, boxB. The places:_is T (“x is true”) and
x_is_F (“z is false”) are not part of the net farbut are included to indicate that they
will be added when treating quantification that bindsNote that all occurrences of
the same variable share these two places. The two transitions implement tding
of the current value af.

Second, consider a negatioi, see Fig2.6, boxC. The transitioncall_P trans-
fers the “control” to the subnet fd?. The two other transitions implement the negation.
Third, consider a conjunctioR A @, see Fig2.7. The transitiorcall_P transfers
the “control” to the subnet faP. The four other transitions implement the conjunction.
Fourth, consider an existential quantification P, see Fig2.8. The places_is T
(“zistrue”) andx_is_F (“xis false”) are the ones we mentioned above. The transition
call_P_with_x_T assigns true t@ and transfers the “control” to the subnet f8r In
caseP was not true, the transitiomll_P_with_x_F assigns false ta: and again

transfers “control” to the subnet @t.

The final markingl/; puts one token ii7_1" and zero tokens in all other places. It

is now easy to see that the final marking is reachable in thionét iff G is true. O
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2.5. 1-Safe Petri nets

2.5.2 Upper bound

Now, we will give aPSPACE algorithm for solving reachability problem in 1-Safe
Petri nets. This algorithm is also given if] [ Along with the hardness fdPSPACE,
this will imply that reachability problem for 1-Safe net gghs iSPSPACE complete.

Given a net syster\V, My, M) that is 1-Safe withn places and: transitions,
Algorithm 2 solves reachability.

Require: Net System\, My, M) hasm places and is 1-Safe.
1: Letm = number of places iV

. Letn = number of transitions iV

: Leti = 1.

. Let currentMarking = M.

- while i < 2™ do

i < i+ 1. Non deterministically guess a transitian

If t is not enabled irurrentMarking, halt and reject.

If tis enabled incurrentMarking, currentMarking «— currentMarking + N -

e[t].
9: if currentMarking = My then

10: Halt and accept.

1. else

12: Continue with the loop.

13:  endif

14: end while

15: We never reachefl/; in the above loop. Halt and reject.

Ensure: Accept if M is reachable formd/y, reject otherwise.

Algorithm 2: Reachability algorithm for 1-Safe net systems

Claim 3. SupposéN, My, My) is a 1-Safe net system whevg; is reachable andV’
hasm places. Then at least one execution path of Algorithatcepts. IfA/; is not
reachable, then no execution path of AlgoritAraccepts.

Proof. Since there aren places in\ and it is 1-Safe, there are at m@st possible
distinct markings ofV. If M/ is reachable, there is a firing sequencsuch that
My%M;y. If length of o is more thar2™, at least one marking repeats at two positions
in the sequence. We can now remove the transitions betwese tivo positions and
get a shorter firing sequence that is enabled/gtand reached/;. We can repeat
this process till we get a firing sequence of length at mést The execution path of
Algorithm 2 that guesses this short path will accept.

If M, is not reachable, then the test in lifef Algorithm 2 always fails in any
execution path. Hence, in this case, all execution patlestej O

Claim 4. Algorithm2 runs in polynomial space.

Proof. Input to the algorithm requireédmnn + mo + my bits. Since maximum value
stored ini is 2™, space needed for the variahlés m bits. Space required for the
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2.5. 1-Safe Petri nets

variable currentMarking is m bits. Space needed to guess a transitiolods: bits
and space needed for updatingrentMarking is m bits. Hence, the whole algorithm
runs in polynomial space. O

Claim 3 and Claim4 imply that reachability problem for 1-Safe nets iHSPACE
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Chapter 3

S-Variants

In this chapter, we will introduce the concept of S-variamtsl study how S-variants
can help in designing algorithms for certain classes ofiRets. We will characterize
the nets that have S-variants and see how far this technajuee pushed with Petri
nets that do not have S-variants.

All proofs of general Petri net reachability use a veator 1 as one of the suf-
ficient conditions for reachability (for example in the cdiahs for Kosaraju's suffi-
ciency theorem, cf.47]). An S-variant generalizes this kind of vector with weights.

Definition 16 (S-variants) SupposeV = (P, T, Pre, Post) is a Petri net. An integer
vector (mappingV : P — Z is an S-variant iff for alk € T,

> V(p) (Post(p,t) — Pre(p,t)) > 1.
pEP

Informally, an S-variant is a linear combination of numbétakens in each place
of the net such that the value of this combination strictigré@ases with the firing of
any transition. IfV is an S-variant and/ is a marking, then we defin¥ (M) =

> pep V(O)M(p).

3.1 Petri nets with S-variants

In this section, we examine those Petri nets for which Savesiexist. We first give a
characterization of such nets in terms of the T-invari@stshets studied by Kostif{).
We then give a polynomial space algorithm for solving thehadility problem in such
net systems.

3.1.1 Characterizing nets with S-variants

If N' = (P, T, Pre, Post) is a Petri net andN is its incidence matrix, an S-variaht
is an integral solution to the system of inequalities

NTv>1
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3.1. Petri nets with S-variants

Also, a T-invariant] is an integral solution to the system of equations
Nj=0

The following theorem characterizes nets that have S-wiriay relating it to the non-
existence of semi-positive T-invariants.

Theorem 10. A Petri net has an S-variant iff it does not have any non-dtigemi-
positive T-invariant.

Proof. SupposeN = (P, T, Pre, Post) is a Petri net andN is its incidence matrix.
N has an S-variant iff the system of inequalitiid'v > 1 has an integral solution.
N7Tv > 1 has an integral solution iff it has a rational solution (amaal solution can
be converted to an integral one by multiplying the solutienter by the least common
multiple of the denominatorsN”'v > 1 has a rational solution iff N”v < —1 has
a rational solution.

Now, we can apply a variant of the Farkas lemma (corollare efiSchrijver 29)).
—N7v < —1 has a rational solution iff for each rational row vecgor> 0 with
y-—NT =0,y-—1 > 0. But for any non-zero rational row vectgr> 0,y -—1 < 0.
Hence,—N”v < —1 has a rational solution iff for each non-zero rational rowtee
y >0,y --N"#0.

Since a rational solution tp- —N7" = 0 can be converted to an integral solution by
multiplying the solution vector by the LCM of the denominegtonve can conclude that
—NTv < —1 has a rational solution iff for each non-zero integral rowteey > 0,

y - —=NT =+ 0. Equivalently, we can state thaf has S-variants iff for each non-zero
integral vectoj > 0, —INj # O.

By the fact that T-invariants are exactly the solutions ef élgjuation systeNj =
0, we conclude that has S-variants iff it does not have any non-trivial semipaes
T-invariant. O

Checking whether a Petri net has S-variant is equivalenhézking if N7v > 1
has an integral solution. Since any rational solutiotNtbv > 1 can be converted to
an integral solutionN”'v > 1 has an integral solution iff it has a rational solution.
The later can be checked in polynomial time using linear mmogning. Therefore,
checking whether a given Petri net has S-variant can be dop@ynomial time.

The example net in Fig3.1lis a T-invariant-less net and hence, it has S-variants.
E.g..V = [3,2,0,1,2]" is an S-variant for this net.

3.1.2 Reachability algorithm

Kostin gave an algorithm to decide reachability of T-ingatiless netsi[5]. However
there is no complexity analysis in this paper. The main idelaird our reachability
algorithm for nets with S-variants is somewhat differerd are are able to analyze its
complexity. Given an initial and target marking, an S-vatiean be used to bound
the length of any firing sequence that starts at the initiaking and ends at the given
target marking. The following proposition makes this fokma
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3.1. Petri nets with S-variants

D1

e
/

D3 P4

Figure 3.1: Hopcroft and Pansiot’'s example net

12

Proposition 4. SupposéN, My, My) is a net system. H is a finite firing sequence
of (N, My, M) such thatV,-%M and if V is an S-variant ofV, then the length of
is at mostV (M) — V(My).

Proof. Supposer = tits.. .1, andMoiMlz .. k»MT = M. By definition of S-
variant, forl <+ <r, V(M;) > V(M;_1) + 1. Substituting for all i's starting from
r, we getV(M,) > V(M) + r. Hencey < V(M) — V(M). O

The complexity analysis is based on the following result.

Proposition 5 (Borosh and Treybigll], Theorem 5) Let A be an x r integer matrix
and B be ann x 1 integer matrix. Suppose denotes a- x 1 vector of variables
and the system of equatioAst = B has a non-trivial positive integral solution. Also
suppose thaf? is the maximum of absolute values of all minors of the augedent
matrix [A | B]. If A is a full row rank matrix and: < r, then the system of equations
Az = B has a positive integral solution where each entry of the tsaruis at most
Rn + nrR2.

To give an upper bound for our algorithm, we need the follghemma that gives
bounds for the S-variant itself. A similar result was usedRackoff [26] to give
exponential space upper bound for the boundedness prolfleatronets.

Lemma 12. SupposeV is a Petri net having an S-variant with places anch tran-
sitions, and its incidence matriX has entries iff0..D]. ThenA\ has an S-varianV¥
such that the absolute value of each entriois O (mn?(n!)>D?").
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3.1. Petri nets with S-variants

Proof. Since " has S-variants, an integral solution exists for the sytehv > 1.
If Iis the identity matrix, then an integral solution exists Nfv > 1 iff a positive

integral solution exists for the system of equati(ﬁhsp NT | —NT} v =-1.
Now we can use Propositidhon the system of equatior{i | NT | —NT} v =

—1. [I | NT | —NT} has full row rank due to the presence Iof The number of

columns of this coefficient matrix is = n + 2m > n. The absolute value of minors
of the augmented matrix is upper bounded®y< n!D™. Hence, Propositio is
applicable and@n + nrR? < nn!D™ + n(n + 2m)n!>D?". Thus, we have a positive
integral solution with each entry beirt@ (mn?(n!)2D?").

It can be easily seen that a positive integral solutimﬁlt@NT | —NT} vi=-1

can be converted to an integral solution f v > 1 without affecting the bounds. So

we conclude that ifV" has an S-variant, it has one with the absolute value of each en

beingO (mn?(n!)>D?"). O
Now, Propositiot and Lemmal2 can be combined to give an exponential upper

bound on the length of firing sequences.

Proposition 6. SupposéN, My, My) is a net system with S-variants. Suppesis
the number of transitions ang the number of places iv' and[0..D] is the range of
entries inN. If o is a finite firing sequence df such that\/,-> M, the length ofr is
at mostO(m?n?(n!)2 D*"max(My, My)),

Proof. SinceN has S-variants, Lemnt2 shows that there is an S-varia¥itsuch that
the absolute value of each entry¥éfis O(mn?(n!)2D?*"). By Propositior, we have
lengthofec < V(My)— V(M)
= ) V(p) (Ms(p) — Mo(P))

peP
< Z O(mn?(n!)2D*"Ymaz (Mo, M)
pEP
mO(mn?(n!)2D*"Ymax (Mo, M)

length ofo O(m*n?(n!)2D*"max (Mo, My)) .
O

By Propositior, it is easy to see that the following non-deterministic ailipon is
correct.

1. Given a net syster\, My, M) with S-variants, initialize variabléto 0 and
also store the initial marking/, in a variablecurrentMarking.

2. whilei < bound given by Propositiof, repeat the following steps.

(a) Non-deterministically guess some transitian 7.
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(b) If t is not enabled in the marking stored émrrentMarking, reject and
halt.

(c) If tis enabled, updateurrentMarking to the marking resulting from firing
t from the marking previously stored wurrentMarking.

(d) if the marking now stored irurrentMarking is equal to the target mark-
ing, accept and halt, else incremeind continue with the loop.

3. If the target marking is never reached in the above logecte

Now we analyze the space complexity of the above algorithme. algorithm needs
space to store the variablésand currentMarking. The maximum value in will
be O(m?n?(n!)2D?"max (Mo, My)). Hence, the space required for it@log m +
nlogn+2nd+mo+my) bits. SinceD is the maximum number of tokens that can be
added to a place by one transition and the maximum numbeaiditions we consider
is O(m?n?(n!)?D?"maz (Mo, My)), the maximum value that will be stored for each
place in the variableurrentMarking is bounded by) (m?n?(n!)? D2+ maz (Mo, My)).
Hence, the space required for the variahlerentMarking is bounded by) (m log m+
mnlogn + mnd + m(mo + my)) bits. It is easy to see that space needed for guess-
ing transitions and calculating resulting markings is doatéd by the space required
for the variables and currentMarking. Thus, the whole algorithm runs in space
O(mlogm + mnlogn + mnd + m(mgy + my)) bits.

The input to the algorithm igwnd + mo + my bits. So the space needed by the
algorithm is bounded by a polynomial in the size of the infyt.the well known the-
orem of Savitch 18], we have a deterministic polynomial space algorithm tlohtes
the reachability problem in T-invariant-less Petri nets.

3.2 Lower bound

Now, we will prove that reachability for nets with S-variaris PSPACE-hard. In
section2.5, we saw that reachability problem for 1-Safe neB&PACE-complete. To
prove that it iISPSPACE hard, we saw that there is a polynomial time reduction from
Quantified Boolean Formulas to reachability in 1-Safe nets. Here, we will prove that
the resulting 1-Safe net also has an S-variant, which prithaseachability for nets
with S-variants i SPACE-hard.

Note that nets in Fig3.2 and Fig.3.3 are exactly the same as the nets in section
2.5. We have presented them here in a slightly different formatéke it easier to see
that these nets have S-variants. Since we are using exhetlsaime nets as given in
section2.5, we will not repeat proof of correctness of the reductiorehbut just prove
that resulting nets have S-variants.

In what follows, it will be convenientto think of S-variard a linear combination of
number of tokens in each place of the net\lis a net with 3 placeg; , p» andps, then
the expressiop; + 3ps — 4p; denotes the S-variafi, 3, —4]7. An expression like
2p1 + 3p2 — 4ps is an S-variant iff value of this expression strictly incsea whenever
any transition in the net fires.
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Figure 3.3: S-Variant fofiz. P
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Theorem 11. Supposé; is a Quantified Boolean Formula antd is the correspond-
ing netas givenin sectich5. Then, for each > 1, N has a S-varianV (;) satisfying
the following properties:

1. V(i) + k-G _inisaS-variantofG for0 < k <i—1.
2. The co-efficient af_in in V(i) is 0.

3. There exists a finite numbgs (7) such that removing a token froéh T or G_F
decrease¥ (i) + k - G_in by at mostjg (i) for0 < k <4 — 1.

4. The co-efficientaX _is_T andz_is_F in V(i) is 0, for any unbounded variable
zind.

Proof. By induction on structure ofy.

Base G = z for some variabler. See boXA in Fig. 3.2 It is easy to see that
V(i) =i-2_T+i-xz_F is a S-variant that satisfies all the required propertiel wit
guli) = i.

Step. G = —P. See box8 in Fig. 3.2 By induction hypothesis, we have a S-
variantV p(i) for the net corresponding tB that satisfies all the stated properties. The
S-variant for the net correspondingtd is given by

V(i) =Vp(i+1)+i-P_in+(jp(i+1)+1)-not_P_T+(jp(i+1)+1)-not_P_F .

SinceVp(i + 1) + ¢ - P_in is a S-variant fotNp (the net corresponding t&) and
transitions insideVp do not affect the placesot_P_T andnot_P_F, V(i) strictly
increases whenever any transition insidg fires. When the transitionall_P fires,
V(i) increases due to the presence-dP_in. When the transitiomot_P_is_F (resp.
not_P_is_T) fires, V; increases due to the presenceéVof (i + 1) + (jp(i + 1) +
1) - not_P_F (resp. Vp(i + 1) + (jp(i + 1) + 1) - not_P_T). It is easy to see
that V(i) + k - not_P_in is a S-variant ofAp for 0 < k£ < i — 1. In this case,
ja(i) =jp(i+1)+1.

G = P A Q. See boxC in Fig. 3.2 The S-variant for the net corresponding to
P A Qis given by

V(@) = Vp(i+1)+i-P_in+Vo(rGi+1)+2)+(Gpri+1)+1)-Q_in
+(p(E+1)+jo(p(i+1)+2)+1) - (P_and_Q_T + P_and_Q_F) .

SinceV p(i+1)+i- P_in is a S-variant folNp and transitions insid&/p do not affect
places inNg or P_and_Q_in, P_and_Q_T or P_and_Q_F', V(i) increases when-
ever any transition itNp fires. SinceVg(jp(i+1)+2)+(jp(i+1)+1)-Q_inisaS-
variant forA/ and transitions insid&/,, do not affect places iNp or P_and_Q_in,
P_and_Q_T or P_and_Q_F, V(i) increases whenever any transition/fy, fires.
When cali_P fires, V(i) increases due to the presenceiofP_in. When transi-
tionsP_F_and_Q_? or P_T _and_Q_F fires, V(i) increases due to the presence of
(Gp(E+1)+jo(ip(i+1)+2)+1)- P_and_Q_F. When transitiorP_T_and_Q_?
fires, V(i) increases due to the presencd ff(i + 1) + 1) - @_in. When transition
P_T and_Q_T fires, V(i) increases due to the presencé of (i + 1) + jo(jr(i +
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3.3. Petri nets with partial S-variants

1)+2)+1)-P_and_Q_T. ltis easy to see thaf (i) + k- P_and_Q_in is a S-variant
of Npag for0 < k <i— 1. Inthis casejg (i) = jp(i + 1) +jo(jp(i + 1) +2) + 1.

G = Jz.P. See Fig.3.3 The S-variant for the net correspondingte P is given
by

V(i) = Vp(i+1)+i-P_in+(2+2jp(i+1))- Ex.P_T
+(1+jp(i+1))-2_is_F+(2+2jp(i+1)) - Ex.P_F .

SinceVp(i + 1) + 4 - P_in is a S-variant fotN/p and co-efficient ofr_is_F is 0
in Vp(i + 1) (sincex is not bound insideP), V(i) increases when any transition
inside Ny fires (note that transitions insid€r don’t change token count of is_F,
Ex.P_T andEz.P_F). When transitiorcall_P_with_x_T fires, V(i) increases due
to the presence af- P_in. When transitionc_T'_and_P_T fires, V(i) increases due
to the presence a2 + 2jp(i + 1)) - Ex.P_T. When transitioncall_P_with_x_F
fires, V(i) increases due to the presencébf- jp(i + 1)) - «_is_F. When transition
x_F_and_P_T fires,V (i) increases due to the presencébf 2jp(i+1))- Ex.P_T.
When transitionFz. P_is_F fires, V (i) increases due to the presencédf- 2jp (i +
1)) - Ex.P_F. ltis easy to see th&¥ (i) + k - Ez.P_in is a S-variant of\'g, p for
0 <k<i-—1.Inthiscasejs(i) =2+ 2jp(i +1).

O

3.3 Petri nets with partial S-variants

In this section, we examine the applicability of S-variatgtshnique for nets that do
not have S-variants. First, we identify transitions withmsoproperties, which will
motivate the extension of S-variants. Then, we identify sqroperties satisfied by a
more general class of nets and use those properties to iraptearslightly modified
version of the S-variant algorithm for reachability. Werthidentify some bottlenecks
that prevent this technique from being applied to genertl Rets.

The net in Fig.3.4is used as a motivating example for understanding these prop
erties. This is a modified version of the net in Figl (the placeps has been removed
from that net). The firing sequeneg 4 represents a semi-positive T-invariant and thus
it does not have S-variants.

3.3.1 Transitions that make progress

The principal idea behind the S-variant technique is to hsechanges caused in the
marking by a transition to get a bound on the number of firifighat transition. If a
transition is part of some semi-positive T-invariant, ttiemaction of that transition can
be cancelled by firing other transitions that are part of thev@riant. The S-variant
technique will not work for such transitions. The rest ofsteection formalizes this
notion.

Definition 17. SupposeV = (P, T, Pre, Post) is a Petri net and € T is a transition.
t is said to beprogressive if it is not part of any semi-positive T-invariant.
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3.3. Petri nets with partial S-variants
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Figure 3.4: Net system with progressive transitial, = (0, 1,1,0)

InFig. 3.4, U = {t1,t2} is the set of progressive transitions.

Definition 18. SupposeN = (P, T, Pre, Post) is a Petrinetan@ # U C T is a
nonempty subset of progressive transitions. An integetovémapping)Vv : P — Z
is apartial S-variant iff it satisfies the following properties:

1. Forallt e U, > _» V(p)(Post(p,t) — Pre(p,t)) > 1.

peP

2. Forallothert € T\ U, }_ . p V(p)(Post(p,t) — Pre(p,t)) > 0.

As before, if M is a marking,V (M) denotesy ., V(p)M(p). If t € U and

M-LM/ thenV (M) > V(M)+1. If t € T\U andM-5M’, thenV (M') > V(M).
For the net in Fig3.4, a partial S-variantiy/ = [3,2,0,0]7, for the set of progres-
sive transition/ = {t¢;,¢2}. If we think of p; as denoting the number of tokens in the
placep; at any time, then the expressi8m + 2p, denotes the partial S-variant. The
value of this expression increases bif eithert; or ¢; fires. It remains unchanged if
t3 orty fires.
Again, it will be useful to think of a partial S-variant as amegral solution to
a system of inequalities. Suppose for a Petri Net= (P, T, Pre, Post), N is the
incidence matrix. IfN7 is represented as

N
T _ 1
¥ =]
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3.3. Petri nets with partial S-variants

wherelN; represents progressive transitions &gl represents other transitions, then
a partial S-variant is an integral solution to the systemmefjualities

N, 1
> | — . .
~ e o] =
The following theorem characterizes nets having partigh®ants by relating them
to positive T-invariants.

Theorem 12. A Petri net has a partial S-variant iff it does not have anyipes T-
invariant.

Proof. SupposeV is a Petri net with incidence matriX. If A" has a partial S-variant,
it has at least one progressive transition. Since progegsinsitions are not part of
any semi-positive T-invarianty” cannot have positive T-invariants.

On the other hand, iV does not have positive T-invariants, there must be a non-
empty subsel/ of transitions that are not part of any semi-positive T-imaat. Let us
represeniN as[N{ | N7, whereNT represents transitions i andIN7j represents
the other transitions. Absence of transitions frbhin every semi-positive T-invariant
means that the following system of equations does not haggral solutions.

0
0 3.2)

INT |N3]j
j

4

We can again apply a variant of the Farkas lemma and conu@hah solutions to
integral solutions to conclude that absence of integraitgnis to equation3.2 means
presence of integral solution to equati@nlj. This means that a partial S-variant exists
for V. O

Y

0.

\%

3.3.2 Modified algorithm for nets with specific properties

As we have seen before, nets that do not have S-variants avi#t Bemi-positive T-
invariants. Since presence of semi-positive T-invariamdicate presence of firing se-
quences that can repeat arbitrarily many times without gimarnthe marking reached,
it is not possible to get an upper bound on the length of fireguences. On the other
hand, since we are only interested in knowing whether a diaaget marking can be
reached, we could restrict ourselves to just those firingiseges where such repe-
titions do not occur. If a Petri net has the property that arnigdisequence can be
replaced by another one where such “useless” repetitienseanoved, we can extend
the S-variant technique to that net. In the rest of this eactive will formalize this
notion.

We now define the properties characterizing the class oftoetgich we aim to
extend the S-variant technique.

Definition 19. SupposeV = (P, T, Pre, Post) is a Petri net withs transitions. The
net system{\, My, M) is calledS-varying if it satisfies the following properties:
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3.3. Petri nets with partial S-variants

1. The selJ of progressive transitions df is not empty.

2. The non progressive transitions= 7'\ U are bounded by progressive ones, that
is, there is a functiorf such that for every firing sequeneavith A/, M, there
is another firing sequencewith My>M and7(V) < f(F(U), My, D,n,m),
wheren is the number of transitionsy is the number of places and is the
maximum entry in the incidence matiX of V.

The first property above states that there are some progeesansitions so that
we can track them in terms of upper bounding the number of tleeurrences in firing
sequences. The second property states that there may sgitr@nthat are part of
T-invariants, but the number of their occurrences will beibed by the progressive
transitions in those firing sequences where the “useleg®titeons are removed. In
our example net in Fig3.4, V' = {ts3,t4}. Using different functions in this definition
leads to different complexities for the reachability aifon of the corresponding class
of nets.

In Fig. 3.4, the firing sequence;t, represents a semi-positive T-invariant and it
can repeat arbitrarily many times without affecting the kivag reached. However, any
such firing sequencecan be replaced by another onevhere between any two firings
of t3, there is at least one occurrencenfThus,r(t3) < 27(¢2) + 1. In addition, once
t; fires,t4 can fire at most once befotgfires again. Henc&;(t4) < 7(¢3) + 1. Thus,
the net in Fig3.4is S-varying with (V) < 27(U) + 1.

We will use these properties satisfied by S-varying net syst® bound the length
of firing sequences that need to be considered for reactyabili

Lemma 13. SupposéN, My, M) is an S-varying net system withtransitions,m
places and incidence matrix entries in the rafi@eD]. There exists a partial S-variant
V of A/ such that the absolute value of each entrivois O(mn?(n!)2D?").

Proof. Since(N, My, M) is an S-varying net system\/ has at least one progressive
transition. Since this transition is not part of any semsipee T-invariant,VV does not
have any positive T-invariant. Therefore Theorgétimplies that a partial S-variant
exists. IfU is the set of progressive transitions, &t then equation3.1) has an inte-
gral solution, wheréN represents progressive transitions aigrepresents the other
transitions. Equation3(1) has integral solution iff the following system of equaton
has a positive integral solution.

N;  -N;| , -1
{H N, —Nz] Vo { 0 } 3:3)
The coefficient matrix in equatio3(3) has full row rank due to the presencelofThe
number of rows iz and the number of columns = n + 2m > n. The absolute
value of minors of the augmented matrix is upper boundedb¥ n!D". Hence
Propositiorb is applicable andin + nrR? < nn!D™ + n(n + 2m)n!?D?". Thus, we
have a positive integral solution with each entry beihgmn?(n!)2D").

It is easy to see that a positive integral solution to equafto3) can be converted
into an integral solution of equatiof®.(l) without affecting the bounds. Hence, there
exists an S-variar¥’ with absolute value of each entry boundedbymn?(n!)?D?").

O
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3.3. Petri nets with partial S-variants

Lemma 14. SupposéN, M, M) is an S-varying net system with places and set of
n transitionsT and the entries of its incidence matrix in the rarfgeD]. Suppose the
setV of non-progressive transitions are bounded by the funcfigiit ), Mo, D, m, n).
If M is reachable fromM, then there exists a firing sequencef length at most
O(m?n*(n!)2D?"maz (Mo, My)) + f (O(m?*n*(n!)2D*"maz (Mo, My)), D, n,m)
and Mo% M.

Proof. SinceM; is reachable, there exists a firing sequendtleat satisfies the proper-
ties of r mentioned in property 2 of Definitioh9. We partition the set of transitior’s
into two sets/ andV. We then give upper bounds fa{U) and (1), leading to the
conclusion of the lemma.

e (Boundfora(U)) Supposer = tytg -+ - t, andM()E»MlZMQ ces iMT = Mj.
By Lemmal3, there exists a partial S-variavitwith absolute value of each entry
bounded byO (mn?(n!)2D?"). By definition of partial S-variant, we have for
alll1 <i<rift; € U, thenV(M;) > V(M;—1)+ 1andift; € T\ U, then
V(M;) > V(M,;_1). Starting at = r and substituting foi all the way up to
i=1,wegetV(M,) > V(My) +3(U). Thus,g(U) < V(M) — V(M) <
O (m?n?(n!)2D*"maz (Mo, My)).

e (Bound forz(V')) By property 2 of Definitiorl9, a(V') < f(a(U), My, D, n,m).

By combining the three bounds, we can see that the lengtfiscdt mosO (m?n? (n!)?
D*maz (Mo, My)) + f (O(m*n*(n!)2D* maz (Mo, My)), D,n,m). O

By Lemmal4, we can see that the algorithm given in sectih.2works in this
case also with the same kind of complexity analysis, but wifferent values. In
particular, if f is at most polynomial i (U ), My, D and exponential im, m, this will
lead to a polynomial space algorithm.

3.3.3 An example of an S-varying net system

In section2.3.3 we saw an NP algorithm for reachability in sinkless PettsnéAl-
though that section considers only those Petri nets wheighigon edges ar@or 1,
many of the results, including the reachability algorittoan be extended to Petri nets
where nonnegative weights are allowed in fhest function.

The Petri net in Fig3.4 provides an example of a S-varying net system but it is
sinklesdn this extended sense. In this section, we twist our exam@fitde bit to the
one in Fig.3.5to give an S-varying Petri net which is not sinkless.

The progressive transitions of this net &fe= {t1, t2, t5} and the non progressive
transitions aré” = {t3,t,}. A partial S-variant for this Petri net ¥ = [3,2,0,0,4]7.

We also have (V) < 25(U) + 1.

3.3.4 Bottlenecks for general Petri nets

Here, we identify some reasons why it is difficult to extend ®variant technique
to other Petri nets in general. The principal idea behind tachnique is to use the
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3.3. Petri nets with partial S-variants

e
/

b3 D4

12

Figure 3.5: S-varying net system that is not sinkless

changes caused in the marking by a transition to get a boutitkomumber of firings
of that transition. If there are no progressive transitjaery transition is part of a
semi-positive T-invariant. Thus, the action of every tiios can be “cancelled” by
other transitions. So, even though some transitions figd; tret effect on the marking
is zero and this makes it impossible to apply the S-variasfirigjue. The presence of
progressive transitions is important for this techniqueveok.

To see the difficulties in extending this technique, we ndedrtotion ofinitial
synchronic leadntroduced by Silva and Colon3{].

Definition 20 (Silva and Colom) SupposeV' = (P, T, Pre, Post) is a Petri net with
n transitions, and; andT; are non-empty subsets 8t Let W;, W; ben-vectors of
natural numbers such thatpport(W;) C T; and support(W;) C T,. LetWy; =
W; — W;. The initial synchronic leadSL(W3;) is defined as

ISL(Wig) = sup {Wy"7 | 7 € Lasy (M) }

whereL s, (V) is the set of firing sequenceshat satisfy the equatiohly + N7 > 0.

ISL(W3;) gives an upper bound on the weighted count of transitiongfriftom
T; that can be fired in terms of the weighted count of transitioings fromT; in any
firing sequence of\/, My).

Now, suppose the subset of progressive transitidisnot emptyT" \ U is the set
of “cancellable” transitions. The main idea of the extendkpbrithm in sectiorB.3.2
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3.4. Partially bounded S-varying nets

is to first bound the occurrences frarthand use this to bound the occurrences from
T\ U. To do this, we need a relation between the number of occcesefiom? \ U
and fromU in any firing sequence. Formally speaking, we are lookingffimite value

of ISL(ae[T \ U] — be[U]) for some natural numbetsandb greater that. Silva and
Colom [3(] give a necessary and sufficient condition f6Z(W ;) to be finite.

Theorem 13(Silva and Colom§(], Theorem 5.2) LetT; andT; be non-empty subsets
of T of a Petri netN' = (P, T, Pre, Post) with n transitions and incidence matrix
N. LetW;, W; ben-vectors of natural numbers such thatpport(W,;) C T; and
support(W;) C T;. ISL(W,; — W;) is finite iff for all X such thatNX > 0,
(W; — W,)TX < 0is satisfied.

In particular, the condition in TheorefiB requires that if a firing sequeneede-
notes a T-invariant, the number of firings'Bf with weight W, should not be greater
than the number of firings df; with weight W ; in o. For our purposel; = 7'\ U
andT; = U. With this definition ofI; and7};, we can see thaiSL(ae[T \ U] — be[U])
is not finite for non-zera.

It is to be noted thaf SL(W; — W) takes into account every firing sequence
o where My + N& > 0, M, being the initial marking andN being the incidence
matrix. In particular, linear algebraic techniques canmeke a distinction between
firing sequences of the kingd and given in property 2 of Definitiorl9. So we have
to look for structural and/or behavioural properties tolgpipis technique for solving
the reachability problem.

3.4 Partially bounded S-varying nets

In this section, we will look at S-varying nets with a sped#ictural property that
will guarantee the existence BfSPACE algorithm for reachability in such nets. We
first need the notion of structural boundedness.

Definition 21. A net system(N, My, My) is said to bebounded if there exists a
positive integer such that all markings reachable frold, puts at mosb tokens
in each place. A Petri neV' = (P, T, Pre, Post) is structurally bounded if A/ is

bounded for any initial marking.

Definition 22. A Petri netN' = (P, T, Pre, Post) is said to bepartially bounded
S-varying if it satisfies the following properties.

1. N has a non empty subsEtC T of progressive transitions.
2. N, when restricted t@" \ U is structurally bounded.

Itis known that P3] a Petri net\ is structurally bounded iff the system of inequal-
ities N7y < 0 has a positive integral solution (all components of the tsmiumust be
greater thar). Since a positive rational solution 7y < 0 can be converted to a
positive integral solution, recognizing if a Petri net isusturally bounded can be done
in polynomial time.
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3.4. Partially bounded S-varying nets

Suppose a net systeW', My, M) hasn transitions andn places. Suppos&’
is partially bounded S-varying with set of progressive $iionsU. Suppose a fir-
ing sequence is enabled such that/,->M;. To prove that the class of partially
bounded S-varying nets haRSPACE reachability algorithm, it is enough to prove
that in (N, Mo, M), there is a firing sequenceenabled atV/, such thatMOLMf
and there is a functioffi such that (T \ U) < f(7(U), My, D, n, m) andf is at most
polynomial in7(U), M, andD and at most exponential imandm.

Lemma 15. Suppose a Petri net = (P, T, Pre, Post) is structurally bounded. Then
there exists a positive integral solution to the system efjiralitiesN”y < 0 where
each component of the solutionGs(mn?(n!)2D?").

Proof. SinceV is structurally bounded, there is a positive integral Soluto N7y <
0. Therefore, there is a positive integral solution to

EASE]

Let us denote the above system of inequalitie\by < b. This means there is a semi
positive integral solution to the system of equations

R

We can apply Propositiofito the above system of equations to conclude that there is
a solution with each component bounded®ymn?(n!)2D?"). O

Lemma 16. SupposdN, My, My) is partially bounded S-varying with progressive
transitionsU. LetV = T \ U and Ny be the Petri nefV restricted toV. Suppose

is a positive integral vector such thafy 'y < 0. Suppose a firing sequenaefires

at M, such thatz(U) = k. Then, for any intermediate marking reached during
firing of o, MTy < My + (kD)Ty, whereD is the maximum entry in the incidence
matrix N of V.

Proof. Decompose the firing sequene@aso = opui0y - - - ukok, Whereuy, . .., ug
are the progressive transitions angd . . . , o3, are made up of the non-progressive tran-
sitions. Suppose the marking is reached just after firing; or during firing ofo;.
We will prove by induction orj thatM Ty < MI'y+ (jD)Ty. The result then follows
sincej < k.

For the base case= 0, M is reached by firing transitions iy, only. We have
M = My + Nvag. ThereforeM” = MI + 55" Ny’ and hencel "y = My +
7o' Ny'y. SinceNv’y < 0 andag > 0, we haveM Ty < M['y.

U1

For the induction step, supposéyZs - -- 240" M, 5" M. By induction
hypothesis)My < My + (jJD)"y. SinceD is the maximum entry in the incidence
matrix N of V, firing of u;,, can add at mosb tokens to any place. Henck{;; <
M; + D. Therefore, we hava/], |y < M{y + ((j +1)D)"y. Marking M was
reached from\/;; by firing only transitions inVy . Therefore, we havé/ = M ;+
Nvo51. Therefore M7y = M!,y + 577" Ny"y. SinceNy’y < 0 and
o1 > 0, we getMTy < M,y < My + ((j+1)D)"y. This completes the
induction and hence the proof. O
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Theorem 14. SupposéN, My, My) is a partially bounded S-varying net. Suppdse
is the set of progressive transitions®t If M is reachable from\/y, then there exists
a firing sequence with My—= M, such that (T \U) < f(7(U), D, My, n, m), where
f is a function that is polynomial if(U), D and M, and exponential imn andn.

Proof. SinceM; is reachable, there is a firing sequencsuch thatMy->M;. Leto
consist of the componentguiouqos - - - upoy for somek, whereuy, us, . .., ux are
progressive transitions amg, o1, . . ., o consist of non-progressive transitions. Now,
define firing sequenceast = ryuiTiusTs - - - uRTE, Wherer; is same ag; but with
subsequences that start and end with the same marking rdmadveis, whenr; is
fired, all the intermediate markings that are reached atdigrom each other. It is
also easy to verify that/o— M.

Supposé’ = T'\ U is the set of non-progressive transitions angd is the Petri net
N restricted td/. From Lemmadl5, there exists a positive integral vectdwhere each
component is greater thanand bounded by (mn?(n!)2D?"), such thatNv " 3 <
0. From Lemmal6, for any intermediate markinfy/ reached during the firing of,
MT3 < M3+ kD" 3. Hence, for any place, M (p) < (MJ' 3+ kD”3)/5(p).
Therefore, during the firing of, each place will accumulate at magt! 3 + kD’
tokens. Since there are places, total number of distinct markings possibllig’ 5+
kD” 3)™. Since there ark+1 sequences, that make up all firings of non-progressive
transitions iV, we get7(V) < (k + 1)(MI 3 + kD 8)™. This is the functionf
required and it is easy to verify that this is polynomialifU) = k, M, and D and
exponential inn andn. O

3.5 More examples of S-varying nets

Valk and Vidal-Naquet3Z] have given a family of Petri nets to demonstrate that the
bound of a bounded Petri net can be non-primitive recurdiVe.will now show that
all nets in this family are S-varying, though not partiallyumded S-varying. In this
family, there is one neV/; for each non-negative integerThey are defined inductively
as seenin Fig3.6.

The initial marking ofN; for any: > 0 is one token irb;, n tokens inc; and no
tokens anywhere else. The working of this family of nets canmderstood as follows.
We start with\V first. With one token irby andn tokens incy, transitionu, fires once
to getatokenimg. Transitionty can now firen times to pun tokens inpy. Transition
wg can now fire once to put a token #. Transitionuy can now fire2n times to put
2n tokens incy. Transitionzy can now fire once to put a tokendg. Thus,Ny began
with one token inhy and ended with one token iy, and in the process, number of
tokens incy was doubled.

Working of A; can now be understood in terms 4f_; as follows. Suppose
fi—1(n) is an upper bound on the number of tokens, can accumulate whei;_;
has finished with its’ token in;_1, when it hadr tokens inc;_; at the beginning. With
one token inh; andn tokens inc;, transitiont; can firen times to put: tokens each in
c;—1 andd;. Firing z; will now “initiate” N;_; and it will “finish” with at mostf; _;(n)
tokens inc;_1. NV;_1 can be initiated again by firing. This time, \;_; finishes with
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Figure 3.6: Valk and Vidal-Naquets’ family of nets

at mostf? | (n) tokens inc;_1. N;_1 can be initiated a maximum of times like this
to accumulate a maximum g¢f* ; (n) tokens inc;_1. Now, transitionw; can be fired
once to get a token inte;. Transitionu; can be fired as many times as required to
shift tokens frony;_; to ¢;. Finally, transitiormw; can be fired once to get a token in
e;. Thus,N; began with one token ih; andn tokens inc; and finished with at most
fi(n) = fI*,(n) tokensinc;.

The family f;(n) of upper bounds on number of tokensdncan be defined as
follows.

foln) = 2n
fiv1(n) = fi'(n)

Itis well known that this family of functions dominate anyimpitive recursive function.
We will now show that any net in this family is a S-varying netlahence there is a
PSPACE algorithm for solving reachability in any of these nets.

Proposition 7. SupposéV; is a net from the above family,> 1. Suppose; is any
firing sequence satisfying the following properties:

1. O'_l(tl) = O'_i(T‘i) = a_l(ul) =1 anda_z(xl) = O'_l(’l}l) = a_l(wl) =0.
(rp)=1for1 <k <i-—1.
.O'_itk):G_i(uk):i—k—FlforlSkSi—l.

2. 7i(
3. 7i(
4. 5i(zg) =77(vg) =T7(wg) =i —kforl <k <i-—1.
5. 7i(
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Then the net effect of firing; is to addi places taby and remove tokens frome.

Proof. We will prove by induction orj that firing transitions of; in nets at level — j
to ¢ will result in j + 1 tokens being added #9_;_; and;j + 1 tokens being removed
frome;_;_1. The result then follows by taking= ¢ — 1.

In what follows, we will represent the effect of firing a tritien by expressions.
Jjw; : —js; + je; means that firing transitiow; j times results in removal gftokens
from places; and addition ofj tokens to place;.

Wheni = 1, t1, r; anduy are the only transitions i&i; and is not covered by the
induction. In this case, effect of firing; is given by the following expressions:

ti ¢+ —c1+co+dy

ry : —di—eg+bo

Uy : —co+cCp
total : bg—eg

We will now begin with base case of the inductigns= 1. We want to prove that
effect of firing transitions ofr; that are at level — 1 andi result in2b;, s — 2¢;_».
This can be readily seen by observing that following expoessgive the effect of each
transition.

ti © —c¢tci—1+d;
rg o —di—ei_1+bi_1
U; : —Ci—1+¢
i1 ¢ —di—1 —ei—2 + bi_g
2t;1 ¢ —2¢i—1 4+ 2¢ci—o 4+ 2d;—1
2u;_1 1 —2¢ci_o+ 2¢i_1
Tim1  —bi_1 —di—1 +bi_2
Vi—1 ¢ —ej—2+Si—1
Wi—1 ¢ —S8i—1+€i—1

total 2b1‘,2 — 261',2
For the induction step, assume that firing transitions;itthat are at level$ — j

through: results in(j + 1)b;—;—1 — (j + 1)e;—;—1. We want to prove that firing
transitions ino; that are at levels — j — 1 through: results in(j + 2)b;—;—2 — (j +
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3.5. More examples of S-varying nets

2)e;—;—2. This can again be verified by the following expressions.

level ¢ —j and higher : (j+1)bi—j—1— (G + 1)ei—j—1

Timj—1 ¢ —di—j—1 —€i—j_2+bi_j_2
(G+2ti—j—1 = +2)ci—j1 +(F+2)ci—j2+ (J +2)dij—1
(G+2ui—j—1 = —(+2)cijo+(G+2)cij1
G+Dzijr =G+ Dbimjor — (+1)dijo1 + (J + 1)bi—j—2
G+ Dvijo1 = =+ Dei—j2+ (G +1)si—j1
+Dwi—j—1 = =+ 1)si—jo1+ (G +1ei—j

total (j + 2)()1',3',2 — (_] + 2)61'7]'72
|

Proposition 8. In the netVN;, exceptz;, v;, w;, to andug, all other transitions non-
progressive transitions.

Proof. It is sufficient to prove that all other transitions are pdrsome semi-positive
T-invariant. For this, it is sufficient to take defined in propositio and addivg, iwg
andiz transitions to it. The resulting firing sequengeavhen fired, doesn’t change the
number of tokens in any place. Henggjs a semi-positive T-invariant whose support
contains all transitions except, v;, w;, to andug. O

Proposition 9. For A;, there exists a partial S-variant whose support consisisllof
the progressive transitions.

Proof. The only progressive transitions ag ug, ;, v; andw;. The partial S-variant
V is defined as follows.

1. V(o) = 3.

2. Vi(po) = 2.

3. V() =3,1<j<i
4. V(b) =—1

5. V(s;) = L.

6. Vie;) = 2.

7. V(p) = 0 for all other place®.

Table 3.1 considers each transition and verifies that it satisfiesehairement fo'V
being a partial S-variant according to definition. O

To establish that; is S-varying, we need to prove that number of firings of non-
progressive transitions is bounded by a function of numlbdiriags of progressive
transitions and input size. In what follows, the set of ptage), o, . .., ¢;} plays an
important role. For convenience of notation, we introduneefbllowing definition.
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3.5. More examples of S-varying nets

Transition Places affected >_ . p V(p)(Post(p,t) — Pre(p,t))

to €0, Po 1
Ug €0, Po 1
tj,lgjgl—l Cj,ijl,dj 0
.I'j,lgjgi—l bj,dj,bj_l 0
’I’J,lgjgl—l 6j,1,dj,bj,1 0
Uj,lgjgi—l €j—1,85 0
uj,lg_]gl—l Cji—1,C4 0
wj,lgjgz’—l S5,€5 0
ti Ci,Cifl,di 0
T ei—1,di, bi—1 0
(17 Ci—1,C; 0
€T; bi7di,bi_1 1
(3 €i—1,S5; 1
w; Si, € 1

Table 3.1: Effect of transitions oW

Definition 23. For the net\;, C; is the set of place€; = {po,co,...,ci}. t(C;)
is the total number of tokens in all the placesGn For a markingM, M (C;) =

Zpeci M(p).

Proposition 10. SupposeV; has some initial marking\/; satisfying the following
properties:

1. Mi(b;) = 1.

Suppose a firing sequeneefires anda(ty) = k such thatM,; %M. Then we have
M(Cy) < Mi(Cy) + k.

Proof. Among all transitions ofV;, ¢, is the only one that can increage”;). We will
now prove the result by induction dn
For the base cask = 0, the result is a direct conclusion of the above obser-

vation. For the induction step, suppa@é,) = k + 1. Let us splito as follows:
Mi@»MlﬂMQQM whereay(tp) = 0. By induction hypothesis, we gét/; (C;) <
M,;(C;) + k. By inspecting the action of firing,, we can conclude that/»(C;) <
M, (C;) + 1. Again by the observation made at the beginning of this praef can
conclude thal/ (C;) < M2(C;). Therefore, we have!(C;) < M;(C;)+ k+ 1. This
completes the induction step and hence the proof. O

Proposition 11. Suppose the ne¥; (for somei > 1) has the initial marking with
n; tokens inc;, 1 token inb; and 0 tokens in all other places. In this initial marking,
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3.5. More examples of S-varying nets

suppose a firing sequeneeis fired. Ifa(ty) = k, then, for evenp < j < i — 1,
E(ti_j) < (nl + ]{)j+1.

Proof. By induction onj. For the base cage= 0, we need to show that(¢;) < n;+k.
This is true since in the given initial marking,can fire at mosk; times.

By induction hypothesis, assume th&(t;_;) < (n, + k)’T'. For the induction
step, we need to show thatt; ;1) < (n; + k)7 2. Note that fort,_,;_; to fire, there
must be a token ith;_;_;. Once there is a token iy_;_1, ¢;—;_1 can fire as many
times as there are tokensdpn_;_;. Once all tokens im;_;_; are exhausted,_;_;
can fire again only when more tokens are added;19_;. For adding more tokens
to ¢;—j—1, the token inb;,_;_; has to be removed. Therefore, figr ;_; to fire once
more after exhausting all tokensdpn_;_, a token needs to be addedito,;_;. Letus
call the period between adding a tokerbto;_; and adding one token fg_;_; next
time as one round. In one round, ;_; can fire at most as many times as there are
tokens inc;_;_1 at the beginning of the round (to add more tokens tg_1, the token
in b;—;—1 has to be removed and this takes us to the next round). By pitapol0,
¢i—;j—1 has at mosh; + k tokens at any time. Thug,(¢;_;_1) is bounded by, + k
times number of times a token can be addeltg_;.

Now, the only transitions that can tokensita ;_; arex;_; andr;_;. For every
firing of ;_; orr;_;, a token is removed frond,_ ;. Therefore, total number of times
atoken can be added &p_;_; is upper bounded by total number of tokens that can be
added tod;_;. The only transition that can add tokensdio ; is ¢;—;. By induction
hypothesisg (t;—;) < (n; + k) 1. Thereforez(ti—j—1) < (m + k)(ny + k)7t =
(ni + k)72, This completes the induction and hence the proof. O

Proposition 12. Suppose the nél;, i > 1 has the initial marking with; tokens inc;,
1 token inb; and0 tokens in all other places. In this initial marking, supp@sfring
sequence is fired such that&(ty) = k. Then the following are true.

1. 6(xi—j) < (m+k)7,0< 5 <i—1.

(i) < (i + k)Y, 0<j<i—1.

2

3

4. 5(wi—j) < (m+k)7,0< 5 <i—1.
5. 0(ui—j) < (g + k)7L 0<j<i—1.
6

v0),T(wo), T (x0) < (ng + k).

Proof. 1. Every firing ofz;_; needs one token to be addedfo,. If j = 0, then
x;—; can fire only once. Otherwise, only transitions that can a#éldns tob;_;
iS ©;—j+1 andr;_;11. Every firing ofx;_;,1 orr;_;41 needs one token to be
added tal;_ ;1. The only transition that can add tokensf{a ;1 iSt;— ;1. By
propositionl, t;,_;, can fire at mostn, + k)’ times. Thereforey;_; can fire
at most(n; + k)7 times.

51



3.5. More examples of S-varying nets

2. Every firing ofr;_; needs one token to be addedda ;. The only transition
that can add tokens tf_; is¢;_;. Since by propositiofi1, ¢,_; can fire at most
(ni + k)7+! times,r;_; can fire at mostn; + k)7 times.

3. Between any two firings af;_;, v;—; can fire at most once. Sineg_; can fire
at most(n; + k)7 times,v;_; can also fire at mosty; + k)7 times.

4. Between any two firings af;_;, w;_; can fire at most once. Sineg_; can fire
at most(n; + k)7 times,w,_; can also fire at mogt,; + k)’ times.

5. Firingu;—; needs a token to be presentsin ;. Once a token is added to_;,
u;—; can fire as many times as there are tokensin_;. By proposition10,
¢i—;—1 will have at most(n; + k) tokens. Therefore, number of timeg_; can
be fired is bounded bfn, + k) times the number of times a token can be added
to s;—;. v;—; is the only transition that can add tokenssta; and it can fire at
most(n; + k)’ times. Thereforey;_; can fire at mostn, + k)7 times.

6. Every firing ofvy, wo or zo needs one token to be added)to Only transitions
that can add tokens tg arex; andr;. Every firing ofz, or r; needs one token
to be added tal;. ¢; is the only transition that can add tokensdtoandt; can
fire at most(n; + k)’ times by propositioi 1. Henceug, wo andx, can fire at
most(n; + k)* times.

O

In terms of Definition19, U = {to, uo, zi, v, w;} andV = T\ U. 7(V) is
bounded by a function that is polynomial {U') and exponential im, the number
of transitions. As noted in the discussion after Lemtathis leads to a polynomial
space algorithm for reachability problem in any nét
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Chapter 4

Conclusion

We surveyed results that have been obtained for the contplekithe reachability
problem in various subclasses of Petri nets. Tablesummarizes the results seen in
the previous two chapters.

Subclass Technique used Complexity of the reacha-
bility problem

S-Systems Combinatorial tech4{ NL - hard, with an algorithm
niques in NLIN

Live T-Systems Linear algebraic| P
techniques

Normal and Sinkless State equation tech- NP - complete

Petri nets nique

Live and bounded State equation tech- NP - complete
Free choice Petr| nique

nets

1-Safe Petri nets Combinatorial tech{ PSPACE- complete
niques

T-invariant-less and Linear algebraic| PSPACE- complete

partially  bounded techniques
S-varying nets *

Table 4.1: Summary of results

The subclasses marked with * in Talflel have been newly introduced here.

The aim is to find subclasses of Petri nets where the readyghyibblem is at least
exponential space hard. So far, the only subclass knownimgetiis criteria is re-
versible nets, studied ir8]. We tried to identify such a subclass using some specific
Petri nets as motivating examples. First is the Petri net witn-semilinear reacha-
bility set given by Hopcroft and Pansiot (Fi§.1) and the second one is the Petri net
with non-primitive-recursive bound (Fig.6). However, it turns out that both these
nets have reachability algorithm running®$PACE, when final marking is taken to
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be part of the input. In the second case, final marking itsaif lse non-primitive-
recursive w.r.t. initial marking and size of the net. So, iider to find subclasses where
reachability is at least exponential space hard, we needdméts where the initial and
final markings are small in size but a very long firing sequemitie large intermediate
markings is needed to reach the final marking.
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