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1. Carnot Theorem: The amount of heat transferred is related to the entropy change via

∆Q = TdS. Based on that and on the fact that overall entropy increases in proper processes,

find the maximal possible efficiency of a heat engine. Namely, you should imagine that heat

engine, such as a steam turbine, takes some heat ∆Q1 per unit time from a very hot body, such

as a hot vapor, at a temperature T1, and dumps some smaller amount of heat ∆Q2 over the

same time into a colder body, such as a surrounding air, at the temperature T2 < T1. The first

law of thermodynamics informs you how much useful work per unit time can be performed by

this machine. Efficiency is the ratio of useful work to the consumed heat energy.

Hint: The statement you are about to prove is called Carnot theorem. It is historically the first

established principle of thermodynamics. Textbooks usually prove Carnot theorem considering

cycles. Method of cycles used to be a workhorse of thermodynamics, but now it is mostly

forgotten and replaced by a more straightforward Gibbs method, which we will study in the

course. You are supposed to prove Carnot theorem without thinking about cycles, just from

TdS = ∆Q; this is why the problem is formulated for the continuously working machine, such

as a turbine.

2. Clausius-Clayperon Equation: The Clausius-Clayperon describes the variation of boiling

point with pressure. It is usually derived from the condition that the chemical potentials of

the gas and liquid phases are at the same at coexistence. Here we consider an alternative

derivation based on a Carnot engine using 1 mole of water. At the source (P, T ) the latent

heat L is supplied converting water → steam. There is a volume increase V associated with the

process. Pressure is adiabatically decreased to P − dP . At the sink (P − dP, T − dT ) steam is

condensed back to water.

(a) Show that the work output of the engine is W = V dP+O(dP 2). Hence obtain the Clausius-

Clayperon equation
(

dP

dT

)

boiling

=
L

TV
. (1)

(b) Assume that L is approximately temperature dependent, and that the volume change is

dominated by the volume of steam treated as an ideal gas,that is, V = NkBT/P . Integrate

Eq. (1) to obtain P (T ).

3. Glass: Liquid quartz if cooled slowly, crystallizes at a temperature Tm, and releases latent

heat L. Under more rapid cooling conditions, the liquid is supercooled and becomes glassy.
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(a) As both phases of quartz are almost incompressible, there is no work input, so changes in

internal energy satisfy, dU = TdS+µdN . Use the extensivity condition to obtain the expression

for µ in terms of E, T, S and N .

(b) The heat capacity of crystalline quartz is approximately CX = αT 3, while that of glassy

quartz is CG = βT , where α and β are constants. Assuming that the third law of thermody-

namics applies for both glass and crystalline phases, calculate the entropies of the two phases

at temperatures T ≤ Tm.

(c) At zero temperature the local bonding structure is similar in both glass and crystalline

quartz, so that they have approximately the same internal energy E0. calculate the internal

energies of both phases at temperatures T ≤ Tm.

(d) Use the condition of thermal equilibrium between two phases to compute the equilibrium

melting temperature Tm in terms of α and β.

(e) Compute the latent heat L in terms of α and β. Is this result correct? If not, which of the

steps leading to it is most likely incorrect?
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