
Statistical Mechanics II

Problem Set 3
Oct 21, 2012

1. Electron Spin: The Hamiltonian for an electron in a magnetic field ~B is

H = −µB~σ. ~B,

where,

σX =

(
0 1
1 0

)
, σY =

(
0 −i
i 0

)
, σZ =

(
1 0
0 −1

)
are the Pauli spin operators, and µB is the Bohr magneton1.

(a) Treating this system as part of a quantum canonical ensemble, evaluate the density matrix

when ~B is along the Z-direction.

(b) Repeat the calculation assuming that ~B points along the X-direction.

(c) Calculate the average energy in each of the above cases.

2. Entropy of Ideal Quantum Gases: Consider a system of N identical, non-interacting

particles forming (i) an ideal Bose gas and (ii) an ideal Fermi gas. Treat each system as part

of a microcanonical ensemble. Microstates are specified by sets of occupation numbers {ni},
where ni particles have energy Ei. The total energy E and the number of particles N specifying

the macrostate are given by

E =
∑
i

Eini, N =
∑
i

ni, (1)

with ni = 0, 1, 2, . . . , N for bosons and ni = 0, 1 for fermions, for all i = 1, 2, . . . , N .

(a) Suppose that the ith energy level has a degeneracy gi, that is, there are gi levels with the

same energy Ei. Let W ({ni}) denote the number of microstates corresponding to the set

of occupation numbers {ni}. Show that,

WB({ni}) =
∏
i

(ni + gi − 1)!

ni!(gi − 1)!
, (bosons)

WF ({ni}) =
∏
i

gi!

ni!(gi − ni)!
, (fermions).

1µB = e~
2me

is the magnitude of the spin magnetic moment of a single electron.
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(b) The entropy of the system is given by S = kB ln Γ(E), where Γ(E) =
∑
{ni}W ({ni})

is the number of microstates consistent with the macrostate (E,N). However, instead

of summing over all allowed microstates {ni}, it suffices to find the set of occupation

numbers {n̄i} that maximizes W ({ni}), since Γ(E) is well approximated by W ({n̄i}).
Show that the set of occupation numbers {n̄i} that maximizes W ({ni}) subject to the

constraints in Eq. (1), is given by,

n̄i =

{ gi
z−1eβEi−1 (bosons)

gi
z−1eβEi+1

(fermions)

where z and β are two Lagrange multipliers to be determined from the two constraints in

Eq. (1). Show that the energy constraint leads to β = 1/kBT and the constraint on the

total number of particles implies z = eβµ.

(c) Using Stirling’s approximation, obtain the entropies of ideal Bose and Fermi gases.

(d) In class we obtained the grand canonical partition function Q of ideal, non-degenerate

Bose and Fermi gases. Calculate the entropy of these gases using the grand potential

G = −kBT lnQ. Check that the expressions match with those obtained in part (c),

provided we set gi = 1,∀i.

3. Pair of Identical Particles: Let Z1(m) denote the partition function for a single quantum

particle of mass m in a volume V .

(a) Calculate the partition function of two such particles, if they are (i) bosons and (ii) spinless

fermions, in terms of Z1(m). Also write down the two-particle partition function Zclassical
2

corresponding to a pair of identical, Boltzmann (classical) particles.

(b) Approximate Z1(m) using the classical partition function Z1(m) = V/λ3 with λ =

h/
√

2πmkBT . Calculate the corrections to the classical internal energy U and the heat

capacity CV due to Bose or Fermi statistics.

(c) At what temperature does the classical approximation breakdown?

4. Stefan-Boltzmann Law: The Stefan-Boltzmann law states that the power radiated by a

blackbody is proportional to the fourth power of its temperature T . Specifically, if φ denotes

the energy radiated by the blackbody per unit area per unit time,

φ = σT 4,

where, σ is a constant2.

(a) Consider a relativistic gas of non-interacting bosons with an energy spectrum E(k) =

~ck, contained in a box of volume V in 3 dimensions. Calculate the grand potential

G = −kBT lnQ at a chemical potential µ. Hence obtain the equation of state of a photon

gas in three dimensions:

P =
1

3

U

V
2σ = 2π5k4B/15c

2h3 is the Stefan’s constant.
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(b) Starting with U = 3PV and using the first law, show that P ∝ T 4 from purely thermo-

dynamic relations. Hence obtain the Stefan-Boltzmann law qualitatively. To obtain the

exact form of the Stefan’s constant, we will have to evaluate the expression for U(T ) (see

for example Kardar Section 6.3).
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