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1. Characteristic Functions: Calculate the characteristic function, the mean, variance,

skewness and kurtosis of the following distributions:

(a) Uniform distribution: p(x) = 1
a
for −a < x < a, and p(x) = 0 otherwise.

(b) Laplace distribution: p(x) = 1
a
exp(− |x|

a
).

(c) Wigner semi-circle distribution: p(x) = 2
πR2

√
R2 − x2, for x ∈ [−R,R].

Hint: The Bessel functions Jn(z) of integer order n are defined by 1:

Jn(z) =
(12z)

n

√
πΓ(n+ 1

2 )

∫ π

0

cos(z cos θ) sin2n θ dθ. (1)

2. The energy levels of certain complex systems, such as complex nuclei, or protein molecules,

or certain glasses, can be viewed as random. Consider n energy levels ε1, ε2, . . . , εn and assume

that they are independently drawn from the same probability distribution p(ε). Suppose E is

the lowest of all levels {ε} (ground state); of course, E in general will be different for different

realizations of the random set {ε}.

(a) Write down the probability distribution of E, call it Wn(E). Check that it normalized!

(b) Obtain the distribution Wn(E) when p(ε) is a uniform distribution between 0 and 1.

Describe its behavior in the limit of large n.

(c) Find average and variance of E when p(ε) is a uniform distribution between 0 and E.

How do these quantities behave with increasing n?

3. Stirling engine: In an ideal Stirling cycle, the working substance undergoes the following

4 thermodynamic processes in a reversible fashion:

(i) Isothermal expansion: working substance expands from volume V1 to V2 > V1 by absorb-

ing heat Q1 at temperature T1.

(ii) Isochoric heat-loss: substance is passed through an ideal regenerator (an ideal, cyclical

heat-exhanger invented by Stirling). It loses heat QR to the regenerator at constant

volume V2, thus getting cooled to temperature T2 < T1.

1Reference: Abramowitz and Stegun, Pg. 360
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(iii) Isothermal Compression: substance gets compressed back to V1 by losing heat Q2 at

constant temperature T2.

(iv) Isochoric heat-addition: the compressed substance flows back through the ideal regener-

ator, regaining heat QR at constant volume V1.

Assume now that the working substance is an ideal gas. Represent the Stirling cycle on a P-V

diagram. Calculate the efficiency of an ideal Stirling cycle (efficiency of the heat engine is given

by η = W
Q1

), in terms of T1 and T2. How does it compare to the efficiency of a Carnot engine

operating between these two temperatures?

4. Poisson Distribution: The classical example of a Poisson process is radioactive decay.

Consider a piece of radioactive material undergoing radioactive deacy over a time interval T.

We can imagine that the time interval T is subdivided into many small intervals of length ∆t.

Then, the following two properties are observed:

(i) the probability of a decay event during time ∆t is completely independent of decay events

occurring at other times.

(ii) Furthermore, ∆t is imagined to be small enough so that the probability of more than one

decay event occurring in time ∆t is negligibly small. The probability one (and only one) decay

in the interval [t, t+∆t] is proportional to ∆t as ∆t → 0. Say this probability is equal to α∆t.

(a) The probability of observing exactly n trials in the interval T is given by the Poisson

distribution. Show that this probability distribution function is

pαT (n) = e−αT (−αT )n

n!
. (2)

Hint: This can be obtained as a limit of the binomial distribution by subdividing T into

N = T
∆t

>> 1.

(b) Show that the corresponding characteristic function is given by p̃(k) = exp[αT (eik − 1)].

Hence obtain the mean and variance of the Poisson distribution.

5. Stirling’s Approximation: A common trick to evaluate integrals of the form I =
∫

exp(Nf(x))dx is the so-called saddle point method, which says that the integral I can be

approximated by the maximum value of the integrand, obtained at the point xmax that maxi-

mizes the exponent f(x).

(a) Doing a Taylor expansion of f(x) around xmax, show that,

I ≈
√

2π

N |f ′′(xmax)|
eNf(xmax). (3)

In the thermodynamic limit (N → ∞), show that limN→∞
ln I
N

= f(xmax).

(b) Using the definition of the Γ function, i.e.,

Γ(N + 1) ≡ N ! =

∫ ∞

0

xNe−xdx , (4)

show that N ! ≈ NNe−N
√
2πN . Taking the logarithm yields Stirling’s approximation:

lnN ! = N lnN −N + 1
2 ln(2πN) +O( 1

N
)
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