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INSTRUCTIONS TO CANDIDATES

e Please ensure that this question paper booklet contains 8 numbered
(and printed) pages. The reverse of each printed page is blank and can
be used for rough work.

e There are three parts to this test: Algebra, Analysis and Miscellaneous.
Each part consists of 10 questions adding up to 30 questions in all.

e Answer each question, as directed, in the space provided for it in the
answer booklet, which is being supplied separately. This question
paper is meant to be retained by you and so do not answer questions
on it.

e In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst

(a),(b) and (c)).

e Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

e Notations

— N denotes the set of natural numbers {1,2,3,---}, Z - the inte-
gers, Q - the rationals, R - the reals and C - the field of complex
numbers. R" denotes the n-dimensional Euclidean space.

— The symbol Z,, will denote the ring of integers modulo n.

— The symbol (Z> will denote the standard binomial coefficient
giving the number of ways of choosing r objects from a collection

of n objects, where n > 1 and 0 < r < n are integers.

— The symbol ]a, b will stand for the open interval {xr € R | a <
x < b} while [a, b] will stand for the corresponding closed interval;
[a,b] and ]a, b] will stand for the corresponding left-closed-right-
open and left-open-right-closed intervals respectively.

— We denote by M, (R) (respectively, M,,(C)), the set of all n x n

matrices with entries from R (respectively, C).

— The trace of a square matrix A will be denoted tr(A) and the
determinant by det(A).

— The derivative of a function f will be denoted by f’ and the second
derivative by f”.

— All logarithms, unless specified otherwise, are to the base e.

e Calculators are not allowed.



Section 1: Algebra

1.1 Which of the following statements are true?

a. If G is a group such that (ab)* = a?b? for all a,b € G, then G is abelian.
b. If G is a group such that a®> = e for all @ € G, where e is the identity
element in G, then G is abelian.

c. If G is a group such that a®> = e for all @ € G, where e is the identity
element in G, then G is finite.

1.2 For real numbers a and b, define the mapping 7, : R = R by 7,,(x) =
axr +b. Let
G = {7mp : a,be R, a#0}.

Under composition of mappings, this becomes a group. Which of the follow-
ing subgroups of G are normal?

a. H={r. | a#0,a € Q,b € R}.

b. H= {7’1717 ‘ bER}

c. H={m,|beQ}.

1.3 Find all positive integers n > 1 such that the polynomial z* + 323 + 22 +
6z + 10 belongs to the ideal generated by the polynomial z? +x + 1 in Z,[z].

1.4 Find the number of irreducible monic polynomials of degree 2 over the
field F5 of five elements.

1.5 Find the number of invertible 2 x 2 matrices with entries in Fy, the field
of two elements.

1.6 Let V' be a finite dimensional vector space and let A, B and C be sub-
spaces of V. Which of the following statements are true?

a. AN(B+C)=ANB+ANC.

b. AN(B+C)CAnB+ANC.

c. AN(B+C)D>DANB+ANC.

1.7 Write down the inverse of the following matrix:

01 00O
10000
00001
001O0O0
00010

1.8 Find an orthogonal matrix P such that PAP~! = B, where

A:

o = O
o O O

1 01
O andB = | 0 0
0 00

o = O



1.9 Let A = (a;;) € M,,(R), where

o 1 ifi+j=n+1,
% = 1 0 otherwise.
What is the value of det(A) when (i) n = 10 and (ii) n» = 1007

1.10 Let n > 1 be a positive integer and let A € M,(R) be as defined in
Problem 1.9 above. Write down the set of eigenvalues of A.



Section 2: Analysis

2.1 In each of the following cases, state whether the given series is absolutely
convergent, conditionally convergent or divergent.

a.
1 1+1 1+
5 9 13
b. .
n
—-1)" :
;( )n+1
C.
. 1
1)
;( )n(n—l)

2.2 Evaluate:
lim (1 — 2tan §)®t?,
6—0

2.3 Let f: R — R be continuous. Let t € R. Evaluate:

1 t+h
lim / f(s) ds.
t—h

h—0 h

2.4 Evaluate:

o~ N
Jim D s
k=1
2.5 Define:
() a, +sinmz if x € [2n,2n + 1],
YT by cosmr iz €]2n — 1,2n],

where n varies over NU {0}. Find all possible sequences {a,} and {b,} such
that f is continuous on [0, co.

2.6 Which of the following functions are uniformly continuous on the pre-
scribed domain?

a. f(x) =wzsini on]0,1[.

b. f(z) =e"cos® on 0, 1[.

c. f(x)=sin(sinz) on |0, ool.

2.7 Let k be a positive integer. Let a > 0. Evaluate:

(ot )@t D) (et )"

lim .

n—o00 ank
2.8 Which of the following functions defined on R are differentiable?
a. f(x) = x|zl
b. f(z) = [2]sin® 7x.
. f(@) = /Jal.
(The symbol [z] in statement (b) stands for the integral part of z € R, i.e.
the largest integer less than, or equal to, z.)



2.9 Which of the following statements are true?

a. Let f be continuously differentiable in [a,b] and twice differentiable on
la,b[. If f(a) = f(b) and if f'(a) = 0, then there exists zo €|a, b[ such that
f"(x0) = 0.

b. Let f be continuously differentiable in [a,b]. If f(a) = f(b) and if
f'(a) = f'(b), then there exists z; and x5 in ]a,b[ such that z; # x5 and
such that f'(x1) = f'(z2).

c. Let f be continuously differentiable on [0, 2], and twice differentiable on
10,2[. If f(0) =0, f(1) =1 and f(2) = 2, then there exists xy €]0,2[ such
that f”(x¢) = 0.

2.10 Let I be the boundary of the square in the complex plane with vertices
at the points 0, 1, 147 and ¢, which is described in the anticlockwise direction.

Evaluate:
/ me™ dz.
r



Section 3: Miscellaneous

3.1 Which of the following relations are true?

a (—1)"57 = (—1)"5
b, (—1)"% = (=1)B.
n(n—1)

c. (1) = (=1
(The symbol [F] in statement (b) stands for the integral part of
Problem 2.8.)

n.

5; see also

3.2 Let n, k and r be positive integers such that £ < » < n and also such
that n > r + k. Which of the following statements are true?

() -262)
() -0
(-0

3.3 Let a,b,c € R. Evaluate the determinant:

a—b—c 2a 2a
2b b—c—a 2b
2¢ 2¢ c—a—>

3.4 Find the sum of the following series up to n terms:

1 2 3
94 “ 92, T 93 ..
2.3 * 3.4 * 4.5 *

3.5 Let N = 7776. Find the number of divisors of N, excluding 1 and N.

3.6 Let P, be the polygon in the complex plane with vertices situated at the
n-th roots of unity. Let A, be its area and let L,, be its perimeter. Evaluate:

3.7 Let a,b € R. For P = (x,y) € R?, define f(P) = ax + by. The line
ax + by = 4 intersects the line segment joining two points P, and P, in the
plane at a point R such that PR : RP, = 1: 2. If f(P;) = 3, what is the
value of f(P)?

3.8 Let n € N. Which of the following statements are true?
a. 2" —1>n(z—1)z"z forall z > 0.
b. 2" — 1> n(z — 1)z"z for all z > 1.
c. 2" —1>n(z—1)z"z forall z > n.



3.9 What is the radius of the sphere with centre at the origin and which has
the plane x +y + 2 = 1 as a tangent?

3.10 Let
S = {(z,y) € R? | 2* + 2hay +¢* = 1}.

For what values of h is the set S non-empty and bounded?



