ELEMENTARY NUMBER THEORY

1. NOTATIONS

[z] denotes the integer part of z.

{z} denotes the fractionnal part of x.

d | n means d divides n.

d t n means d does not divide n.

The letter p denotes primes.

Given a prime power p¥, we note p* || n if p* | n and p**1 | n.

2. ARITHMETIC FUNCTIONS

Definition 1. An arithmetic function is any real or complex valued function
defined on some subset of the set N of positive integers.

(1) The constant function ¢: Let ¢ fixed and define f(n) = ¢ for all
integer n. In particular the constant function equals 1, plays an im-
portant role.

(2) Unit function e (we shall explain later the word unit), defined by

e(n)=1ifn=1and e(n) =0,n> 2.

(3) Identity function

id(n) = n.
(4) The function number of divisors of n
7(n) = Z 1.
dln
(5) The function sum of divisors of n
o(n)=> d.
din

(6) Logarithm function log
(7) Number of distinct prime factors on an integer n

w(n) = Z 1.

pln

(8) Number of prime powers divisors

Qn) =) L
pFin
(9) Mobius function p defined by u(1) = 1, u(n) = 0 if n has a square
divisor, u(n) = (—1)7 if n = p1.p2...pj, ps # pt, when s # t.
(10) The characteristic function of square free integers .
(11) Euler function ¢
o(n) = card{m <n,(m,n) =1}.
1
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(12) Ramanujan function

q
cq(n) = Z 2

a=1,(a,q)=1
(13) Von Mangold’s function
A(n) = {

logpifn=p",r>1
0 otherwise
2.1. Additive, multiplicative functions.
Definition 2. An arithmetic function f is additive if
f(m.n) = f(m)+ f(n) when (m,n) = 1.
Definition 3. An arithmetic function f is multiplicative if
f is not the constant function equals zero and
fim.mn) = f(m).f(n) when (m,n) = 1.
Lemma 1. f is multiplicative if and only if
f) =1 and f(n) =[] f&*
p*In

Proof. Let f be a multiplicative function, then there exists an n such that

f(n) #0.So f(n) = f(n.1) = f(n)f(1), thus f(1) = 1. Now by induction

on the number of prime divisors of n, we write n = pF.m, (p,m) =1, so
f(n) = F") f(m) = FO) TLpipm £ ()
Conversely if (m n) =1, then m = [[p;",n = prj and p; # p; thus

m.n = []p;" Hp]
fmn) = r([Ipe I]#))
= [Ire) [0

= f(m).f(n).

Lemma 2. f is additive if and only if
fA)=0and f(n) = f(p

pkin
2.2. Dirichlet convolution.

Definition 4. Given two arithmetic functions f, g, we define the convolution
arithmetic function h = f * g as
~ S fdotnsa

din

> fa)g(d)

ab=n
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Lemma 3. i)The function e defined earlier is the unit element of the con-
volution operation *.

i) frg=gx*f

iii) (fxg)*h = f*(g*h).

w) If f(1) # 0, then f has an unique inverse g,i.e. thre exists a unique
function g such that fxg=e.

Proof. We neeed to show only the assertion iv). So suppose that f(1) # 0,
define g(1) = 1/f(1), then (f % g)(1) = e(1) = 1. By induction, we suppose
g(m) is defined for all m’s,1 < m < n such that (f *g)(m) = e(m). In order
to get (f *g)(n) =e(n) =0, we need to define g(n) such that

Ffgn)+ > f(n/d)g(d) =0,
din
d<n

or equivalently .
g(n) = 0] % f(n/d)g(d).
d<n
O

Lemma 4. The convolution of two multiplicative functions is a multiplica-
tive function.

Proof. Let (n1,n2) = 1. If d | n1.ny then d = dj.dy where d; | n;,i = 1,2.
Converselly given dj | nq,ds | n2, the product dy.dy | n1.n2. So

hmng) = Y f(d)g(*2)

dng1.n2

= > > f(d1d2)9(7;12222)

di|n1 d2|n2

= 2 > S f (e a()

di|ni dz2|n2

= h(ny).h(ny).
O

Lemma 5. The inverse of a multiplicative function is a multiplicative func-
tion.

Proof. As f(1) = 1, f is invertible. Let g be the multiplicative function
defined by g(1) = l,g(p‘k) = f~Y(p*). By the preceeding lemma, f * g is

multiplicative, (f * g)(p’) = 0 = e(p?),j > 1, so the two multiplicative
functions e and f * g agree on the set of prime powers, they are equal. thus
g is the inverse of f. O

Remark 1. It is easily seen that the functions
l,e,id, 7,0, and ;LQ
are multiplicatives and the functions
log, w and

are additives.



4 FOR PRIVATE USE ONLY

Lemma 6.
Ax1=log

Proof. This is equivalent to the unique factorisation of an integer n as a
product of prime powers. Let n =[] pfj

logn = Z kjlogp; = ZA(d).
dln

2.3. Mo6bius Formula.

Lemma 7 (Mobius formula).

uxl=e

| 1lifn=1
Z,u(d)—{ 0ifn>1

dn

In other words

Proof. It is enough to show that the two multiplicative functions e and 1
are equal on prime powers p’, 7 > 1. Now

(k1) (p)) = Zu(pl) =1+ pu(p) =0.
1=0

There is a more combinatory proof: Let n > 1,n = [[p}*, oq; > 1. Then a
divisor d of n satisfying p(d) = 0 is necessarly a divisor of [] pg, that is

d=1 (and p(1) =1) or d = p;,..pi,, 11 < .. <is, and p(d) = (—1)*%.
So

k
dopd) = D> (~Dfeard{l <iy <. <iy <k}
dln s=0
k
= ) (-7 )=(1-1F=0
>0 ()

O

Theorem 1 (Mobius inversion formula). Let f,g be two arithmetic func-
tions, then

g=f*xle f=gx*p
2.4. Some applications.
Corollary 1.
A = log*u
Proof. We apply Mobius inversion formula to the relation A x 1 = log,
Ax1xpy = logxu
A = logxpu.
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Corollary 2. We have

ZM <1,z>1.
mn

n<x

Proof. Let x > 1 and assume that z is an integer (as clearly the inequality
depends only on [z])

= > ) uld)

n<z dn

- Svnf

d<z
i -2 {3)

d<z d<z

in the last sum we can ignore the term d =1 as {z/1} =0, so

2Dy Y ) <

d<z 1<d<z
U
Corollary 3. For any arithmetic function f,we have
Yoo f)=)"wd) Y f(nd).
n<z,(m,n)=1 dlm n<z/d
Proof.
S s = Y Y wa) =Y Y i)
n<z,(m,n)=1 n<z d|(m,n) dlm n<z,d|n
= > _uld) Y f(nd).
dlm n<z/d
U

Corollary 4.

din
Proof.
p(n) = 1= > uld)
m<n,(m,n)=1 m<n d|(m,n)
d
= doud Y l=n M(d)
din m<n,d|m din
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Lemma 8. The Fuler function ¢ is multiplicative and

1
o) =n [0~ ).

Proof. Clearly ¢(n) = id(n).(u/id x 1)(n), as all those functions are mul-
tiplicative, ¢ is multiplicative. Now ¢(p¥) = p* — pF=1 = p¥(1 — 1/p) for
k> 1. (]

n=> o(d)

dn

Lemma 9. We have

Proof. This can be deduced immediatly from the preceeding lemmas. We
give an interesting direct proof. Let

A={m <n}, ford|n, define Ag={m <n,(m,n)=d}.
Clearly
A=UgnAg, AgNAg =0ifd#d.
Let m € Ay, then m =dm/;m’ <n/d and (m',n/d) =1, so
cardAq = p(n/d)

cardA = n= Z cardAy
dn

= > wln/d)

dln

= > (k).

k|n

Corollary 5.

d|g,d|n
In particular
cq(1) = p(q)
Proof.
q - an a ;an
SCID VIS WS
a=1,(a,q)=1 a=1 dl(a,q)
g -an q/d ; bn
= Dopld) D ST =D u(d) Yy e
dlq a=1l,d|a dlq b=1
but

e

=1

Lifl|n

<



FOR PRIVATE USE ONLY 7

SO
— q_ q\
cq(n) = Z M(d)g = Zﬂ(g)dv
dlq d'lq
(g/d)In d'|n
(writing ¢ = dd’). O

3. ESTIMATES OF SOME ARITHMETIC SUMS

Lemma 10. Let f : [a,b] — R, f monotonic and suppose that a,b are
integers. Then there exists a real number 0, € [—1,1] such that

b
S s = [ e+ (F0) - £(@)6

a<n<b

Proof. Suppose that f is decreasing, then

=
2
IA

/ "1 F()dt < f(n— 1),

b n b
> fde < > -1,

n=a+1 n=a+1"Y"" n=a+1

=0
— ~
= =
IN IN
T~
o
=
ES
A\
]
=
S

b b—1 b
0< / fwat— S fm) <Yt - Y fn=fla) - f(b)
n=a+1 n=a n=a+1

Lemma 11 (Abel summation). Let g be an arithmetic function, f a complez-
valued function defined on [y, x] and having a continuous derivative there.

Let G(z) = 3_,<, 9(n), then

S st =~ [ 601 Wi+ 6@ @) - G )
)

y<n<z
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Proof. For any (n,t) € N x [y, z], let x(n,t) = { (1) EZ E i . We have
/ “ewfmdt = / 2
= Zg / (n,t)f'(t)dt
= n '(t)dt
> )/max(ny)f (t
= > gn) f(max(n,y))
= f(w) Y g = f)d gn)— Y gn)f(n)
= [@)G(x) - f(y)Gy) = > gn)f(n).
y<n<z

O

Corollary 6. Let g be an arithmetic function, f a complex- valued func-
tion defined on [1,z] and having a continuous derivative there. Let G(x) =

anx g(n), then
S Fn)g(n) = G(a) () - /1 "G f (1)t

Proof. Let y = 1 in the preceeding lemma and remark that G(1)f(1) =
9(1)f(1), so

+ Y flmgn) = Y f(n)g(n)

y<n<lz n<x

— F()g(1) + G (@) f( /G
— G)f(@) - / Gt

Lemma 12 (Euler-Maclaurin 1). Let 0 < y < = and suppose that f is a
complex-valued function defined on [y, x| and having a continuous derivative
there. Then

S fn / fOde+ [ {07t~ () 50 + {0} S0).

y<n<z

O

Proof. Put g(n) = 1,in the previous lemma and replace G(z) = [z] by
x—{x}. O

Lemma 13 (Euler Maclaurin 2). With the same assumptions

/f dt+/ {t} £/ (0t — {z} () + F(1).

n<$
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Proof. Apply the preceeding lemma with y = 1 and use the fact that

anx f(n) = f(1)+ Zl<n§z f(n). g
4. APPLICATIONS

Lemma 14. Forx > 1,v=1— floo {t} ;L;

1 1
Z— =logz+~v+ O(—).
n x

n<zx

Proof. Applying Euler-Maclaurin’s lemma

Lo L et

n<x
° g [ dt |
logx—/ {t}2+/ wY 1100
1 t T t X

1
= logz+~v+ O(;)
O
Lemma 15. Let x > 2, then
Zlogn =zlogx — z + O(log x).
n<x
Proof. From Euler-Maclaurin’s lemma
Tt
Zlogn = [z]logz — / Udt
1 ¢
n<x
Tt
= zlogx — (x —1) +/ {t}dt
1
= zlogx —x+ O(logx).
O

Another important application of Euler-Maclaurin is

Theorem 2 (Zeta function). Let for Rs > 1

= E nis
S

((s) = o 8/100 {z} x5 da.

This provides an analytic continuation of {(s) in the region R(s) > 0.

then

5. DIRICHLET’S HYPERBOLA FORMULA

Theorem 3. Given two arithmetic functions f, g, we define

h=fxg

=3 1), Glu) = Y g(n),

n<u n<lu

and note
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then for any y < x

D h(n) =) f()G(z/n)+ > g(n)F(z/n) — F(y)G(z/y).

n<zx n<y n<z/y
Proof.
Y hn) = Z{ (a)g(®) + Y f(a)g(b)}
n<z n<lz | ab=n,a<ly ab=n,a>y

>, f
= Y Y i+ S @ S o)
b<z/a

a<y y<a<z b<z/d
= ) f@G/a)+) gb) > fla)
a<y b<z y<a<z/b

the condition y < a < x/b implies that b < z/y, so

Y hn) = Y f@Gzfa)+ Y gb)(F(z/b) — F(y))

n<z a<ly b<z/y
= Y f(a)G(/a)+ Y gb)F(x/b) — F(y)G(x/y).
a<ly b<z/y

5.1. An important application.

Lemma 16 (Dirichlet). Let 7(n) =34, 1 = (1% 1)(n), then
Z 7(n) =xlogx + (2y — 1)z + O(Vx).
n<x

Proof. By the lemma

Sorm) = Y5+ X [F] -l

n<x n<y n<z/y
= oY+ Y e X {3 T {E)
n<y n<z/y n<y n<z/y

oo/t - 2 - {2},

We majorize the fractional parts by 1, getting an error term of order y +
x/y + 1, and we choose y = x/y = \/x; so

1
ZT(H) =2z Z - —z+ 0(WVz),
n<w n<x
we apply finally our estimate

Z ! log\f—i-’y—i-O( )
n<\f
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6. LANDAU’S THEOREM
Let M(x) = anx p(n),m(z) = Zpgxl and Y(z) = anz A(n). The
Prime Number theorem asserts that
m(z)
(xz/logx)

We will prove later that this is equivalent to the assertion

Mﬁlwhenxﬁoo.
T

— 1 when z — oo.

The following theorem gives another equivalent assertion:
Theorem 4 (Landau).

fim M) o g Y@

T—00 xT r—o00 I

=1.

Proof. We prove the = part only.
We recall the following convolution identities:

A=pxlogil=p*xlxl=pux7,e=px1l.
f(n) =logn — 7(n) + 2,

Zf(n) = Zlogn—ZT(n)+2721

n<z n<z n<z n<w
— 0(V3).
We remark that
wxf=A—1+2ve,
SO

> (ux f)(n) = U(z) = [2] + 2.

n<x

We need to show that under the assumption M (z) = o(z), we have ¥(z) —

[z] + 27 = o(x).
We apply Dirichlet hyperbola method

duxfn) = T(x) - [z]+ 2y

n<x

= > ulm)F@/n)+ Y f(n)M(z/n) - M(y)F(z/y)

n<y n<z/y

where Fl(u) =) ., f(n). Let 0 <e <1 fixed and y = ez. If n < x/y, then

z/n >y, s0 M(z/n) = o(z/n).
0@~ ]+ 2l < OWE Y )+ ole 3 [T oty [ 2

n<y n<z/y
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Now
(n) logn 7(n) 1
< il
D e D R D D 2D i
n<u n<u n<u n<u
) 1 1 1
< Olog u)+zf Z —+2’yZ—
n<u " m<u/n m n<u "
= O(log*u).
Also
1
> 77 = 0.
n<u
So
51 1
@)~ o] +29] < O@vE) +o(zlog? 2) +ofeey )
U(x) — 2
lim sup W () x[x] +2 _ O(V7)
and we get the result as ¢ — 0. O

7. CHEBYSHEV THEOREM

Theorem 5. There exists 2 constants A, B satisfying 0 < A < 1 < B such
that

Az < ¥(z) < Bz.

Chebyshev gave the values A = 0.92129, B = 1.1055.
We will give a complete proof of the weaker result

zlog2 + O(logz) < ¥(z) < 22log?2 + O(log? ).

Proof. As A x1 = log, we have A x 1 xv = log#v. Let w = 1 xv, W(u) =
3w wln), Z(u) = 3,2, (g 0)(n) = ¥, A()W(a/n).

Suppose we can find a function v such that

0)Z () ~ cx,x — 00,1)W(u) € [0,1],i19)W (u) = 1 when 1< u < 2,

then we deduce from the relation

Z(x) = Z A(nW (z/n)

n<z
that
P(x) > Z(x) = (c - &)z,
which is the lower bound and
U(r) —V(r/2) < Z(z) < (c+e)x

which gives by iteration an upper bound for ¥(x).
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Now
Zx) = > wv(n) > logd
n<z d<z/n
= z Z v(n) logz/n —x Z v(n) + O(Z v(n) log(2z/n)
n n
n<lx n<x n<lx
v(n) v(n) v(n)
(zlogx — ) Z —— —=x Z ——=logn + O(Z ——=|log(2z/n).
n<x n n<x n n<x
A first easy choice is the function
lifn=1
v(n) = —2ifn=2
Oifn > 2
then
Z(x) = zlog2 + O(log )
and

W) = la] - 20/ = { T o

so W satisfies our assumptions. Thus

U(z) > zlog2+ O(logz)
U(z) —U(z/2) < zlog2+ O(logx)
U(z/2) —U(x/4) < glogQ%—O(logx)
k
U(z) < xlog2227j + O(klogx)

j=1
where k satisfies the inequalities
x/2M <1 < x/2k
so k = O(log x) and finally
TU(z) < 2xlog2 + O(log? z).
]

Remark 2. A better choice (Chebyshev) is v(1) = 1,v(2) = v(3) = v(b) =
—1, v(30) = 1 and for all other integers n,v(n) = 0. Clearly for x > 30

>

n<x
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7.1. Mertens’s estimates.

Theorem 6. We have

1) ZT = logz+ O(1),
n<x
1
2) 3782 = logz +0(1),
sy b
1 1
3) Y - = loglogu+A+0(——),
pgxp g

1 c 1 _
DII0- ) = G040 =)

Proof. We have proved that
S(z) = Z logn = xlogz — z + O(log x)

n<x

the relation A x 1 = log, leads to

S) = Y An) [i]—xZAqu(ZA(n)),

= xZAZL)-FO(\I’(x)):xZASL)—FO(a:)

by Chebychev’s estimate and this proves 1). From it we deduce 2) as the

serie Zpk7k22(logp/pk) is convergent.
For the proof of 3) let us define

logp
Lty : =Y
p<t p
1
R(t) :Z ng—logt;
p<t

we have R(t) = O(1) by 1).
Z} _ L(z) +/ L(tz) i@t
P log x o tlog“t

p<z
o1 r t
:1+R@+/‘ ﬁ+/ Ry,
log 9 tlogt o tlog“t

1
=1 +O(@) +loglogx — loglog2 + I(x)

where

I@):![jMﬂﬁ: MJW)ﬁ—/M}w)ﬁ

tlog?t o tlog?t tlog?t
1

= et o

)7
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& t
[0,
o tlog“t

the integral

being convergent.
Clearly

we use the classical expansion
X n

—log(1—x) =Y la| < 1,

n=1

—Zlogl—f = Z +ZZ

p<z p<a: p<xm 2
Syt +zz*mp Yyl
p<:): p m=2 p>r m=2
1
= loglogz + A+ B+ O( )s
log
where B is the convergent serie ), Zm 9 mp . Finally
1 1
[Ta-2 = e log(l - -)) = —— exp(O(—))
i P = p log:v log
c 1
= 1 .
logx( + (logx))

8. THE PRIME NUMBER THEOREM

8.1. Functions 7,%,60. We define the following functions

:Zl,\l} Zlogp—zf\ ):Zlogp-

p<w pk<x n<z p<z

Lemma 17. We have

) = V@) +0( )
U(z x
m(@) lo(gaz 0 log? =

Proof. We have
W(z) = O@)+ > logp Y. 1
P<VT 2<m<(logz/logp)

= O(z)+ O( Z logz) = 0(z) + O(v/zlogx).
p<\x

15
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For 7, we apply Abel’s summation and get
logp  6(x) /“” —dt
o(t ,
Zlogp log 9 ( )(tlog2t)
as 0(z) < ¥(z) = O(z), the integral [, (0(t)/tlog®t)dt = O( [y dt/log?t).

Now, write
/xdt B /ﬁ7ﬁ +/ﬁ dt
5 log?t )y log?t vz log?t

N x x
=0 ,
log? 2 * (log /z)? (log2 x)

SO 0
r(a) = 2@ o2,
log log” x
O
Theorem 7. The following assertions are equivalent
) (@) ~ —— wh
1) w(x) ~ —— when © — o0
log = ’
i) ¥(z) ~ x, when x — oo,
We have o
i41) (=) — 0, when x — oo.
x
Proof. The first two assertions follows from the preceeding lemma, the last
assertion is Landau’s theorem. O

So in order to get the Prime Number Theorem

m(x) ~ when = — oo,

log

we need only to show that M(z)/z tends to zero when z tends to infinity
9. PROOF OF THE ASSUMPTION M (z)/x — 0, WHEN = — +00.

9.1. Auxillary functions, first upper bound.

Definition 5. Let y > 3, and define the following completely multiplicative
functions

r Lifp>y
o Lifp<y
Uy(p) - {0ifp>y’r—

Clearly
Uy * Uy = 1.

Lemma 18. For all y > 2

nmsup‘W”' <o) [ amnt)| 5.

x
e Py p n<t
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Proof. Call

Let 1 =di < dy < ...d, the (finite) set of squarefree integers having all their
prime factors < y. (For example with y = 3,1 =d; <2=dy <3 =d3 <

6 =dy).
Clearly
[ = Uyfi ¥ Vy L,

SO .

M) = 3wy (mp(m) (o)
n<x

but when n satisfies

T T
7<n§—‘,j:1,2,..q—1

the sum Vj(z/n) is constant and is equal to V,(d;). So

qg—1
M(z) = Z Vy(dj) Z wy (1) p(n) + Vy(dg) Z uy(n)u(n).
Jj=1 djil <n§dij n<z/dq
This gives
q—1
D AT S RIACHIEI D)
i=1 2 n<E n<w/dg

G <"y
Now it is easy to see that
1 1
— 1—-)wh
xZuy(n)HH( p)vvem:z:—u)o7
n<z p<y

in fact
Uy = vyp * 1

LS wy) = Yyt 31

n<z n<z d<z/n

SO

the sum over the n’s is a finite sum and the sum over the d’s tend to 1/d.
Consequently

M(z T = 11 1
< T3 S Wl — ) + W)
T p =1 d; dq

dii1
p<y I+

lim sup

This can be written

M
lim sup (z)
x

<TI0 - ;) {/loo |V‘2§t)|dt}.

Py
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9.2. Dealing with the integral [° ‘Vgét)'dt.

Lemma 19. Let

a = lim sup

M(z)

and suppose that o > 0. Take 8 > « then when y — oo

/yoo |V@£§t)|dts < B(c—1)logy + o(logy)

where . )
o(=e") = lim (—) J[Ja->)"
—00 |

y—oo logy <y p

Lemma 20. Let
a = limsu (z)
= p
T

and suppose that o > 0. There exists a constant § > 1 (depending only on
a) such that for any 8,2 > > «,

/ly |]Wt§t)|dts < (B/9)logy + o(logy).

9.3. Proof of the theorem, assuming the last two lemmas. We have

w110 50

p<y

L L[l [ N0y

c+o(1)logy t2 t2
where we use Merten’s estimate

H(l — 21))_1 = (c+0(1))logy.

p<y

a = limsup

So the preceeding lemmas yield to

11
o+ o(1)1ogy(§1°gy+ﬁ(c— 1)logy + o(logy)),

letting y — oo

3 1 1.1
<—=—4+1——-=4(1--(1-=
a<lii-topa-la-
but the quantity (1 — %(1 - %) is strictly less than 1 and depends only on «,

so letting 5 — « leads to a contradiction of our assumptions « > 0.

9.4. A solution to a differential equation. Let

flz) = /OT L=

U

and define -
E(s) —/ e el @ .
0

k is clearly well defined (f(xz) = O(logz)), k is decreasing and has a contin-
uous derivative.
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Lemma 21. We have

s+1
sk(s) — / kE(u)du =1,Vs > 0.
S

s+1 00 s+1
/ E(u)du = / el @ (/ e "du)dx
s 0 s

0

Proof.

T
= / ef(x)f’(w)e_sxdx
0

= [T 4 s /0 " el @) sty

= —1+sk(s).
i

Lemma 22. Let h be a decreasing function defined on [1,+occ[,h > 0 with
a continuous derivative, then

VEzy, > loiph(pt) = /yt g+ O(h(y),

v
p<y

and

Vi1, Y 1O;"fph(pzt) = /yt " g+ 0(h(o).

v
y/t<p<y

Proof. We give a detailed proof of the first assertion, the proof of the last
one is similar. We use the elementary Mertens’s estimate

1
Z 6P _ logy + O(1).
Py

ZIngh(pt) - h(yt)Zlng— /1 y(z 108 Py (ut) s

p p
p<y p<y

— h(yt)(logy + O(1) — /1y(logu + O(1)tH (ut)du
Y h(ut)

p<u

du

= h(yt)logy — [(logu)h(ut)]! + /

+0

—

h(yt) + O(/lyt W (ut)| du)
/y th'ut)du

1

) g+ O(h(y) + O

(as b has a constant sign),
u

Y'h
Y'h

u
ut)
u

Y

>

(
() 1 + O(h(y)) + O(h(t) + hty))
(

du + O(h(y)) as h is decreasing and ¢ > y.

J
-
J
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Lemma 23. Let ¢ = limy_,o @ [T<,(1- 1/p)~%, then

2
/1 E(u)(2 —u)du = c— 1.

Proof. We give a usefull arithmetic proof . From the well known convolution
relation log = A * 1, we get

vy log = vy A * vy

SO

Zvy )logn = Zvy Z vy (m).

n<z n<y m<z/n
Denote by

Vy>|< (t) = Zvy(n)’
n<t
and write
logn = logx — logx/n,

we get

V() logz — Y wy(n)logz/n =3 v,(n)A(n)Vy (z/n).

n<x n<x

We multiply by h(z)/z? and integrate from y to oo

/oo Vi (@) logwhq(;f)dx / Z vy(n l‘/n) h(x) dx + /oo > vy(n)log as/nha(;:)dx
/ Z”y /n) M )dﬂﬁ‘El,
where

E, = /yoo Z vy(n) log $/nhi§)d$

as h is decreasing

B h)Yu0n [ toset
< h(y)zl’a@/f%tdt
= O(h(y)logy).
So
[ vi@ose™Pae = [T 5 wmnon; tam Sas + othiy)og)
Y Y n<z

/ > logpVy (x/p) e )dm+0(h(y) logy) + E2,

p<y
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where
o * ' h x
B, = / > logpVy(z/p )%dw
Y p<ypr<zr>2 v
logp,, [V, ()
< Y (P
Pyt <22 P !
2n<t Vy(n)
= o[ == an)
vy(n
= oy Y- A
O(h(y)logy).
Finally
R h(z lo % V¥ (u)
/ Vy(x)logmgd:n = Z gp/ y2 h(pu)du + O(h(y) logy)
y v p<y Py U
1 vV
— Z ng/ ygu)h(pu)du
p /p U
<y y/p
lo % V*(u)
+ gp/ y2 h(pu)du + O(h(y)logy)
P u
p<y Y
Clearly
1 O vV 1
S [* BB hguan = [HE S O,
p<y P Y LY sy P
Y V*(U) w.y h(U)
= /1 yu2 (/u . dv)du + O(h(y) logy)
by the lemma.
Similarly
1 >V, (u “Y h(v)
Z ng/ y<2 )h(pu)du / / v)du + O(h(y)logy).
pzy Py “ Y
Thus

/OOV (x )logxm _ly‘@:f)(Au'y}ﬁwdv)du

+/OO Yy () / hiv)dv)du +O(h(y)logy),

this gives finally
[ " h(v)
Vy {loga: (/x . dv)} dx

Y Vy*
/ / dv du+ O(h(y)logy).
1 y
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We choose . los t
og
h(t) = k
®) logy (logy>
where k is the function already defined. From the lemma on k& we deduce
that i,
h(z)logxz — / E)v)dv =1,
» V, V, x
[ee] * T Y * U u.y h
/ y(z)dx—/ yg)(/ ®) 4oy + 0(1).
y x 1 u Y v

When u < y, we have trivially that V'(u) = > -, vy(n) = >, ., 1 =
[u] +O(1), so

/”Vigf”)dm - /lyi(/uyhi)d)d +o()
Y Y

_ /y hv) 1o ¥ Lav+0(1)

v
1 v d
- / (Y100 o)
logy J, logy v v

= ([ Kz - wan)togy + (1),
But we have also
/00 Vy*(Qx)dx _ /00 Vy*gx)d:v B /y Vy*(f)daz
y T . 1@
and, when u <y, V" (u) = [u] + O(1), so

/Oo G Z“yé”) —logy + O(1)

x
n

= JJa- ]19)1 —logy + O(1)
— (c—1)logy +O(1) + olog y),

and finally

2
(c—1)logy +O(1) + o(logy) = (/ k(u)(2 —u)du)logy + O(1)
1
and the lemma after dividing by logy and letting y — oo. (]
9.5. Proof of the lemmas.

Proof of th lemma 19. From A = u * log, and Mobius formula,we get A =
—plog 1, so plog = —p x A. This gives

—vyptlog = vyp * vy.
Following the same method as in the proof of the last lemma, we have

t)logt] <> vy (n)An) [Vy(B) + > vy(n)u®(n)logt/n;

n<t n<t
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So
/OO
Y

With the same choice of the function h we get

[ P

$2
where we replaced V,(t) by M (t) in the range 1 <t <y.
Let B > «, then for ¢ large enough (say t > tg), |M(t)| < St. So

vag)wtg 5/y1/m dv)dt + O(1)

xxj/ E(u)(2 — u)du) logy + o(logy)

1
< Blc—1)logy + o(logy).

‘%”Hmymw—émmwm}ﬁs

(%

yt h(v
‘ / dv )dt+0O(1).
y

IN

O

Proof of the lemma 20. We recall the well known result (see corollary 2) ( M
can be choosen= 4)

If he function M (t) does not change sign, then the lemma is trivially true
by applying this upper bound.

Consider 3,a < # < 2 and let tg be sufficiently large such that |[M(t)| <
pt if t > tg. Consider two different zeroes t; < to of M(t). We shall prove

that
/t2M() alt<§1gt—2
P 2 )

where § = min(2,1 + %) and consequently the lemma.
We distinguish three cases according to the size of t5/t;.
(2) log > M /3. in this case this follows from the definition of M;

(ii) log § 2 < M§/B and ta/ty < 1/(1 — B/2). As M(t1) = 0,|M(¢t)| <
t—t; < tB/Q for all ¢ in [t1,t2] by the assumption t3/t; < 1/(1 — 3/2) and
inequality holds. O

(4i7) log t2 < Md/B and ta/t1 > 1/(1 — /2). we apply the previous in-
equality in the range {tl, m} and the inequality |M(t)| < St in the range

|:1_t7é/2,t2:| . SO
/tz M()‘dt élog(
t 2

.2

1 to B
)+ Alow(E - )

2

ta B B

log = + —log(1l — =).
Bogt1+20g( 2)

IN

IN
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We apply the inequality

2
Trog1 -5y < I
< MG -1)

SO

2 M(t) to
/ 2 ‘dtﬁﬁlogt—M(é—l);
t1 1

but we are in the case log % < Md/B, so

2 M(¢) B. ty
dt < Zlog 2.
/t 2 ‘ =5 0%y

1

10. SELBERG’ FORMULA

The first elementary proof of the Prime Number Theorem is build on
Selberg’s formula

Theorem 8 (Selberg).
> A(n)logn+ Y A(n) Y A(m)=2zlogz + O(x).
n<z n<aw m<z/n
Proof. We have
log?n = (Ax1)(n)logn
= (A xlog)(n)+ (Alogx1)(n)
SO
(log? *pu)(n) = (A xlogs*u)(n)+ A(n)logn
= (AxA)(n)+ A(n)logn,
and taking the sum
S (log? #)(n) = 3" Am)logn+ 3" A(m) 3 Agm),
n<z n<w n<z m<x/n
so we need to show that
Z:(log2 x1)(n) = 2zxlogx + O(x).
n<w

As in Landau’s proof, we approximate the function log? by some nice arith-
metic functions.
As easily seen

Z log?n = xlog? z — 2xlogx + 2z + O(log? z),
n<x
we have proved that
Z(l x1)(n) = xlogx + c1x + O(Vx),
n<x
similarly (using the hyperbola method)
1
Z(l x1x1)(n) = iznlog2 T + cozlog z + czz + O(z?/319)

n<zx



FOR PRIVATE USE ONLY 25

so we take the arithmetic function
gn)=2(1x1x1)(n)+a(lx1)(n)+b

Slogtn— 3 gln) = 0@

n<x ns<x
say, when choosing a = —2 — 2¢c3 and b = 2 — 2¢3 — acy.
We write

D (og?sp)(n) = > (nxg)(n) + Y _ (1 (log> —g)(n).

n<z ns<x n<lz

then

The first sum on the right is equal to

QZ(M*1>|<1*1)(n)—I—aZ(u*l*l)(n)—l—bZ(u*l)(n)

n<x n<lx n<x
= 2zlogz + O(x),

the secon sum is less than

Sum) | > log?n— > g(n)

n<lx m<z/n m<z/n
$3/4
= O(Z TM) =0(z).
n§x7z



