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Abstract

Parameterized Complexity is an exact algorithmic approach to deal with in-

tractable computational problems having some small parameters. For decision

problems with input size n, and a parameter k, the goal here is to design an

algorithm with runtime f(k)nO(1) where f is an arbitrary function of k, as op-

posed to (in most cases,) a trivial nk+O(1) algorithm. Such algorithms are called

fixed parameter tractable (FPT) and problems with FPT algorithms are said to

be fixed parameter tractable (FPT). Such algorithms are practical when small

values of the parameters cover practical ranges.

Numerous computational problems have been solved by modelling these prob-

lems as problems on graphs and then applying known results in graph theory to

extract some structure and use this in designing algorithms. In recent years, a

more refined approach has been to model the problems of interest as separation
problems on graphs and then solve them. This approach has been used to give

FPT algorithms for a number of problems including MULTIWAY CUT, DIRECTED

FEEDBACK VERTEX SET (DFVS) and ALMOST 2-SAT, with the last two being long

standing open questions in the field of parameterized complexity. It is not only

the case that a lot of problems have been modelled as separation problems on

graphs, but these separation problems themselves appear to have a common un-

derlying combinatorial structure.

The aim of this thesis is to study a combinatorial object called important sep-
arators, and formally describe it as a tool with which a number of graph separa-

tion problems with certain properties can be solved. To this end, we first extend

the existing notion of important separators, which has already been defined on

undirected graphs, to directed graphs as well. Finally, we describe the FPT algo-

rithms for the above three problems using the notion of important separators as

an explicit tool.
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1
Introduction

A fundamental theorems about connectivity in finite undirected graphs is Menger’s

Theorem [34], which states the following.

LetG be a finite undirected graph and s and t be two nonadjacent vertices. Then,
the minimum number of vertices whose removal disconnects s and t is equal to the
maximum number of pairwise vertex disjoint paths from s to t.

There is a corresponding edge version of this theorem and also vertex and arc

versions on directed graphs.

This min-max theorem is an extremely fundamental one in combinatorial op-

timization and the minimum s − t cut can be computed in polynomial time [1].

Hence, some natural generalizations to the problem of finding the minimum set

of vertices disconnecting two vertices include the problem of finding the mini-

mum number of vertices disconnecting vertices of a given set from each other,

and the problem of finding the minimum number of vertices disconnecting mul-

tiple specified pairs of vertices. It turns out that these problems are computation-

ally intractable in the classical setting, and as a result, it makes sense to approach

these problems from the relatively recent field of Parameterized Complexity.

These problems have been studied extensively and have been found to have

quite a lot of underlying combinatorial structure. A lot of ways have been devised

to exploit these structures, and in this thesis, we will study one such approach.

The approach we study uses a combinatorial object called important separators to

prove the tractability of these problems in the area of parameterized complexity.
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Chapter 1. Introduction

1.1 Organization of the Thesis

Chapter 1.2 contains basic Notations and Definitions we will follow in this Thesis.

In Chapter 2, we give a high level description of the field of Parameterized Com-

plexity and the basic techniques involved in designing ixed parameter tractable

algorithms. In Chapter 3, we first describe the notion of Important Vertex Separa-

tors in undirected graphs and give formal Definitions and proofs of some Lemmas

and Theorems. We then extend these Definitions and Lemmas to Vertex and Arc

Separators in directed graphs and set up the machinery for the application of the

notion of Important Separators in parameterized problems which involve Graph

Separation. In Subsequent Chapters, we consider the current best algorithms for

the MULTIWAY CUT problem, the DIRECTED FEEDBACK VERTEX SET problem, and

the ALMOST 2-SAT problem and describe these algorithms using the machinery

we set up in the preceding Chapter. In Chapter 4 we describe the part played

by Important Separators in the FPT algorithm for the Multiway Cut problem. In

Chapter 5 we describe the FPT algorithm for the Feedback Vertex Set problem in

Directed Graphs by using the concepts of vertex separators in directed graphs.

Finally, in Chapter 6, we consider the Almost 2 SAT problem and describe an

FPT algorithm for this problem using the notions of Important Arc Separators in

Directed Graphs.

1.2 Notations, Definitions and Conventions

1.2.1 Basic Notations

We assume that the reader is familiar with basic notions like sets, functions,

polynomials, relations, integers etc. In particular, for these notions we follow the

same notations as that in [43].

1.2.2 Growth of Functions

We employ mainly the big-Oh (O) notation (see [14]) and the big-Oh-star (O∗)
notation introduced in [50]. Let f : N → N and g : N → N be two functions

from Natural numbers to Natural numbers. We say that f(n) = O(g(n)) if there

2



Chapter 1. Introduction

exist constants c, and n0 such that for all n ≥ n0, f(n) ≤ c.g(n). The notation O∗

notation is essentially the big-Oh notation which hides polynomial factors and

hence is used only for exponential time algorithms. We use O∗(f(n)) to denote

O(f(n).nc) where c is some constant. In this thesis, we will use the O∗ notation

to hide factors polynomial in input size in order to focus on the function of the

parameter. Hence, for us, O∗(f(k)) denotes O(f(k).nc) where k is the value of

some parameter, n is the size of the input instance, and c is some constant.

1.2.3 Graphs

Undirected Graphs An undirected graph G is a pair (V,E) where V and E are

unordered sets. The elements of V are called vertices of G. E consists of un-

ordered pairs of vertices and elements of E are called edges of G. A vertex u and

a vertex v are said to be adjacent if E contains the pair (u, v). The edge (u, v) is

said to be incident on the vertices u and v, while u and v are called the endpoints

of the edge (u, v). An undirected graph G is called a simple undirected graph if

there is no edge in E of the form (v, v) where v is a vertex of G. In this the-

sis, unless explicitly mentioned otherwise, the graphs we consider are all simple

undirected graphs. The open neighborhood or just neighborhood of a vertex v

in the graph G is the set N(v) = {u|(u, v) ∈ E} and by closed neighborhood of

a vertex v, we mean the set N [v] = {v} ∪ N(v). Let S be a set of vertices of G.

We denote by (open) neighborhood of S, the set N(S) = (
⋃
v∈S N(v)) \ S and by

closed neighborhood of S we denote the set N(S) ∪ S.

A walk in the graph G is a sequence W = v1, . . . , vt of vertices such that

(vi, vi+1) ∈ E for every 1 ≤ i ≤ t − 1 and it is called a walk from vi to vt in G.

The length of this walk is t−1. A walk in which any vertex occurs at most once is

called a path. A walk where the first vertex is same as the last vertex and all the

other vertices are distinct is called a cycle. The walks vi, vi+1, . . . , vj, 1 ≤ i ≤ t,

i ≤ j ≤ t are called subwalks of the walk W . If W is a path these walks are called

subpaths of W . A graph is called acyclic if it does not contain a cycle.

A vertex u is said to be reachable from a vertex v in G, if there is a path from

u to v in G. The graph G is said to be connected if there is a path between every

pair of vertices in G.

A set S of vertices (or edges) with some property is said to be a maximal set
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Chapter 1. Introduction

with that property if there is no set S ′ of vertices (respectively edges) such that

S ′ ⊃ S and S ′ has the same property.

A set S of vertices (or edges) with some property is said to be a minimal set

with that property if there is no set S ′ of vertices (respectively edges) such that

S ′ ⊂ S and S ′ has the same property.

A connected component of G is an induced subgraph X = G[C] of G such

that C is a maximal subset of V such that G[C] is connected.

A connected acyclic graph is called a tree and a graph whose connected com-

ponents are trees is called a forest.

The line graph L(G) of G is a graph where there is a vertex for every edge of

G and two vertices of L(G) are adjacent if and only if their corresponding edges

are adjacent in G.

Given a graph G, we use µ(G) and β(G) to denote, respectively, the size of a

maximum matching and a minimum vertex cover. A graph G = (V,E) is said to

be König if β(G) = µ(G).

Directed Graphs A directed graph (or digraph) D is a pair (V,A) where V and

A are sets. The elements of V are called vertices of D. The set A consists of

ordered pairs of vertices and elements of A are called arcs of D. The arc (u, v) is

said to be incident on the vertices u and v, while u and v are called the endpoints

of the arc (u, v). The undirected graph obtained from D by ignoring the ordering

among the pairs constituting the arcs, is called the underlying undirected graph

of D. A directed graph D is called a simple directed graph if there is no edge in A

of the form (v, v) where v is a vertex of D. The out neighborhood of a vertex u in

the digraph D is the set N+(u) = {v|(u, v) ∈ A} and the in neighborhood of u is

the set N−(u) = {v|(v, u) ∈ A}. Let S be a set of vertices of D. We denote by out

neighborhood of S, the set N+(S) = (
⋃
v∈S N

+(v)) \ S and by in neighborhood

of S we denote the set N−(S) = (
⋃
v∈S N

−(v)) \ S.

A walk in the digraph D is a sequence W = v1, . . . , vt of vertices such that

(vi, vi+1) ∈ A for every 1 ≤ i ≤ t − 1 and it is called a walk from vi to vt in D.

The length of this walk is t−1. A walk in which any vertex occurs at most once is

called a path. A walk where the first vertex is same as the last vertex and all the

other vertices are distinct is called a cycle. The walks vi, vi+1, . . . , vj, 1 ≤ i ≤ t,

i ≤ j ≤ t are called subwalks of the walk W . If W is a path these walks are called

4



Chapter 1. Introduction

subpaths of W .

A vertex u is said to be reachable from a vertex v in G, if there is a path from u

to v in G. The graph G is said to be strongly connected if there is a path between

every pair of vertices in G.

A graph D′ = (V ′, A′) is called a subgraph of D if V ′ ⊆ V and A′ ⊆ A.

We say D′ is a subgraph of D induced by the vertex set S ⊆ V if V ′ = S and

A′ = {(u, v) ∈ A|u, v ∈ S} and denote it by D[S]. We say that D′ is a subgraph of

D induced by the arc set S ⊆ A if A′ = S and V ′ = {v ∈ V | there is an arc of M

incident on v} and denote it by D[S].

A set S of vertices (or arcs) with some property is said to be a maximal set

with that property if there is no set S ′ of vertices (respectively arcs) such that

S ′ ⊃ S and S ′ has the same property.

A set S of vertices (or arcs) with some property is said to be a minimal set

with that property if there is no set S ′ of vertices (respectively arcs) such that

S ′ ⊂ S and S ′ has the same property.

Planar Graphs A planar graph is an undirected graph that can be embedded

in the plane, that is, it can be drawn on the plane in such a way that its edges

intersect only at their endpoints. In other words, it can be drawn in such a

way that no edges cross each other. A planar graph already drawn in the plane

without edge intersections is called a plane graph or a planar embedding of the

graph. A directed graph is called a planar digraph if the underlying undirected

graph is a planar graph.
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2
Parameterized Complexity

In this Chapter we give a broad overview of the field of Parameterized Complex-

ity.

2.1 Introduction

Definition 2.1.1. ([43]) A parameterized problem is a language L ⊆ Σ∗ × N,
where Σ is a finite alphabet. The second component is called the parameter of the
problem.

Definition 2.1.2. ([43]) A parameterized problem L is said to be Fixed Parameter

Tractable (FPT) if it can be determined in time f(k).nO(1) whether or not (x, k) ∈
L, where f is a computable function depending only on k and n = |(x, k)|. The
complexity class containing all fixed parameter tractable problems is called FPT.

Unless specified otherwise, we will assume that the parameter k is a non

negative integer encoded with a unary alphabet.

Definition 2.1.3. Let L1, L2 ⊆ Σ∗ × N be two parameterized problems. A param-
eterized (many one ) reduction from L1 is a triple (f, f1, f2) where f1, f2 : N → N
and f : Σ∗ × N→ Σ∗ such that

1. f(x, k) is computable in time f1(k).|(x, k)|O(1) and

2. (x, k) ∈ L1 if and only if (f(x, k), f2(k)) ∈ L2.

The parameterized reduction (f, f1, f2) is said to be a parameter preserving param-
eterized reduction if f2(k) = k.

6



Chapter 2. Parameterized Complexity

2.2 Some Standard Techniques for Designing FPT

Algorithms

2.2.1 Bounded Search Trees

The method of bounded search trees is one of the earliest known and simplest

techniques used in the design of FPT algorithms. The main idea behind this

technique is to find in polynomial time, a small set of elements such that at

least one of them must occur in any feasible solution to the problem. Then we

guess an element of this set to be in the solution we are trying to construct,

process the input instance so that it reflects our choice of this element, make the

necessary changes to the parameter value, and recursively solve the problem on

the resulting instance. The small set of elements identified is usually a forbidden

structure which needs to be removed and is usually of constant size, although

the size of this set can be as large as logarithmic in the size of the input instance.

As long as the depth of the recursion tree is bounded by some function of the

parameter, since the time taken at each node of the recursion tree is polynomial,

this results in an FPT algorithm. There is an easy O∗(2k) algorithm for VERTEX

COVER [41, 20] using this method.

2.2.2 Iterative Compression

Iterative Compression is a useful technique for designing FPT algorithms for

minimization problems. This technique was first introduced in [45] to solve the

ODD CYCLE TRANSVERSAL problem, where we are interested in finding a set of

at most k vertices such that after removing these vertices, the resulting graph

is bipartite. This method was also used in obtaining FPT algorithms for EDGE

BIPARTIZATION, CHORDAL DELETION, CLUSTER VERTEX DELETION and FVS on

undirected graphs [28, 39, 32, 17, 10]. This technique was also used by Chen

et al. [13] to show that the DFVS problem is FPT, and by Razgon and Barry

O’Sullivan [44] to show that ALMOST 2-SAT is FPT, two long standing open

problems in the area of Parameterized Complexity. This technique is also used

to desing exact exponential algorithms (see [22]) and for other results based on

this method, we refer the reader to a survey articles [29, 33].

7



Chapter 2. Parameterized Complexity

We will give a sketch of this method as applied to a graph problem. The cen-

tral idea here is to design an FPT algorithm which, when given a k + 1−sized

solution for a problem, either compresses it to a solution of size at most k or

proves that there is no solution of size at most k. This is known as the compres-

sion step of the algorithm. The method adopted usually is to begin with a sub-

graph that trivially admits a (k+1)−sized solution and then expand it iteratively.

In any iteration, we try find a compressed (k−sized) solution for the instance

corresponding to the current subgraph. If we find such a solution, we use this

solution and (usually) the vertex or edge we add to get the next subgraph, to

get a (k + 1)−sized solution for this instance and start the next iteration. We

stop when we either get a solution of size k for the entire graph, or if some in-

termediate instance turns out to be incompressible. In order to stop when some

intermediate instance turns out to be incompressible, the problem must have the

property that the solution size in any subgraph is at most the solution size in the

whole graph.

2.2.3 Kernelization

Kernelization is a polynomial time algorithm that preprocesses instances of prob-

lems and returns equivalent instances with a guaranteed upper bound on the size

of the output, which is called the kernel of the instance. Kernelization is usually

achieved by applying a set of reduction rules that allow us to remove or ignore

parts of the instance that are easy to handle.

Kernelization has received increasing interest over the last decade, maturing

from a technique to prove fixed parameter tractability, into a stand alone field of

research. In recent years there has been many kernelization results for a variety

of problems. Some notable examples are the linear vertex kernel for VERTEX

COVER by Chen et al. [11], the quadratic kernel for FVS in undirected graphs by

Thomasse [49], and a polynomial kernel for MULTICUT in trees due to Bousquet

et al. [7]. For further results we refer the reader to the survey articles [30, 6].

8



Chapter 2. Parameterized Complexity

2.2.4 Color Coding

The technique of Color Coding was introduced by Alon et al [2] to handle the

problem of detecting a k−sized subgraph of constant treewidth in an input graph

in time 2O(k)nO(1). The color coding technique usually applies when we the ob-

jective is to find a small graph (whose size is typically the parameter) in some

larger graph as a subgraph. The idea behind this method is to randomly color the

entire graph with a set of colors with the number of colors chosen in a way that if

the smaller graph does exist in this graph as a subgraph, with high probability it

will be colored in a way that we can find it efficiently. This randomized algorithm

can subsequently be derandomized using hash families.

2.2.5 Dynamic Programming

Many problems that are NP-complete on general graphs are known to be poly-

nomial time solvable on trees. This is mainly because the subtrees rooted at the

children of any node in a (rooted) tree are disjoint and hence most types of in-

formation collected individually about these subtrees can be merged to obtain

the relevant information regarding the subtree rooted at the node under consid-

eration. Hence a standard dynamic programming approach is usually sufficient

to solve a lot of these problems on trees. This has served as motivation to devise

decompositions of graphs in a tree like manner where most of the separation

properties involved in trees are replicated on sets of vertices rather than individ-

ual vertices. The quantitiy treewidth has been defined to formalize and quantify

the closeness of a graph to a tree and quite a number of FPT algorithms have

been devised with this quantity as the parameter (see [5, 46]).

9



3
Important Separators

The notion of important separators was formally introduced in [38] to handle

the MULTIWAY CUT problem and the same concept was used implicitly in [12]

to give an improved algorithm for the same problem. Chen et al. [13] used

this idea to resolve the fixed parameter tractability of the DIRECTED FEEDBACK

VERTEX SET problem and Razgon and Barry O’ Sullivan [44] proved the fixed

parameter tractability of the ALMOST 2-SAT problem using this concept.

Organization of the Chapter In Section 3.1 we give a brief description of the

intuition behind the concept of important separators. In Section 3.2 we present

the definition of important vertex separators in undirected graphs, some basic

lemmata stemming from these definitions, and give an upper bound on the num-

ber of important separators of bounded size. In Sections 3.3 and 3.4 we extend

the definitions and lemmata in Section 3.2 to analogous versions for vertex and

arc separators respectively in directed graphs. In Section 3.5 we show that the

bound on the number of important separators given in each of the above three

Sections is essentially tight. Finally, in Section 3.6, we present an algorithm to

enumerate important vertex separators in undirected graphs, and give analogous

algorithms to enumerate important vertex and arc separators in directed graphs.

3.1 Motivation

Given a graph G = (V,E) disjoint vertex sets X and Y , suppose we are asked to

find a minimum set of vertices in G whose removal disconnects X from Y and

10



Chapter 3. Important Separators

Figure 3.1: S1 = {s1, s2, s3} and S2 = {s3, s4, s5} are two X−Y vertex separators.
But S2 also separates vertices of Y while S1 does not.

also disconnects every pair of vertices in Y . In such cases, if chosen carefully,

the set of vertices which we choose to separate X from Y will also help us in

separating some pairs of vertices in Y . Intuitively, “the closer it is to Y , the better

is the chance of it separating vertices in Y ” and hence some separators seem to

be more important than others. The sets S1 = {s1, s2, s3} and S2 = {s3, s4, s5}
(see Fig. 3.1) are sets of the same size which separate X and Y . But by our

intuition, S2 is more important for us since it also separates the vertices in Y .

This intuition was formalized in [38] and used to give an FPT algorithm for the

MULTIWAY CUT problem.

3.2 Important Vertex Separators in Undirected Graphs

Definition 3.2.1. Let G = (V,E) be an undirected graph and let X ⊆ V . We
denote by δ(X) the vertices of G \ X which have a neighbor in X. We define the
function f̃ : 2V → N as f̃(X) = |δ(X)|.

11
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Definition 3.2.2. LetG = (V,E) be an undirected graph, letX ⊆ V and S ⊆ V \X.
We denote by RG(X,S) the set of vertices of G reachable from X in G \ S. We drop
the subscript G if it is clear from the context.

Definition 3.2.3. Let Z be a finite set. A function f : 2Z → R is submodular if for
all subsets A and B of Z, f(A ∪B) + f(A ∩B) ≤ f(A) + f(B).

Lemma 3.2.4. Let G = (V,E) be an undirected graph and let f̃ : 2V → N be a
function defined as above. Then the function f̃ is submodular.

Proof. Let A,B ⊆ V . We prove the submodularity of f̃ by showing that for every

vertex v of the graph the contribution of v to f̃(A ∪ B) + f̃(A ∩ B) is at most its

contribution to f̃(A) + f̃(B).

(i) v /∈ A ∪B

(a) v has no neighbors in A ∪ B. Then v contributes 0 to each of the four

terms.

(b) v has a neighbor in A but none in B. In this case, v contributes 1 to

f̃(A), 1 to f̃(A ∪B) and 0 to the rest.

(c) v has a neighbor in B but none in A. In this case v contributes 1 to

f̃(B), 1 to f̃(A ∪B) and 0 to the rest.

(d) v has a neighbor inA∩B. In this case v contributes 1 each to f̃(A), f̃(B), f̃(A∩
B), and f̃(A ∪B).

(ii) v ∈ B \ A

(a) v has no neighbors in A. Then v contributes 0 to each of the four

terms.

(b) v has a neighbor in A. Then v contributes 1 to f̃(A), at most 1 to

f̃(A ∩B), and 0 to the rest.

(iii) v ∈ A \B

(a) v has no neighbors in B. Then v contributes 0 to each of the four

terms.

12
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(b) v has a neighbor in B. Then v contributes 1 to f̃(B) and at most 1 to

tildef(A ∩B) and 0 to the rest.

(iv) v ∈ A ∩B. Then, v contributes 0 to each of the four terms.

Definition 3.2.5. ([38]) Let G = (V,E) be an undirected graph and let X, Y ⊂ V

be two disjoint vertex sets. A subset S ⊆ V \ (X ∪ Y ) is called an X − Y vertex
separator in G if RG(X,S) ∩ Y = φ or in other words there is no path from X to
Y in the graph G \ S. We denote by λG(X, Y ) the size of the smallest X − Y vertex
separator in G. An X − Y separator S1 is said to dominate an X − Y separator S
with respect to X if |S1| ≤ |S| and R(X,S1) ⊃ R(X,S). If the set X is clear from
the context, we just say that S1 dominates S. An X − Y vertex separator is said to
be inclusionwise minimal if none of its proper subsets is an X−Y vertex separator.

Proposition 3.2.6. If R ⊇ X is any vertex set disjoint from Y such that δ(R)∩Y =

φ then δ(R) is an X − Y vertex separator.

Proof. This is because any path from X to Y in G must contain a vertex of δ(R).

Consider a path P from u ∈ X to v ∈ Y in G. Since u ∈ R and v /∈ R, P must

contain a vertex w which is outside R and is neighbor to a vertex in R implying

that w ∈ δ(R).

Definition 3.2.7. ([38]) Let G = (V,E) be an undirected graph, X, Y ⊂ V be
disjoint vertex sets and S ⊆ V \ (X ∪ Y ) be an X − Y vertex separator in G. We
say that S is an important X − Y vertex separator if it is inclusionwise minimal
and there does not exist another X − Y vertex separator S1 such that S1 dominates
S with respect to X. If S ⊂ V is an important X − Y vertex separator then the
set R(X,S) is called an important set and the subgraph G[R(X,S)] is called an
important component if it is connected.

Lemma 3.2.8. ([38]) Let G = (V,E) be an undirected graph, X, Y ⊂ V be
disjoint vertex sets. There exists a unique important X − Y vertex separator S∗ of
size λG(X, Y ).

Proof. Consider a minimum size X − Y vertex separator of size λG(X, Y ). Since

it is minimal, this separator is either important or there is another that dominates

it. Hence, there is at least one important X−Y vertex separator of size λG(X, Y ).

Now we show that there cannot be two such important X − Y vertex separators.

13
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Suppose S1 and S2 are two importantX−Y vertex separators of size λG(X, Y )

where S1 6= S2 and let R1 = R(X,S1) and R2 = R(X,S2). We know that R1, R2 ⊃
X, and by the minimality of S1 and S2, δ(R1) = S1 and δ(R2) = S2. But S1, S2 ∩
Y = φ. Hence by Proposition 3.2.6 the sets δ(R1 ∪ R2) and δ(R1 ∩ R2) are also

X − Y vertex separators and hence f̃(R1 ∪ R2), f̃(R1 ∩ R2) ≥ λG(X, Y ). By the

submodularity of f̃ (Lemma 3.2.4), we have that

f̃(R1)︸ ︷︷ ︸
=λG(X,Y )

+ f̃(R2)︸ ︷︷ ︸
=λG(X,Y )

≥ f̃(R1 ∪R2)︸ ︷︷ ︸
≥λG(X,Y )

+ f̃(R1 ∩R2)︸ ︷︷ ︸
≥λG(X,Y )

which implies that f̃(R1 ∪ R2) = λG(X, Y ). But this contradicts our assumption

that S1 and S2 were important X − Y vertex separators since δ(R1 ∪ R2) is an

X − Y vertex separator which dominates both S1 and S2.

Note: In the future we will continue to refer to the unique smallest impor-

tant X − Y vertex separator as S∗ without explicit reference to Lemma 3.2.8.

Lemma 3.2.9. ([40]) Let G = (V,E) be an undirected graph, X, Y ⊂ V be
disjoint vertex sets and let S be an important X − Y vertex separator. Then
R(X,S) ⊇ R(X,S∗).

Proof. Suppose that this is not the case and let R1 = R(X,S) and R2 = R(X,S∗)

where S 6= S∗. We know that R1, R2 ⊃ X and the minimality of S and S∗ implies

that δ(R1) = S and δ(R2) = S∗. But S, S∗ ∩ Y = φ. Hence, by Proposition 3.2.6,

the sets δ(R1 ∪ R2) and δ(R1 ∩ R2) are also X − Y vertex separators and hence

f̃(R1 ∪ R2), f̃(R1 ∩ R2) ≥ λG(X, Y ). By the submodularity of f̃ (Lemma 3.2.4)

we have that

f̃(R1) + f̃(R2)︸ ︷︷ ︸
=λG(X,Y )

≥ f̃(R1 ∪R2) + f̃(R1 ∩R2)︸ ︷︷ ︸
≥λG(X,Y )

which implies that f̃(R1 ∪R2) ≤ f̃(R1). But this contradicts our assumption that

S was an important X − Y vertex separator since δ(R1 ∪R2) is an X − Y vertex

separator which dominates S.

14
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Lemma 3.2.10. Let G = (V,E) be an undirected graph, X, Y ⊂ V be disjoint
vertex sets and S be an important X − Y vertex separator.

(a) S is a {v} − Y vertex separator for every v ∈ R(X,S).

(b) For every v ∈ S, S \ {v} is an important X − Y vertex separator in G \ {v}.

(c) If S is anX ′−Y vertex separator for someX ′ ⊃ X such thatG[X ′] is connected,
then S is also an important X ′ − Y vertex separator.

Proof. 1. Suppose this were not the case. Since v ∈ R(X,S) there is a path

from X to v in G\S. Now since there is also a path from v to Y , this implies

the existence of a path from X to Y in G \ S. But, this is not possible since

S is an X − Y vertex separator.

2. Suppose S ′ = S \ {v} is not an important X − Y vertex separator in G′ =

G \ {v}. Then there is an X − Y vertex separator S1 in G′ which dominates

S ′ in G′. Consider the set S2 = S1 ∪ {v}. Observe that S2 is also an X − Y
vertex separator in G. This is because any path from X to Y which does not

contain v exists in G′ and hence must contain a vertex of S2. Now, since S1

dominates S ′ in G′, S2 dominates S in G which contradicts our assumption

that S is an important X − Y vertex separator.

3. Assume that this is not the case. Since S is a minimal X − Y vertex sepa-

rator, S is also a minimal X ′ − Y vertex separator. Therefore, if S is not an

important X ′− Y separator it must be the case that there is an X ′− Y ver-

tex separator S1 which dominates S with respect to X ′. We will show that

S1 also dominates S with respect to X, which contradicts our assumption

that S is an important X − Y vertex separator. Clearly, |S1| ≤ |S|. Hence it

is enough for us to show that R(X,S) ⊂ R(X,S1).

First we prove that R(X,S) ⊆ R(X,S1). Consider a vertex v in R(X,S).

Clearly R(X ′, S) ⊇ R(X,S), which means that v ∈ R(X ′, S) and since S1

dominates S with respect to X ′, v is in R(X ′, S1). Since G[X ′] is connected

and containsX, the vertices reachable fromX inG\S1 and those reachable

from X ′ in G \ S1 are the same implying that v ∈ R(X,S1).

15
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Now consider some vertex u ∈ S \ S1. By the minimality of S, u has a

neighbor w in R(X,S). But w is also in R(X,S1) which implies that u ∈
R(X,S1) and hence R(X,S) ⊂ R(X,S1).

The following lemma is implicit in [12].

Lemma 3.2.11. ([12]) Let G = (V,E) be an undirected graph, X, Y ⊂ V be
disjoint vertex sets of G. For every k ≥ 0 there are at most 4k important X − Y

vertex separators of size at most k.

Proof. Given G,X, Y, k ≥ 0 we define a measure µ(G,X, Y, k) = 2k − λG(X, Y ).

We prove by induction on µ(G,X, Y,K) that there are at most 2µ(G,X,Y,k) impor-

tant X − Y vertex separators of size at most k.

For the base case, if 2k − λG(X, Y ) < k then λG(X, Y ) > k and hence the

number of important separators of size at most k is 0. If λG(X, Y ) = 0, it means

that there is no path from X to Y and hence the empty set alone is the important

X − Y vertex separator. For the induction step, consider G,X, Y, k ≥ 0 such

that µ = µ(G,X, Y, k) ≥ k, λG(X, Y ) > 0 and assume that the statement of the

Lemma holds for all G′, X ′, Y ′, k′ where µ(G′, X ′, Y ′, k′) < µ.

By Lemma 3.2.8, there is a unique important X − Y vertex separator S∗

of size λG(X, Y ). Since we have assumed λG(X, Y ) to be positive, S∗ is non

empty. Consider a vertex v ∈ S∗. Any important X − Y vertex separator S either

contains v or does not contain v. For any important X − Y vertex separator S

which contains v, S \ {v} is an important X − Y vertex separator in G \ {v}
(Lemma 3.2.10(b)). Hence the number of important X − Y vertex separators

containing v, of size at most k in G is at most the number of important X − Y
vertex separators of size at most k − 1 in G \ {v}. Observe that λG\{v}(X, Y ) =

λG(X, Y ) − 1 which implies that µ(G \ {v}, X, Y, k − 1) < µ and by induction

hypothesis, the number of important X − Y vertex separators of size at most

k − 1 in G \ {v} is bounded by 2µ−1 which is also a bound on the number of

important X − Y vertex separators in G which have size at most k and contain

v.

Now let S be an important X − Y vertex separator of size at most k which

does not contain v. By Lemma 3.2.9 we know that R(X,S) ⊇ R(X,S∗) and by

the minimality of S∗, v has a neighbor in R(X,S) which implies that R(X,S) ⊇
R(X,S∗) ∪ {v}. We now set X ′ = R(X,S∗) ∪ {v}. By Lemma 3.2.10(c) we know
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that S is a also an important X ′ − Y vertex separator. Thus a bound on the

number of important X ′ − Y vertex separators of size at most k is also a bound

on the number of important X − Y vertex separators of size at most k which do

not contain v. First note that λG(X ′, Y ) > λG(X, Y ) since otherwise we would

have an X − Y vertex separator which dominates S∗ with respect to X. Now,

µ(G,X ′, Y, k) < µ and by induction hypothesis, the number of important X ′ − Y
vertex separators of size at most k is bounded by 2µ−1.

Summing up the bounds we get that the number of important X − Y separa-

tors of size at most k is bounded by 2 · 2µ−1 = 2µ ≤ 22k.

3.3 Important Vertex Separators in Directed Graphs

In this section, we define the notion of important vertex separators in directed

graphs and prove some properties of these separators which are analogous to

those seen in the previous section.

Definition 3.3.1. Let D = (V,A) be a directed graph and let X ⊆ V . We denote
by δ+(X) the out-neighbors of X. We define the function f̂ : 2V → N as f̂(X) =

|δ+(X)|.

Definition 3.3.2. Let D = (V,A) be a directed graph, let X ⊆ V and S ⊆ V \X.
We denote by RD(X,S) the set of vertices of D reachable from X in D \S. We drop
the explicit reference to D if it is clear from the context.

Lemma 3.3.3. Let D = (V,A) be a directed graph and let f̂ : 2V → N be a function
defined as above. Then the function f̂ is submodular.

Proof. Let A,B ⊆ V . We prove the submodularity of f̂ by showing that for every

vertex v of the graph the contribution of v to f̂(A ∪ B) + f̂(A ∩ B) is at most its

contribution to f̂(A) + f̂(B).

(i) v /∈ A ∪B

(a) v has no in-neighbors in A∪B. Then v contributes 0 to each of the four

terms.

(b) v has an in-neighbor in A but none in B. In this case, v contributes 1

to f̂(A), 1 to f̂(A ∪B) and 0 to the rest.
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(c) v has an in-neighbor in B but none in A. In this case v contributes 1 to

f̂(B), 1 to f̂(A ∪B) and 0 to the rest.

(d) v has an in-neighbor in A ∩ B. In this case v contributes 1 each to

f̂(A), f̂(B), f̂(A ∩B), and f̂(A ∪B).

(ii) v ∈ B \ A

(a) v has no in-neighbors in A. Then v contributes 0 to each of the four

terms.

(b) v has an in-neighbor in A. Then v contributes 1 to f̂(A), at most 1 to

f̂(A ∩B), and 0 to the rest.

(iii) v ∈ A \B

(a) v has no in-neighbors in B. Then v contributes 0 to each of the four

terms.

(b) v has an in-neighbor in B. Then v contributes 1 to f̂(B), at most 1 to

f̂(A ∩B), and 0 to the rest.

(iv) v ∈ A ∩B. Then v contributes 0 to each of the four terms.

Definition 3.3.4. Let D = (V,A) be a directed graph and let X, Y ⊂ V be two
disjoint vertex sets. A subset S ⊆ V \ (X ∪ Y ) is called an X − Y vertex separator
in D if R(X,S) ∩ Y = φ or in other words Y is not reachable from X in D \ S.
We denote by λD(X, Y ) the size of the smallest X − Y vertex separator in D. An
X − Y separator S1 is said to dominate an X − Y vertex separator S with respect
to X if |S1| ≤ |S| and R(X,S1) ⊃ R(X,S). If the set X is clear from the context we
just say that S1 dominates S. An X − Y vertex separator is said to be inclusionwise
minimal if none of its proper subsets is an X − Y vertex separator.

Proposition 3.3.5. IfR ⊇ X is any vertex set disjoint from Y such that δ+(R)∩Y =

φ then δ+(R) is an X − Y vertex separator.

Proof. We will prove that any path from X to Y in D must contain a vertex of

δ+(R). Consider a path P from u ∈ X to v ∈ Y in G. Since u ∈ R and v /∈ R, P

must contain a vertex w which is outside R and is an out-neighbor to a vertex in

R implying that w ∈ δ+(R).
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Definition 3.3.6. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex
sets and S ⊆ V \ (X ∪ Y ) be an X − Y vertex separator in G. We say that S is an
important X−Y vertex separator if it is inclusionwise minimal and there does not
exist another X − Y vertex separator S1 such that S1 dominates S with respect to
X. If S ⊂ V is an important X − Y vertex separator then the set R(X,S) is called
an important set.

Lemma 3.3.7. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex
sets. There exists a unique important X − Y vertex separator S∗ of size λD(X, Y ).

Proof. Consider an X − Y vertex separator of size λD(X, Y ). This separator is

either important or there is another that dominates it. Hence, there is at least

one important X−Y vertex separator of size λD(X, Y ). Now, we show that there

cannot be two such important X − Y vertex separators.

Suppose S1 and S2 are two importantX−Y vertex separators of size λD(X, Y )

where S1 6= S2 and let R1 = R(X,S1) and R2 = R(X,S2). We know that R1, R2 ⊃
X, and by the minimality of S1 and S2, δ+(R1) = S1 and δ+(R2) = S2. But

S1, S2 ∩ Y = φ. Hence by Proposition 3.3.5 the sets δ+(R1 ∪R2) and δ+(R1 ∩R2)

are also X − Y vertex separators and hence f̂(R1 ∪R2), f̂(R1 ∩R2) ≥ λD(X, Y ).

By the submodularity of f̂ (Lemma 3.3.3) we have that

f̂(R1)︸ ︷︷ ︸
=λD(X,Y )

+ f̂(R2)︸ ︷︷ ︸
=λD(X,Y )

≥ f̂(R1 ∪R2)︸ ︷︷ ︸
≥λD(X,Y )

+ f̂(R1 ∩R2)︸ ︷︷ ︸
≥λD(X,Y )

which implies that f̂(R1 ∪R2) = λD(X, Y ). This contradicts our assumption that

S1 and S2 were important X − Y vertex separators as δ+(R1 ∪ R2) is an X − Y
vertex separator which dominates both S1 and S2.

Lemma 3.3.8. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex sets
and let S be an important X − Y vertex separator. Then R(X,S) ⊇ R(X,S∗).

Proof. Suppose that this is not the case and let R1 = R(X,S) and R2 = R(X,S∗)

where S 6= S∗. We know that R1, R2 ⊃ X and the minimality of S and S∗ implies

that δ+(R1) = S and δ+(R2) = S∗. But S, S∗∩Y = φ. Hence by Proposition 3.3.5

the sets δ+(R1∪R2) and δ+(R1∩R2) are also X −Y vertex separators and hence
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f̂(R1 ∪ R2), f̂(R1 ∩ R2) ≥ λD(X, Y ). By the submodularity of f̂ (Lemma 3.2.4)

we have that

f̂(R1) + f̂(R2)︸ ︷︷ ︸
=λD(X,Y )

≥ f̂(R1 ∪R2) + f̂(R1 ∩R2)︸ ︷︷ ︸
≥λD(X,Y )

which implies that f̂(R1 ∪R2) ≤ f̂(R1). But this contradicts our assumption that

S was an important X −Y vertex separator since δ+(R1 ∪R2) is an X −Y vertex

separator which dominates S.

Lemma 3.3.9. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex sets
and S be an important X − Y vertex separator.

(a) For every v ∈ R(X,S), S is a {v} − Y vertex separator.

(b) For every v ∈ S, S \ {v} is an important X − Y vertex separator in D \ {v}.

(c) If S is an X ′ − Y vertex separator for some X ′ ⊃ X such that X ′ is reachable
from X in the induced subgraph D[X ′], then S is an important X ′ − Y vertex
separator.

Proof. 1. Suppose this were not the case. Since v ∈ R(X,S) there is a path

from X to v in G\S. Now since there is also a path from v to Y , this results

in a walk from X to Y which implies the existence of a path from X to Y

in G \ S. But, this is not possible since S is an X − Y vertex separator.

2. Suppose S ′ = S \ {v} is not an important X − Y vertex separator in D′ =

D\{v}. Then, in D′, there is an X−Y vertex separator S1 which dominates

S ′. Consider the set S2 = S1 ∪ {v}. Observe that S2 is also an X − Y vertex

separator in D. This is because any path from X to Y which does not use v

exists in D′ and hence must contain a vertex of S2. Now, since S1 dominates

S ′ in D′, S2 dominates S in G which contradicts our assumption that S is

an important X − Y vertex separator.

3. Observe that in order to prove the statement of the Lemma, it is sufficient to

prove that any X ′ − Y vertex separator S1 which dominates S with respect

to X ′ also dominates S with respect to X. Consider such an X ′ − Y vertex

separator S1 dominating S with respect to X ′. We have that R(X ′, S) ⊂
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R(X ′, S1). Since X ′ is reachable from X in D[X ′], R(X ′, S) ⊆ R(X,S)

and R(X ′, S1) ⊆ R(X,S1). But we also know that R(X ′, S) ⊇ R(X,S)

and R(X ′, S1) ⊇ R(X,S1). Hence, R(X ′, S) = R(X,S) and R(X ′, S1) =

R(X,S1). But since S1 dominates S with respect toX ′, R(X ′, S) ⊂ R(X ′, S1).

This implies that R(X,S) ⊂ R(X,S1) and hence, S1 also dominates S with

respect to X.

Lemma 3.3.10. Let D = (V,A) be an undirected graph, X, Y ⊂ V be disjoint
vertex sets of D. For every k ≥ 0 there are at most 4k important X − Y vertex
separators of size at most k.

Proof. Given D,X, Y, k ≥ 0 we define a measure µ(D,X, Y, k) = 2k − λD(X, Y ).

We prove by induction on µ(D,X, Y,K) that there are at most 2µ(D,X,Y,k) im-

portant X − Y vertex separators of size at most k. For the base case, if 2k −
λD(X, Y ) < k then λD(X, Y ) > k and hence the number of important separators

of size at most k is 0. If λD(X, Y ) = 0, it means that there is no path from X to Y

and hence the empty set alone is the important X−Y vertex separator. Consider

D,X, Y, k ≥ 0 such that µ = µ(D,X, Y, k) ≥ k, λD(X, Y ) > 0 and assume that

the statement holds for all D′, X ′, Y ′, k′ where µ(D′, X ′, Y ′, k′) < µ.

By Lemma 3.3.7 there is a unique important X−Y vertex separator S∗ of size

λD(X, Y ). Since we have assumed λD(X, Y ) to be positive, S∗ is non empty. Con-

sider a vertex v ∈ S∗. Any important X − Y vertex separator S either contains v

or does not contain v. For any importantX−Y vertex separator S which contains

v, S \ {v} is an important X − Y vertex separator in D \ {v} by Lemma 3.3.9(b).

Hence the number of important X − Y vertex separators of size at most k in D

which contain v, is at most the number of important X − Y vertex separators of

size at most k− 1 in G \ {v}. Observe λG\{v}(X, Y ) = λD(X, Y )− 1 which implies

that µ(D \ {v}, X, Y, k − 1) < µ and by induction hypothesis, the number of im-

portant X − Y vertex separators of size at most k − 1 in D \ {v} is bounded by

2µ−1 which is also a bound on the number of important X − Y vertex separators

of size at most k in D which contain v.

Now let S be an importantX−Y vertex separator of size at most k which does

not contain v. By Lemma 3.3.8 we know that R(X,S) ⊇ R(X,S∗) and by the

minimality of S∗, v has an in-neighbor in R(X,S) which implies that R(X,S) ⊇
R(X,S∗) ∪ {v}. We now set X ′ = R(X,S∗) ∪ {v} and by Lemma 3.3.9(c) S is an
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important X ′ − Y vertex separator. Thus a bound on the number of important

X ′ − Y vertex separators of size at most k is also a bound on the number of

important X − Y vertex separators of size at most k which do not contain v.

Note that λD(X ′, Y ) > λD(X, Y ), since otherwise we would have an X − Y

vertex separator which dominates S∗. Now, µ(D,X ′, Y, k) < µ and by induction

hypothesis, the number of important X ′ − Y vertex separators of size at most k

is bounded by 2µ−1.

Summing up the bounds we get that the number of important X − Y separa-

tors of size at most k is bounded by 2 · 2µ−1 = 2µ ≤ 22k.

3.4 Important Arc Separators

In this section we further extend our current notion of separators to include arc

separators in directed graphs.

Definition 3.4.1. Let D = (V,A) be a directed graph and let X ⊆ V . We denote by
δ+(X) the out-neighborhood of X and by ∂+(X) the set of arcs from X to δ+(X).
We define the function f̂a : 2V → N as f̂a(X) = |∂+(X)|.

Definition 3.4.2. Let D = (V,A) be a directed graph, let X ⊆ V and S ⊆ A. We
denote by RD(X,S) the set of vertices of D reachable from X in G \S. We drop the
explicit reference to D if it is clear from the context.

Lemma 3.4.3. Let D = (V,A) be an undirected graph and let f̂a : 2V → N be a
function defined as above. Then the function f̂a is submodular.

Proof. Let A,B ⊆ V . We prove the submodularity of f̂a by showing that for every

arc e of the graph the contribution of e to f̂a(A ∪ B) + f̂a(A ∩ B) is at most its

contribution to f̂a(A) + f̂a(B).

(a) e lies in D[V \ (A ∪ B)] or in D[A ∩ B]. In this case, e contributes 0 to each

of the four terms.

(b) e is an arc from A \ B to V \ (A ∪ B). In this case, e contributes 1 to f̂a(A),

1 to f̂a(A ∪B) and 0 to the rest.

(c) e is an arc from B \A to V \ (A ∪B). In this case e contributes 1 to f̂a(B), 1

to f̂a(A ∪B) and 0 to the rest.
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(d) e is an arc from A ∩ B to V \ (A ∪ B). In this case e contributes 1 each to

f̂a(A), f̂a(B), f̂a(A ∩B), and f̂a(A ∪B).

(e) e is an arc from A ∩ B to A \ B. In this case e contributes 1 each to f̂a(B)

and f̂a(A ∩B) and 0 to the rest.

(f) e is an arc from A ∩ B to B \ A. In this case e contributes 1 each to f̂a(A)

and f̂a(A ∩B) and 0 to the rest.

(g) e is an arc from A \B to B \A. In this case e contributes 1 to f̂a(A) and 0 to

the rest.

(h) e is an arc from B \A to A \B. In this case e contributes 1 to f̂a(B) and 0 to

the rest.

Definition 3.4.4. Let D = (V,A) be a directed graph and let X, Y ⊂ V be two
disjoint vertex sets. A subset Sa ⊆ A is called an X − Y arc separator in D if
R(X,Sa)∩ Y = φ or in other words Y is separated from X in D \Sa. We denote by
ζD(X, Y ) the size of the smallest X−Y arc separator in D. An X−Y arc separator
S1
a is said to dominate an X − Y arc separator Sa with respect to X if |S1

a| ≤ |Sa|
and R(X,S1

a) ⊃ R(X,Sa). If the set X is clear from the context we just say that S1
a

dominates Sa. An X − Y arc separator is said to be inclusionwise minimal if none
of its proper subsets is an X − Y arc separator.

Observation 3.4.5. Observe that any inclusionwise minimal X − Y arc separator
does not contain an arc with both endpoints in X.

Proposition 3.4.6. If R ⊇ X is any vertex set disjoint from Y then ∂+(R) is an
X − Y arc separator.

Proof. We will prove that any path from X to Y in D must contain an arc in

∂+(R). Consider a path P from u ∈ X to v ∈ Y in G. Since u ∈ R and v /∈ R, P

must contain a vertex w which is outside R and is an out-neighbor to a vertex z

in R implying that the arc (z, w) ∈ ∂+(R).

Definition 3.4.7. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex
sets and Sa ⊆ A be an X − Y arc separator in D. We say that Sa is an important
X − Y arc separator if it is inclusionwise minimal and there does not exist another
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X − Y arc separator S1
a which dominates Sa with respect to X. If Sa ⊂ A is an

important X − Y arc separator then the set R(X,Sa) is called an important set.

Lemma 3.4.8. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex
sets. There exists a unique important X − Y arc separator S∗a of size ζD(X, Y ).

Proof. Consider an X −Y arc separator of size ζD(X, Y ). This separator is either

important or there is another that dominates it. Hence, there is at least one

important X − Y arc separator of size ζD(X, Y ). Now, let S1
a and S2

a be two

important X − Y arc separators of size ζD(X, Y ) where S1
a 6= S2

a and let R1 =

R(X,S1
a) and R2 = R(X,S2

a). We know that R1, R2 ⊃ X, and by the minimality

of S1
a and S2

a, ∂
+(R1) = S1

a and ∂+(R2) = S2
a. By Proposition 3.4.6 the sets

∂+(R1∪R2) and ∂+(R1∩R2) are also X−Y vertex separators and hence f̂a(R1∪
R2), f̂a(R1∩R2) ≥ ζD(X, Y ). By the submodularity of f̂a (Lemma 3.4.3) we have

that

f̂a(R1)︸ ︷︷ ︸
=ζD(X,Y )

+ f̂a(R2)︸ ︷︷ ︸
=ζD(X,Y )

≥ f̂a(R1 ∪R2)︸ ︷︷ ︸
≥ζD(X,Y )

+ f̂a(R1 ∩R2)︸ ︷︷ ︸
≥ζD(X,Y )

which implies that f̂a(R1 ∪ R2) = ζD(X, Y ). But this contradicts our assumption

that Sa1 and Sa2 were important X − Y arc separators as ∂+(R1 ∪R2) is an X − Y
arc separator which dominates both S1

a and S1
a.

Lemma 3.4.9. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex sets
and let Sa be an important X − Y arc separator. Then R(X,S) ⊇ R(X,S∗a).

Proof. Suppose that this is not the case and let R1 = R(X,Sa) and R2 = R(X,S∗a)

where Sa 6= S∗a. We know that R1, R2 ⊃ X and the minimality of Sa and S∗a

implies that ∂+(R1) = Sa and ∂+(R2) = S∗a. By Proposition 3.4.6 the sets ∂+(R1∪
R2) and ∂+(R1∩R2) are also X−Y arc separators and hence f̂a(R1∪R2), f̂a(R1∩
R2) ≥ ζD(X, Y ). By the submodularity of f̂a (Lemma 3.4.3) we have that

f̂a(R1) + f̂a(R2)︸ ︷︷ ︸
=ζD(X,Y )

≥ f̂a(R1 ∪R2) + f̂a(R1 ∩R2)︸ ︷︷ ︸
≥ζD(X,Y )

24



Chapter 3. Important Separators

which implies that f̂a(R1 ∪ R2) ≤ f̂a(R1). But this contradicts our assumption

that Sa was an important X − Y arc separator since ∂+(R1 ∪R2) is an X − Y arc

separator which dominates Sa.

Lemma 3.4.10. Let D = (V,A) be a directed graph, X, Y ⊂ V be disjoint vertex
sets and Sa be an important X − Y arc separator.

1. For every v ∈ R(X,S), S is a {v} − Y arc separator.

2. For every arc e ∈ Sa, Sa \ {e} is an important X−Y arc separator in D \ {e}.

3. If Sa is an X ′ − Y arc separator for some X ′ ⊃ X such that X ′ is reachable
from X in the induced subgraph D[X ′], then Sa is an important X ′ − Y arc
separator.

Proof. 1. Suppose this were not the case. Since v ∈ R(X,S) there is a path

from X to v in G\S. Now since there is also a path from v to Y , this results

in a walk from X to Y which can be converted to a path from X to Y in

G \ S. But this is not possible since S is an X − Y arc separator.

2. Suppose S ′a = Sa \ {e} is not an important X − Y arc separator in D′ =

D \ {e}. Then, in D′, there is an X − Y arc separator S1
a which dominates

S ′a. Consider the set S2
a = S1

a ∪ {e}. Observe that S2
a is also an X − Y

arc separator in D. This is because any path from X to Y which does not

contain the arc e, exists in D′ and hence must contain an arc in S2
a. Now,

since S1
a dominates S ′a in D′, S2

a dominates Sa in G which contradicts our

assumption that Sa is an important X − Y arc separator.

3. Assume that this is not the case. Clearly Sa is a minimalX ′−Y arc separator

and hence there is an X ′ − Y arc separator S1
a which dominates Sa with

respect to X ′. We will prove that S1
a also dominates Sa with respect to X.

Since we already have that |S1
a| ≤ |Sa|, it is enough for us to show that

R(X,Sa) ⊂ R(X,S1
a).

First we prove that R(X,Sa) ⊆ R(X,S1
a). Consider a vertex v in R(X,Sa).

Clearly R(X ′, Sa) ⊇ R(X,Sa). But, R(X ′, Sa) ⊂ R(X ′, S1
a), which means

that v ∈ R(X ′, S1
a). Since X ′ contains X and is reachable from X in D[X ′],

25



Chapter 3. Important Separators

and S1
a does not contain an arc with both end points inside X ′ (Obs. 3.4.5),

X ′ is reachable from X in D[X ′] \ S1
a also, and hence v ∈ R(X,S1

a).

Now, consider some arc e = (u,w) ∈ Sa \ S1
a. By the minimality of Sa, u ∈

R(X,Sa) and w /∈ R(X,Sa). But we have shown that u is also in R(X,S1
a),

which implies that w ∈ R(X,S1
a) and hence R(X,Sa) ⊂ R(X,S1

a).

Lemma 3.4.11. Let D = (V,A) be an undirected graph, X, Y ⊂ V be disjoint
vertex sets of D. For every k ≥ 0 there are at most 4k important X − Y arc
separators of size at most k.

Proof. Given D,X, Y, k ≥ 0 we define a measure µa(D,X, Y, k) = 2k − ζD(X, Y ).

We prove by induction on µa(D,X, Y,K) that there are at most 2µa(D,X,Y,k) impor-

tantX−Y arc separators of size at most k. For the base case, if 2k−ζD(X, Y ) < k,

then ζD(X, Y ) > k and hence the number of important X − Y arc separators of

size at most k is 0. If ζD(X, Y ) = 0, it means that there is no path from X to Y

and hence the empty set alone is the important X − Y arc separator. Consider

D,X, Y, k ≥ 0 such that µa = µa(D,X, Y, k) ≥ k, ζD(X, Y ) > 0 and assume that

the statement holds for all D′, X ′, Y ′, k′ where µa(D′, X ′, Y ′, k′) < µa.

By Lemma 3.4.8 there is a unique important X − Y arc separator S∗a of size

ζD(X, Y ). Since we have assumed ζD(X, Y ) to be positive, S∗a is non empty.

Consider an arc e = (u, v) ∈ S∗. Any important X − Y arc separator S either

contains e or does not contain e. For any important X − Y arc separator Sa
which contains e, Sa \ {e} is an important X − Y arc separator in D \ {e} by

Lemma 3.4.10(b). Hence the number of important X − Y arc separators of size

at most k in D which contain e, is at most the number of important X − Y arc

separators of size at most k − 1 in D \ {e}. Observe ζD\{e}(X, Y ) = ζD(X, Y )− 1

which implies that µa(D \ {e}, X, Y, k− 1) < µa and by induction hypothesis, the

number of important X − Y arc separators of size at most k − 1 in D \ {e} is

bounded by 2µa−1 which is also a bound on the number of important X − Y arc

separators of size at most k in D which contain e.

Now let Sa be an important X − Y arc separator of size at most k which does

not contain e. By Lemma 3.4.9 we know that R(X,Sa) ⊇ R(X,S∗a) and by the

minimality of S∗a, u ∈ R(X,Sa) and v /∈ R(X,Sa) which implies that R(X,Sa) ⊇
R(X,S∗a) ∪ {v}. We now set X ′ = R(X,S∗a) ∪ {v}. By Proposition 3.4.10(c) we

know that Sa is a also an important X ′ − Y arc separator. Thus a bound on the
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number of important X ′ − Y arc separators of size at most k is also a bound on

the number of important X − Y arc separators of size at most k which do not

contain v. First note that ζD(X ′, Y ) > ζD(X, Y ) since otherwise we would have

an X − Y arc separator which dominates S∗a. Now, µa(D,X ′, Y, k) < µa and by

induction hypothesis, the number of important X ′ − Y arc separators of size at

most k is bounded by 2µa−1.

Summing up the bounds we get that the number of important X − Y arc

separators of size at most k is bounded by 2 · 2µa−1 = 2µa ≤ 22k.

3.5 Tight Instances for the Bound on Number of Im-

portant Separators

In this section we demonstrate instances which have a large number of important

separators, thus proving that the bounds obtained in the previous sections are

essentially tight.

Lemma 3.5.1. The bound of 4k on the number of importantX−Y vertex separators
is tight up to a polynomial factor of k even in planar acyclic graphs.

Proof. In the proof of Lemma 3.2.11 we have shown that the number of impor-

tant X − Y vertex separators is bounded by the sum of the important separators

which contain and those which do not contain some vertex of the smallest im-

portant X − Y separator. This is sum is clearly maximized when the measure µ

decreases precisely by 1 in either branch. Based on this idea, we demonstrate

instances (see Fig. 3.5.2) where the number of important X − Y separators is at

least 4k/poly(k) where poly(k) is some polynomial function of k.

For the instance shown in Fig. 3.5.2(a), any minimal X − Y vertex separator

is an important X − Y vertex separator. Hence the number of important X − Y
separators of size at most k is the number of minimal X − Y separators of size

at most k. But any minimal X − Y separator of size say p, corresponds to a

subtree of T rooted at X and with p leaves. Hence the number of minimal X−Y
separators of size at most k is the number of subtrees of T which are rooted at X

and have at most k leaves. But this number is the Catalan number Ck−1, which

is asymptotically 4k/poly(k).
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Figure 3.2: Three instances which achieve the given bound upto a polynomial
factor of k. (a) Vertex Separators in Undirected Graphs (b) Vertex Separators in
Directed Graphs (c) Arc Separators in Directed Graphs.

An analogous argument holds for the instances shown in Fig. 3.5.2(b) and

Fig. 3.5.2(c), and hence there are at least 4k/poly(k) vertex and arc separators

in the respective instances.

Since the instances in Fig 3.5.2 are all planar and acyclic, we note that this

bound is essentially tight even in planar acyclic graphs.

Remark 3.5.2. The example of the tight instances can be found in the slides of
Dániel Marx titled Important separators and spiders.

3.6 Computing Important Separators

In this section we will present the (implicit) algorithm of Chen et al. [12] to

enumerate important vertex separators in undirected graphs and extend it to

algorithms enumerating important vertex and arc separators in directed graphs.

Lemma 3.6.1. 1. ([38]) Given an undirected graph G = (V,E) and disjoint
vertex subsets X, Y , and S, it can be checked in O(|V |4) time if S is an
important X − Y vertex separator in G. Furthermore, if S is a minimal
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X − Y vertex separator that is not important, then we can find in O(|V |5)

time an important X−Y vertex separator S1 that dominates S. In particular,
we can find the unique smallest important X − Y vertex separator in time
O(|V |5).

2. Given a directed graph D = (V,A) and disjoint vertex subsets X,Y and S, it
can be checked in O(|V |4) time if S is an important X − Y vertex separator
in D. Furthermore, if S is a minimal X − Y vertex separator that is not
important, then we can find in O(|V |5) time an important X − Y vertex
separator S1 that dominates S. In particular, we can find the unique smallest
important X − Y vertex separator in time O(|V |5).

3. Given a directed graph D = (V,A) and disjoint vertex subsets X and Y , and
a set Sa of arcs, it can be checked in O(|V |4) time if Sa is an important X −Y
arc separator in D. Furthermore, if Sa is a minimal X −Y arc separator that
is not important, then we can find in O(|V |5) time an important X − Y arc
separator S1

a that dominates Sa. In particular, we can find the unique smallest
important X − Y arc separator in time O(|V |5).

Proof. 1. Testing the minimality of S can be done by checking if S \ {v} is

an X − Y vertex separator for every vertex v in S. If S is indeed minimal

then for every v in S we test if there is an X − Y separator S ′ of size at

most |S| that does not contain any vertex of R(X,S) ∪ {v}. This can be

done by setting X ′ = R(X,S) ∪ {v} and finding a minimum size X ′ − Y

vertex separator by applying standard network flow techniques [1]. This

takes O(|V |3) time. If we do find such a separator S ′, it will dominate S

and we can conclude that S is not an important X−Y vertex separator. We

can repeat this process on S ′ to either verify that S ′ is an important X − Y
vertex separator or find another X −Y vertex separator dominating S ′ and

so on until we reach an important X−Y vertex separator. This process will

terminate in at most |V | steps since each subsequent separator dominates

all the previous ones. It is easy to see that if we start this procedure with a

minimum size X−Y vertex separator, the important separator returned by

this procedure will be the unique smallest importantX−Y vertex separator

S∗.
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2. Testing the minimality of S can be done by checking if S \ {v} is an X − Y
vertex separator for every vertex v in S. If S is indeed minimal then for

every v in S we test if there is an X−Y separator S ′ of size at most |S| that

does not contain any vertex of R(X,S) ∪ {v}. This can be done by setting

X ′ = R(X,S)∪{v} and finding a minimum size X ′−Y vertex separator by

applying standard network flow techniques. This takes O(|V |3) time. If we

do find such a separator S ′, it will dominate S and we can conclude that

S is not an important X − Y vertex separator. We can repeat this process

on S ′ to either verify that S ′ is an important X −Y vertex separator or find

another X − Y vertex separator dominating S ′ and so on until we reach an

important X − Y vertex separator. This process will terminate in at most

|V | steps since each subsequent separator dominates all the previous ones.

It is easy to see that if we start this procedure with a minimum size X − Y
vertex separator, the important separator returned by this procedure will

be the unique smallest important X − Y vertex separator S∗.

3. Testing the minimality of Sa can be done by checking if Sa \{e} is an X−Y
arc separator for every arc e = (u, v) in Sa. If Sa is indeed minimal then

for every e in Sa we test if there is an X − Y arc separator S ′a of size at

most |Sa| that does not contain any vertex of R(X,Sa) ∪ {v}. This can be

done by setting X ′ = R(X,Sa) ∪ {v} and finding a minimum size X ′ − Y
arc separator by applying standard network flow techniques. This takes

O(|V |3) time. If we do find such a separator S ′a, it will dominate Sa and

we can conclude that Sa is not an important X − Y arc separator. We can

repeat this process on S ′a to either verify that S ′a is an important X − Y

arc separator or find another X − Y arc separator dominating S ′a and so

on until we reach an important X − Y arc separator. This process will

terminate in at most |V | steps since each subsequent separator dominates

all the previous ones. It is easy to see that if we start this procedure with

a minimum size X − Y arc separator, the important separator returned by

this procedure will be the unique smallest important X − Y arc separator

S∗a.

Lemma 3.6.2. 1. Given an undirected graph G = (V,E), disjoint vertex subsets
X and Y and a positive integer k, there is an algorithm which in O∗(4k) time
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enumerates all the important X − Y vertex separators of size at most k.

2. Given a directed graph D = (V,A), disjoint vertex subsets X and Y and a
positive integer k, there is an algorithm which in O∗(4k) time enumerates all
the important X − Y vertex separators of size at most k.

3. Given a directed graph D = (V,A), disjoint vertex subsets X and Y and a
positive integer k, there is an algorithm which in O∗(4k) time enumerates all
the important X − Y arc separators of size at most k.

Input : Graph G = (V,E), disjoint vertex subsets X and Y , positive
integer k

Output: Set of all important X − Y vertex separators of size at most k or
NO if none exist.

1 if k < 0 then return NO

2 Compute a mimimum size X − Y vertex separator S
3 if |S| > k then
4 return NO

5 end
6 else Compute the unique minimum size important X − Y vertex separator S∗

and select a vertex v ∈ S∗
7 S1 ← Find− IS1(G \ {v}, X, Y, k − 1)
8 X ′ = R(X,S∗) ∪ {v}
9 S2 ← Find− IS1(G,X ′, Y, k)

10 if S1 is NO then return S2

11 if S2 is NO then returnNO

12 return S1 ∪ S2

Algorithm 3.6.1: Algorithm Find− IS1 to enumerate all important X − Y
vertex separators of size at most k

Proof. 1. The algorithm (Algorithm 3.6.1) follows from the proof of Lemma 3.2.11.

We find the smallest important X − Y vertex separator S∗, pick a vertex v

of S∗ and recursively enumerate all the important X − Y vertex separators

containing v and those that do not contain v.

2. The algorithm (Algorithm 3.6.2) follows from the proof of Lemma 3.3.10.

We find the smallest important X − Y vertex separator S∗, pick a vertex v

31



Chapter 3. Important Separators

Input : Directed graph D = (V,A), disjoint vertex subsets X and Y ,
positive integer k

Output: Set of all important X − Y vertex separators of size at most k or
NO if none exist.

1 if k < 0 then return NO

2 Compute a mimimum size X − Y vertex separator S
3 if |S| > k then
4 return NO

5 end
6 else Compute the unique minimum size important X − Y vertex separator S∗

and select a vertex v ∈ S∗
7 S1 ← Find− IS2(D \ {v}, X, Y, k − 1)
8 X ′ = R(X,S∗) ∪ {v}
9 S2 ← Find− IS2(D,X ′, Y, k)

10 if S1 is NO then return S2

11 if S2 is NO then returnNO

12 return S1 ∪ S2

Algorithm 3.6.2: Algorithm Find− IS2 to enumerate all important X − Y
vertex separators of size at most k

of S∗ and recursively enumerate all the important X − Y vertex separators

containing v and those that do not contain v.

3. The algorithm (Algorithm 3.6.3) follows from the proof of Lemma 3.4.11.

We find the smallest important X − Y arc separator S∗, pick an arc e of S∗

and recursively enumerate all the important X − Y arc separators contain-

ing e and those that do not contain e.

3.7 Summary

In this Chapter, we gave the definitions and lemmata used to develop the machin-

ery of important vertex separators in undirected graphs as introduced in [38] and

extended these definitions formally to important vertex and arc separators in di-

rected graphs. We then gave a proof of the bound on the number of important

separators of bounded size (implicitly) given in [12] and extended it to impor-

tant vertex/arc separators on directed graphs. We then demonstrated instances
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Input : Directed graph D = (V,A), disjoint vertex subsets X and Y ,
positive integer k

Output: Set of all important X − Y arc separators of size at most k or NO

if none exist.

1 if k < 0 then return NO

2 Compute a mimimum size X − Y arc separator Sa
3 if |Sa| > k then
4 return NO

5 end
6 else Compute the unique minimum size important X − Y arc separator S∗a

and select a arc e = (u, v) ∈ S∗a
7 S1

a ← Find− IS3(D \ {e}, X, Y, k − 1)
8 X ′ = R(X,S∗a) ∪ {v}
9 S2

a ← Find− IS3(D,X ′, Y, k)
10 if S1

a is NO then return S2
a

11 if S2
a is NO then returnNO

12 return S1
a ∪ S2

a

Algorithm 3.6.3: Algorithm Find− IS3 to enumerate all important X − Y
arc separators of size at most k

which achieve this bound upto a polynomial factor, thus showing that we cannot

hope for better bounds in general. Finally, we presented the algorithm to enu-

merate all important separators of bounded size in undirected graphs, which is

implicit in [12] and gave analogous algorithms to enumerate important vertex

and arc separators in directed graphs.

As for further research in this particular direction, it will be interesting to

show classes of graphs where the number of important separators might not be

as large as the bound given in this Chapter. Furthermore, one can also ask the

question if there is a way of classifying the important separators themselves in

some manner, so that some important separators turn out to be more important
than other important separators.
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4
Minimum Node Multiway Cut

The MULTIWAY CUT problem is a generalization of the classical s− t cut problem

where given an undirected graph, two terminals s, t and an integer k the prob-

lem is to find a set of at most k vertices, whose removal disconnects s from t.

Such a set of can be found in polynomial time by classical network flow tech-

niques [1]. However for every l ≥ 3, given l terminals t1, . . . , tl, it becomes

NP-complete to find a set of at most k vertices such that in the graph obtained by

the removal of these vertices no two terminals occur in the same connected com-

ponent [15]. This problem has applications in areas as varied as Multiprocessor

Scheduling [48], and Medical Imaging [8, 9]. An easy (2− 2/l)−approximation

algorithm for the edge variant (where we want to find a set of at most k edges

such that in the graph obtained by the removal of these vertices, no two terminals

occur in the same connected component) was presented in [15] and in [25], a

(2− 2/l)−approximation algorithm was given for the vertex variant of this prob-

lem. This problem has also been studied extensively on planar and tree-like

structures [21, 31, 16]. Using the notion of important vertex separators, an FPT
algorithm for MULTIWAY CUT was given in [38], and a significantly faster FPT
algorithm was presented in [12].

Organization of the Chapter In Section 4.1, we formally define the variants of

the Multiway Cut problem we will consider in our discussion. In Section 4.2, we

present the algorithm for Multiway Cut after initially discussing the part played

by the concept of Important Separators in the algorithm.
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4.1 Preliminaries

UNRESTRICTED MULTIWAY CUT

Input: An undirected graph G = (V,E), a set T of vertices

called terminals, integer k
Parameter: k

Question: Does there exist a set S ⊆ V of at most k vertices such

that the vertices of T are pairwise disconnected in G \
S?

RESTRICTED MULTIWAY CUT

Input: An undirected graph G = (V,E), a set T of vertices

called terminals, integer k
Parameter: k

Question: Does there exist a set S ⊆ V \ T of at most k vertices

such that the vertices of T are pairwise disconnected

in G \ S?

EDGE MULTIWAY CUT

Input: An undirected graph G = (V,E), a set T of vertices

called terminals, integer k
Parameter: k

Question: Does there exist a set S ⊆ E of at most k edges such

that the vertices of T are pairwise disconnected in G \
S?

Lemma 4.1.1. 1. There is a polynomial time parameter preserving reduction
from UNRESTRICTED MULTIWAY CUT to RESTRICTED MULTIWAY CUT

2. There is a polynomial time parameter preserving reduction from EDGE MUL-

TIWAY CUT to RESTRICTED MULTIWAY CUT

.
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Proof. 1. Let (G = (V,E), T = {t1, . . . , tr}, k) be an instance of UNRESTRICTED

MULTIWAY CUT. We define an instance (G′, T ′, k) of RESTRICTED MULTIWAY

CUT as follows. We add r new vertices t′1, . . . , t
′
r one corresponding to each

terminal to G and add edges (ti, t
′
i) for every i. We call this graph G′ and

set T ′ as {t′1, . . . , t′r}. Clearly this reduction can be done in polynomial time

and we claim that (G, T, k) is a YES instance of UNRESTRICTED MULTIWAY

CUT iff (G′, T ′, k) is a YES instance of RESTRICTED MULTIWAY CUT.

Suppose (G, T, k) is a YES instance of UNRESTRICTED MULTIWAY CUT and

let S be a solution for this instance. Clearly S is a solution for the instance

(G′, T ′, k) which does not contain any vertex from T ′.

Conversely, any solution for the instance (G′, T ′, k) which does not contain

a vertex of T ′ is also a solution for the instance (G, T, k).

2. Let (G = (V,E), T = {t1, . . . , tr}, k) be an instance of EDGE MULTIWAY CUT.

We define an instance (G′, T ′, k) of RESTRICTED MULTIWAY CUT as follows.

We first add r new vertices t′1, . . . , t
′
r one corresponding to each terminal

to G and add edges (ti, t
′
i) for every i. We define the graph L(G) as the

line graph of this modified graph and define the set of terminals T ′ as the

vertices of L(G) which correspond to the edges (t1, t
′
1), . . . , (tr, t

′
r). It is easy

to see that this reduction can be done in polynomial time and we claim that

(G, T, k) is a YES instance of EDGE MULTIWAY CUT iff (L(G), T ′, k) is a YES

instance of RESTRICTED MULTIWAY CUT.

Suppose (G, T, k) is a YES instance of EDGE MULTIWAY CUT and let S be a

solution for this instance. Clearly the set of vertices corresponding to the

edges in S is a solution for the instance (L(G), T ′, k) which does not contain

any vertex from T ′.

Conversely, let S ′ be a solution for the instance (G′, T ′, k) which does not

contain a vertex of T ′. Then the set of edges corresponding to the vertices

of S ′ in the original instance is clearly a solution for this instance.

Due to the above Lemma, in the rest of this Chapter, we will concentrate on

the RESTRICTED MULTIWAY CUT problem.
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4.2 Multiway Cut, Important Separators and the Al-

gorithm

Lemma 4.2.1. ([38]) Let (G = (V,E), T, k) be an instance of RESTRICTED MULTI-

WAY CUT. If (G, T, k) is a YES instance then it has a solution Ŝ such that a minimal
subset of Ŝ separating t1 from T \{t1} is an important t1−T \{t1} vertex separator.

Proof. Let S ⊆ V be a minimal solution and let S1 be a minimal subset of S such

that G \ S has no t1 − T \ {t1} path. If S1 is the empty set, it must be the case

that there is no path from t1 to T \ {t1} in G. By definiton, S1 is an important

t1 − T \ {t1} vertex separator and we are done by setting Ŝ = S. Hence, we will

assume that S1 is non empty. If S1 is an important t1 − T \ {t1} vertex separator,

we are done by setting Ŝ = S. Suppose that this is not the case.

Since S1 is a minimal t1 − T \ {t1} vertex separator which is not important,

there is a t1−T\{t1} vertex separator S2 which dominates S1. Set Ŝ = (S\S1)∪S2.

We claim that Ŝ is a solution of this instance which satisfies the statement of the

Lemma. Clearly |Ŝ| ≤ |S| and the minimal part of Ŝ separating t1 from T \ {t1}
is S2 which by our assumption is an important t1 − T \ {t1} vertex separator.

It remains for us to prove that Ŝ is a multiway cut of T . Suppose this not

so and let there be a path P from ti to tj in G \ Ŝ. Since S was a multiway cut

of T , P contains a vertex v ∈ S1 \ S2 (see Fig. 4.1) and hence there is a path

P ′ from v to T . Since S1 was minimal, v has a neighbor u in R(t1, S1). Now,

R(t1, S1) ⊂ R(t1, S2) and v /∈ S2. Hence, it must be the case that v ∈ R(t1, S2).

But then, S2 is a t1−T \{t1} vertex separator and there is a path from v ∈ R(t1, S2)

to T which is not possible by Lemma 3.2.10(a). This concludes the proof of the

Lemma.

4.2.1 Algorithm for MULTIWAY CUT

Theorem 4.2.2. ([12]) RESTRICTED MULTIWAY CUT can be solved in O∗(4k)
time.

Proof. The idea of the algorithm is as follows. Let T be the set of terminals

and let t1 be a terminal not disconnected from T \ {t1}. By Lemma 4.2.1 we

know that the solution, if there exists one, contains an important t1 − T \ {t1}
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Figure 4.1: An illustration of the instance with (a) the minimal part S1, of the
solution separating t1 from the rest (b) S1 replaced with S2

separator. Hence we guess an important t1 − T \ {t1} vertex separator, remove

these vertices from the graph, and continue. In order to simplify the analysis

of the algorithm, we embed the algorithm for enumerating important vertex

separators (Algorithm 3.6.1) into the algorithm for MULTIWAY CUT.

To analyze the algorithm MWC (Algorithm 4.2.1) we define the search tree

T(G, T, k) resulting from a call MWC(G, T, k) inductively as follows. The tree

T(G, T, k) is a rooted tree whose root node corresponds to the instance (G, T, k).

If MWC(G, T, k) does not make a recursive call then (G, T, k) is said to be the

only node of this tree. If MWC(G, T, k) does make recursive calls, the children

of (G, T, k) correspond to the instances given as input to the calls made inside the

call MWC(G, T, k). The subtree rooted at a child node (G′, T ′, k′) corresponds

to the search tree T(G′, T ′, k′).

We define a measure for the input (G, T, k) of the algorithmMWC as µ(G, T, k) =

2k − λG(t1, T \ {t1}).

Lemma 4.2.3. Let (G, T, k) be an instance of RESTRICTED MULTIWAY CUT and let
(G′, T ′, k′) be a child node of (G, T, k) in T(G, T, k). Then µ(G, T, k) < µ(G′, T ′, k′).
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Input : An instance (G, T = {t1, . . . , tr}, k) of RESTRICTED MULTIWAY CUT

Output: A multiway cut of size at most k for the instance (G, T, k) if it
exists and NO otherwise

1 if k < 0 then return NO

2 while there is no path from t1 to T \ {t1} do
3 T ← T \ {t1}, r ← r − 1, and rename T as t1, . . . , tr
4 end
5 Compute a minimum size t1 − T \ {t1} vertex separator S
6 if |S| > k then return NO

7 else Compute the unique minimum size important t1 − T \ {t1} vertex
separator S∗ and select a vertex v ∈ S∗

8 S1 ←MWC(G \ {v}, T, k − 1)
9 if S1 is not NO then return S1 ∪ {v}

10 identify all the vertices of R(t1, S
∗) ∪ {v} into a single vertex, name this new

vertex t′1, and name the resulting graph G′.
11 S2 ←MWC(G′, T ′ = {t′1, t2, t3, . . . , tr}, k)
12 return S2

Algorithm 4.2.1: Algorithm MWC for RESTRICTED MULTIWAY CUT

Proof. (a) Suppose the child node (G′, T ′, k′) corresponds to a call made in Step

8. Then G′ = G \ {v}, T ′ = T and k′ = k − 1 where v is some vertex in S∗,

the unique smallest important t1 − T \ {t1} vertex separator in G. As seen in

the proof of Lemma 3.2.11, 2k− λG(t1, T \ {t1}) > 2k′− λ′G(t1, T
′ \ {t1}) and

hence µ(G, T, k) > µ(G′, T ′, k′).

(b) Suppose the child node (G′, T ′, k′) corresponds to a call made in Step 11. It

follows from the proof of Lemma 3.2.11 that 2k − λG(t1, T \ {t1}) > 2k −
λG(t′1, T \ t′1) and hence µ(G, T, k) > 2k − λG(R(t1, S

∗) ∪ {v}), which implies

that µ(G, T, k) > µ(G′, T ′, k′).

Correctness Proof

Lemma 4.2.4. The algorithm MWC correctly solves the RESTRICTED MULTIWAY

CUT problem.
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Proof. Correctness of Step 1 is obvious and Steps 2-4 only remove terminals

which are already separated from the rest of the terminals. Step 6 is correct

because the size of the minimum t1 − T \ {t1} vertex separator is a lower bound

on the solution size. The correctness of steps 8 and 11 follows from Lemma 4.2.1

since these steps merely branch on the choice of an important t1−T \{t1} vertex

separator.

Running time Analysis

Lemma 4.2.5. The number of leaves of the search tree T(G, T, k) is bounded by
2µ(G,T,k).

Proof. We will prove the statement of the Lemma by induction on µ(G, T, k). For

the base case, when λG(t1, T \ {t1}) > k or when λG(t1, T \ {t1}) = 0 there is no

branching involved and hence the number of leaves is 1 which agrees with the

statement of the Lemma. Now assume that µ(G, T, k) > k and λG(t1, T \ {t1}) >
0 and that the statement of the lemma holds for all instances (G′, T ′, k′) such

that µ(G′, T ′, k′) < µ(G, T, k). Let (G1, T1, k1) and (G2, T2, k2) be the children of

(G, T, k). By Lemma 4.2.3, µ(G1, T1, k1), µ(G2, T2, k2) < µ(G, T, k). Hence by the

induction hypothesis, the number of leaves in the subtree rooted at (G1, T1, k1)

is bounded by 2µ(G1,T1,k1) and the number of leaves in the sub tree rooted at

(G2, T2, k2) is bounded by 2µ(G2,T2,k2). Therefore, the number of leaves in the sub

tree rooted at (G, T, k) is bounded by 2µ(G1,T1,k1) + 2µ(G2,T2,k2) which is at most

2.2µ(G,T,k)−1 ≤ 2µ(G,T,k).

Along every root to leaf path of T(G, T, k), we either pick a solution vertex

(Step 8) or identify at least two vertices (Step 11), and hence the length of any

root to leaf path in the tree is bounded by O(n). We now bound the time taken at

each node of the tree before making further recursive calls. This time is bounded

by the time required to compute the unique smallest important t1 − T \ {t1}
vertex separator which by Lemma 3.6.1 is O(n5). Hence the running time of the

algorithm is bounded by O(4kn6).

Theorem 4.2.2 along with Lemma 4.1.1 gives us the following Corollaries.

Corollary 4.2.6. UNRESTRICTED MULTIWAY CUT can be solved in time O∗(4k).
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Corollary 4.2.7. EDGE MULTIWAY CUT can be solved in time O∗(4k).

Furthermore, Theorem 4.2.2 also results in the following Corollary.

Corollary 4.2.8. ([Lemma 3.9, ([38])]) The MULTICUT problem (see Appendix
for definition) is FPT with parameters k and l where ` is the number of (si, ti) pairs
we are required to disconnect.

4.3 Summary

In this Chapter, we applied the concept of important separators to present the

FPT algorithm of Chen et al. [12] for RESTRICTED MULTIWAY CUT and using

Lemma 4.1.1, also proved two other variants of the Multiway Cut problem to be

FPT. We showed that the part of the solution isolating a terminal from the rest of

the terminals may be assumed to be an important separator, and the algorithm

worked by repeatedly selecting a terminal and isolating it from the rest of the

terminals by branching on an important vertex separator separating this terminal

from the rest.

Other than considering edge variants, another natural generalization is to

consider the MULTIWAY CUT problem on directed graphs. We note that Lemma 4.2.1

breaks down in the directed case and hence this algorithm does not extend nat-

urally to the directed case.

Open Questions and Future Directions. Further questions in this direc-

tion include looking for a faster FPT algorithm and also proving upper or lower

bounds on kernels of this problem.
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5
Directed Feedback Vertex Set

5.1 Introduction

In the FEEDBACK VERTEX SET (FVS) problem, we are given a graph G = (V,E)

and asked to find a subset F in the graph such that G \F is acyclic. We call such

a set F a feedback vertex set (FVS) of G. The graph G can be undirected or di-

rected. The problem is NP-complete in both directed and undirected graphs [24].

The feedback vertex set problem, especially in directed graph, has important

applications in Database Systems [23] and Operating Systems [47] to solve many

problems, with one such problem being deadlock recovery. A deadlock is repre-

sented by a directed cycle in the system resource-allocation graph D. Therefore,

in order to recover from deadlocks, we need to abort a set of processes in the

system which equates to finding a feedback vertex set in D.

In the parameterized version of this problem, we want an FPT algorithm

parameterized by the size of the set F . The parameterized version of this prob-

lem on undirected graphs was proved to be FPT [19, 4] and fixed parameter

tractability of the same problem on directed graphs was open for a long time.

This problem has been extensively studied on subclasses of directed graphs, for

instance in tournaments [18].

For the case of general digraphs, Chen et al. [13] gave an FPT algorithm

for this problem that runs in time O∗(4kk!) where k is the size of the feedback

set asked for. This algorithm reduces the DFVS problem to a multicut problem,

which is then solved in FPT time. Their algorithm utilizes the notions of impor-

tant separators implicitly and in this Chapter, we will present this algorithm with
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explicit use of the properties surrounding the notion of important separators.

Organization of the Chapter In Section 5.2, we set up a few definitions which

will help us in presenting the rest of the Chapter. In Section 5.3 we describe the

method of iterative compression as applied to the DIRECTED FEEDBACK VERTEX

SET (DFVS) problem and reduce it to instances of a cut problem in directed

graphs. In Section 5.4 we discuss the part played by important separators in

solving this cut problem and present an FPT algorithm for this problem using

important separators.

5.2 Preliminaries

Given a directed graph D = (V,A) and a partition of V into V1 and V2 such that

the induced sub graphs D[V1] and D[V2] are acyclic, we call the pair (V1, V2) a

DAG Bipartition of the graph D. Given a DAG bipartition (V1, V2) and a topolog-

ical ordering π : V2 → [|V2|] of the induced sub graph D[V2] we call the triple

(V1, V2, π) an ordered DAG Bipartition of D.

5.3 Iterative Compression for DFVS

Given an instance (D = (V,A), k) of DFVS we will apply the standard technique

of iterative compression introduced in . We fix an arbitrary ordering of the ver-

tices of D as v1, . . . , vn, define the sub graph Di as D[{v1, . . . , vi}] and define the

instances I1, . . . , In as Ii = (Di, k). One by one, we iterate through the instances

Ii starting with i = k + 1 and with the help of a known (bigger) solution try to

find a solution Ŝi of size at most k for the ith instance. Formally we define the

COMPRESSION VERSION of our problem as follows.
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DIRECTED FEEDBACK VERTEX SET COMPRESSION

Input: (D = (V,A), S, k), where D is a directed graph and S

a set of vertices of size at most k + 1 such that D \ S is

acyclic, k a positive integer
Parameter: k

Question: Does there exist a set Ŝ containing at most k vertices

such that D \ Ŝ is acyclic?

We will reduce the DFVS problem to at most n instances of the DIRECTED

FEEDBACK VERTEX SET COMPRESSION problem as follows. We use the fact that

the set Sk+1 = {v1, . . . , vk+1} is a solution of size at most k + 1 for Ik+1 and

Ŝi−1 ∪ {vi} is a solution of size at most k + 1 for instance Ii. We then check if

(Dk+2, Sk+1, k) is a YES instance of DIRECTED FEEDBACK VERTEX SET COMPRES-

SION and if so get a solution Ŝk+2 of size at most k, set this as Sk+3 and move on to

the iteration. If any of the intermediate instances of DIRECTED FEEDBACK VERTEX

SET COMPRESSION is a NO instance, then clearly the input instance of DFVS is

also a NO instance. Finally the solution for the original input instance will be Ŝn.

Since there can be at most n iterations, the total time taken is bounded by n times

the time required to solve the DIRECTED FEEDBACK VERTEX SET COMPRESSION

problem.

Now we present the algorithm for the DIRECTED FEEDBACK VERTEX SET COM-

PRESSION problem as follows. Let the input instance be I = (D = (V,A), S, k).

We guess a subset Y of S of size at most k to be in our new solution and set

N := S \ Y . Now, if the induced sub graph D[N ] is not acyclic it is easy to see

that we have to reject this particular guess of Y . Since S was a solution in the

first place, D[V \ S] is acyclic. We have thus reduced this problem to checking

if the instance (D \ Y, V \ S,N, k) has a feedback vertex set S ′ of size atmost k

such that S ′ ⊆ V \S. We will use the fact that (V \S,N) is a bipartition of D \ Y
to solve this problem. In order to do that we first formally define the following

variants of the DFVSproblem.
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DAG BIPARTITION FVS

Input: (D = (V,A), V1, V2, k), where D is a directed graph,

(V1, V2) is a DAG bipartition of D, k is a positive integer
Parameter: k

Question: Does there exist a feedback vertex set S of size at most

k for D, such that S ⊆ V1?

ORDERED DAG BIPARTITION FVS

Input: (D = (V,A), V1, V2, π, k), where D is a directed graph,

(V1, V2) is a DAG bipartition of D, π is a topological

ordering of D[V2], and k is a positive integer
Parameter: k

Question: Does there exist a set S ⊆ V1 of size at most k, such

that in the graph D \S there are no paths from v1 to v2

for any v1, v2 ∈ V2 with π(v1) ≥ π(v2).

Lemma 5.3.1. Given an instance I1 = (D = (V,A), V1, V2, k) of the DAG BIPARTI-

TION FVS problem, I is a YES instance iff there is an instance I2 = (D, V1, V2, π, k)

of the ORDERED DAG BIPARTITION FVS problem which is also a YES instance.

Proof. Suppose the instance I1 is a YES instance and let F be an FVS of size

at most k where F ⊆ V1. Then, D \ F is acyclic and hence has a topological

ordering π̃. Since F ∩ V2 = φ, π̃ induces an ordering among the vertices of V2.

Let this induced ordering be π. We show that the instance (D, V1, V2, π, k) is a

YES instance of ORDERED DAG BIPARTITION FVS by showing that F is a solution

for this instance. If it is not, then there are vertices vi and vj in V2 such that i ≥ j

and there is a path from vi to vj in D \ F . But this cannot happen since π̃ was a

topological ordering of D \ F where vi occurs before vj.

Conversely, suppose there is an instance I2 = (D, V1, V2, π, k) of the ORDERED

DAG BIPARTITION FVS problem which has a solution F of size at most k. We

claim that the set F is indeed a feedback vertex set for the instance (D, V1, V2, k)

contained in V1. By the definition of the ORDERED DAG BIPARTITION FVS prob-

lem, F is contained in V2. It remains to show that D \ F is acyclic. Suppose this
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is not so. Consider a cycle C in the graph D \ F . Since D[V1] is acyclic C must

contain at least one vertex of V1. If it contained exactly one vertex v of V1, clearly

there is a path from v to v in the graph D \ F which contradicts our assumption

that F was a solution for the instance I2. If C contained two vertices u and v we

have two directed paths one from u to v and the other from v to u, one of which

must contradict our assumption that F was a solution for the instance I2. Hence

F is indeed a feedback vertex of D.

We will use Lemma 5.3.1 to solve the DAG BIPARTITION FVS problem as fol-

lows. Given an instance (D, V1, V2, k), we guess the topological ordering of the

vertices of V2 and for each guess π, solve the corresponding instance (D, V1, V2, π, k)

of the ORDERED DAG BIPARTITION FVS problem. Our approach to solve this

problem will be to first transform it into an instance of a separation problem

which we solve using the notion of important separators.

Given an instance I = (D, V1, V2, π, k) of the ORDERED DAG BIPARTITION FVS

problem where V2 = {v1 . . . , v`} and π(vi) = i, we replace every vi ∈ V2 with two

vertices si and ti, make the in-neighbors of vi the in-neighbors of ti and make the

out-neighbors of vi the out-neighbors of si. Clearly this modified graph Dskew is

acylic since any cycle in D uses a vertex of V2 and hence must now be broken by

our construction.

SKEW MULTICUT

Input: (D = (V,A),S = {S1, . . . , S`}, T = {T1, . . . , T`}, k)

where D is a directed acyclic graph, S ∪ T is a collec-

tion of disjoint subsets of V , called the terminal sets,

a positive integer k. Additionally, no vertex in Si for

1 ≤ i < ` has an incoming arc incident on it, and no

vertex in Ti for 1 ≤ i ≤ ` has an outgoing arc incident

on it.
Parameter: k

Question: Does there exist a set S ⊆ V1 of size at most k such that

in the graph D\S there is no path from Si to Tj for any

i ≥ j ?

Given an instance I = (D, V1, V2, π, k) of the ORDERED DAG BIPARTITION
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Figure 5.1: Example of an instance of SKEW MULTICUT.

FVS problem, let Dskew be the graph defined as before. It is not very hard to

see that I ′ = (Dskew, {s1, . . . , sl}, {t1, . . . , tl}, k) is now an instance of the SKEW

MULTICUTproblem. Now, any path from vi to vj in D corresponds to a path from

si to tj in Dskew and vice versa. Therefore I is a YES instance of ORDERED DAG

BIPARTITION FVS iff I ′ is a YES instance of SKEW MULTICUT. Hence, in order to

solve the ORDERED DAG BIPARTITION FVS problem, it is sufficient to solve the

SKEW MULTICUTproblem.

Theorem 5.3.2. ([13]) The SKEW MULTICUT problem can be solved in timeO∗(4k).
Given Theorem 5.3.2, since we run the algorithm for SKEW MULTICUT for

every permutation of V2, the time required to solve DAG BIPARTITION FVS is

O∗(4k.`!) where ` is the size of the partition V2. The number of choices of size

i for Y is
(
k+1
i

)
and for each choice of Y , we run the algorithm for DAG BIPAR-

TITION FVS with parameter k − i. Hence the time required to solve the DFVS

problem is

O∗(Σk
i=0

(
k+1
i

)
4k−i(k + 1− i)!) = O∗(4kk!).

In the rest of the chapter, we will give a proof of Theorem 5.3.2.
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Figure 5.2: Illustration of the path from the vertex v ∈ X1 to T in the graph
D \X2.

5.4 Skew Multicut, Imporant Separators and the Al-

gorithm

Lemma 5.4.1. Let (D = (V,A),S = {S1, . . . , S`}, T = {T1, . . . , T`}, k) be an in-
stance of SKEW MULTICUT. If it is a YES instance then it has a solution X̂ which
contains an important S` − T vertex separator.

Proof. Let X be a solution for the given instance and let X1 be a minimal part of

X such that in D \ X1 there are no S` − T paths. If X1 is an important S` − T
vertex separator, we are done. Suppose that this is not the case. Then, there is an

S` − T vertex separator X2 which dominates X1. Define X̂ = (S \X1) ∪X2. We

claim that X̂ is a solution for the given instance. Clearly, |X̂| ≤ |X| and hence

|X̂| ≤ k. It remains to prove that X̂ is a skew multicut for this instance.

Suppose that this is not the case and let P be a path from Si to Tj in D \ X̂
where i ≥ j. Clearly such a path must contain a vertex v in X1 \ X2 (see Fig.

5.2). By the minimality of X1, v has a neighbor in RD(S`, X1). Since RD(S`, X2)

contains RD(S`, X1), and v is not inX2, it must be the case that v is in RD(S`, X2).

The existence of the path P implies the existence of a path from v to T . But X2 is

an S` − T vertex separator and by Lemma 3.3.9(a), there cannot be a path from

48



Chapter 5. Directed Feedback Vertex Set

v ∈ RD(S`, X2) to T . This concludes the proof of the Lemma.

5.4.1 The Algorithm

Input : An instance (D = (V,A),S = {S1, . . . , S`}, T = {T1, . . . , T`}, k) of
SKEW MULTICUT

Output: A skew multicut of size at most k for the input instance if it exists
and NO otherwise

1 if k < 0 then return NO

2 i→ largest such that {T1, . . . , Ti} is reachable from Si.

3 remove all vertices Sj and Tj where j ≥ i from the terminal set and rename
the remaining terminals and update ` appropriately.

4 Compute a minimum size S` − T vertex separator X.

5 if |X| > k then return NO

6 else Compute the unique minimum size important S` − T vertex separator
X∗ and select a vertex v ∈ X∗

7 Q1 ← SKEW −MC(D \ {v},S, T , k − 1)
8 if Q1 is not NO then return Q1 ∪ {v}
9 S` ← R(S`, X

∗) ∪ {v}
10 Q2 ← SKEW −MC(D,S, T , k)
11 return Q2

Algorithm 5.4.1: Algorithm SKEW −MC for RESTRICTED MULTIWAY CUT

The idea of the algorithm is as follows. Given an instance (D,S, T , k) of SKEW

MULTICUT, if T cannot be reached from S`, we can ignore the terminal sets S`
and T`. Hence we find the largest i such that Si has a path to the set {T1, . . . , Ti}.
By Lemma 5.4.1 we know that we can assume that the minimal subset of the

solution separating T from S` is an important S`−T vertex separator. Hence, we

simply guess the important S`−T vertex separator using the algorithm Find−IS2

(Algorithm 3.6.2), remove these vertices from the instance and recurse. For ease

of presentation and better analysis of the algorithm, we embed the part where we

guess the important separator, into the main algorithm instead of merely using

it as a subroutine.
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Correctness The Correctness of Step 1 is obvious. Step 5 is correct because the

size of the minimum S` − T vertex separator is a lower bound on the solution

size. Steps 7 and 10 are merely part of guessing the important S1 − T vertex

separator (Lemma 3.3.10, Algorithm 3.6.2). Since we have embedded the algo-

rithm enumerating all important S` − T vertex separators into our algorithm for

SKEW MULTICUT, we need to show that the instances on which the recursive calls

of Steps 7 and 10 are made are valid instances of SKEW MULTICUT. The instance

(D \ {v},S, T , k − 1) is clearly a valid instance of SKEW MULTICUT since the in-

put instance (D,S, T , k) was a valid instance. Now, when we add the vertices of

R(S`, X
∗) ∪ {v} to S`, we will not violate any conditions on the input since S`

is allowed to have incoming arcs by the definition of the SKEW MULTICUT prob-

lem. We know from Lemma 5.4.1 that, if there is a solution, there is one which

contains an important S`−T vertex separator and hence guessing the important

S` − T vertex separator in steps 7 and 10 is also correct.

Running Time. To analyze the algorithm we define the search tree T(D,S, T , k)

resulting from a call to SKEW − MC(D,S, T , k) inductively as follows. The

tree T(D,S, T , k) is a rooted tree whose root node corresponds to the instance

(D,S, T , k). If SKEW − MC(D,S, T , k) does not make a recursive call then

(D,S, T , k) is said to be the only node of this tree. If it does make recursive calls,

the children of (D,S, T , k) correspond to the instances given as input to the re-

cursive calls made inside the current procedure call. The subtree of T(D,S, T , k)

rooted at a child node (D′,S ′, T ′, k′) is the search tree T(D′,S ′, T ′, k′).
Given an instance I = (D,S, T , k), we prove by induction on µ(I) = 2k −

λD(S1, T ) that the number of leaves of the tree T(I) is bounded by max{2µ(I), 1}.
In the base case, if µ(I) < k, then λ(S1, T ) > k, in which case we return NO

and the number of leaves is 1. We can assume without loss of generality that

λ(S1, T ) > 0, since Steps 2 and 3 of the algorithm will ensure that this happens.

Now, assume that µ(I) ≥ k and our claim holds for all instances I ′ such that

µ(I ′) < µ(I).

The children I1 and I2 of this node correspond to the recursive calls made in

Steps 7 and 10. But in these two cases, as seen in the proof of Lemma 3.3.10,

µ(I1), µ(I2) < µ(I) and hence applying induction hypothesis on the two child

nodes and summing up the number of leaves in the subtrees rooted at each, we
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can bound the number of leaves in the sub tree of I by 2µ(I).

The time spent at a node I is bounded by the time required to compute the

unique smallest S1−T vertex separator inD which takesO(n5) time (Lemma 3.6.1(b)).

Along any path from the root to a leaf, at any internal node, the size of the set S1

increases or a vertex is removed from the graph. Hence the length of any root to

leaf path is at most n. Therefore the running time of this algorithm is O∗(4k).

5.5 Summary

In this Chapter, we applied the notion of important separators to present the al-

gorithm of Chen et al. [12] for DFVS. We described an application of the method

of iterative compression to this problem and showed that it can be reduced to the

SKEW MULTICUT problem where we are required to separate some vertices in a

particular way.

We then described how one may explicitly use the notion of important separa-

tors to solve this problem. We showed that the part of the solution disconnecting

the rest of the terminals from one may be assumed to be an important separa-

tor, and the algorithm worked by repeatedly selecting a terminal and isolating

the rest of the terminals from this terminal by branching on an important vertex

separator separating the rest of the terminals from this one.

Open Questions and Future Directions. The main open questions regard-

ing the DFVS problem are coming up with a faster FPT algorithm (or prove that

it is unlikely to exist) and proving upper or lower bounds on polynomial kernels

for this problem.
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6
Almost 2-SAT

6.1 Introduction

An algorithm for testing whether a given 2-sat formula is satisfiable, is one of

the fundamental polynomial time algorithms [3] and has been used crucially as

a subroutine in several polynomial time algorithms [26, 27]. Similarly, a pa-

rameterized analogue of 2-SAT – ALMOST 2-SAT, is turning out to be extremely

useful in the context of designing parameterized algorithms. In ALMOST 2-SAT

(or 2-ASAT), we are given a 2-SAT formula F , a positive integer k and the ob-

jective is to check whether there exists at a set of most k clauses whose deletion

from φ makes the resulting formula satisfiable. The ALMOST 2-SAT problem was

introduced in [37] and the fixed parameter tractability of this problem was a

long standing open problem. In [35], this problem was shown to be a general-

ization of the parameterized ODD CYCLE TRANSVERSAL problem. An algorithm

running in timeO∗(15k) was given for this problem in [44], proving that it is FPT
parameterized by the solution size. This algorithm implicitly used the notion of

important separators. In this Chapter, we present this algorithm by explicitly

using the machinery of important separators.

Organization of the Chapter In Section 6.2 we introduce some definitions and

notations we will be following in our discussion. In Section 6.3 we describe the

method of iterative compression as applied to the 2-ASAT problem and introduce

an annotated variant of the 2-ASAT problem which will be our main focus. In

Section 6.4, we characterize the instances of this annotated variant as graphs
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with some separation property, which allows us to tap in to the machinery of

important separators. In Section 6.5 we discuss the part played by important

separators in solving this problem and present an FPT algorithm for this problem

using important separators.

6.2 Preliminaries

6.2.1 2-CNF formulas

A CNF formula F is called a 2-CNF formula if every clause in F has at most

2 literals. In this chapter, we assume that every clause is of length exactly 2

since any clause with a single literal l can be represented as (l ∨ l) and also that

every clause is distinct. In [44] it is shown that this assumption is without loss

of generality. We also assume that every clause C = (l1 ∨ l2) has a fixed ordering

among its literals and without loss of generality we will refer to l1 as the first

literal of C and l2 as the second literal of C.

Given a set SC of clauses of F , we denote by F \ SC the formula obtained

from F by deleting the clauses of SC .

Given a set SV of variables of F , we denote by F \ SV the formula obtained

from F by deleting every clause of F which contains a literal involving a variable

from SV .

Let F be a 2-CNF formula, SC be a set of clauses of F , C be a clause of F ,

L be a set of literals and l be a single literal of F . Then we denote by Clause(F )

the set of clauses of F and V ar(F ), V ar(SC), V ar(C), V ar(L) and V ar(l) denote

the set of variables whose literal appears in F, SC , L and l respectively.

A set L of literals of F is called non-contradictory if L does not contain both

a literal l and its negation l̄. The set L̄ is the set of negations of the literals in L.

A literal l is said to satisfy a clause C = (l1 ∨ l2) if l = l1 or l = l2. For example,

if C = (x1 ∨ x̄2) where x1 and x2 are variables of the formula, we say that C is

satisfied by x1 or x̄2. To help the reader in understanding this notation, we note

that when we say that a literal satisfies a clause, we imply that any assignment

(in the classical sense) for the formula F which sets this literal to true, satisfies

this clause.
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A set L of literals is said to satisfy a clause C if there is a literal l ∈ L such

that l satisfies C.

Given a 2-CNF formula F , a non-contradictory set of literals L such that

V ar(L) = V ar(F ), is said to be an assignment for F . An assignment for F which

satisfies every clause of F is said to be a satisfying assignment for F . A 2-CNF

formula F is said to be satisfiable if there exists a satisfying assignment for F .

Let F be a 2-CNF formula, L be a set of literals. We say that F is satisfiable

with respect to L iff F ∧
∧
l∈L l is satisfiable. In other words, there is a satisfying

assignment for F which contains L.

We say that SWRT (F,L) is true (false) if F is satisfiable( not satisfiable) with

respect to L. For ease of presentation, we abuse notation by representing a set

of literals L which consists of a single literal l as l instead of {l}.

6.2.2 Implication Graphs, Walks and Paths

Given a 2-CNF formula F we associate a canonical directed graph D(F ) with

this formula which we will call the implication graph of F . The graph D(F ) has

2|V ar(F )| vertices, one for each possible literal involved in the formula. For the

sake of convenience the vertices will be named x1, x̄1, . . . , xn, x̄n where x1, . . . , xn

are the variables of F . For every clause C = (l1 ∨ l2) ∈ Clause(F ), D(F ) has

two arcs eC = (l̄1, l2) and êC = (l̄2, l1). The implied meaning of these arcs is

the following. Consider any assignment which satisfies this clause. Suppose this

assignment contains l̄1, then it must be the case that it contains l2. Similarly, if

this assignment contains l̄2, then it must be the case that it contains l1.

Since there are no duplicate clauses in F , D(F ) is a simple directed graph.

Given a set S of clauses, we denote by A(S) the set of arcs of D(F ) which corre-

spond to a clause in S. Given a set Sa of arcs of D(F ) we denote by Clause(Sa)

the set of clauses of F which have a corresponding arc in Sa.

Let w = l1, . . . , lt be a walk in the graph D(F ). Then we say that w is a walk

from l1 to lt and we represent by Rev(w) the walk l̄t, . . . , l̄1. Given a set of literals

L such that l1 ∈ L we say that w is a walk from L. Consider another walk w1 =

lt, . . . , lt′. Then we represent by w + w1 the concatenated walk l1, . . . , lt, . . . , lt′.

Let w = l1, . . . , lt be a walk in the graph D(F ). We define a prefix walk of w

as the sub walk of w from l1 to some li, 1 ≤ i ≤ t. We define a suffix walk of w as
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the sub walk of w from some li to lt, 1 ≤ i ≤ t. Note that w is both a prefix walk

and suffix walk of itself.

A walk w in D(F ) is called non trivial if it contains more than one vertex and

trivial otherwise.

6.3 Iterative Compression for 2-ASAT

Given an instance (F, k) of 2-ASAT, we fix an arbitrary ordering of the clauses of

F as C1, . . . , Cm, define the 2-CNF formula Fi as
∧i
j=1 Cj and define the instances

I1, . . . , Im where Ii = (Fi, k). One by one, we iterate through the instances Ii
starting with i = k + 1 and with the help of a known (bigger) solution try to

find a solution Ŝi of size at most k for the ith instance. Formally we define the

compression version of our problem as follows.

PROBLEM I2

Input: (F, S, k), where F is a 2-CNF formula and S a set of

clauses of size at most k+1 such that F \S is satisfiable,

k a positive integer
Parameter: k

Question: Does there exist a set Ŝ of at most k clauses such that

F \ Ŝ is satisfiable?

We will reduce the 2-ASAT problem to at most m instances of PROBLEM I2 as

follows.

Clearly, the set of clauses Sk+1 = {C1, . . . , Ck+1} is a solution of size at most

k+ 1 for the instance Ik+1. It is also easy to see that if Ŝi−1 is a solution of size at

most k for instance Ii−1, then the set Si−1∪Ci is a solution of size at most k+1 for

the instance Ii. Hence, we start off the iteration with the instance (Fk+1, Sk+1, k)

of PROBLEM I2 and find a solution of size at most k for this instance. If there is

such a solution Ŝk+1, we set Sk+2 = Ŝk+1 ∪ {Ck+2} and look for a solution of size

at most k for the instance Ik+2 and so on. If during any intermediate iteration,

the corresponding instance does not have a solution of size k, it implies that the

original instance of 2-ASAT is also a NO instance. Finally the solution for the
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original input instance will be Ŝm. Since there can be at most m iterations, the

total time taken is bounded by m times the time required to solve PROBLEM I2.

Now we present the algorithm for PROBLEM I2 as follows. Let the input

instance be I = (F, S, k). We guess a subset Y of S of size at most k to be in

our new solution and set N := S \ Y . Now, for every clause in N , we guess the

literal which is going to satisfy this clause. Let the set of literals thus guessed be

L. Since F \ S is satisfiable it has a satisfying assignment P . Define L1 = L ∩ P
and L2 = L \ L1. We have thus reduced this problem to checking if the instance

(F ′ = F \Y, k) has a set of S ′ of at most k clauses such that F ′ \S ′ has a satisfying

assignment containing L1]L2. The reason for partitioning L into L1 and L2 is so

that we can propose an annotated variant of this problem with some additional

structure imposed on the input. We formally define this annotated variant as

follows.

PROBLEM I1

Input: (F,L1, L2, k), where F is a 2-CNF formula, L1 and

L2 are sets of literals, F has a satisfying assignment

containing L1, k a positive integer
Parameter: k

Question: Does there exist a set S ′ of size at most k such that

F \ S ′ has a satisfying assignment containing L1 ∪ L2?

2-ASLASAT

Input: (F,L, l, k), where F is a 2-CNF formula, L is a set of

literals, l is a single literal, F has a satisfying assign-

ment containing L, k a positive integer
Parameter: k

Question: Does there exist a set S ′ of size at most k such that

F \ S ′ has a satisfying assignment containing L ∪ {l}?

Lemma 6.3.1. ([44]) There is a polynomial time parameter preserving reduction
from PROBLEM I1 to 2-ASLASAT

Theorem 6.3.2. ([44]) 2-ASLASATcan be solved in time O∗(5k).
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The number of possibilities for the pair (Y, L) is 3k+1 since any clause C =

(l1 ∨ l2) in S can either be part of the new solution, or be satisfied by l1 or be

satisfied by l2. Hence, given Theorem 6.3.2 and Lemma 6.3.1, it is easy to see

that we can solve 2-ASAT in time O∗(5k · 3k) = O∗(15k). In this Chapter, our

analysis of the algorithm will be less intricate than that seen in [44]. This is in

order to focus our attention more on the role played by important separators in

our algorithm. As a result, we will prove the following theorem in this chapter.

Theorem 6.3.3. 2-ASLASAT can be solved in time O∗(9k).
Given Theorem 6.3.3 and Lemma 6.3.1, it is easy to see that we can solve

2-ASAT in time O∗(9k · 3k) = O∗(27k).

6.4 2-ASLASAT as a Directed Graph Separation Prob-

lem

In this section, we model the 2-ASLASAT problem as a problem of separating

certain kinds of vertices from certain other kinds of vertices in a directed graph.

We begin with some observations that follow easily from the definitions.

Observation 6.4.1. Let F be a 2-CNF formula and L be a set of literals such that
SWRT (F,L) is false. Then, for any L′ ⊇ L, SWRT (F,L′) is also false.

Observation 6.4.2. Let F be a 2-CNF formula and L be a set of literals such that
SWRT (F,L) is true. Then, for any L′ ⊆ L, SWRT (F,L′) is also true.

Lemma 6.4.3. ([44]) Let F be a 2-CNF formula and w = l1, . . . , lt be a non
trivial walk in D(F ). Then SWRT (F, {l1, l̄t}) is false. In particular, if l1 = l̄t then
SWRT (F, l1) is false.

Proof. We prove the statment of the lemma by induction on t. For the base

case, t = 2. In this case w = l1, l2. The clause corresponding to this edge is

(l̄1 ∨ lt) which cannot be satisfied by {l1, l̄2}. We now assume that t > 2 and

the statement of the Lemma holds for all walks l1, . . . , lt′ where t′ < t. Then

any walk w = l1, . . . , lt can be written as w′ + (lt−1, lt) where w′ = l1, . . . , lt−1

and by the induction hypothesis, SWRT (F, {l1, lt−1}) is false. This implies that

any satisfying assignment for F which contains l1 must contain lt−1 and such an
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assignment cannot satisfy the clause (l̄t−1∨ lt) unless it contains lt. Thus we have

that SWRT (F, {l1, l̄t}) is false.

Lemma 6.4.4. ([44]) Let F be a 2-CNF formula, L be a set of literals such that
SWRT (F,L) is true, w be a walk of D(F ) from L and C = (l1 ∨ l2) be a clause
in Clause(F ) such that the walk w contains the arc eC (êC). Then for any walk
w1 of D(F ) from L, w1 cannot contain the arc êC (respectively eC). In particular,
any walk from L such that SWRT (F,L) is true, can contain at most one of the two
edges eC , êC for every clause C.

Proof. Suppose w contains the arc eC . Suppose that there is also a walk w1, which

contains the arc êC . Now w has a prefix walk w′ + eC where w′ is a walk from

lx ∈ L to l̄1. Also w1 has a prefix walk w′1 + êC which is a walk from ly ∈ L to l̄2.

Hence the walk w′ + eC + Rev(w′1) is a walk from lx to l̄y and by Lemma 6.4.3

SWRT (F, {lx, ly}) is false which contradicts Observation 6.4.2. The case when

w uses the arc êC can be handled analogously.

6.4.1 Characterization of Extendable Satisfying Assignments

Theorem 6.4.5. ([44]) Let (F,L, l) be an instance of the 2-ASLASAT problem.
Then SWRT (F,L ∪ {l}) is false if and only if D(F ) has a walk from L ∪ {l} to l̄.

Proof. For the if direction, consider a walk w from l1 to l̄ inD(F ). By Lemma 6.4.3,

SWRT (F, {l1, l}) is false. Hence if l1 ∈ L ∪ {l}, applying Observation 6.4.1,

SWRT (F,L ∪ {l}) is false.

For the converse, assume that SWRT (F,L ∪ {l}) is false. Define the set I to

be the set of vertices reachable from l in D(F ). Note that I is also a set of literals.

(a) I is contradictory. Then there are literals l1 and l̄1 which are both reachable

from l. Let w1 be a walk from l to l1 and w2 be a walk from l to l̄1. Then

w1 +Rev(w2) is a walk from l to l̄.

(b) I intersects L̄. Then there is a walk w from l to l̄x where lx ∈ L. Then,

Rev(w) is a walk from L to l̄.
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(c) I is neither contradictory nor intersects L̄. In this case we will give a sat-

isfying assignment for F which contains L ∪ {l} which contradicts the as-

sumption that SWRT (F,L ∪ {l}) is false. Let P be a satisfying assign-

ment of F which contains L. We know that such an assignment exists since

(F,L, l) is a valid instance of 2-ASLASAT. We let P ′ be the restriction of P

to V ar(F ) \ V ar(I) and we claim that P1 = P ′ ∪ I is a satisfying assignment

for F containing L∪{l}. It is clear that P1 is a non contradictory assignment

for F and by definition, P1 contains l. Also P1 cannot contradict L since

otherwise it would imply that L ∩ I 6= φ which contradicts our assumption.

Hence P1 indeed contains L ∪ {l}.

Now it remains to prove that for every clause C of F , P1 satisfies C. Consider

a clause C = (l1 ∨ l2). If C is satisfied by I, it is clearly satisfied by P1. Hence

we assume that C is not satisfied by I. First we consider the case when

V ar(C) ∩ V ar(I) 6= φ. In particular, suppose l̄1 ∈ I. Then, l2 is reachable

from l̄1 due to the arc (l̄1, l2) and hence reachable from l, which implies that

l2 ∈ I thus satisfying C which is a contradiction. Similarly if l̄2 ∈ I, then

l1 ∈ I which implies that I satisfies C, a contradiction. Now we consider the

case when V ar(C) ∩ V ar(I) = φ. In this case the restriction of P to V ar(C)

is the same as the restriction of P ′ to V ar(C) which implies that P ′ satisfies

C and hence P1 satisfies C.

Given Theorem 6.4.5, we may be tempted to just find a minimum size (L ∪
{l})− l̄ cut in the graph D(F ) and claim that the corresponding clauses form an

optimal solution for the given instance of 2-ASLASAT. But in this graph, every

clause of F has two corresponding arcs. Hence, the relation between the size

of the “solution” for the instance of 2-ASLASAT obtained from a minimum size

(L ∪ {l}) − l̄ cut in the graph D(F ) and the size of the optimal solution for the

instance may differ by as much as a factor of 2 and hence this direct approach

will not lead to an algorithm.

Lemma 6.4.6. ([44]) Let (F,L, l, k) be an instance of 2-ASLASAT such that in
the graph D(F ) there is no walk from L to l̄. If there is a walk w from l to l̄ in
D(F ), then there is a clause C = (l1∨ l2) of F such that SWRT (F,L∪{l1}) is true,
SWRT (F,L∪ {l2}) is true, and there exist walks w1 and w2 from l1 to l̄ and l2 to l̄.
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Proof. Let P be a satisfying assignment of F containing L. We know that such

an assignment exists by the definiton of the 2-ASLASAT problem and let P ′ be

the restriction of P to V ar(w). Define F ′ to be the restriction of F to Clause(w).

Clearly P ′ is a satisfying assignment for F ′. But by Lemma 6.4.3, SWRT (F, l)

is false and hence P ′ cannot contain l. Now, P̄ ′ does contain l. But since

SWRT (F, l) is false, it must be the case that P̄ ′ leaves some clause C = (l1 ∨ l2)

of F ′ unsatisfied. This can happen only if l̄1, l̄2 ∈ P̄ ′ which implies that l1, l2 ∈ P ′

which is contained in P . Thus P is a satisfying assignment for F containing

L ∪ {l1, l2}.
Now, if w uses the arc eC = (l̄1, l2) then w has a suffix walk w′ from l2 to l̄

and a prefix walk w′′ from l to l̄1 which implies that Rev(w′′) is a walk from l1 to

l̄.

6.5 2-ASLASAT and Important Separators

Given a solution S for an instance (F,L, l, k) of 2-ASLASAT, by Lemma 6.4.5 the

graph D(F )\A(S) has no walk from L∪{l} to l̄. Let AL−l̄(S) be a minimal subset

of A(S) such that D(F ) \ AL−l̄(S) has no walk from L to l̄.

Lemma 6.5.1. Let (F,L, l, k) be an instance of 2-ASLASAT). If it is a YES instance
then it has a solution Ŝ which contains an important L− l̄ arc separator in D(F ).

Proof. Consider a solution S for this instance. By Lemma 6.4.5 the graph D(F ) \
A(S) has no walk from L∪{l} to l̄. Let AL−l̄(S) be a minimal subset of A(S) such

that D(F ) \ AL−l̄(S) has no walk from L to l̄, and let S1
a = AL−l̄(S). If S1

a is an

important L− l̄ arc separator in D(F ), we are done. Suppose that this is not the

case. Then, since S1
a is a minimal L− l̄ arc separator which is not important, there

is another minimal L− l̄ arc separator S2
a such that |S2

a| ≤ |S1
a| and RD(F )(L, S

1
a) ⊂

RD(F )(L, S
2
a). We will prove that replacing the clauses corresponding to S1

a with

those corresponding to S2
a results in a solution which satisfies the statement of

the Lemma. We define Ŝ = (S \ Clause(S1
a)) ∪ Clause(S2

a) and claim that Ŝ is a

solution for this instance which satisifes the conclusions of the Lemma. By the

definition of Ŝ, it is true that it contains an important L− l̄ arc separator in D(F ).

It remains to prove that size of Ŝ is at most k and that SWRT (F \ Ŝ, L ∪ {l}) is

true.
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Figure 6.1: Illustration of the walks w, w1 and w′.

We will first prove that |Clause(S2
a)| ≤ |Clause(S1

a)|. In order to prove this,

it is sufficient to prove that S2
a = |Clause(S2

a)| and S1
a = |Clause(S1

a)|. In other

words, we will show that S2
a and S1

a both contain at most one arc corresponding

to any clause. By minimality of S2
a and S1

a, every arc in S2
a or S1

a is reachable from

L in D(F ) and by Lemma 6.4.4 it cannot be the case that there are two arcs in S2
a

or S1
a which correspond to the same clause of F . Hence S2

a = |Clause(S2
a)| and

S1
a = |Clause(S1

a)| which implies that |Ŝ| ≤ |S| ≤ k.

We now show that SWRT (F \ Ŝ, L∪{l}) is true. By Lemma 6.4.5 it is enough

for us to show that D(F ) \A(Ŝ) does not have a walk from L∪ {l} to l̄. Suppose

there is a walk w = l1, . . . , lt from L ∪ {l} to l̄ in D(F ) \ A(Ŝ). Then w must be a

walk from l to l̄ since A(Ŝ) contains S2
a which is an L − l̄ arc separator. Since S

was a solution and Ŝ is not, w must use one of the two arcs corresponding to a

clause C = (lx ∨ ly) ∈ S \ Ŝ. It is clear that such an arc is contained in S1
a but not

in S2
a.

We know that S1
a contains at most one arc corresponding to C and so without

loss of generality let this arc be eC . Now w may use the arc eC or êC or both. If w

uses the arc êC but not the arc eC , then Rev(w) is a walk from l to l̄ which uses

the arc eC and we set w := Rev(w). Hence we assume without loss of generality

that w uses the arc eC .
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We know that there is an i such that w = l1, . . . , li, li+1, . . . , lt where li = l̄x

and li+1 = ly and let w′ be the suffix walk li, li+1, . . . , lt (see Fig. 6.1). Now, since

S1
a was minimal, eC is reachable from L and hence there is a walk w1 from L to l̄x

which lies entirely inside the graph induced on RD(F )(L, S
1
a) and hence also lies

entirely inside the graph induced on RD(F )(L, S
2
a) implying that it does not use

an arc in S2
a. But now, w1+w′ is a walk from L to l̄ in the graph D(F \ Ŝ) which

is a contradiction. This completes the proof of the Lemma.

6.5.1 The Algorithm

Input : An instance (F,L, l, k) of 2-ASLASAT
Output: A solution of size at most k for the instance (F,L, l, k) if it exists

and NO otherwise

1 if k < 0 then return NO

2 Compute a mimimum size L− l̄ arc separator Sa in the directed graph D(F )
3 if |Sa| = 0 then
4 if there an l to l̄ walk then
5 find the clause C = (l1 ∨ l2) given by Lemma 6.4.6
6 S1 ← Solve− ASLASAT (F \ C,L, l, k − 1)
7 if S1 is not NO then return S1 ∪ {C}
8 S2 ← Solve− ASLASAT (F,L ∪ {l1}, l, k)
9 if S2 is not NO then return S2

10 S3 ← Solve− ASLASAT (F,L ∪ {l2}, l, k)
11 return S3

12 end
13 else return φ

14 end
15 if |S| > k then return NO

16 else Compute the unique minimum size important L− l̄ arc separator S∗a in
D(F ) and select an arc e = (w, z) ∈ S∗a

17 S4 ← Solve− ASLASAT (F \ Clause(e), L, l, k − 1)
18 if S4 is not NO then return S4 ∪ {Clause(e)}
19 S5 ← Solve− ASLASAT (F,RD(F )(L, S

∗
a) ∪ {z}, l, k)

20 return S5

Algorithm 6.5.1: Algorithm Solve− ASLASAT for 2-ASLASAT

The idea of the algorithm is as follows. Given an instance (F,L, l, k) of 2-
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ASLASAT, by Lemma 6.4.5 we know that it is enough for us to find a set Sa
of arcs of D(F ) such that |Clause(Sa)| ≤ k and D(F ) \ Sa has not paths from

L ∪ {l} to l̄. If there is no path from L ∪ {l} to l̄ in D(F ), the empty set is the

solution. Suppose there is a path from L to l̄ in D(F ). By Lemma 6.5.1 we can

assume that AL−l̄(S) is an important L − l̄ arc separator in D(F ) where S is a

solution for the input instance. Hence we guess an important L− l̄ arc separator

and remove the corresponding clauses from the formula, reduce k accordingly,

and continue. Suppose there are no paths from L to l̄ in D(F ) but a path from

l to l̄, we know by Lemma 6.4.6 that there is a clause (l1 ∨ l2) such that there

is a satisfying assignment for F containing L ∪ {l1, l2}. Hence we branch into

the following three exhaustive cases. Either we delete the clause (l1 ∨ l2) from

the instance or pick l1 as part of the satisfying assignment or pick l2 as part of

the satisfying assignment. For ease of presentation and better analysis of the

algorithm, we embed the part where we guess the important separator, into the

main algorithm instead of merely using it as a subroutine.

Correctness The Correctness of Step 1 is obvious. Steps 3-14 are correct due

to Lemma 6.4.6 and the fact that the three cases are exhaustive. Step 15 is

correct because the size of the minimum L − l̄ arc separator in D(F ) is a lower

bound on the solution size. Steps 17 and 19 are merely part of guessing the

important L − l̄ arc separator (Lemma 3.4.11, Algorithm 3.6.3). Since we have

embedded the algorithm enumerating all important L − l̄ arc separators into

our algorithm, we need to show that the instances on which the recursive calls

of Steps 17 and 19 are made are valid instances of 2-ASLASAT. The instance

(F \ Clause(e), L, l, k − 1) is a valid instance of 2-ASLASATsince (F,L, l, k) was

a valid instance. Now, consider a satisfying assignment P of F which contains

L. By Lemma 6.4.3 it must be the case that P also contains any literal reachable

from L in D(F ). Hence the instance (F,RD(F )(L, S
∗
a) ∪ {z}, l, k) is also a valid

instance of 2-ASLASAT. We know from Lemma 6.5.1 that if there is a solution,

there is one which contains an important L − l̄ arc separator in D(F ). Hence

guessing the important L− l̄ arc separator in steps 17 and 19 is also correct.

Running Time. To analyze the algorithm we define the search tree T(F,L, l, k)

resulting from a call to Solve−ASLASAT (F,L, l, k) inductively as follows. The
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tree T(F,L, l, k) is a rooted tree whose root node corresponds to the instance

(F,L, l, k). If Solve − ASLASAT (F,L, l, k) does not make a recursive call then

(F,L, l, k) is said to be the only node of this tree. If it does make recursive

calls, the children of (F,L, l, k) correspond to the instances given as input to the

recursive calls made inside the current procedure call. The subtree of T(F,L, l, k)

rooted at a child node (F ′, L′, l, k′) is the search tree T(F ′, L′, l, k′).

Given an instance I = (F,L, l, k), we prove by induction on µ(I) = 2k −
ζD(F )(L, l̄) that the number of leaves of the tree T(I) is bounded by max{3µ(I), 1}.
In the base case, if µ(I) < k, then ζ(L, l̄) > k in which case the number of leaves

is 1. Assume that µ(I) ≥ k and our claim holds for all instances I ′ such that

µ(I ′) < µ(I).

Suppose ζ(L, l̄) = 0. In this case, the children I1, I2 and I3 of this node

correspond to the recursive calls made in Steps 6, 8 and 10 respectively. It is

easy to see that µ(I1) < µ(I). By Lemma 6.4.6 there are paths from l1 to l̄ and

from l2 to l̄. Hence, ζ(L ∪ {l1}, l̄) > 0 and ζ(L ∪ {l2}, l̄) > 0. This implies that

µ(I2), µ(I3) < µ(I). By the induction hypothesis, the number of leaves in the

search trees rooted at I1, I2 and I3 are at most 3µ(I1), 3µ(I2) and 3µ(I3) respectively.

Hence the number of leaves in the search tree rooted at I is at most 3 · 3µ(I)−1 =

3µ(I).

Suppose ζ(L, l̄) > 0. In this case, the children I1 and I2 of this node corre-

spond to the recursive calls made in Steps 17 and 19. But in these two cases, as

seen in the proof of Lemma 3.4.11, µ(I1), µ(I2) < µ(I) and hence applying induc-

tion hypothesis on the two child nodes and summing up the number of leaves in

the sub trees rooted at each, we can bound the number of leaves in the sub tree

of I by 3µ(I).

Hence the number of leaves of the search tree T rooted at the input instance

I = (F,L, l, k) is 3µ(I) ≤ 32k. The time spent at a node I is bounded by the

time required to compute the unique smallest L− l̄ arc separator in D(F ) which

takes O(n5) time (Lemma 3.6.1(c)). Along any path from the root to a leaf, at

any internal node, the size of the set L increases or a clause is removed from

the formula. Hence the length of any root to leaf path is at most max{m,n}.
Therefore the running time of this algorithm is O∗(9k).

A more intricate analysis of the algorithm in [44] shows that it runs in time

O∗(5k).
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6.6 Summary

In this Chapter, we described an O∗(Ck) algorithm where C is a constant, for

the Almost 2 Sat problem using important separators. We first applied iterative

compression and showed that it is sufficient to give a fast FPT algorithm for an

annotated variant, 2-ASLASAT. In order to solve this problem, we first modelled

it as a separation problem on directed graphs and proved a characterization of

instances which have an extendable satisfying assignment. We then showed that

we can use important separators to achieve the required separation properties in

the auxiliary directed graph and finally gave an algorithm which used important

separators to solve the 2-ASLASAT problem.

Open Questions and Future Directions. It is well known that the ABOVE

GUARANTEE VERTEX COVER problem and the KÖNIG VERTEX DELETION problem

(see Appendix for the definition) are equivalent to ALMOST 2-SAT [42]. The

FPT algorithm for ALMOST 2-SAT implies FPT algorithms for both these and nu-

merous other problems. The fastest known FPT algorithms for these problems

all run in O∗(15k) time and it will be interesting to design FPT algorithms with

improved running times for all of these problems. Finally, it remains an open

question if there exist a polynomial kernel for any of the above mentioned prob-

lems. It would be interesting to either design a kernelization algorithm, or prove

that these problems are not likely to admit a polynomial kernel.
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7
Conclusion

In this thesis, we studied a combinatorial object called important separators, and

formally described it as a tool with which the parameterized version of a number

of graph separation problems with certain properties can be solved. We pre-

sented the existing definitions of important separators in undirected graphs, and

extended it to directed graphs. Having done this, we gave the FPT algorithms for

the MULTIWAY CUT problem, DFVS problem, and the ALMOST 2-SAT problem,

with explicit use of the machinery of important separators we set up in Chapter 3.

We note that the notion of important separators was used purely as a branch-

ing algorithm in Chapter 4. It was also combined with iterative compression in

Chapters 5 and 6. More recently, this notion has been combined with randomiza-

tion [40] to yield an FPT algorithm for the MULTICUT problem which was open

for quite some time. Subsequently, the combination of important separators with

randomization has also been used in [36]. Thus, we note that the notion of

important separators has already proven to be an extremely useful and versatile

tool to handle separation problems in graphs. We conclude this thesis by pointing

out two things. The first, is that there are numerous problems on graph separa-

tion which are still unresolved and could possibly be resolved by approaches not

too dissimilar to the one we have studied in this thesis. Finally, we point out that

the kernelization complexity of a lot of problems of this kind is open on general

graphs.
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Appendix: Problem Definitions

1. ODD CYCLE TRANSVERSAL

Input: Undirected graph G = (V,E), positive integer k

Parameter: k

Question: Does there exist a set S ⊆ V of at size at most k such

that the graph G \ S is bipartite?

2. EDGE BIPARTIZATION

Input: Undirected graph G = (V,E), positive integer k

Parameter: k

Question: Does there exist a set S ⊆ E of at size at most k such

that the graph G \ S is bipartite?

3. CHORDAL DELETION

Input: Undirected graph G = (V,E), positive integer k

Parameter: k

Question: Does there exist a set S ⊆ V such that the subgraph of

G induced on V \ S does not have an induced cycle of

length greater than 3?

4. CLUSTER VERTEX DELETION

Input: Undirected graph G = (V,E), positive integer k

Parameter: k

Question: Does there exist a set S ⊆ V such that the subgraph of

G induced on V \ S is a union of disjoint cliques?

5. MULTICUT

Input: Undirected graph G = (V,E), a set R =

{(s1, t1), . . . , (s`, t`)} of ` pairs of vertices, a positive in-

teger k
Parameter: k
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Question: Does there exist a set S ⊆ V of size at most k such that

there is not path from si to ti in the graph G \ S, for

every 1 ≤ i ≤ `?

6. ABOVE GUARANTEE VERTEX COVER

Input: Undirected graph G = (V,E), positive integer k

Parameter: k

Question: Does there exist a vertex cover of G of size at most

m + k where m is the size of the maximum matching

in G?

7. KÖNIG VERTEX DELETION

Input: Undirected graph G = (V,E), positive integer k

Parameter: k

Question: Does there exist a set S ⊆ V of size at most k such that

the graph G \ S is a König graph?
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