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Introduction

SL(2)/U(I) supercoset (N=2 Liouville theory)

e Simplest non-rational N=2 SCFT
 Describes a curved, non-compact background
(‘cigar geometry’)
e Elliptic genus (supersymmetric index) is
modular, but non-holomorphic.
[Troost 2010] , [Eguchi-Y.S 2010]

Elliptic genus is expanded by the

‘modular completions’ of characters.




Introduction

- “extended”
Building blocks : (spectral flow sum)

“continuous character” (non-BPS) [Eguchi-Taormina

1988],
02 22\ 6,(r,2) [Odake 1989]
Xeon(P, M3 T,2) = KO NE (Ta N) ?:77(71)3 : Eguchi-Y.S. 2003]

“discrete character” (BPS)

(yg"" )~ 2K (nt+ &) NK(nt+e)® 01(7,2)

s(v,a;7,2) = : :
Xais ) Z 1 — yghnta Y q in(r)3

“mock modular form”
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Introduction

Modular transformation

(schematically written as...)

1
Xeon (p; m; ——) = f dp' S (p, m|p',m") Xeon(p', m'; 7)
T T

T

1
Xdis (U: a; — ) — Z A(’U, a|vlv CL’) Xdz'S(U’v CL’; T)

v ,a!

+Z/dp’B(v}a|pljm’) Xcorn,(pfjm,;'rj Z)

(typical for mock
modular forms ) “mixing term” (Mordell integral)




Introduction

Existence of mixing j\>
term

Difficulty in construction of objects
with good modular property !

(Would be typical for non-compact,
curved target space)



Introduction

“Modular completion” [Eguchi-Y.S 201 0]

Xdis(V, a; T, 2) = Xais(v, a; T, 2) + [non-hol. correction terms|

N'n,—|—a)i

(Yg"" )Y ok (nts ntg)? 01(7:2)
nez

( closely related with [Zwegers 2002], [Troost 2010])



Introduction

We schematically define :

Xdis ('U, a, ’T) is ‘modular completion’ of Xdz's(’U, a, ’T)

1
X is | Uy, —— | = A ’U,CL’U!,CL, X 18 ’U,,(L’;’T .
R (01 ) = 3 Alvyalv'sa) Ranlv'57)

v'.a’

(no mixing terms)



In this talk, | would like to discuss

Simpler expression of the modular completions,
based on the path-integration in the SL(2)/U(1)
supergauged WZW (with arbitrary level).

j> Non-hol. Eisenstein-like series

*Application to the Gepner-like orbifolds for non-
compact CY model.
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Modular Completions

Instead of treating the extended characters,
start with the closely related function ;

‘Appell function’ (Appell-Lerch sum)

kn?_ 2kn

fP(r2) =y =

_ —14n
nEZl yw —q

(q — 62%@:1':J y = esz’ W = 6271'3’{1,) k c Z>0)

(~ a typical example of mock modular forms)



Modular Completions

‘modular completion’ of Appell function: [Zwegers 2002]

ﬂk)('r, z) = fR(r, 2) — % Z Rk (T,1)O (T, 22)

meZLay,

correction
term

(~ harmonic Maass form)



Modular Completions

looks level —k theta
where we set

function
[ 7Ty 2
Ry(7,u) = Z {sgn(v +0) — Erf( — (v + 2]@@))} w Vg
| k
V€m+2kz I N . Il I N =

non-holomorphic

( Error fn Erf : \/7‘/‘ (Cl? - R) )

U:OK"‘BT



Modular Completions

f(7,2) is a non-holomorphic weak
Jacobi form of weightl , index (k, —k)




Modular Completions

We note :

eThe function f¥(r, z) naturally appears in the
path-integral evaluation of the elliptic genus of
SL(2)/U(I). [Troost 2010]

*The modular completion Xais(v,a;7,2) was
defined as its ‘Fourier transform’. They are
naturally read off from the torus partition
function as well as the elliptic genus.

[Eguchi-Y.S 2010]



Modular Completions

explicitly written as

- 1 st Kg2 2, 2Nk [ 2+ ar +bY 0i(7,2)
Rasla7,2) = o 3 ooty fo (7 2R a0 Bl

bEZ N !

= Xdis(v a; T, Z)

2\ 01(7,2)
- Z RU+N3 NK @v+NJ+2KaNK (7— N) i (T)3

jEZ?.K !

27rn(fr 3 aneZ {/R—H N-0) /R‘io ( )
o P 24 (v+N7)? Nn+a\"t~

9 e 2 NK (yq ) 2K(n+%) qNK(n-|—%)2

p—i(v+ Nr) 1—yghnta Y




Modular Completions

We further note :

* “Twisted elliptic genus’ (inclusion of ‘u-
variable’) [Ashok-Troost 201 I]

e Calculation of the elliptic genus based on the

GLSM [Ashok-Troost 2013], [Murthy 2013],
[Ashok-Doroud-2013]



Elliptic Genus of
SL(2)/U(1) Supercoset

&
“Non-holomorphic

Eisenstein-like Series”’




L(2)/U(1) Supercoset (Gauged WZW)

non-rational (non-compact) N=2 SCFT with
6(5%)21 %j (]CEK}—QER>0
h O

S(g. A, 9%, 0F) = KSgwaw(g, A) + Sy (v, 9%, A),
wSavan(s. A) = S0+ 5 [ o {1 (Zotong) A+ e (2

not assumed to
be rational

2,997 ) Ao
9 99

+Tr( 2,22 —1)AA +1AAU},

2779
. |
Swrn g) = 3 dQ'UTr (Dag™ 13a9)+m / Tr (¢~ 'dg)’),
- 1
Su(h 0%, 4) = o . (0700 + Ay + 97 (0 — A

~

FUF Oy + AT+ 070y = AT}

20



Revisit to

Elliptic Genus of SL(2)/U(1)

Torus partition function [Eguchi-Y.S.2010]
(regularized)

bosonic & fermionic
2 determinants

regularization

_opktd 2 dzu _
= ke T2 | —o0(u, 2, Z;€)
c 72
fet2 2
9]_ (T u + ) — Az uz ﬂ'kl |2
X e ™ e T2
0, (T, u + EZ)

twisted boson
(‘winding modes’)

P N



Revisit to Elliptic Genus of SL(2)/U(1)

Factor of IR-regularization:

o(u,zz;€):=1— Z o~ oy L srtma) T (satma)+ 3 H{ (s1+m) 7+ (sa+ma)+ 5 }

m1,moEZL

jl> Removes the singularities of
integrand

22



Revisit to Elliptic Genus of SL(2)/U(1)

Elliptic genus

_m ¢ 2 B
Z(r,2) = 61—1>I—|I—10 e 27" Zioo(T, 2,2 = 0;€)
k42
: mz? d*u 0 (T, U+ %2) Omiz a2 —Tkiy2
= lim ke*2 [ —o(u,z,0;¢€) 5 ™ e T2
e—+0 c T2 01 (T, u+ 2z)
2 1 1
= lim ke*m E ds dsy o(s17 + S2,2,0;€)
e—+0 0 0
mi,maEZ
ko2
91 (T’ S1T + 52 + k Z) 627rizs1 6_%|(51+m1)T+(82+m2)|2
91 (T,SlT‘I‘SQ—}_%Z) I B . 5 _0 B N §

Origin of complication...
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Revisit to Elliptic Genus of SL(2)/U(1)

Useful rewriting : [Y.S 201 1]

“ Ziso -orbifold ” of cigar (=2 universal cover of trumpet)

(winding modes decouple)
24



Spectral flow
operator
2 mn

Stmm) - [(T,2) 1= (—1)m+nq%m yme?m Tk f(r,z+m71+n)

j> defined with keeping

the modular covariance

25



We can explicitly evaluate Z(*°)(7,2) as

no winding
modes!

Z(OO) (,]’_j Z) — . z / U 19(7_; U _|_ Z) 2
s To (T, u)
71'32
R 91(’7’, Z)
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Namely,




‘Non-holomorphic Eisenstein Series’

m»  Simplest functional form

Modular and spectral flow properties are
manifest. (non-holomorphic Jacobi form)

28



Another Derivation

[ LN
Z(OO)(T,Z):E / d) chais(\, 0; 7, 2)  [Y.S2011]
0

~ 91(7’, Z) /
: : — dp — d "
chais(\, n; 7, 2) 2rn(7)? Z {[&4—@'(!@—0) P - p (yq")

veEA+EZ
2

p2+v

T (yg")E w2
Modular T -y
completion 0.(7.2) (yg")E am w2
f — . ’ yT qT
© Z77('?)3 1 —yg
irreducible fmp%v? N
- > W e g
discrete ch. Qm B i(h_0) P — v

VENET
chdis()\, n; T, z) + [non-hol. correction terms]
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Another Derivation

Then, we again achieve the same result :

k
Z()(r,2) = iiln((’r )z) /O )\ 2
P2+V

A
k

2

1 91(7- 2 / d]/ / d yke_ﬂ'TQ %
k’ 2mn(T P —

el +2i1z;<2)3 (< ‘1)

(7, 2)
2mzn(T)3

6_ k1o
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Relation to the previous works

Inthe caseof k= N/K, (¢ = 1+%)

[Eguchi-Y.S 2010] (see also[Troost 2010],
[Ashok-Troost 201 3], [Murthy 2013],
[Ashok-Doroud-Troost 2013])

‘modular completion’
of discrete character

Z(r,z) = Z Z Xdis(v, a; 7, 2)
’UEZN aEZN I I I BN BN N .
v—i—KaENZ
_ 91 (7, 2) S0 o it ab FINK) (7‘ Z-|-(L7'-|—b)
abEZN N

g\

Zwegers’ function
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Relation to the previous works

Combine these formulas with the new calculation
presented above.

Modular completions are also

expressible in terms of the
non-holomorphic Eisenstein series.

32



We especially obtain a very simple formula :

>XR.H.S is well-defined for an arbitrary level k € R

(parametrical extension of the Zwegers’ function)
33



We also obtain

tw(van:) = oS S Y e

beEZ N AeaT+b+NA

Again, modular & spectral flow properties
are easily shown based on this formula.

34



Application:
Gepner-like Orbifolds

for
Non-compact CY




Gepner-like Orbifolds

B [Eguchi-Y.S 2004]
MGepner — ® ]\l.fc,6 ® LNj,Kj

Expected to describe a non-
compact CY-background

.~ ki - 2K; .
My, = [N = 2 minimal model (SU(2)/U(1)) of level k]

Lk = [supercoset SL(2)/U(1) of level N/K ]

36



Gepner-like Orbifolds

We especially focus on the elliptic genus

e Weak Jacobi form of weight 0, index ¢/2

(good modular & spectral flow properties) .
e Stable under marginal deformations.

37



Elliptic Genus of Each Sector

Elliptic genus of N=2 minimal model

i = v (’T wz)
Zl(rﬁzl(T; z) = ch(R)’k(T, z) = P k2
; S 0, (T’ kiz)

[Witten 93, Henningson 93]
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Fach Sector

Elliptic Genus of .

Elliptic genus of SL(2)/U(l) model | 11005 2010, Eguchi-Y:s 2010]

As we observed above,
in the simple form :

It IS rewritten

39

j> Probably, easier to calculate



Gepner-like Orbifolds

reconsidered based on the
ZGepner(Ta Z) ? modular completions

( closely related work [Ashok-Troost 2012]
calculable in principle
(as in the compact Gepner models [EOTY 89, KYY 93] )

‘character expansion’ looks difficult...
(due to the non-holomorphic corrections)

o

What is universal functional form ??

40



Odd Dimensional Non-compact CY

Elliptic genus in the case
of ¢=2L

( ~ ‘non-holomorphic version of Gritsenko’s theorem’ )

41



Odd Dimensional Non-compact CY

It is enough to only consider
the even ¢ cases

Note : Z(;epner is holomorphic in the case of ¢ = 3

(just same form as elliptic genera of compact CY3)

42



Even Dimensional Non-compact CY

c=2L

A reasonable ansatz (not based on ch. expansion) :

i L
ZGepner(Ta Z) — 19(7_7 Z)zL X@(Ta Z)L + Z fs(T)SO(Tj Z)L_S

Non-holomorphic modular form of
weight 2s

43




Even Dimensional Non-compact CY

How to compute f(7)?

e Compute with keeping the properties as weak
Jacobi form manifest.
e Make use of the previous formulas of non-

holomorphic Eisenstein series for the modular

completions.
* Holomorphic contributions yield the Eisenstein
series in the usual sense.

44



fs(7) is again schematically expressible as the
non-holomorphic Eisenstein-like series ;

fs(T) = linear combination of

2 [t

LLAg)EA 1=l

N P
( |)\ | ) ‘Tz‘)\ZI ]
Good modular
behavior

A : SL(2,Z)-inv. sub-lattice of (Z1 & Z)°

K, K |
c {‘i_O, 1 2 - } (agso(}lated to LNlel 024 LNQ,KQ R - )

45



An Example :

Simplest case : ALE(An_1)

[MN—Q 02y LN,l] ‘ZN—orbifold

N-=2 N,1
Z Ziay (1:2) 2y (7. 2)

a,beZn

9(r,2) |(N = Dp(r,2) + £ (7))

Zavp(ay-1)(T: ?)

46



An Example :

-

N ' )0+0()\1))0%(/\2) 1P (A) 21 |\?
AT = N/\ze:z\ )\E)\z—:I—NA Ao —I_/\EZA A {1+N|T2}
T 2
pe(N) = pe(X,0) = e "N

47
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Note :

Z p+0(A) F'(

/\EA

Z P+0

AEA

61—1>I—|I—10 Z pe

AEA
G T

— ) G2()

T2

‘modular completion’ of Go(7)



Summary



ﬂk)(ﬂ", 2) = f¥(r, 2) — % Z Ry i (7, 1) Oy 1 (7, 22)

meE”Lsyy,

Xdis(v, a; 7, 2) = Xais(v, a; T, 2) + [non-hol. correction terms]

:> expressible in terms of the
‘non-holomorphic Eisenstein series’

50



Summary

In other words, Eisenstein-like series with a gaussian
damping factor

 Modular and spectral flow properties are
manifest.

e Expect to play complementary roles to the
approach of representation theory.

51



Summary

Elliptic genera of the non-compact
Gepner-like orbifolds

(based on the modular completion)
 The ‘character expansion’ is very complicated.

e A simpler expression is achieved by means of the

‘non-holomorphic Eisenstein series’ (except for
CY3 case).

52
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Thank you very much
for your attention!
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