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Introduction
[ ]

Motivation: The Atiyah-Singer Index Theorem

Atiyah-Singer Index Theorem and McKean-Singer Formula
For M: a compact oriented 2D-dimensional spin manifold,
W — M: a vector bundle with associated Dirac operator [,

/M A(M)ch(W) = ind(B) = sTx (e-0°),

where:

A(M) = detl/z(%) is the A-roof-genus, R € A%(M,so(TM))

the Riemannian curvature wrt some metric, and ch(W) is the Chern
character ch(W) = sTr(exp(—F")), FW the curvature of W.

Katrin Wendland The elliptic genus of K3 and CFT 1/12 ‘



Introduction
[ ]

Motivation: The Atiyah-Singer Index Theorem

Atiyah-Singer Index Theorem and McKean-Singer Formula
For M: a compact oriented 2D-dimensional spin manifold,
W — M: a vector bundle with associated Dirac operator [,

/M A(M)ch(W) = ind(B) = sTx (e-0°),

where:

A(M) = detl/z(%) is the A-roof-genus, R € A%(M,so(TM))

the Riemannian curvature wrt some metric, and ch(W) is the Chern
character ch(W) = sTr(exp(—F")), FV the curvature of W.

M: a Calabi-Yau D-fold,
T := TYOM the holomorphic tangent bundle of M, E — M a holomorphic bundle,
= holomorphic Euler characteristic: x(E) = f;, Td(M) ch(E)

with Td(M) = det(lR%RJr) the Todd class, R the holomorphic curvature of T
—e
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The elliptic genus &y of M [Hirzebruch88,Witten88]

Em(T, z): weight 0 weak Jacobi form in 7,z € C (Im(7) >0, g=€*"'"),
Em(r,z=0) = x(M)
Em(r,z=1) = (=1)P2o(M) + O(q),
¢*Em(r,z=31) = (-1)°*x(Om) + O(q)

Em(T, 2) is a regularization of an equiv. index on LM = C°(S*, M).

[Landweber-Stong88,0chanine88;Zagier88, Taubes89]
with T = THOM the holomorphic tangent bundle (y = e*™*):

/ Td(M)ch(Eq,—,) = Em(T, 2)
M

o0
Eq,—y:=y~P/? @[A_yqn_lT*®A_y_1an®san*®san],
NE=ED xPANPE, S,E=@D xPSPE,
p=0 p=0 . -
ch(AE)=73" xP ch(APE), ch(SxE)=>_ xP ch(SPE)
p=0 p=0
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Introduction

The elliptic genus &y of M [Hirzebruch88,Witten88]

Em(T, z): weight 0 weak Jacobi form in 7,z € C (Im(7) >0, g=€*"'"),
Em(r,z=0) = x(M)
Em(r,z=13) = (=1)?Po(M)+O(q),
¢*Em(r,z=31) = (-1)°*x(Om) + O(q)

Em(T, 2) is a regularization of an equiv. index on LM = C°(S*, M).

[Zagier88, Taubes89,Eguchi/Ooguri/ Taormina/Yang89]

with T = THOM the holomorphic tangent bundle (y = e***):

/ Td( ) (]Eq y) _ EM(T,Z) _ STI"HR <yJoqLo—D/8aZo—D/8>,
Eq,_y:=y~P/2 ®[/\ 1T ®OA_ 1 nT®SnT*®S,nT],

Hgr: Ramond sector of any superconformal field theory associated to M,
Jo, Lo, Lo: zero modes of the U(1)-current and Virasoro fields in the SCA
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The elliptic genus of K3

Introduction
e From indices to U(1)-equivariant loop space indices
e A sigma model interpretation
e The elliptic genus of K3
@ Some conjectures

Katrin Wendland The elliptic genus of K3 and CFT 3/12 ‘



1. Loop space indices
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1. From indices to U(1)-equivariant loop space indices

D
[Hirzebruch78] with ¢(T) = [[ (1 + x;) (splitting principle):

M) = g(—lwwhpvq”
= Y yP>(-1)9dim HI(M,APT*)
p q
= YT - / T(M) 3 y? <h(VT)
P M
_ / Td(M)ch(A,T*) = ij“ye o
M e/
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1. From indices to U(1)-equivariant loop space indices

D

[Hirzebruch78] with ¢(T) = Hl(l + x;) (splitting principle):
j:

Xy (M) = /M Td(M)ch(A,T*) = 1‘[ lel*y: Liyerd

Let LM = CO(St, M),

q: a topological generator of S; LMS' =M — LM (constant loops),

soforpe M: T,(LM)=L(TM)=T,Ma&N, N=& q"T,M,
neZ\{0}

where ¢"T,M = T,M: the eigenspace of g, with eigenvalue ¢", n € Z,

X+

D —n ©9 —
. 1 E 1+ 14+g7y !
wlaem = [ 1] {ghent [ [t sere] g0l

j=1 p—1 L 1-d"¢"
— [ Tamen(e,,)
M

Eqy=(=y) PPN T @ [AyqnT* @A, —1,nT @ SgnT " @SqrT]
=
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Definition of the elliptic genus

Theorem [Hirzebruch88,Witten88,Krichever90,

o Borisov/Libgober00]
The elliptic genus

Emlr,z) == / Td(M) ch(Eq_,) (qme?mir, y—e?vi)
M

of a Calabi-Yau D-fold M is a weak Jacobi form
of weight 0 and index %.
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2. A sigma model interpretation
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Chiral de Rham complex

Definition [Malikov/Schechtman/Vaintrob99]

Qsh: sheaf of vertex algebras over M

sections over U C M with holomorphic coordinates z, ..., zp:

vertex algebra generated by fields ¢/, p/, v, p;, j € {1,...,D},
where ¢/ < z;, pj < d% W e dzj, pj ()

., 0y, p; € Bnd(F) . x 1T with
Vigmon: $0) = e P = T
W) = Tehx p(x) = Teax "
where [(j)i,,pj)m] :,151’.'6,,,,,,1, {’;Z;ﬁ,,pj'm} = 5]’?5,,1,,ﬂ Vm,né€Z;
H: the Fock space built on |0) from &}, pj m, ¥h, pj.m, N, mE Z,
with ¢h[0) = ¢4|0) =0V n > 0 and pj m|0) = pj.m0) =0V m >0
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2. A sigma model interpretation
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Chiral de Rham complex

Definition [Malikov/Schechtman/Vaintrob99]

Qsh: sheaf of vertex algebras over M

sections over U C M with holomorphic coordinates zi, ..., zp:

vertex algebra generated by fields ¢/, pf, wJ, pj, j€{1,...,D},
where ¢/ zj, pj < W — dzj, pj < (3z,—)

Theorem [Malikov/Schechtman/Vaintrob99;Borisov/Libgober00]
There are globally well-defined fields on M,

[tP — — :pJ-a(bj: — :pjawf:, J= :pjd)j:, Q=-— :1/)jpj:, G = :pj8¢j:,

which yield a (topological) N = 2 superconformal algebra.
The elliptic genus Ey(7, ) is the bigraded Euler characteristic of Q%
and H*(M, QSh) is a topological N = 2 superconformal vertex algebra.
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2. A sigma model interpretation
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... and topologically half twisted sigma model

Theorem [Kapustin05]

There is a fine resolution QXZ’DOI of Q‘,{g obtained by introducing
variables ¢7, 7,
where 97 determines the grading and dp,/ := 1/)78%3,
such that Jo—DJ2 LI
Em(r, 2) :STI'H*(QXZ,DDI) (y 0 ) )
ch,Dol

The dpoj-cohomology H*(2,,,7") is the large volume limit of the
BRST-cohomology H,’?,SRST of Witten's half-twisted o-model on M.

Conclusion:
spectral

Em(T, 2) flow STngRST(yJO qLO_D/S)

Lo—D/SaZo—D/s)

= sTrHR(yJOq = Ecrr(T, 2).
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3. The elliptic genus of K3
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3. The elliptic genus of K3

For every K3 surface M,

Ealr2) = 8 (32428) + 8 (%428) "+ 8 (%68

For every N = (2,2) SCFT at central charges ¢ = ¢ = 6 with
space-time SUSY and integral U(1) charges:

The theory has NV = (4,4) SUSY, and its CFT elliptic genus either
vanishes, or it agrees with Exs(7, z).

Definition (K3 THEORY):
An N = (2,2) SCFT at ¢ = € = 6 with space-time SUSY,
integral U(1) charges and CFT elliptic genus Eks(T, z).
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3. The elliptic genus of K3
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Decomposition into irreducible N = 4 characters

3 types of N =4 irreps Heo with xe(7,2) = sTryy, (yJOqL°_1/4):
e vacuum Hop with xo(7,0) = -2
e massless matter Hy  with x;/5(7,0) =1

e massive matter My, (h € Rxg), xn(7,2) = ¢"X(7, 2), xn(7,0) =0

Ansatz: Hr = Ho®Ho © 20 Hiy2 ®ﬂ1/2
® (Pocnen [frHn @ Ho @ fHo ® Ha))
® (®O<mEN [gm™Mm ® WI/LGB BnH1/2 ® Hm])
® @o<h,ﬂem kh,ﬁHh ® Hy
where all f, fn, gm, &m» kh,ﬂ are non-negative integers.

&ks(1,2) = —2x0(T,2) + 20x1,2(7, 2) + 2e(7)X(T, 2),

— 2e(r) = i(gn — 2f,)g"

Conjecture [Ooguri89,W00]
gn — 2f, > 0 for all n € N proved in [Eguchi/Hikami09].
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4. Some conjectures
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4. Some conjectures

Conjecture [Eguchi/Ooguri/Tachikawal0]

For all n, g,—2f, gives the dimension of a non-trivial representation
of the Mathieu group Mo,.

Proved in [Gannon12], using results of Cheng, Duncan, Gab-
erdiel, Hohenegger, Persson, Ronellenfitsch, Volpato.
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4. Some conjectures

Theorem [Eguchi/Ooguri/Tachikawal0,Gannon12]
There exists a representation R, of My, for every n € N, such

that o
lim (HEFST) = (=2)Ho © 20 Hypo @ D (R ®R,) @ H,
VvoIl—00

n=1

as a representation of M, and of the N=4 superconformal algebra.
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4. Some conjectures

Theorem [Eguchi/Ooguri/Tachikawal0,Gannon12]
There exists a representation R, of My, for every n € N, such

that o
lim (HEFST) = (=2)Ho © 20 Hypo @ D (R ®R,) @ H,
VvoIl—00

n=1

as a representation of M, and of the N=4 superconformal algebra.

WHY?
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4. Some conjectures

Theorem [Eguchi/Ooguri/Tachikawal0,Gannon12]

There exists a representation R, of My, for every n € N, such
that o

lim (HEFST) = (—2)Ho ® 20 Hypp & EP (Rn @ Ry) ® H,

vol— oo
n=1

as a representation of M, and of the N=4 superconformal algebra.

WHY?

Theorem [Mukai88]
If G is a symmetry group of a K3 surface M,

that is, G fixes the two-forms that de-
fine the hyperkahler structure of M,

then G is isomorphic to a subgroup of the Mathieu group Moy,
and |G| < 960 < 244.823.040 = |May|.
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Some open conjectures

Observation [Taormina/W10-13]
The map Hg — I/im (HgRST) depends on the choice of a geomet-
VOoI—00

ric interpretation; SO: restrict to geometric symmetry groups.
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Some open conjectures

Observation [Taormina/W10-13]
The map Hr — Ilim (HgRST) depends on the choice of a geomet-
VOoI—00

ric interpretation; SO: restrict to geometric symmetry groups.

Conjecture [Taormina/W10-13]
In every geometric interpretation,

lim (HEFT) = (-2)Ho & R1)p®Hyijp & @D (Ra®Rn) @ Ha

vol— o0 1
n—=

as a representation of the geometric symmetry group G C Moy; the
rhs collects the symmetries from distinct points of the moduli space.
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4. Some conjectures
[ ]

Some open conjectures

Observation [Taormina/W10-13]
The map Hr — Ilim (HgRST) depends on the choice of a geomet-
VOoI—00

ric interpretation; SO: restrict to geometric symmetry groups.
Conjecture [Taormina/W10-13]

In every geometric interpretation,

lim (HEFT) = (-2)Ho & R1)p®Hyijp & @D (Ra®Rn) @ Ha

vol— o0

n=1
as a representation of the geometric symmetry group G C Moy; the
rhs collects the symmetries from distinct points of the moduli space.

Evidence [Taormina/W13]

R1 as common representation space of all geometric symmetry
groups of Kummer K3s yields an action of the maximal subgroup
745 x Ag C Moy induced from an irrep of Moy on Ry.
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A simpler open conjecture

4. Some conjectures
L ]

Recall:

€K3(T, Z) = /K3 Td(K3)Ch(Eq7 )

oo
= —2X0(T Z)+2OX1/2 +Z
n=1
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4. Some conjectures
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A simpler open conjecture

Recall:

€K3(T, Z) = /K3 Td(K3)Ch(Eq7 )

[e.0]
= —2x0(7, 2) + 20x712(7, 2) + Z 2)Xn(T,2)
n=1

Conjecture [W13]
There are polynomials p, for every n € N, such that

Eq,fy = _OK3X0(Ta Z) TX1/2 T, Z + an Xn(T Z)
n=1
where 2dim(R,) = gn — 2f, = [, ;3 Td(K3)ps(T) for all n € N.
Moreover, p,(T) — R, @ R, carries a natural action of every
geometric symmetry group G C Ma4 of K3.
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THE END

THANK YOU
FOR YOUR ATTENTION!
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