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Abstract This chapter reviews some basic material required for the study of dis-
ordered systems, establishing some of the terminology usedin later chapters. It
contains a summary of the necessary background in statistical mechanics, including
mean-field theory, scaling at continuous phase transitions, and Landau theory. It also
provides a description of the percolation problem as well asinformal derivations of
some useful general results in disordered systems, such as the Harris criterion for the
relevance of disorder and the Imry-Ma argument for the stability of ordered states
to random-field perturbations. Spin glasses are introducedas a prototypical example
of disordered systems. The replica approach to the Sherrington-Kirkpartrick model
of infinite range Ising spin glasses is briefly described, together with a summary of
more recent developments in spin glass physics. The connection between theories of
spin glasses and satisfiability problems in theoretical computer science is outlined
briefly.

1 Thermodynamics and Statistical Mechanics

Thermodynamics is grounded in the following assertion: Sufficiently large sys-
tems can attain macroscopic states in which measured properties are independent
of preparation history. Provided no currents flow through such a system, it is said to
be in thermal equilibrium .

The physical properties, at a coarse-grained level, of systems in thermal equi-
librium are determined by a small number of macroscopic variables. Two distinct
systems in thermal equilibrium which possess identical values of these variables
will behave similarly. Such systems can be said to be in the same macrostate. A
complete set of macroscopic variables describing a monoatomic gas are the num-
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ber of particlesN in the gas, the volumeV of the gas and the internal energyE
of the gas. These areextensive variablesi.e. for a composite system made up of
two subsystems, each having its own value ofE, V andN, the values ofE, V and
N characterizing the composite system are obtained by addingtheir values for the
subsystems.

The internal energyE of a thermodynamic system can be changed in several
ways. One could modify, for example, amechanical variable, such as the volume
V of the system. Alternatively, one could alter achemical variable, such as the
number of moleculesN of a specific type. Thermodynamics recognizes that there is
yet another way of changingE which does not involve changes in either mechanical
or chemical variables. This involves the transfer of heat toor from the system. Op-
erationally, heat may be transferred by placing the system in contact with another
macroscopic system at a different temperature. (The existence of a temperature is
a fundamental postulate of thermodynamics, the zeroth law of thermodynamics.)
Heat transfer alters the internal energy of the system without affecting other macro-
scopic variables. Understanding the physical consequences of heat transfer requires
the introduction of another extensive variable, theentropy.

Thermodynamics postulates that a single function of the extensive variables suf-
fices to fully characterize the thermodynamic behaviour of the system. Such a func-
tion, termed afundamental relation, can be written asS= S(E,N,V), defining a
quantity called the entropySas a function ofE, V andN.

Thermodynamics, by definition, is concerned with macroscopic quantities. How-
ever, macroscopic behaviour is determined by microscopic detail i.e. by the prob-
ability of finding the system in each of itsmicrostates. The entropyS is the single
central quantity connecting the system description at the level of its microstates to
the macrostate specification. Adding heat to the system, keeping other macroscopic
variables of the system such asN andV constant, changes the distribution of the
system across its microstates, thereby altering the entropy.

Postulating the existence ofS, coupled together with a few additional, reasonable
assumptions concerning its monotonicity and analyticity as a function ofE,V andN,
reproduces all the hard-won results of classical thermodynamics. In textbooks, this
discussion is always presented in terms of engines and processes, but the approach
of postulating the existence of an entropya priori is more elegant, as well as easier
to understand.

It must be assumed that thatS is a monotonically increasing function of the in-
ternal energyE. For a composite system, made of two independent systems with
extensive variablesN1,V1 andE1 andN2,V2 andE2, and thus the fundamental re-
lationsS1(E1,N1,V1) andS2(E2,N2,V2), the entropyS is additivei.e. S= S1 + S2.
Given thatS is a monotonic function ofE, the relationship can be reversed to pro-
vide E = E(S,N,V), a form which is often more convenient. Provided the subsys-
tems composing the composite system do not exchange energy,particles or volume,
these quantities are separately conserved for the subsystems.

Having defined the entropy as an additional macroscopic variable required in
the description of the system, the central idea is then the following: If the two
subsystems are allowed to exchange energy, ensuring that only E = E1 + E2 is
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conserved and notE1 and E2 separately then the system seeks a final state such
that S= S(E,V,N) is maximized over all ways of partitioningE over the subsys-
tems. (If the subsystems exchange particles or volume, a similar statement applies
to N = N1 +N2 and toV = V1 +V2.

We can think of relaxing the constraint that the two subsystems do not exchange
energy, volume or particle number as relaxing an internal constraint of the composite
system made up of the two subsystems. Then, the second law of thermodynamics
can be phrased in the following way:

Removing a constraint internal to the system results in a final entropy which cannot be lower
than the initial entropy.

An extremum principle, the maximization of entropy, thus controls the equilibrium
behaviour of a thermodynamic system. Allowing the subsystems to exchange energy
and thus achieve equilibrium with each other requires that the entropy be maximized
at fixed total energyE over the its distribution over the subsystems. Alternatively,
the energyE should be minimized at fixed overall entropyS. This is just the law
of entropy increase, summarized in textbook formulations,of the second law of
thermodynamics.

From this, all of thermodynamics can be shown to follow, including the defini-
tions of temperatureT, chemical potentialµ and pressureP. These definitions are

T =

(

∂E
∂S

)

N,V
, P = −

(

∂E
∂V

)

S,N
, µ =

(

∂E
∂N

)

S,V
. (1)

Such a definition ensures that two systems which can exchangeenergy are in ther-
mal equilibrium only if their temperatures are equal. Similarly, mechanical equilib-
rium between two systems which can exchange matter (volume)requires that the
chemical potentials (pressures) of both subsystems be equal.

In calculations or in experiments, it is often easier to constrain the temperature
T defined above, rather thanE. This can be done by the simple expedient of allow-
ing the system to exchange energy with athermal bath at temperatureT. Such a
bath is realizable in terms of a system with a large number of degrees of freedom
whose temperature is unchanged if an arbitrary finite amountof energy is added to
or removed from it. Defining an appropriate extremum principle if T, as opposed to
E, is held fixed, is done using the idea of a Legendre transform.SinceT andSare
conjugate variables, the Legendre transformF(T,V,N) is defined through

F(T,V,N) = E(S,V,N)−TS. (2)

The Legendre transformF of E, termed the Helmholtz free energy, provides a
new fundamental relation in terms of the quantitiesT,V andN. Like the entropy,
it provides a complete thermodynamic description of the system whenT, V andN
are fixed. It also obeys a similar extremum principle – the Helmholtz free energy is
minimized in equilibrium. Other potentials follow by eliminating other conjugated
quantitiese.g.the number of particlesN in favour of the chemical potential or the
volumeV in favour of the pressureP.
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Entropy is a concept which is central to thermodynamics. Changes in the en-
tropy represent the effects of the transfer of energy (heat)to microscopic degrees of
freedom. In a theory which begins with these microscopic degrees of freedomi.e.
statistical mechanics, the entropy must have a suitable definition.

The crucial connection between microscopic and macroscopic behaviour was
made by Boltzmann, who derived the fundamental formula

S= kB lnΩ(E,V,N), (3)

with Ω(E,V,N) defined as the number of microstates accessible to a system once
a fixedE,V andN are specified. The quantitykB is Boltzmann’s constant, required
for consistency with the units in which thermodynamic measurements are conven-
tionally made.

This defines, for statistical mechanics, the fundamental relation of the system,
in themicrocanocanical ensemble. Given this fundamental relation, other thermo-
dynamic potentials can be easily derived. The results for thermodynamic quantities
must be the same in these diferent ensembles in the thermodynamic limit. This re-
quires that that the most probable value and the mean value ofthermodynamically
measurable quantities should coincide in the limit of largesystems.

While the broad formalism of classical thermodynamics carries over to the study
of disordered systems, such systems do have some unique features. Appropriately
defined coarse-grained free energies in disordered systemshave more complex
structure than their pure system counterparts. Such free energies typically pos-
sess multiple low-lying minima, separated by large barriers. The degeneracy of the
ground state can, in some cases, be extensive in the size of the system. Relaxation
out of such metastable states can dominate the dynamics, often ensuring that the
system does not equilibrate over experimental time scales and thus obscuring the
relationship to the underlying thermodynamic system at equilibrium.

2 Statistical Mechanics: Once over lightly

A physical system is characterized by listing the states available to the system, as
well as a dynamics which takes the system between these states. For systems de-
scribed by conventional thermodynamics, one assumes ergodicity. This corresponds
to the statement that time averages, a property of the dynamics of the system, can
be replaced by statistical averages over the probability offinding the system in its
different states.

For concreteness, consider Ising spin models. These are models for spins placed
on a lattice in which the spins can take valuesσi = ±1. A model in whichN Ising
variablesσi interact pairwise with each other as well as separately withan external
field Hext is
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H = −J
N

∑
〈i j 〉

σiσ j −Hext

N

∑
i=1

σi . (4)

Interactions between spins are modeled here via an exchangecouplingJ. The no-
tation 〈i j 〉 normally implies a sum over distinct pairs of spins. This sumis often
restricted to the case in which the pairs considered are neighbouring sites. The low-
est energy state of this model, or itsground state, has all Ising spins aligned with
the external field:{σi = 1}.

This model system is the simplest example of a model which exhibits non-trivial
behaviour as a consequence of interactions, including a finite temperature phase
transition at zero field in dimensionsd = 2 and above.

A microstate of this model is a particular spin configuration, for example the
configuration:

{01010101100000101010. . .}. (5)

There are 2N microstates in this simple model.
Statistical mechanics prescribes rules for connecting averages over microstates

to macrostates. The properties we would like to calculate are thermodynamic prop-
erties such as the specific heat, the average energy or susceptibility. Ensembles in
statistical mechanics provide specific rules for calculating these properties, corre-
sponding to the constraints placed on the system.

In the canonical ensemble, intended to describe systems in contact with a large
bath at fixed temperature, but with fixed volume and number of particles, the rule
is that the contribution of each microstate of energyE is weighted by a factor
exp(−βE), with β = 1/kBT andkB the Boltzmann constant. This associates a prob-
ability pk with each microstate, of the form

pk = exp(−βEk)/Z , (6)

whereZ is a normalizing factor. Any macroscopic quantity may be obtained as a
sum of its value in each microstate, weighted by the probability of obtaining the
microstate. Thus

〈O〉 = ∑
k

O(k)pk, (7)

where the sum ranges over all microstates andO(k) is the value of the observable
O in microstatek. We assume that the probabilities are appropriately normalized, so
that∑k pk = 1.

The calculation of thermodynamic quantities is made easierthrough the calcula-
tion of thepartition function Z , defined by

Z = ∑
{σ}

e−βH . (8)
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where we sum over all values the spins can take,i.e over all the microstates of the
system. (Sometimes, for notational reasons, we replace∑{σ} by the trace notation
Trσ , but the calculational operation is the same in both cases.)

The link between the partition function and the thermodynamic potential of rel-
evance here, the Helmholtz free energy, since the system is in contact with a heat
bath at temperatureT, is

F = −kBT lnZ . (9)

A consistency check is

−βF = lnZ = ln∑
σi

exp(−βH), (10)

or

exp(−βF) = ∑
E

Ω(E)exp(−βE), (11)

where we used

S= kB lnΩ(E), (12)

and transformed this expression into one involving a density of statesΩ(E). Thus

exp(−βF) = ∑
E

exp(S/kB)exp(−βE) = ∑
E

exp
1

kBT
(−E+TS) = ∑

E

exp−β (E−TS).(13)

The standard definition of the Helmholtz free energy follows, if one assumes, via the
saddle point approximation, that the most probable value ofthe energy dominates
the sum. Then

F = 〈E〉−TS(〈E〉). (14)

The free energy can be used to calculate all thermodynamic properties of interest.
The calculational bottleneck is almost always the sum over microstates. The dif-

ficulty arises from the large number of microstates to be considered. Even for 100
spins, the number of states is 2100∼ 1030, which is prohibitively large. In some spe-
cial cases, this can be circumvented, as for example in the one-dimensional Ising
model which can be solved exactly.

In two dimensions, this is a technically formidable calculation even in the sim-
plifying limit where Hext is zero. In the presence of a non-zero applied magnetic
field and in dimensions greater than 2 for the zero-field case,it has so far proved
impossible to solve the model exactly.

The formulation of the statistical mechanics of disorderedsystems requires an
additional ingredient, the distinction betweenquenchedand annealedvariables.
Annealed variables are those which are summed over in the standard way when tak-
ing the trace in the partition function. Theσ ’s, for example, are annealed variables.
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Quenched variables, on the other hand, are variables which appear in the definition
of the partition function but which arenot dynamicaland thus are not summed over.

It is often convenient to specify such quenched variables atthe level of a proba-
bility distribution, since they are also microscopic. The question of which variables
are to be averaged over such a probability distribution is, however, non-trivial.

Conventional statistical mechanics approaches work in thecase of annealed vari-
ables. They just introduce more variables into the partition sum. At a basic level,
however, the statistical mechanical problem is identical.In contrast to this, the ap-
pearance of quenched variables in the theory introduces qualitatively new physics.

3 Mean Field Theory and Phase Transitions in Pure systems

At the simplest level, phase transitions separate regimes of behaviour in which a
suitably defined macroscopic variable of thermodynamic significance, called anor-
der parameter, changes from being zero in the disordered phase to a non-zero value
in the ordered phase. More generally, phase transitions represent singularities in the
free energy which appear in the thermodynamic limit.

Order parameters can, however, be subtle. For example, a significant achievement
of the Landau-Ginzburg theory of phase transitions in liquid Helium and supercon-
ductors is the realization that an order parameter need not be an experimentally
measurable quantity. Sometimes no appropriatelocal definition of an order param-
eter exists and an appropriate non-local, topological definition must be sought.

The issue of a suitable order parameter for the sorts of disordered systems we will
encounter is a delicate one. At least in one celebrated case,that of replica symmetry
breaking in the Edwards-Anderson spin glass, the order parameter is a function in
the interval[0,1].

A simple and intuitive approach to understanding several important properties
of the model, including the appearance of a phase transition, can be obtained from
mean-field theory. The rationale for this approach is the following: One can always
solve the problem of asingle spinin an external field, since there is only one variable
here as opposed to 1030. So one strategy would be to attempt to reinterpret the
original interacting problem in terms of the problem of a single spin in an effective
magnetic field which is self-consistently determined.

3.1 Single site mean-field theory

Start with the Ising Hamiltonian ind-dimensions, with the energy

H = −J
N

∑
〈i j 〉

σiσ j −Hext

N

∑
i=1

σi . (15)



8 Gautam I. Menon and Purusattam Ray

Consider a given spin. It hasz neighbours which it interacts with via the exchange
term J. For simplicity we set the external field to zero. We start with the obvious
result

σi = σi +m−m. (16)

We assume that

〈σi〉 = 〈σ j〉 = m, (17)

and that we can neglect fluctuations. Thus

σiσ j = (σi −m+m)(σ j −m+m)≃ m2 +m(σi −m)+m(σ j −m) = m(σi + σ j)−m2.(18)

We drop them2, since it will drop out when we calculate averages. Now

H = −J
N

∑
〈i j 〉

σiσ j = −Jzm
2

N

∑
i
(2σi) = −Jzm

N

∑
i

σi = −Jzm
N

∑
i

σi . (19)

The magnetization,m is defined by

m= ∑
i
〈σi〉/N. (20)

This then yields

Z = 2cosh(βJzm). (21)

The average value of the spinσi must then self-consistently be the magnetization,
yielding

m= tanh(βJzm), (22)

a self-consistent equation which must be solved form.
The solution to this equation can be obtained graphically atany value ofβ . There

is no solution except atm= 0 for smallβ (high temperatures). Two solutions±m0

appear at sufficiently low temperatures, withm0 → 1 asT → 0, as shown in Fig. 1.
Close to the transition between these two different types ofbehaviour, which

occurs at a non-zero and finite value ofβ , the value ofm is small and one can
expand.

tanh(βJmz) = βJmz+
(βJmz)3

3
+ . . . (23)

which yield the equation determiningm

m(1−βJz) =
(βJmz)3

3
. (24)
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Fig. 1 Plot of the self-consistent solution totanh(βM) = M, obtained by plotting the two curves
with different values ofβ . For smallβ , i.e. large temperatures, the curves intersect only atM = 0,
indicating that only one (stable) solution to the self-consistent equation exists. Below a critical tem-
perature, while the solution atM = 0 is always present, additional non-trivial solutions at nonzero
±M0 are obtained, which evolve smoothly out of theM0 = 0 state asβ is increased. The states
with non-zero magnetization are lower free energy states below the critical point.

Note thatm= 0 always trivially solves this equation. However, a non-trivial solution
is obtained at values ofβ larger than

βc = 1/Jz, (25)

implying a critical temperatureTc, given by

kBTc = Jz. (26)

Below this critical temperature, the magnetization evolves smoothly from zero, sat-
urating to unity atT = 0. Such a smooth, continous evolution of the order parameter
from zero to non-zero across the transition, characterizesacontinuous phase tran-
sition.

Note that mean-field theory predicts a transition in all dimensions, since dimen-
sionality enters only indirectly in this argument, via the relation between z andd.

3.2 Mean-field theory via the Bragg-Williams approximation

We now discuss the infinite range version of the model above, with the Hamiltonian

H = − J
2N ∑

i j
σiσ j (27)
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Here the sum is over all pairs. The factor of N ensures proper extensivity, since the
all alignedT = 0 state must have an energy which is properly extensive inN.

We have

m2 =

(

1
N ∑

i

σi

)(

1
N ∑

j

σ j

)

=

(

1
N2 ∑

i j

σiσ j

)

, (28)

from which∑i j σiσ j = N2m2. Then we may rewrite the Hamiltonian as

H =
NJm2

2
. (29)

We can now integrate over all allowedmwith the appropriate weight. To do this,
we calculate the number of configurations with a fixed number of up and down
spins consistent with a given magnetization. Givenm= (Nup−Ndown)/N andN =
Nup+Ndown, we can write the entropy as

S= ln
N!

Nup!Ndown!
, (30)

the standard Bragg-Williams form, which is then

S= ln

(

N!
(N(1+m)/2)!(N(1−m)/2!)

)

= N×
[

ln2− 1
2
(1+m) ln(1+m)− 1

2
(1−m) ln(1−m)

]

. (31)

Thus we may write the free energy per spin as

F
N

= −1
2

Jm2 +
T
2

[(1+m) ln(1+m)+ (1−m) ln(1−m)]−T ln2. (32)

The equation of state follows from∂ f/∂m= 0 after which,

m= tanh(βJm), (33)

reproducing our earlier answer. This indicates that the mean-field approximation we
made when we attempted to solve the short-range version of the model is exact in
the case where interactions are long-ranged. (The missing factor ofzarises because
z= N in a limit where every spin is connected to every other. This factor thus cancels
with the 1/N required for the right thermodynamic limit.)
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3.3 Mean-field theory from the saddle point approximation

Finally, it is also instructive to describe another method to solve this problem. Con-
sider

H = − J
2N

(∑
i

σi)
2. (34)

Now

Z = Trσ exp

[

βJ
2N

(∑
i

σi)
2.

]

(35)

We can then do

Z =

(

βNJ
2π

)1/2∫ +∞

−∞
dm Trσ exp

[

−NβJ
2

m2 + βJm(
N

∑
i

σi)

]

. (36)

Taking the trace inside, we have

Z =

(

βNJ
2π

)1/2∫ +∞

−∞
dmexp

[

−NβJ
2

m2
]

Trσ exp

[

βJm
N

∑
i

σi

]

. (37)

We can now perform the trace

Z =

(

βNJ
2π

)1/2∫ +∞

−∞
dmexp

[

−NβJ
2

m2
]

exp[N ln(2coshβ (Jm))] , (38)

which gives us

Z =

(

βNJ
2π

)1/2∫ +∞

−∞
dmexp

[

−NβJ
2

m2 +N ln2cosh(β (Jm)

]

. (39)

which can be finally written as

Z =

(

βNJ
2π

)1/2∫ +∞

−∞
dmexp[−βJN f(m)] , (40)

where

f (m) =
1
2

m2 +
1

βJ
log[2coshβ (Jm)]. (41)

Notice the way the system sizeN appears in the argument of the exponential. As
N → ∞, a saddle point evaluation of the integral becomes possible. The integral is
dominated by its value at the minimum, located via
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∂ f
∂m

= 0, (42)

which then gives us

m= tanhβ (Jm). (43)

This is identical to the simple expression evaluated earlier.
These ideas can be used to elaborate a fundamental and intuitive approach to

phase transitions, called Landau-Ginzburg theory after its founders. We start with
the free energy derived earlier

F
N

= −1
2

Jm2 +
T
2

[(1+m) ln(1+m)+ (1−m) ln(1−m)]−T ln2, (44)

which can now be expanded, using

(1+m) ln(1+m)+ (1−m) ln(1−m) = m2/2+m4/12, (45)

to yield

F
N

= −1
2
(βJ−1)m2+

T
2

[

m4/12+O(m6) . . .
]

. (46)

Note that the free energy is minimized withm = 0 for temperatures greater than
the critical temperature. For temperatures less than this critical temperature, the free
energy is minimized with a non-zero value ofm. A plot of this free energy for
different temperature values both above and below the critical temperature, would
look as illustrated in Fig. 3.3

We can use this example as a more general way of thinking aboutphase transi-
tions. As discussed, the order parameter is a new thermodynamic variable which
must enter the thermodynamic description of the model. For magnetic systems
which order ferromagnetically, the order parameter is the magnetization. For anti-
ferromagnets, the order parameter is the staggered magnetization. Landau proposed
that the dependence of the free energy on the order parametercould be modelled in a
very general manner, with a form dictated by reasoning from symmetry arguments.

Consider a generic phase transition in which a quantitym is the order parameter
and contemplate the general ingredients of an expansion of the free energyf in
terms ofm. Landau argued that an appropriate free energy density for the Ising
problem could be obtained in a systematic expansion in the order parameter. This
form, as generalized by Landau and Ginzburg is:

f = f0 +am2+dm4 +c(∇m)2 . . . (47)

The assumptions which enter this are the following: There isalways a non-singular
part to the free energy density which we will lump intof0. We neglect all powers
higher than 4, since we are interested in the vicinity of the critical point, wherem is
small. We assume that at largeM the free energy should be large, sod > 0. We will
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Fig. 2 Landau Free energy as a function of the order parameter for a range of temperatures above
and below the transition point. Above the transition temperature, this free energy has a minimum
only atM = 0. Below the transition, there are minima, at±M0; theM = 0 state is a local maximum
of the free energy.

see below that ata > 0 there is one phase, whereas fora < 0, there are two phases.
Thus,a should change sign atT = Tc. At the simplest level, we can expand it as

a = α(T −Tc). (48)

If c > 0, the free energy can only increase if the field is non-uniform. Thus, the full
free energy is

F = F0 +V
(

α(T −Tc)m
2 +dm4) (49)

The minimum of the free energy gives,

2α(T −Tc)m+4dm3 = 0, (50)

with solutions

m= 0 orm2 = −α(T −Tc)

2d
. (51)

This free energy can be used to calculate all the thermodynamic properties of the
model.

If we define acritical exponent β which captures the increase of the magnetiza-
tion m below Tc, as

m∼ (T −Tc)
β , T < Tc (52)

thenβ = 1/2 within the Landau-Ginzburg theory. Our interest will be inthe cal-
culation of how similar thermodynamic functions become singular at the transition.
Another example is the calculation of the magnetic susceptibility χ , which defines
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a related exponentγ i.e.

χ ∼ |T −Tc|−γ , (53)

where we anticipate that the value ofγ is the same as the transition is approached
from below or from above.

To obtain this exponent, we add a small external fieldH. This enters the Landau-
Ginzburg expansion as

F = F0 +V(α(T −Tc)m
2 +dM4−Hm) (54)

We want to calculate

χ =
∂m
∂H

. (55)

To obtain this, we use

2α(T −Tc)m+4dm3 = H, (56)

and distinguish two cases:

1. If T > Tc, thenm(H = 0) = 0. For smallH we neglectm3, then

m=
H

2α(T −Tc)
(57)

and the susceptibility

χ =
1

2α(T −Tc)
. (58)

This diverges atT → Tc.
2. If T < Tc, m(H = 0) = ±m0 with m0 = ±

√

−α(T −Tc)/2d. Let

m= m0 + δm (59)

δm= − H
4α(T −Tc)

(60)

yielding

χ =| 1
4α(T −Tc)

| (61)

Note that the susceptibility exponent isγ = 1, within Landau-Ginzburg theory.
The Ginzburg-Landau free energy can be used to derive predictions for the sin-

gular behaviour of a variety of observables, including the specific heat, the mag-
netization and others. The predictions here are identical to those obtained from the



Introduction to Disordered Systems and Spin Glasses 15

sorts of mean-field theories discussed here. Some of these observables diverge at the
transition, with well-defined critical exponents, while quantities such as the specific
heat are discontinous. This non-analytic behaviour at the transition, with associated
algebraic dependence on the distance from the critical point, defines a number of
critical exponents.

This derivation of mean-field theory illustrates several important features:

• Mean field theory is exact as the number of neighbours goes to infinity. This
happens because fluctuations are averaged over and correlations can be ignored.

• With a thermodynamic phase transition is associated an order parameter. The
order parameter is usually defined to be zero on the high temperature side of the
transition and non-zero below it.

• A common property of most (but not all) phase transitions is that a symmetry is
broken in the low temperature phase. What this means is that although the Hamil-
tonian may have a certain symmetry, the low-temperature symmetry-broken state
need not have that symmetry. The ferromagnetic Ising model has two ground
states and the system chooses one or the other at the transition.

• The barriers between possible symmetry broken states must become infinitely
large, as the system size goes to infinity, if the symmetry broken state is to be
stable.

• Several thermodynamic quantities behave in a singular manner at the phase tran-
sition point. Mean-field theory provides precise predictions, typically involving
simple rational numbers, for this singular behaviour.

These general results will be useful in developing intuition for the statistical me-
chanics of disordered systems.

3.4 Critical Point Exponents

Scaling descriptions are ubiquitous in statistical physics. Such descriptions are ap-
propriate whenever the system behaves as though it lacks a “typical” or dominant
scale set by microscopic physics. In the context of equilibrium systems, behavior
close to the critical point, in particular the study of the non-analytic behaviour of
thermodynamic functions, is of special interest to the statistical mechanic. Early
work on understanding such behaviour led to the developmentof the concepts of
scale-invariance and of universality. Many classes of apparently very disparate sys-
tems appear to have the same critical exponents, defining what are calleduniversal-
ity classesof physical behavior.

The reason for this is the fact that correlation lengths diverge at continous phase
transitions, thus coupling degrees of freedom from microscopic scales to macro-
scopic scales. The divergence of the correlation length implies the absence of a char-
acteristic length scale, as required for a scaling description. Universality is obtained
because microscopically different systems have the same large-scale description.



16 Gautam I. Menon and Purusattam Ray

This is again an emergent property, inacessible in discussions which focus solely on
microscopics.

Mean-field theory provides one way in which the behaviour in the vicinity of the
critical point can be calculated. Unfortunately, the predictions of mean-field theory
are quantitatively wrong, although such theories are powerful ways of understanding
statistical mechanical systems. Mean-field theory fails, at least for dimensionsd <
4 in the short-ranged Ising case, because it ignores fluctuations, assuming that a
single configuration dominates the partition sum. Mean-field behaviour is restored
in models in high enough dimensions or if the interactions are sufficiently long-
ranged.

Begin by defining a dimensionless scaled temperature which measures the dis-
tance from the critical point,t = (T −Tc)/Tc. In terms of this, if a quantity behaves
asF(t)∼ |t|λ close to the critical point, then the critical exponentλ can be obtained

from λ = limt→0
ln |F(t)|

ln t . Two-point correlation functions are defined through

G(r) ≡ 〈m(0)m(r)〉. (62)

Such a correlation function will generically decay as

G(r) ∼ e−r/ξ /rd−2. (63)

As one approaches the critical point,ξ the correlation length diverges as

ξ ∼ |t|−ν . (64)

Precisely at the critical point, the correlation function decays as

G(r) ∼ 1/rd−2+η . (65)

A full list of the conventionally defined critical exponentsis the following:

Specific heatC∼ |t|−α

MagnetizationM ∼ |t|−β

Isothermal susceptibilityχ ∼ |t|−γ

Critical isotherm M ∼ |H|−δ

Correlation lengthξ ∼ |t|−ν

Correlation Function at Tc G(r) ∼ 1/|r|d−2+η (66)

We do not define different exponents forT → T−
c andT → T+

c ; the current under-
standing is that, where both exponents exist and are well defined, they are equal.

From thermodynamics, we can obtain various inequalities connecting the critical
exponents.

α +2β + γ ≥ 2

α + β (1+ δ ) ≥ 2
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γ ≤ (2−η)ν
dν ≥ 2−α (67)

These relations are believed to hold as equalities, a resultwhich follows from the
structure of the renormalization group approach. The last of these relations, due to
Josephson, explicitly involves the dimensiond and is called a hyperscaling relation.
Such a relation is only valid at and below a special value for the dimension called
theupper critical dimension. This critical dimension is 4 for the Ising case.

In the table below, we tabulate the exponents as defined above. These exponents
are (i) calculated within mean-field (Landau-Ginzburg) theory, (ii) obtained from
an exact calculation for the two-dimensional Ising model due to Onsager, (iii) ex-
tracted from series expansions for the three dimensional Ising model, and finally,
(iv), obtained from experiments on fluids near the liquid gascritical point.

ExponentValue (Mean Field)2d Ising Model3d Ising ModelExperiments (Fluids)
α 0 0 (log) 0.109 0.15
β 0.5 1/8 0.327 0.33
γ 1.0 7/4 1.237 1.3
δ 3.0 15 4.78 4.5
ν 0.5 1 0.63 0.6
η 0.0 1/4 0.03 0.07

Note the close similarity of exponents for the 3-d Ising model and those obtained
from a variety of experiments on fluid systems near the critical point. This is no
accident. Universality arguments suggest that these nominally very dissimilar sys-
tems belong to the same universality class and thus exhibit continous transitions
characterized by the same set of critical exponents.

4 The Percolation Problem and Geometric Phase Transitions

Thepercolation problem is a classic example of a geometrical phase transition. It
is is exceedingly simple to pose. Consider a regular lattice, say square or triangular.
Dilute this lattice by removing either sites (site percolation) or bonds (bond perco-
lation). This is done with probability(1− p) independently at each site. Thus, for
large enough systems,Np sites or bonds are obtained on average. Obviously, once
one has specified the lattice type, the only parameter of relevance isp.

Consider the behaviour of the bond percolation problem at both large and smallp.
For largep, very few bonds are removed. It is intuitively reasonable that, given any
two sites on the lattice, a connected path exists from one to the other. In the opposite
limit, where p is small, very few bonds survive and it is overwhelmingly likely
that no such path should exist. It is reasonably to expect that these two asymptotic
behaviours should be separated by a well-defined transitionpoint. The transition
can be described as a change in connectivity, where connecting two points whose
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asymptotic separation can be taken to be very large is eitherpossible or impossible,
on either sides of the transition.

These arguments make it intuitively reasonable that a transition must exist. More
quantitative arguments are required, however, to sharpen and quantify the argument.
We do this by defining several quantities characterizing theconnectivity in the dif-
ferent phases.

Let ns(p) be the number of clusters per lattice site of sizes. The probability that
a given site is occupied and belongs to a cluster of sizes is thussns(p). Let P(p) be
the fraction of occupied sites belonging to the infinite cluster. Clearly,P(p) = 1 for
p = 1 andP(p) = 0 for p≪ pc. ThusP(p) is analogous to an order parameter for a
system which undergoes a thermal phase transition. We also have the relation

∑
s

sns(p)+ pP(p) = p, (68)

where the summation extends over all finite clusters.
One can also define the mean size of clusters, denoted byS(p). This is related to

n(p) through the following:

S(p) =
∑ss2ns(p)

∑ssns(p)
, (69)

where the sum is again over finite clusters.
The pair connectednessC(p, r) is the probability that occupied clusters a distance

r apart belong to the same cluster. We can also defineG(p), the total number of finite
clusters per lattice site, via

G(p) = ∑
s

ns(p). (70)

This quantity is analogous to the free energy per site for magnetic phase transitions.
We now describe a scaling theory for the percolation problem. The percolation

probability, or the probability that a given site belongs tothe infinite cluster, behaves
as

P(p) ∼ (p− pc)
β . (71)

Similarly, we have

S(p)∼ (pc− p)−γ (72)

G(p) ∼ |p− pc|2−α . (73)

In percolation, the linear size of the finite clusters, belowand abovepc, is char-
acterized by the connectivity lengthξ . This is similar to the correlation length in
thermodynamic phase transition. Hereξ is defined as the root mean square distance
between two sites on the same finite cluster, averaged over all finite clusters. It can
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be calculated by measuring the radius of gyration of a cluster

R2
s =

1
s2

s

∑
i=1

|r i − r0|2

wherer0 = ∑s
i=1 r i/s is the position of the center of mass of the cluster andr i is the

position of theith site of the cluster. The connectivity length is the average radius of
gyration over all finite clusters and given by

ξ 2 =
2∑sR2

ss2ns(p)

∑ss2ns(p)
. (74)

At pc, clusters of all possible sizes, starting from a single siteup to clusters
spanning the system, appear. There are, correspondingly, very large fluctuations in
cluster sizes. Due to the appearance of large finite clustersat the critical point, the
connectivity length diverges asp→ pc with an exponentν given by

ξ ∼ |p− pc|−ν .

The connectivity length exponentν is also found to be related to the moment expo-
nents ofns(p) via a hyper scaling relation. The infinite cluster atp = pc contains
holes of all possible sizes; the percolation cluster is selfsimilar and fractal. A hy-
perscaling relationγ +2β = dν is satisfied between the scaling exponents. The pair
connectedness function behaves as:

C(p, r) ∼ exp−r/ξ (p)

rd−2+η . (75)

The scaling theory assumes that forp nearpc, there is a typical cluster sizesξ
which leads to the dominant contribution to these divergences. Since this diverges
asp→ pc, we can assume that

sξ ∼ |p− pc|−1/σ (76)

We will also assume that

ns(p) = ns(pc) f (
s
sξ

) (77)

We require that the functionf (x) → 0 asx→ ∞ and f (x) → 1 asx→ 0. We know
that, for larges, the scaling formns(pc) ∼ s−τ is obtained. Thus we get

ns(p) = s−τ φ(s|p− pc|1/σ ) (78)

The percolation exponents can therefore be obtained in terms of two independent
exponentsσ andτ.

The percolation problem can be solved exactly in one dimension. It can be easily
seen that, for long range connectivity, all the sites must bepresent, which implies
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thatpc = 1. For clusters containings-sites:ns = ps(1− p)2. The(1− p)2 term comes
from the probability of two empty sites that bind the clusterfrom two ends. Once
this distribution is known it is easy to obtain the behavior of various observables
nearpc = 1. The values of the critical exponents can be obtained by taking suitable
moments of the cluster size distribution as stated before.

In two dimensions, the exponents of the percolation problemare given in terms
of rational numbers. The exponents are listed below in table1.

Dimension d=2 d=3 mean-field
β 5/36 0.41 1
γ 43/18 1.80 1
ν 4/3 0.88 1/2
α −2/3 -0.62 -1
σ 36/91 0.45 1/2
τ 187/91 2.18 5/2

Table 1 The values of the critical exponents of the percolation phase transition.

The relationship between thermal phase transitions and percolation was first dis-
covered by Fortuin and Kastelyn who showed that the bond percolation problem
could be mapped to theq−state Potts model in the limit thatq→ 1. This mapping
can be used to obtain the critical exponents in the equationsabove.

The values of the critical exponents are found to be same on different lattices and
for site or bond percolation. The exponents depend only on the space dimension,
another illustration of universality.

5 Disordered Spin Systems

There are many ways in which disorder can enter the specification of a simple model
such as the one we have been studying. For one, some of the spins could be absent
from their regular sites. For another, the interaction between two spins could depend
on the labels of the spins withJ → Ji j . A third possibility is the presence of random
fields acting on the spins independently.

Consider a model Hamiltonian, for Ising variables, of the form

H = −∑
〈i j 〉

Ji j σiσ j −∑
i

hiτi (79)

where the disorder is contained in the variablesJi j and the random fieldshi . The
problem in which all thehi ’s are set to zero and theJi j ’s are random is therandom
exchange model. The problem withJi j = J i.e. uniform exchange couplings but
with hi random is therandom field model. In general, in experimental systems,
both types of disorder could be present. One could also have situations where spins
are missing from sites, the case ofsite diluted magnetsor where the magnitude of
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the spin could differ from site to site. Further, instead of considering Ising spins,
one could consider spin variables which take values on a circle (XY spins) or on the
surface of a sphere (Heisenberg spins).

In an Ising spin system, ifJ → Ji j with theJi j fixed and non-dynamical, then the
Ji j ’s would be quenched variables. However, if theJi j ’s themselves were derived,
for example, fromJi j = τiτ j with theτ ’s allowed to fluctuate, theτ variables would
then be annealed and so would theJi j ’s in this case.

How does one perform the average over the quenched variables? Imagine subdi-
viding the macroscopic system into many sub-parts, each large enough to be treated
macroscopically. The interaction between each subsystem is only a surface effect,
one which is subleading with respect to the bulk in the limit of large subsystem size.
Note that the free energy in each subsystem is a well-defined quantity but fluctu-
ates from subsystem to subsystem since the microscopic configuration of disorder
is different in each subsystem.

We may thus obtain the free energy and thermodynamic functions within each
subsystem, in principle by doing the partition function sumkeeping the quenched
variables fixed. We must then decide how to average over disorder, in order to elimi-

Fig. 3 The decomposition of a thermodynamic system into subsystems

nate the dependence on the microscopic specification of the disorder variables. This
is done using the following argument. Each subsystem provides an independent
realization of disorder, derived from the probability distribution for the quenched
variables. In the limit of an infinite number of subsystems whose interactions can
be ignored to a first approximation, the disorder average is automatically the aver-
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age over the subsystems. Averaging over disorder is equivalent to averaging over
subsystems for variables such as the free energy whose values can be appropriately
defined by summing up over subsystems.

A quantity is calledself-averagingif its distribution over the subsystems as de-
scribed above is not anomalously broad. This is equivalent to demanding that the
mean-value and the most probable value coincide in the thermodynamic limit. Note
that the partition function isnot self-averaging and cannot be averaged in the same
way as the free energy.

Checking whether a given thermodynamic quantity is properly self-averaging or
not is an important task: otherwise the statistical averaging may yield mean values
that are not the values which will be measured in a typical experiment. The argument
above, due initially to Brout, indicates that the free-energy and similar observables
are self-averaging, for interactions which are short-ranged and for probability dis-
tributions over disorder which are “well-behaved”.

A useful example of the distinction between typical and average is the following:
Consider a random variablex that takes two values

X1 = eα
√

N andX2 = eβ N,β > 1, (80)

with probabilities

p1 = 1−e−N, andp2 = e−N. (81)

In the limit N → ∞, the average value→ e(β−1)N while the typical or most probable
value isx = X1 with probability 1. On the other hand the average value of lnx →
α
√

N in the same limit, showing that the most probable value is determined by the
typical value of the variable while the moments are controlled by the rare events.
Providedx has a probability distribution which does not have special or rare events
which occur with low probability but contribute anomalously to mean values and
higher moments, this problem of matching the average value with the most probable
value does not exist.

We have indicated that disorder is crucial and must be averaged over in a non-
trivial sense in the statistical mechanics. Disorder however is not the only ingredient
which leads to the non-trivial statistical mechanics of disordered systems. The other
ingredient isfrustration . To understand frustration, let us return to the other model
we described briefly earlier, the model in which

H = ∑
〈i j 〉

τiτ jσiσ j , (82)

where we have taken the special case in whichJi j = τiτ j . andτi = ±1.
We assume that theτ ’s are genuine quenched variables. Nevertheless all of the

statistical mechanical content of this model can be shown tobe trivially related to
the pure version of the Ising model. To do this, simply redefine

σ ′
i = τiσi . (83)

The partition function now reduces to
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Z = Trσ ′
i
exp+βJ∑

〈i j 〉
σ ′

i σ
′
j . (84)

This is, however, just the Ising model in another guise, since disorder now does
not appear explicitly in the specification of the partition function. This model, the
Mattis model, provides an example of the way in which, in somecases, disorder can
be transformed away. What remains is an effective pure problem in a redefined set
of variables.

There is an interesting peculiarity of the transformation of spin degrees of free-
dom discussed in the previous section. If we multiply the spin variablesτi across
any closed circuit, the answer is always 1. This is easily traced to the fact that each
τi appears twice when multiplied along a closed loop. What thismeans in practice
is that the ground state of the model is non-degenerate, since one can minimize the
energy of each spin separately to obtain the overall ground state. Since all the vari-
ablesτiσ1 must be equal in the ground state, the sigma values which minimize the
energy can be trivially extracted.

−J

+J

+J +J

Fig. 4 Illustration of Frustration: The circled spin receives conflicting information from its neigh-
bours and can point either up or down with the same energy. There is no way of minimizing its
energy.

Models where this does not happen are frustrated models. TheMattis model
exhibits disorder but not frustration. The idea of frustration is easily illustrated by
considering spins on a square block with nearest neighbor interaction as shown in
Fig. 4. Take the spins on the square. While the energy of any pair of spins can
be appropriately minimized by minimizing the bond energy, one spin indicated by
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circle in the figure receives contradictory instructions from each of the spins it is
bonded to. Thus not all the interactions can be satisfied automatically.

Frustration refers to such an impossibility of satisfying all interactions at the
same time to achieve an absolute minimum of the free energy. Non-trivially disor-
dered systems display both quenched disorder and frustration. It is easy to come
up with examples of systems which exhibit frustration in theabsence of quenched
disorder and systems which exhibit quenched disorder in theabsence of frustra-
tion. Frustration and disorder are essential ingredients of all models of spin glasses,
since the combination of these two yield the most important property of spin-glass
materials, the larger number of low-lying (or degenerate) free energy minima and
extremely complex patterns of ergodicity and symmetry breaking.

There are three basic scenarios for spin glass-like behaviour. In the first one, bar-
riers separating low free energy minima remain finite at all nonzero temperatures.
Thus the relaxation of the system may be anomalous but the system remains para-
magnetic. In the second, it could happen that there is a certain spin state, or a finite
number of such states related by symmetry, with a lower free energy than any other.
In such a frozen state, an appropriate order parameter describing the freezing of
the spins along random directions, the Edwards-Anderson order parameter to be de-
fined later, would be non-zero. This case can still be studiedalong traditional lines.
In the last scenario, we could have an extensive number of ground states with the
system frozen in any one of these states. The infinite-rangedspin glass model to be
discussed in the following sections corresponds to the lastcase.

5.1 The Harris Criterion

When does the presence of disorder change the universality class of a transition? The
question of when disorder is relevant and when it is not was answered some decades
ago by Harris. Harris argued the following: Consider a system where the disorder
couples to the temperature, say through a variablep. Thus, different regions of the
sample have different critical temperaturesTc(p). We may thus ask: Does allowing
the localTc to vary in this manner alter the critical exponents of the pure transition
or leave them unchanged?

Begin with the pure system. Let the correlation lengthξ be large. The volume of
a coherence region is

V ∼ ξ d, (85)

in d dimensions. Since the correlation length

ξ ∼ t−ν , (86)

we have

Vξ ∼ t−νd. (87)
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dictating the size of the coherence volume. Permissible fluctuations in the distance
to the transition, thet variable, then scale as

t ∼V−1/νd
ξ . (88)

The disorder may be expected to give rise to fluctuations of the local transition
temperature. Given a volumeV, this fluctuation should scale as the square root of
the number of degrees of freedom in that volume, from the central limit theorem.

Thus, disorder-induced fluctuations away from the trueTc scale asV1/2
ξ . Comparing

terms, we getνd < 2 as a condition for disorder-induced critical fluctuationsto
dominate, driving the system away from the critical fixed point corresponding to the
pure system.

We can now make use of the the hyperscaling relation due to Josephson

dν = 2−α. (89)

Inserting this yields,

α > 0, (90)

as the condition for disorder to be a relevant perturbation,a result first obtained by
Harris.

Note that for a sharp phase transition in a disordered systemto occur, one must
necessarily haveα < 0. That is, the specific heat must have the form of a cusp.

5.2 The Random Field Problem and the Imry-Ma argument

Consider a model with the Hamiltonian

H = −∑
〈i j 〉

Jσiσ j −∑
i

hiτi . (91)

Note that the exchange interaction is uniform, but that disorder enters in the form
of a random field coupling independently to spins at each site. The spins above are
Ising spins but could, in general, be be n-component spins, with n=1 the Ising case,
n=2 the XY model and n=3 the Heisenberg model. The pure problem has a transition
with a lower critical dimension of 1 (Ising) and of 2 (n≥ 2). The question of whether
the transition survives the introduction of weak random-field disorder can be posed
in terms of the stabiity of the ground state.

Imry and Ma formulated a simple yet elegant argument for this. We illustrate this
first for the Ising case. Consider the aligned ground state inthe absence of a random
field. Introduce the random field. Over a given region of dimensionL, the field is,
on average zero, but fluctuates about this average. Thus the value of thehiσ1 term,
fluctuates to orderLd/2∆ , where∆ denotes the width of the field distribution. If this
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fluctuation is such that the system can lower its energy by flipping all spins in that
region, it will do so, while paying a cost for creation of an interface at the boundary.
If a single lengthL dominates, then this interface cost is∝ Ld−1 in d− dimensions
for the Ising case.

Combining these two terms into a free energy cost for flippingthe domain yields
the two competing terms

∆F = −∆Ld/2 +JLd−1. (92)

The minimum of the free energy can be obtained as

∂F
∂L

= 0 = −∆Ld/2−1 +JLd−2. (93)

This then yields

L∗ ∼ [J/∆ ]2/(2−d) (94)

One can see that a change in behaviour occurs whend ≥ 2, For dimensionsd < 2,
there is a finiteL∗ at which the energy gain from flipping the domain outweighs
the energy cost of creating a domain wall. It is always favourable to flip domains of
dimension larger thanL∗. For dimensionsd > 2, the cost of creating the domain wall
dominates at large scales and only a few small domains are formed, insufficient in
number to fully destroy the long-ranged order in the ground state of the pure model.

This can be generalized to the case of continuous spins, withthe only modifica-
tion being in the domain wall energy term. Since, in continuous spin systems, the
energy cost of the domain wall can be spread out over a region of sizeL, the ordered
ground state is stable ford > 4 and unstable below that. A rigorous proof of the
lower critical dimensiondc = 2 for the random field Ising model was provided by
Spencer. A detailed discussion of the physics of random fieldmodels, extending and
clarifying the simple argument above, is contained in the chapter of P. Shukla.

6 Spin Glass Basics

6.1 Experimental Phenomenology

Studies of the spin glass state were initially motivated by the desire to understand
the low-temperature behaviour of certain magnetic alloys.While early work concen-
trated on understanding the fate of isolated magnetic impurities in a non-magnetic,
typically metallic, host, it was realized that understanding the interactions between
impurities posed a challenging modeling problem. Such systems of dilute magnetic
impurities coupled to each other behaved as though there wasa low-temperature
freezing of the moments associated with the magnetic ions. The field of spin glasses
was born out of these early studies. There are a variety of different experimental
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Fig. 5 Illustration of the cusp in the real part of the ac susceptibility, incicating the spin glass transi-
tion and its broadening with increasing frequency. Figure from C.A.M Mulder, A.J. van Duyneveldt
and J.A. Mydosh,Phys. Rev. B231384 (1981)

systems which exhibit spin glass behaviour: (I) stable spins (Mn, Fe Gd, Eu) diluted
into non-magnetic metals (Cu,Au) such as Cu1−xMnx, Au1−xFex, (II) nonmagnetic
compounds with some magnetic ions, such asEuxSr1−xSor La1−x Gax Al2 or (III)
amorphous intermetallics such asGdAl2, YFe2. Spin glass samples exhibit irre-
versible behaviour below Tf and reversible behaviour above it: cooling down in
constant field (field-cooled or FC) leads to smooth reversible curves below Tf while
zero-field cooling (ZFC) leads to irreversible behaviour which relaxes towards FC
behaviour very slowly. Typical plots are shown in Fig. 6.

The principal experimental signatures of spin glasses are the following: the spe-
cific heat at zero applied field shows a broad maximum at about 1.4 Tf , coupled
with a slow decrease at highT. The peak is smeared by the application of a field.
The dc susceptibility shows a sharp cusp at Tf ; this cusp is very strongly affected by
magnetic fields with even very small fields capable of rounding out the cusp, as in
Fig. 5. The AC magnetic susceptibility peak shows a shift depending on frequency,
in contrast to behaviour in conventional ferromagnets or antiferromagnets. There is
evidence for a large distribution of relaxation times in ac susceptibility. Typically
there are no clear signs of freezing in resistivity.
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Over 500 different experimental systems exhibiting spin glass behavior have now
been identified, including transition-metals in noble metal solutes, rare earth com-
binations, amorphous metallic spin glasses, semiconducting spin glasses and insu-
lating spin glasses.

7 Spin Glass Theory

To understand the spin glass problem, we must understand thefate of magnetic
impurities in metals. Indirect exchange, mediated throughconduction electrons in
metallic systems, couples moments over large distances. Itis the dominant exchange
interaction in metals where there is little or no direct overlap between neighbouring
magnetic electrons.

In a conventional metallic system with dilute magnetic impurities, the impurities
are far apart. They can thus be modeled by what are called single-impurity Ander-
son or Kondo Hamiltonians, reflecting the model problem of anisolated magnetic
impurity coupled to a sea of conduction electrons. The properties of such a system
are by now fairly well understood at a quantitative level.

When the density of magnetic impurities is high, we can no longer ignore
spin-ordering tendencies arising from the interaction between impurities. The two
competing effects that lead to two different tendencies of the system to interact
with conduction electrons, known as the Kondo effect and theRuderman-Kittel-
Kasuya-Yoshida (RKKY) interaction, have a crucial influence on the impurity mag-
netism. The conduction electron-mediated, RKKY indirect-exchange interaction fa-
vors magnetic ordering of impurities, whereas the Kondo effect tends to quench
individual impurity spins.

We briefly describe the interactions between two magnetic impurities in a metal.
Taking the simplest case of hybridization between thes− p conduction electrons of
the host metal and thed− (or f−) electrons of the magnetic impurity produces an
effective on-site exchange coupling at the impurity site. For s− p/d hybridization,
the sign of the interaction is typically antiferromagnetic, as the conduction electrons
attempt to screen the spin of the impurity in their midst. Rather than forming a neg-
ative spin-1/2 at the impurity site, however, the electronsspin-polarize in concentric
rings around the impurity.

This leads to an interaction of the form

J(Ri −R j) ∼ cos(2kFR)/R3. (95)

with kf the Fermi wave-vector. This is the RKKY interaction.
The source of the rings of alternating polarization is that atrue delta-function in

space would require, in Fourier space, allk−vectors from 0 to infinity to be equally
weighted, Since the host is a metal, availablek−vectors range only from 0 tokF .
The system thus cannot screen the impurity spin in a localized manner. Instead it
does the next best thing. It first creates an opposite alignment in the vicinity of
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Fig. 6 Splitting of field cooled (FC) and zero-field cooled (ZFC) magnetization with temperature
of (Li0.40V0.60)3B O5 crystals at low temperatures and fields ofH = 10,100,1000 and 10000
Gauss. The inset is an expanded plot of the low temperature region. Figure taken from X. Zong, A.
Niazi, F. Borsa, X. Ma and D.C.Johnston, Phys. Rev. B76 054452 (2007)
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the impurity which overscreens it, followed by a parallel alignment further away
which overcompensates in the opposite direction. This proceeds with decreasing
amplitude out to infinity. Thus, depending on the distance between two impurity
spins, their coupling could be either ferromagnetic or anti-ferromagnetic, resulting
in frustration.

The most realistic model for spin glasses would consider vector spins occupying
random sites. The Hamiltonian would then read

H = ∑
〈i j 〉

J(Ri −R j)SiSj . (96)

The origins of this magnetic interactions can be several, including direct exchange,
RKKY, superexchange and dipolar. Dipolar interactions canfavour various types of
ordering, including Ising, XY, and Heisenberg types.

A simpler model for freezing retains some of these ingredients: Only RKKY
interactions are considered, there is no Kondo effect or long-range order and one
considers only the interactions of single spins. The freezing temperature can be esti-
mated: The RKKY interaction energy is of the form:JRKKY(r)∼ J0/r3. The average
impurity distance scales as(1/x)1/3 with x the impurity concentration. Given a ther-
mal energy whose scale is set bykBT, the freezing temperature is then obtained by
equatingJRKKY = kBTf , which implies thatTf = xJ0/KBT.

In the Edwards-Anderson model, the combination of site disorder and the RKKY
interaction gives a random set of bonds satisfying a Gaussian distribution. Edwards
and Anderson considered a non-dilute system of spins with such random bonds,
describing the spin freezing in terms of each spin locking onto a random direction.

If we think of the orientation of the spin vector at timet asσi(t), Edwards and
Anderson proposed the following order parameter

q = lim
t→∞

q(t) = lim
t→∞

〈σ(0)〉〈σ(t)〉. (97)

This definition involves the projection of the thermally averaged value of a spin
at a sitei at a particular time with its value at an infinite time later. (If the spin
is frozen in orientation, this projection yields a non-zeroresult. Note that this par-
ticular order parameter would be non-zero even for a orderedferromagnet.) The
Edwards-Anderson method involved the first use of what is nowcalled the replica
method, which we will discuss in some detail later. The modelgave good predic-
tions for susceptibility but disagreed with the behaviour of the specific heat seen
in experiments. Later work by Thouless, Anderson and Palmerdescribed a “cav-
ity mean-field theory” which showed the existence of a macroscopic number of
metastable states within this model.

The model we discuss here is called the Sherrington-Kirkpatrick model. It is a
model with long-range interactions. The pure version of theSK model is what we
solved exactly in an earlier section.

We begin with the Hamiltonian. The spinsσi are Ising spins, taking values±1.
The sum is over all pairs of spins and the model is infinite-ranged as a consequence.
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H = −∑
i〈 j

Ji j σiσ j . (98)

We do not introduce factors of 1/N as we did previously. Such factors will be in-
cluded in the definition of the distribution for theJi j ’s.

TheJi j ’s are quenched random interactions specified by the probability distribu-
tion

P[Ji j ] = ∏
i< j

√

N
2π

exp(−
J2

i j N

2
). (99)

This distribution, being Gaussian, is completely specifiedby its mean and standard
deviation

[Ji j ] = 0, [J2
i j ] =

1
N

. (100)

Averages with respect to this probability distribution aredefined through

[·] =

∫

DJP[J](·) = ∏
i< j

√

N
2π

∫ +∞

∞
exp(−

J2
i j N

2
)(·). (101)

We would like to calculate the disorder-averaged free energy which encodes all
thermodynamic properties of this modeli.e.

F = [Fd], (102)

where the brackets[·] denote an average over the probability distribution for the
quenched variables, the exchange termsJi j ’s. Of course the difficulty lies precisely
in the fact that alogarithm must be averaged. This was circumvented, in a tech-
nique invented for this purpose in the original Edwards-Anderson paper, where the
following expansion was used

Zn = expnlnZ = 1+nlnZ+ . . . (103)

and thus

lnZ = lim
n→0

Zn−1
n.

(104)

Note that now what is required is the average of a power of the partition function.
This is certainly easier to do than averaging the logarithm.We can now write

Zn =
n

∏
α=1

Trσα exp
n

∑
α=1

N

∑
i< j

Ji j σiσ j , (105)

from which the free energy follows as



32 Gautam I. Menon and Purusattam Ray

Fn = − 1
β

lnZn, (106)

and we have performed the average

Zn ≡ [Zn
J ]. (107)

Now, taking the limit yields

lim
n→0

Fn = − 1
β

[lnZJ] = F. (108)

We now return to the explicit calculation of the nth power of the partition function

Zn = (Trσ i
α
)

∫

DJi j exp

{

β
n

∑
α=1

N

∑
i< j

Ji j σα
i σα

j − 1
2 ∑

i< j
J2

i j N

}

. (109)

Note that we can write this as

Zn = (Trσ i
α
)
∫

DJi j exp

{

β
N

∑
i< j

Ji j

n

∑
α=1

σα
i σα

j − 1
2 ∑

i< j

J2
i j N

}

, (110)

interchanging the order of the summations. Then, averagingover disorder yields

Zn = (Trσ i
α
)exp





β 2

2N

N

∑
i< j

(

n

∑
a=1

σa
i σa

j

)2


. (111)

We will attempt to simplify the term in

Zn =
N

∑
i< j

(

n

∑
a=1

σa
i σa

j

)2

. (112)

Fixing {i j}, we write each term as

σ1
i σ1

j σ1
i σ1

j + σ1
i σ1

j σ2
i σ2

j + σ1
i σ1

j σ3
i σ3

j + σ2
i σ2

j σ2
i σ2

j + . . . (113)

There aren terms (for n replica’s in this expansion) which contributesunity from
terms which involve the same replica index; there areN2/2 terms arising from the
sum overi j arising out of all possible pairs. So we can pull this out to get

exp

[

β 2

2N
×n× N2

2

]

. (114)

Now we consider the expansion of the terms left out in doing this

σ1
i σ1

j σ2
i σ2

j + σ1
i σ1

j σ3
i σ3

j + σ2
i σ2

j σ3
i σ3

j + . . . (115)
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We reorder these as

(σ1
i σ2

i )(σ1
j σ2

j )+ (σ1
i σ3

i )(σ1
j σ3

j )+ (σ2
i σ2

i )(σ3
j σ3

j )+ (116)

These are terms which turn up in the expansion of

[

∑
i
(σa

i σb
i )

]2

. (117)

Now botha > b andb > a appear in the sum above; by symmetry of the terms we
can consider just one, saya < b and multiply by a factor of 2. Also, while the sum
outside is overi < j, we may divide by 2 and retain the term. So factors of 2 cancel
from top and bottom. Now we have

Zn = ∑
σa

i

exp

[

1
4

β 2Nn+
β 2N

2

n

∑
a〈b

(
1
N

N

∑
i

σa
i σb

i )2.

]

(118)

We restrict the sum toa < b because we have already accounted for thea = b terms
by pulling them out. Following the same procedures we used earlier in the mean-
field theory for the pure problem

Zn =
n

∏
a<b

(

∫

dQab

)

∑
σa

i

exp

(

1
4

β 2Nn− β 2N
2

n

∑
a<b

Q2
ab+ β 2

n

∑
a<b

N

∑
1

Qabσa
i σb

i

)

.(119)

Here, the quantitiesQab are related to the correlation functions

Qab =
1
N

N

∑
i=1

〈σa
i σb

i 〉. (120)

Then we have, upon taking the sum over spins inside, and usingthe fact that now
the sites are decoupled from each other,

Zn =
n

∏
a<b

(

∫

dQab

)

exp(
1
4

β 2Nn− β 2N
2 ∑

a〈b
Q2

ab)
N

∏
i

∑
σa

i

exp(β 2Qabσa
i σb

i ).(121)

The second product involvesN independent terms. The value of each term is
[

∑
σa

expβ 2
n

∑
a<b

Qabσaσb

]

. (122)

This can be exponentiated to yield

Zn =
n

∏
a<b

(

∫

dQab

)

∑
σa

i

exp

(

1
4

β 2Nn− β 2N
2 ∑

a〈b
Q2

ab+N log

[

∑
σa

expβ 2
n

∑
a<b

(Qabσaσb)

])

.(123)



34 Gautam I. Menon and Purusattam Ray

Note that this can now be represented as

Zn =
∫

dQ̂exp(−βnN f
[

Q̂
]

). (124)

where

f [Q̂] = −β
4

+
β
2n

n

∑
a<b

Q2
ab−

1
βn

log

[

∑
σa

exp(β 2
n

∑
a<b

Qabσaσb)

]

. (125)

In the largeN limit,

Zn ≃
[

det
∂ 2 f

∂ Q̂2

]−1/2

exp(−βnN f
[

Q̂∗]), (126)

where

∂ f
∂Qab

= 0, (127)

defines the saddle point value of the matrixQab.
Note that we can take theQ matrix to have zero diagonal values, thereby account-

ing for the fact that we have already separated the diagonal components out.
We will now go on to describing the solutions to this mean fieldproblem. The

strategy will be to parametrize the matrix in a simple mannerand then to perform
the saddle point evaluation.

7.1 Replica Symmetric Solution

It is natural to assume a symmetry between replicas of the system

Qab = q ∀ a 6= b (128)

(It will turn out to be equivalent to the approximation that there is a unique ground
state.) Thus,

f (q) = −1
4

β +
β
2n

n(n−1)

2
q2− 1

βn
log

[

∑
σa

exp

(

β 2

2
(

n

∑
a

σa)
2q− 1

2
β 2nq

)

]

,(129)

where we have pulled out the diagonal terms, n of them, all of the same value. This
can now be extracted from the integral as well with

−1
βn

× −1
2

β 2nq=
βq
2

. (130)
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Now we apply the same methods used earlier, of linearizing the quadratic expres-
sion. We use

n

∏
α=1

(

∑
σa=±1

expβ σa
√

qz

)

= ([2cosh(β
√

qz)]n , (131)

inside

f (q) = −β
4

+
βq
2

+
1
4
(n−1)βq2− 1

βn
log

[

∫ +∞

−∞

dz√
π

exp(−1
2

z2)
n

∏
α=1

(

∑
σa=±1

expβ σa
√

qz

)]

.(132)

Now writing

([2cosh(β
√

qz)]n = enln([2cosh(β√qz)], (133)

and expanding inn, the first term is

1+n[2cosh(β
√

qz)]+n2 . . . (134)

The first term goes away on integration since this is a Gaussian integral normalized
to 1; taking the logarithm gives zero. The second term is the important contributor
and all higher order terms will vanish asn → 0. Thus we may now take the limit
n→ 0

f (q) = −1
4

β (1−q)2− 1
β

∫ −∞

−∞

dz√
2π

exp

[

−1
2

z2
]

ln [2cosh(β
√

qz)] . (135)

We now take the derivative with respect toq to find the minimum of the replica free
energy. One term we obtain is

1
2

β (1−q). (136)

The second is more complicated and looks like the integral

1
2

∫ −∞

−∞

dz√
2πq

exp

[

−1
2

z2
]

[ztanhβ
√

qz)] . (137)

We now evaluate this through integration by parts, withdv= exp
[

− 1
2z2
]

(−z) which
implies thatv = exp

[

− 1
2z2
]

. Thenu =
[

tanhβ√qz)
]

. Because of the exponential
falloff, the uv term doesn’t contribute; the only contribution is from the

∫

vdu term.
This is then

−1
2

∫ −∞

−∞

dz√
2πq

exp

[

−1
2

z2
]

(β
√

q)
[

sech2(β
√

qz)
]

. (138)

We can now eliminate
√

q from top and bottom, substitute for
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sech2(x) = 1+ tanh2(x), (139)

and then get

β (1−q) = −β
∫ −∞

−∞

dz√
2π

exp

[

−1
2

z2
]

[

1+ tanh2(β
√

qz)
]

, (140)

to finally get the saddle point equation in the form

q =

∫ +∞

−∞

dz√
2π

exp

[

−1
2

z2
]

tanh2 (β
√

qz) , (141)

where

q =
1
N

N

∑
i
〈σi〉2. (142)

Note that forT〉1 there is only the solutionq = 0. For smallerT, there is a non-zero
solution; if (1−T) ∼ τ, thenq(τ) ∼ τ. If T → 0, then the solution isq→ 1.

The solution obtained forq is the physical order parameter

q =
1
N

N

∑
i
〈σi〉2. (143)

The fact thatq is non-zero relates to the fact that spins are frozen in a random state.
Since there is only one solution forq, the ground state is unique.

This solution can be shown to have interesting properties. The specific heat and
susceptibility show a cusp, as in the experiments, while theorder parameterq rises
smoothly at the transition point. Unfortunately, this solution is qualitatively incor-
rect below the transition. It has an entropy which becomes negative below Tc. This
was interpreted by de Almeida and Thouless in terms of the breakdown of the sta-
bility of the replica symmetric solution. For some time it was believed that it was
the replica trick which gave this erroneous result. It turnsout that the answer is more
subtle than that.

The error arises because the pattern of symmetry breaking wehave discussed
is not sophisticated enough. The correct form of the patternof symmetry breaking
was worked out by Parisi in a creative and insightful set of papers from the early
1980’s. Essentially, Parisi made an ansatz forqαβ which goes beyond the simplest
parametrization described above. He formulated the calculation in several steps,
starting with the simplest, orone-stepreplica symmetry breaking. He then went on
to show how an infinite hierarchy of replica symmetry breaking could be accomo-
dated in an ansatz, theParisi ansatz. This calculation, however, is complex enough
that it will not be described here.

To understand the physics in some detail, it is useful to introduce the notion
of pure states. Consider a ferromagnet. At low temperatures, in the ordered state,
the system breaks symmetry to choose one of a large number of possible ordered
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states. The barriers between these symmetry broken states is exponentially large.
The observable state is then not theGibbsstate, which is obtained by summing over
all spin configurations but only those configurations which are appropriate to the
particular symmetry broken state.

Such a state is called apure stateand has the property that connected correlation
functions, defined below, vanish at large distances:

〈σiσ j 〉c ≡ 〈σiσ j〉− 〈σi〈〉σ j 〉 (144)

Note that the pure states in non-disordered models are typically related to each other
by symmetry, as in the case of the simple ferromagnetic Isingmodel, which has two
pure states.

The structure of (replica-) symmetry breaking in the spin glass state suggests that
there may be a very large number of pure states in the thermodynamic limit. Thus,
the Gibbs state can be constructed if we knew the weight factor for each of the pure
states

〈σi〉 = mi = ∑
α

wαmα
i . (145)

Here the statistical weightswα can be written as

wα = exp(−Fα), (146)

with Fα the free energy corresponding to stateα. A similar relation holds for the
correlation functions.

〈σ1σ2〉 = ∑
α

wα〈σ1σ2〉α . (147)

To understand how pure states in the spin glass problem mightbe distinguished
from each other, define a quantity measuring the overlap between the two states,
defined through

qαβ =
1
N

mα
i mβ

i . (148)

To describe the statistics of overlaps, we introduce

PJ(q) = ∑
αβ

wαwβ δ (qαβ −q). (149)

Note that this could depend on the disorder. Once we disorderaverage we get

P(q) = ¯PJ(q). (150)

The functionP(q) gives the probability of finding two pure states with a given over-
lap q, conditioned by the fact that these states are weighted by the probability of
their appearance in the ensemble.
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In a ferromagnet,P(q) is a δ -function peak atq = 0 in the high temperature
phase and consists of twoδ -function peaks atq = ±m2. In a spin glass with self-
evidently a large number of pure states, unrelated by symmetry, at low temperatures,
one expectsP(q) to have far more structure. It is this functionP(q) which turns out
to be the physical order parameter. If a disordered system exhibited only two frozen
ground states related by symmetry, as in some competing theories of the spin glass
transition in finite-dimensional systems, thenP(q) would resemble that in the pure
ferromagnet.

Here is the picture which emerges of the spin glass state order parameter from a
detailed calculation due to Parisi and collaborators.

1. Just below Tc the system can be in a large number of pure states, defined as
valleys constituting minima of the free energy. The configurations of them’s are
different in each of these states.

2. The value of the self-overlapsq(T) = ∑N
i m2

i appears to be the same in all the
states

3. The mutual pair overlaps appear to continuously fill the interval 0≤ qαβ ≤ q(T).
The distribution of values ofqαβ is described by a probability functionP(q)

4. If the temperature is decreased slightly , each pure stateis divided into numerous
new ones. These states have a larger value of the overlap.

5. On a further decrease of the temperature, each pure state is further subdivided.
This branching goes on to zero temperature.

6. In a whole temperature intervalT ≤ Tc, there is a continuous sequence of phase
transitions.

It is clear that this extremely complex pattern of symmetry breaking has no par-
allel in the conventional phase transitions describable byLandau theory.

8 Modern Developments

It is now generally believed that Parisi’s ansatz for replica symmetry breaking in
the Sherrington-Kirkpatrick model is exact. Mathematicalresults from the French
mathematician M. Talagrand and others prove the validity ofthe expression for the
free energy obtained in Parisi’s detailed calculation. However, the relevance of the
Parisi ansatz to real spin glasses is still a largely open problem. The Sherrington-
Kirkpatrick model is, after all, an infinite range model in which all spins are coupled
to each other and thus very far from real experimental systems.

From simulations on finite-ranged Ising spin glasses, due principally to Young,
Marinari and their collaborators, it appears very likely that there is a spin-glass
transition in the three-dimensional nearest neighbour Ising spin glass with Gaussian
disorder. There also appears to be a finite temperature transition in the Heisenberg
spin glass in three dimensions.

To address the issue of spin glass ordering in finite dimensional systems, a num-
ber of workers including Fisher, Huse, Moore, Bray and McMillan, came up with
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an alternative view of the spin glass phase. In this picture,there is a single configu-
ration, upto a global flip of all spins, which is the true ground state. There is no net
magnetization i.e.

m=
1
N ∑〈σi〉 = 0, (151)

while the Edwards-Anderson order parameter

q =
1
N ∑

i
〈σi〉2 (152)

is non-zero, signalling the freezing of spins into the disordered ground state.
This view of the spin glass phase is thus very much like the conventional picture

of transitions in a pure system. The only difference is in thenature of excitations out
of this ground state. Since the system is disordered however, one should expect that
excitations out of this ground state should be non-trivial.

Such excitations have been argued to be “droplets”. These excitations, obtained
by flipping a group of spins across a scaleL, are proposed to have a typical excitation
energy (or gap) which scales as

∆Et(L) ∝ Lθ . (153)

The exponentθ must be bounded as 0< θ < (d−1)/2.
The kinetics of spin flips is accomodated by assuming that thetypical barriers

for flipping a region of sizeL, Bt(L) scale as

B(L) ∼ LΨ . (154)

Within replica symmetry breaking theoryθ = 0 for some excitations, whereas the
droplet picture hasθ > 0 always.

Huse and Fisher assume that the probability distribution ofenergy gapsρ(∆E)
has a scaling form

ρ(∆E(L)) =
1

∆Et(L)
ρ̃(

∆E
∆Et(L)

). (155)

providedρ̃(x) is nonzero asx → 0, there is weight for droplet excitations of ar-
bitrarily low energy, permitting slow dynamics even forT close to zero. It is these
excitations which can give the spin glass phase its characteristic complex relaxation.

The picture of Huse and Fisher differs in several important ways from that pro-
posed by Parisi. Parisi’s solution indicates that a line, called the Almeida-Thouless
line, in the magnetic field-temperature plane, exists across which replica symmetry
breaking occurs. This is a non-trivial attribute because the line separates an ergodic
phase from a non-ergodic phase. Since the field breaks the up-down symmetry of
the Hamiltonian, one has a transition without a change in symmetry. Also, the over-
lap distribution function of Parisi is a non-trivial one. Inthe Fisher-Huse picture,
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neither of these are true. There is no AT line and the order parameter is a number as
opposed to a function.

An alternative scenario which combines some of the ideas of the droplet model
with intuition from the Parisi approach is the trivial-non-trivial scenario for finite
dimensional spin glasses, due to Krzakala and Martin and Palassini and Young. The
TNT scenario suggests that there are different local (at scales much less than the
system size) and global exponents (for scales comparable tothe system size) for the
excitation energy as a function of the excitation length scale.

The local exponent is given by domain wall estimates. The global exponent is
possibly consistent withθg = 0. In the TNT scenario, one has the coexistence of
a droplet model at finite length scales with mean-field behaviour for system-scale
excitations. The excitations are argued to be topologically non-trivial, reaching out
to the boundaries of the lattice. Physically, this is a situation where excitations look
random beyond the scale of a few lattice spacings, have a surface to volume ratio of
order unity and are space filling and space spanning.

9 K-SAT and the Spin Glass Problem

In theoretical computer science, a recurring theme is the understanding of the “com-
putational complexity” of a given computational task. Manysuch tasks are surpris-
ingly difficult to solve and are found in contexts ranging from optimization and
hardware design to computational biology.

A large class of such problems belong to the class of what are called NP-complete
problems. This class of computational tasks consists of problems where, given a
solution, it can be checked for correctness in a time which ispolynomial in the size
of the input. However,findingsuch a solutiona priori takes an exponential time in
the size of the input in the worst case.

A very large number of problems have been shown to be NP-complete. It is be-
lieved that if an efficient algorithm for finding the solutionof one such problem is
found, one would have an efficient algorithm for all NP-complete problems belong-
ing to the same class. A fundamental conjecture of complexity theory is that no such
efficient algorithm exists.

One example of an interesting class of problems is the K-satisfiability problem,
or K-SAT . It is stated as follows: Consider a set of N boolean variables xi , with
i = 1. . .N. A literal is either a variablexi or its negation¬xi . A clauseis the logical
OR (∨) betweenK distinct literals. It is thus true as soon as one of the literals is
true.

A formula is the logical AND (∧) betweenM clauses. It is true if and only if all
the clauses are true. A formula is said to besatisfiableif there is an assignment of
the variables such that the formula is true. An example of a 2-SAT formula is

(x∨y)∧ ((¬x)∨ (¬y)). (156)
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This formula can be satisfied by setting x to true and y to false.
In the general case, the goal is to find out whether an assignment exists. In the

worst case, a search through the space of truth assignments is required to determine
that no such assignment exists or to find a suitable assignment.

A large number of problems can be shown to be instances of K-SAT. The K-
SAT problem is a constraint satisfaction problem. It involves several variables, each
taking values in a small domain, and some constraints, each forbidding some of the
possible joint values for the variables. For a given instance, the question is whether
there are values for the variables that simultaneously satisfy all the constraints.

The spin-glass version of the K-SAT problem is related to a random version of
K-SAT. In this version, formulas are drawn in the following way: Choose a triplet
of distinct indices in 1. . .N, uniformly on all possible triplets. For each of the three
corresponding variables, choose the variable itself or itsnegation with equal prob-
ability. Construct a clause with the chosen literals. Repeating this processM times
yields a set ofM independently chosen clauses. These can be combined to gener-
ate an instance of the formula. The thermodynamic limit is achieved in the limit in
whichM = αN, with bothM andN going to infinity.

The link with spin glasses comes from considering a group (pair, triplet etc.) of
interacting spins as a constraint. Finding the state of minimal energy amounts to
minimizing the number of violated constraints. The generaldifficulty both with the
spin glass and the K-SAT problem arises from frustration. This makes it diffcult to
find the global minimum by local manipulations. The connection to statistical me-
chanics comes from assigning an energy to the system. A satisfactory assignment
can be assigned zero energy, with the energy increasing withthe number of unsatis-
fied clauses.

Consider formulas with a fixed ratio of clauses to variables.These exhibit the
following remarkable behaviour. When the ratio is small, formulas have many vari-
ables and few constraints. There are thus many assignments which are satisfying.
When the ratio is large, the variables are highly constrained and formulas almost
certainly have no satisfying assignments.

Surprisingly, as the ratior of clauses to variables grows, the transition from prob-
ably satisfiable to probably unsatisfiable is not gradual butabrupt. It is conjectured
that there was a single threshold valuerk of r, depending only onk, such that as the
number of variables goes to infinity, random formulas withr < rk are almost surely
satisfiable, while random formulas withr > rk are almost surely unsatisfiable. This
change resembles a phase transition. Random K-SAT problemsappear to be hardest
to solve close to this transition point, from numerical studies.

Inspired by ideas from spin glasses, Mezard, Parisi and collaborators have sug-
gested that the hardness of random K-SAT is connected not to the satisfiability
threshold phase transition, but to another phenomenon altogether. For a given for-
mula, the geometry of the space of solutions undergoes a dramatic transformation at
a ratio well below the satisfiability threshold. It is this latter transition that appears
to be the key to understanding what makes some instances of K-SAT hard.
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