SZEGO LIMIT THEOREM ON THE LATTICE
JITENDRIYA SWAIN AND M KRISHNA

ABSTRACT. In this paper, we prove a Szegd type limit theorem on ¢2(Z4).
We consider operators of the form H = pA+ [£[F,0< p <1, 0 < k < 2
on (?(Z%) and 7 the orthogonal projection of ¢2(Z9) on to the space of
eigenfunctions of H with eigenvalues < A\. We take A be a 0th order self
adjoint pseudo-difference operator with symbol a(¢, z) satisfying [A, H|(H +
1)=° bounded for some 0 < o < 1. Then for f € C(R) and (¢,z) € Z¢ x T¢,

m tr fmAm) = lim ! ! Z /f(a(f,x))dac

i
—00 —00 d
A rank 7y A (2m)?vol(H (&, x) < ) o)) <A

assuming one of the limits exists. The limits are invariant under compact
perturbation of A.

1. INTRODUCTION

Let A be the discrete Laplacian (Au)(n) = >_;_, u(n—+14)+2du(n) on 2(Z4)
and V be a positive function on Z? such that V(¢) = |¢|*, 0 < k < 2 for large
|€]. We denote by V' the operator of multiplication by the function V' (£) on
¢*(Z%). Our choice of the normalisation in the definition of A makes it a positive
operator with purely absolutely continuous spectrum in [0, 4d].

We take V' (£) as above with some 0 < k£ <2, 0 < p <1 fixed and consider
(1.1) H=pA+V.

It turns out that H is a pseudo difference operator with symbol H(§,z) =
2030 cos(ay) + V(€) + 2dp where (€, ) € Z x T¢.

The H is self adjoint on the domain {u € (*(Z%) : Vu € (*(Z%)}, since A is
bounded. Tt is easy to see that the resolvent (H — z)~! is compact for some
(hence for all) z € C*, so the spectrum of H is discrete and the multiplicity of
each eigen value is finite.

Let {(A\i, fi)} be the set of eigenvalues and eigen functions of H counted
with multiplicity. Let m, denote the (finite rank ) orthogonal projection of
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(*(Z) on to span{f; : A; < A}. In this paper, we consider a Szego type theorem
associated with H.

The classical theorem of Szegé is stated as follows: Let P, be the orthogonal
projection of L2[0, 27| onto the linear subspace spanned by the functions {e™ :
0<m <mn;0<8 < 2r}. For a positive function f € C'T*[0,2n],a > 0 the
operator T defined by the operator of multiplication by the function f on
L?[0,27] the following result holds

. 1
lim
n—oomn + 1

1 2
logdet P, T¢ P, = —/ log f(0)de.
2 Jo

The above result is well known as Szego limit theorem. We refer to [8, 4] for
details and related results. In fact, Szego limit theorem is a special case of a
more general result proved by Szegd (see [4]) in section 5.3 as follows. Let f
be a bounded, real valued integrable function and {A’}?; be the eigenvalues
of P,T¢P,. Then for any continuous function F' on [inf f,sup f] it was proved

in (see [4], sect. 5.3) that

im =S PO = - /0 " P((0)do.

n—>oon‘1 —27T

1=

2

— 4.7, one can view the above results

Notice that ¢ is an eigenfunction of A =
on L%0,27] as a special cases of Szego limit theorem for the Laplace-Beltrami
operator or more generally one can consider such results for pseudo differential
operators on compact manifolds.

We however consider such a result on £2(Z¢) in this paper. Consider H,
on (?(Z4) as stated earlier. Let A be a bounded, pseudo-difference operator on
{(Z%) with symbol a(¢, z). Then 7y Amy is a finite rank operator and hence its
spectral measure p) can be defined as the sum of d-functions at its eigenvalues.
(In [12], Zelditch considered a Schrodinger operator on R™ of the form H =
—1A+V, where V is a smooth positive function which grows like Vp|z|*, k > 0.)
To establish a Szego type theorem we need to consider ratios of distribution

Gu(A)

functions ¢,, ¢, of measures i, v respectively and compute the limits m

as A — oo.



Such limits are computed using Tauberian theorems where some transforms
of these measures are considered and limits taken for such transforms. While
Zelditch [12] used the Laplace transform (via Karamata’s Tauberian theorem
([11],p-192), Robert [7] suggested the use of Stieltjes transform (via Keldy’s
Tauberian theorem[1]). The application of Keldy’s theorem requires one of the
measures j or v to be absolutely continuous. We don’t have this feature in our
problem, so we use the Tauberian theorem of Grishin-Poedintseva (theorem
8,[5])-

In addition, our proof also requires the use of an improved version of Laptev-
Saffrov [3] type estimate. Their result requires that [A, H] be bounded. If the
symbol of A were a function of only £, then this requirement holds for any
k > 0, however, when the symbol of A is a function of both z,£, then the
commutator picks up a discrete derivative of the function |¢|¥ which may not

be bounded. The improved theorem is following.

Theorem 1.1. Let S be a positive selfadjoint operator and T be a bounded
selfadjoint operator in a Hilbert space. Let wy\ be the spectral projection of
S corresponding to the interval [0, \] and N(X) be the counting eigenvalues

function with

Nc(N) = f;i&)[N(ﬁ) -~ N(B—¢)]

Assume that the commutator T = [S, T satisfies [S, T)(S +1)~7 is bounded for
some 0 < o < 1. Then for any € > 0 and for any function f € C*(K) the
following inequality holds.

tr maf(T)ms — tr £ )| < (2T + C TI2)NL(A) max £,
where K = [—||T||,||T||] and the constant C. depends on € only.
In this paper, in our main Theorem 1.2, we present a Szego type theorem for
H given in the equation 1.1 and A a zeroth order pseudo difference operator.

We need the restriction on k to be in the interval (0,2) owing to our use of the

extended Laptev-Saffrov [2] result.



The main theorem of the paper is the following, for which we set Jx(:
dz/(2m)%) to be the normalized invariant measure on T¢. Let 0 < p <1, 0 <
k < 2 be fixed.

Theorem 1.2. Consider the positive self adjoint operator H as in equation
(1.1) on (3(Z%). Let A be a zeroth order bounded pseudo difference operator such
that [A, H] is relatively bounded with respect to H in the sense [A, H|(H+1)~°

is bounded for some 0 < o < 1. For f € C(R) define px(f), u(f) as in corollary
_tr (f(my\Amy))

3.5. Then the sequence vy\(f) = S E— also has the same limit p(f).
rank
That is
. tr (f(myAmy)) ) . pa(f)
lim ————=2~ =1 = lim =2 =
,\Ego rank ,\Ego vA(f) ,\ggo rank 7y uif)
1 -
= 1 d
Ao vOl(H (€, 7) < N) 2 /f<“( @)z
H(&z)<A

2. PRELIMINARIES

In this section we will introduce some notations which we will be using fre-

quently.

Definition 2.1. let m € R. Then S5 (Z%, T), the space of symbols of order
m relative to (H,\) consisting of those functions a(&,x) which are smooth in
x for all £ € 7% satisfying

m—|v|

|07 A%a(E, )| < Cooym (H(§;2) + |A]) 2

for every x € T o,y € N¢ and € € Z°.

Now we discuss some of the properties of pseudo-difference calculus which is
developed by Ruzhansky and Turunen in [10]. The pseudo-difference operators

are closed under composition.

Theorem 2.2. (Theorem 4.3, [10]) Let P and Q be pseudo difference operators
with symbols p(&,x) € S and q € Sj?. Then PQ is a pseudo difference

operator with symbol r(¢,z) € S7*™2 and

1 0“
T(ga {L‘) ~ Z JA?p(ga x)%q(ﬁ, {L‘)



where A¢ is the forward difference operator in d-dimension.

Consider the pseudo difference operator H + A with symbol (H + \)(&,z) =
2p E;l:l cos z; + |£]F +2dp+ X where H is the discritized Schréedinger operator
and A be a positive real number. Let (H 4+ \)™(&, z) denote the symbol of the
operator (H 4+ )™ (composed m times with itself) by theorem 2.2 . Then we

have

(67

(H M\ (Ex) = Z A + V(&) o (H 4+ N(E. )

— (HE )+ N+ 3 A + N6 ) e (4 V) (E12)

laf=1

WD) gy 5 LB

\Il

(6% H , L
- 1+2dza\2(_1)lavl(7) <‘H<<§,I>1 A>)|2

laj=1 = ~<a

(e — 1)1
< 14 2d——
N A+ gk

By induction we extend the above argument for higher order composition of

the operator H + \ with itself.

Similarly if ¢(¢§,x) = (H (&, z) + A\)™ and p(§,x) = (H(&, z) + N)~™ then by
theorem 2.2 the symbol of the Composition is given by 1 + ro(&,z), where
ro(€,7) = Ya= 1 AZq(E, :c) —p(§,z). Then it can be shown by using
Proposition 3.1 of [10] that

=1 o~ C = 2¢
— A 7 <IN 2

Therefore for large A, we have the following remark.

Remark 2.3. For large A and m € Z" we have

() (HA+XN)™(E ) ~ (H(E 2) + )™ + 0
(i) (H+X2)7(& @) ~ (H(E 2) + 2)7" + O0(A)



We denote p* (€, =) as the pseudo-difference operator associated to the symbol

p(&, ).

By using the above facts, we have the following proposition.

Proposition 2.4. Let H = pA + [£]%,0 < p < 1, k > 0 on {(Z%) and let
H(&, x) be the symbol of H. Let A be a 0th order pseudo-difference operator.

Let m be a positive integer. Then
(0 [tr (H 4+ A)™™) — tr (H(, x) + A)™)"|
[tr ((H(&,x) + A)~™)"]
(i) tr (ACH+X)™) — tr (AH(E, x) + A) ™)
[tr (ACH(E,x) + A)~™)¥]

—0as A — o0

— 0 as A — o0,

Proof. Form remark ;From remark 2.3(ii) we have
q*(8, x)op*(§, ) = I + BY,

where ¢(&,x) = (H(&, x) + Ag;”, p(&,x) = (H(E x) +A)"™ and BY = rg (€, x).
Thus we have ||BY fll2 < X”fHQ for f € S(Z%). So |B¥f|la — 0 as A — oo
and hence [|BY|| — 0 as A — oo.

Since for large A, ¢ (&, z) = (H + \)™, we have
(& x)opP (&) =1T+BY = (H+N"(H+XN)""+DBY
which can be written as
(2.1) P& x)—(H+N)""=(H+N"BY

Now applying trace and dividing by tr ((H 4+ A)™™) both sides we have

tr(pY(§,x)) —tr(H+A)™) _ tr[(H+A)™)BY]

| tr (H4+\)™™m) tr (H+ \)™™)

| <[BX][ =0

as A — oo. This proves (i). For (ii), composing the operator A from the left in
equation 2.1, applying trace and dividing by tr A(H + A\)™™) we have

|tr A(p¥(&,x)) —tr A(H+ X\)™) = |tr [A(H+ X\)~™)BY]
EYNCESVED TG ED)

| <[IBXII =0

as A — oo. O
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Lemma 2.5. Let H({,x) = 2chosxj+|£|k+2dp, 0<p<1,k>0,2;€T
=1
j 1 )

and & € Z%. Define p3(\) = —— / dx with |£]* = & and
(2m) 2 H(g2)< ;

1
wo(A) = / dx with |&¢] = max |&|. Then
N = [ €] = max [&

4500 (N) < 93(A) < poo(N)

for large \.

Proof. Let

72 72
dr = —— dx
(ZW)d Z H(¢,2)<A (ZW)d Z 2p 30 cosay+[E[F+2dp<A

),
= — dx
(27T>d Z \E\S()\—szgzl cos xj—de)%

where (A —2p ijl cos x; —2dp)+ = max(A—2p ijl cosz; —2dp,0). But one

has following relation between the FEuclidean metric and the maximum metric.
(2.2) doo(a,b) < dy(a,b) < Vdda(a,b)

where dy(a,b) is the Euclidean metric and do(a,b) = maxj<;<q|a; — b;|. By
making use of the above relation we have %BOO(O, a) C By(0,a) C Bx(0,a),
where B(0,a) and B (0, a) is the disk with centre at origin and radius @ with
Euclidean metric and maximum metric respectively.

.From the above facts we have

d—s / 1 / 1 /
— de < —— dz < dz.
(2m)4 Z s (0,0) (2m)d Z Ba(0,0) (2m)4 Z Beoo (0,a)

Hence the lemma. O

The above lemma tells us that up to a multiplicative constant Euclidean met-
ric and maximum metric are equivalent. Hereafter we will work on maximum
metric for convenience.

Before going in to Szeg6 theorem, we will introduce few definitions and the-

orems which can be found in [5].



Definition 2.6. Let [ be a positive function on the half line [0,00). Let S
denote the set of numbers o for which there exist numbers M and R such that
fltr) < Mt™ fort > 1 and r > R. Then of) = infS is called The upper
Matushevskaya index of f.

Let G denote the set of numbers ¢ for which there exist numbers M and R
such that f(tr) > Mt¢ fort > 1 and r > R. Then B3(f) = supG is called The

lower Matushevskaya index of f.

Theorem 2.7. ([5], Theorem 2) Let m > —1. Assume that ¢ is positive mea-
surable function on [0, 00) that does not vanish identically in any neighbourhood
of infinity. Let ®(r) = /000 @dgp(t) Then the functions @ and ® have
same growth at infinity if and only if B(p) > —1 and a(p) < m.

Definition 2.8. A function ¢ is said to be multiplicatively continuous at in-

finity if it satisfies

lim Prr) =1 and lim Plrr) =
=% o(r) 1 o(r)

Theorem 2.9. ([5], Theorem 8) Let ¢ and 1 be positive functions on [0, 00)

satisfying the following conditions:

(1) the functions ¢ and ¥ do not vanish identically in any neighbourhood
of infinity;

(2) the function ¢ is multiplicatively continuous at infinity and B(p) > —1;

(3) the function v is increasing;

(4) at least one of the inequalities a(p) < m and a(p) < m holds, where
m>—1;

(5) the functions

o) = | ) T Ede) and V() = Y

o T
are finite and lim (r) =1 then lim ¢(r) = 1.
R B (r) R )



d
Lemma 2.10. For £ € Z¢, let [£] = 11r<1a<>§|£z\ Let H({,x) = 2chosxj +

I€)F +2dp, 0 < p <1, k >0, x; € T and & € Z%. Define p(\) =
1

— dx. Then @ satisfies the following conditions:
(2m) 2 H(E.2)<A

)
(1) the function ¢ do not vanish identically in any neighbourhood of infinity;
(2) the function ¢ is multiplicatively continuous at infinity and B(p) > 1;
(3) a(p) <m, where m > —1.

Proof. By imitating first few steps of lemma 2.5 leads

1
= |  do
(27T>d \E\S()\—szgzl Cosxj—de)fﬁ
d
1 1 d
= 2ny /Td(Q[()\ —p E cosz; — 2dp)k] + 1)%dx

j=1

d

1 1

= (27T)d/ 2N —p E cosx; — 2dp)%
Td P

d
—2{(A = 'OZ cosT; — de)_%} +1)%dx
j=1
Ak p d 2dp
- 201~ =P
(27T)d /’]de< ( \ p COS T h\ )

+ ==

d
1 1
—X{()\ —p g cosxj — 2dp)k} + — )%,
i=1

>~
== =

where [p] denote the greatest integer function and {p} is the fractional part of
p.

Since the integrand is bounded for large A and the integration is over a
compact set, it can be realised that ¢(\) behaves like constant times Af. We
need to show B(p) > 1 and a(p) < m, where m > —1. It is enough to show ¢
and ® have same growth at infinity. A straight forward computation gives

. O(r) e uk
1 = —du.
A o0 C/o Ao ™




e

u
We notice that ————— converges if m > % + 1. So if we choose m = % +1,
(1 + )m+1

U

P
we have 0 < lim (r)
r—oo (1)

< 00. Thus ¢ and ® have same growth at infinity. [

1
Corollary 2.11. Let 1(\) = Z/\jg/\é)\j and p(\) = (27r)dz/( | dx.
H(&,x)<A

Then lim v =1

A—oo p(A)
Proof. By lemma 2.10, it follows that ¢()) satisfies all the assumptions of
theorem 2.9. Also W(A\) = tr((H+ A\)™) < oo and ®(A) = tr ([(H(&,x) +
A)7™M]Y) < oo. It follows from proposition 2.4 (ii) that rllrgo % = 1 implying
u)

im ——~=1 ]
A—oo p(A)

3. PROOF OF MAIN THEOREM

Our aim in this section is to prove the averaging theorem and then deduce
the Szegd Theorem from it. Before proving the averaging theorem, we need to

prove the following lemma.

Lemma 3.1. Let A be a bounded, positive self adjoint operator and H be pos-
itwe self adjoint operator with discrete spectrum. Let Ey(-) be the spectral

measure of H. Then

(i) tr (En(-)A)
(ii) tr (Ex(-))

are o-finite measures.

Proof. The second item is obvious, the first item follows by writing tr (Eg(-)A)
as tr (A%EH(-)A%) using the properties of trace and the positivity of A. O

10



Lemma 3.2. Let a(§, ) be a non-negative bounded function and A the associ-
ated Oth order pseudo-difference operator. Let H be the pseudo difference oper-
ator with symbol H(&, x) = 2p Z;l:l coszj+ |EF+2dp, 0<p<1, 0< k<2
Then

(i) o(A) =X f{(g7$);H(g,x)§>\} a(§, x) dx
(i) v = 2 Jemrmem<n 9@

are distribution functions of o finite positive Borel measures.

Proof. We note that both ¢ and ¢ are non-decreasing positive functions on
[0,00) with ¢(0) = 1(0) = 0 and hence there are o-finite measures with ¢ and

1 as distribution functions. O

Now we are in a position to prove the averaging theorem.

Theorem 3.3. Let A be a bounded pseudo difference operator with symbol
a(&,x) and H the operator given in equation (1.1) with k fized. Suppose

tr (A(H + A)™)
11m
A—oo tr (H + )\)_m

exists (and nonzero) then the following limits exist and assumes the same value:

. . tr (7T)\A7T)\)
lim —— A
(i) Asoo rank 75\

Efoa:<>\ ( )J 5 dx

(i) lim where de = —.

oo vol({(€,2) : H(E,2) < A}) 2m

Proof. We first note that since a(£,x) is a bounded function, we can add
a constant ¢ so that a(¢,z) + ¢ is positive and since the limits in items (i)
(respectively (ii)) exist iff the corresponding limits exit with A replaced by
A+ ¢ (respectively a(&, x) + ¢), we can take i without loss of generality a(¢, x)
to be a positive function and hence A to be a positive self adjoint bounded

pseudo difference operator in the argument below.

11



tr (A(H+A) ™)

oy exists (I # 0). By writing the spectral

Assume that limy_,

theorem for H and using lemma 3.1, proposition 2.4 we have

tr (A(H 4+ X)™™) tr (A2(H + X\)"™A?)

li = i
Ao tr (H+ )™ Ao tr (H+ )™
00 1 1 1
fo 7@ n )\)md(tr (A2Eg(x)Az2)
= )\lim T =1
Then by using theorem 2.9 we have
tr (myAmy)

(3.1) lim

Again using proposition 2.4 we have

g TAE TN g o A7) )]
A—oo T (H+ )\)_m A—oo tr [(H<§,£L’) 4 )\)—m]w
a(§, z)

— lim >/ (H(f,$1) + )™

> e e

)+ A"

0 1 1 — oyl
-~ IN maoH (u)d(moH 1) (u)

A—00 oo 1 _ ]
I TG RI)

dx

where 7 is the product measure of counting measure on Z? and the normalised

invariant measure on T?. Again by using theorem 2.9 we have

(32) Iim E‘[H(§7$)S)\ a(f,x)dx

=1.
Amoo Y fH(g,x)g)\ dx

By using equation (3.1) and (3.2), one has

lim tr (71')\1471')\) 1
A—00 Z fH(&,x)S)\ a(f, l‘)dl‘ )

12



Counsider

. tT(?T)\Aﬂ')\)
lim ——=~
A—oo rank my

— lim tr (myAmy) ZIH(&m)S/\a(ﬁ,x)dx rank 7y
A=o0 3 fH Ea)<n @ a(§, z)dz rank my > fH(f,x)S)\ dx
iy Zlgpmte i
A—00 ZfH({ @
~ lim 2 Juea<n @& z)dz .
L Sl 2)  HE ) <]

Corollary 3.4. Let P(X) be a polynomial on R. Then

. tr myP(A)my . /
1 = lim
rooo  rank my 7o\ A—oo vOl(H f ) < A) Z

H(&x)<A

Proof. Notice that by the composition rule, P(A) is a pseudo difference oper-
ator with symbol P(a(¢, ) +r_1(€,2),r_, € Sy'. Since any r € Sy satisfies
Ir(&,2)| < C(H(E,z)+\)"2, it is clear that r(¢, z) vanishes for large A. There-
fore we have

. tr 7T)\P(A)7T)\ . /
lim —————— =1
Ao rank my Ao vol(H Z

= H(gx )<A

Corollary 3.5. Consider f € C(R) and let px(f) = 325 <\ (f(A)f;, f;). Then
pa(f)

has a p(f) as A — oo, where
rank my

1 :
uf) = Jim e =) > /f(a(&x))dx-

Proof. We note that rank(my) = tr(my). The eigen-values of m\Am, are

bounded by |[|A]| for all A. Also the values of a({,x) are bounded by some

13



constant C' (say). Therefore any continuous function f € C(R) can be approx-

imated uniformly on I = {|z| < max(||A||,C)} by a polynomial. Then
. ,u,\(f) . ijgA<f(A)fja f])
lim ——— lim

A—oo rank )y A—o0 rank 7y
L DB
T pA—oo rank ™
- l)}inoo UOl( >~ Z /
H(§ 2)<A
= 1
)\1—>nc}o1]0l< fa: )< \) ;Q/f alé,))d

We now prove theorem 1.1 before taking up the proof of the main theorem.
Proof of Theorem 1.1: The proof is almost identical to that of the Laptev-
Saffrov proof in [3] with mild modification to accommodate for the relative
boundedness of T. We shall indicate the main steps of the proof.

Assume that [S,T] is relatively bounded with respect to S . To prove the
above result it is sufficient to estimate ||(I — m\)T' )| gs, where || - ||z denotes

the Hilbert-Schmidt norm. Since

(I = m)Tmallfs < 2011 — ma) Tra—ellFrg + (I — )T (mx — ma—ell )
and
(I — ma)T(mx — ma—ellms < [IT]PNe(N),

we need to estimate |[(I — m\)T'7r_¢| s only.

So by definition

I =) Tmllfs = Y > KT, f)l®

A >ANj<A—e

Since
(Tf, fi) = M= X)) 7 5 + 1)(T(S + 1) f, fi),

where T = [T, S], we have,

14



I =m)Tm-cllis = > > WS fol

A=A A j<A—e
= S 0w = A + DPIRE(S + D7 AP
Ae>A N <A—e
< Z Z (e = A) [ = A5)%
ko Aj<A—e
FO+ DI + 1) F, )l
< TS+ DD 1= M) A=A+ (1))
Aj<A—e
B 5 oo A—e 1 (ﬁ+1)20
= TS +DF [ s + e gE Vo)
<

K* ke 20
. 1 (5 +1)
—a (|2 2
HT(S"i_[) ” N%<)‘>Z |)\_ﬁ|2(1—a)+ |)\_ﬁ|2
k=0 2 2

where A—5 > K* > A—e¢. The sum in the right hand side converges if 0 < o <1
and is independent of \.

Proof of Theorem 1.2 : We prove the theorem for the case p = 1, the other
cases are similar. Assume that the commutator [A, H]| is relatively bounded
with respect to H. Take S to be the discritized Schrodinger operator and T
to be the Oth order bounded selfadjoint pseudo difference operator. To prove
the Szego theorem we make use of theorem 1.1 and therefore we only have
% — 0 as A — oo. Notice that N(3) = tr Py<g, where
Py<g is the projection of ¢(Z%) onto {u € Z* : (Hu,u)za < Bulz.}. We

to show that

show that PHSIQ < Pvglg and PPSB,E > Pvglg,éld,e. To show PH§,6’ < PV§,6’
enough to show Hg := Py<gl®(Z?) C Py<sl*(Z) := Hs. Let u € Hz. Then
(Vu,uyza < (Hu,u)za < Bllul|2,. So V € Hy. Similarly Ppeg_c > Pyes_ade

can be shown.

15



Counsider

tr (Pucs — Pucso) tr (Vicp) = tr (Pvepaa—c)
rank (7)) - rank (7))
_ B (B-dd—o)i
- rank (7))
_ BF— (B —4d—e)f
= v

Taking supremum over all 3 less or equal to A and allowing A\ — oo we have

Ne(A)

— 0 as A — 0.
rank 7y

Remark 3.6. The above limits are the same if A is replaced by A+ B for any

compact operator B on (*(Z4).

tr (my A"
Proof. To prove the above result, enough to show lim)_, ., M =

tr (71')\)
t A+B)"
! (W)‘E (+ ) )"m) for any compact operator B on ¢?(Z%). Notice that
T (7)

(A+ B)" = A"+ terms with factor APB" P or BPA" P where p € {1,2--- ,n}.

lim A—00

Since the class of compact operators form a two sided ideal of the class of

bounded operators (A + B)" = A"+ a compact operator. We show that for

tr (T(H+N)™™) 0
(e DN

Since T is a compact operator, for given ¢ > 0 there exist a finite rank

any compact operator T, limy_,

operator T), such that ||T,, — T'|| < e for n > Ny. Consider

tr (TH+N)™)  tr (Ta(H+XN)™)  tr (T —-Ty)(H+X)™™)
tr (H+X)™™)  tr (H+N)™) tr (H+\)m)
tr (Tu(H+A)™™)
tr (H+ X))

+ T =Tl

Since T, is a finite rank operator, without loss of generality we show
tr (To(H+A)™)
im
A—oo  tr ((H + )\)—m)
one operator. Therefore

= 0 for a rank one operator. Assume that 7;, is a rank

r (Tu(H +0)™) = (H+ A)™F, ) = /S . ﬁduﬁf(x) < al®)
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S0
tr (TH+X)™™) < C 1
tr (H+FA)™™) = " Amtr (H+A)™)
Afm
1
AT
1
;9 (A +A)™

c— A" _opy,

1

A<

= C

1€EN

IA

C

IA

Therefore limy_, o % = limy oo %, where A = A+ B. Now

applying theorem lemma 3.1, proposition 2.4 and theorem 2.9 individually to

tr (myAhmy) _ tr (ma(A) ) 0
tr (my) Ao )

both the limits, we have limy_, tr ()
Example 3.7. Let V(£) be a bounded function on Z%. Let A be the operator
of multiplication by the function V(€) on (2(Z%) and H = pA + |£¥,0 < p <
1, k> 0 with A defined as in the equation 1.1. Then it is clear that H (being
a sum of two positive operators) is a positive operator and a simple estimate
of the resolvent shows that it has purely discrete spectrum.

The commutator [A, H| = [A, V] is bounded and hence also [A, H|(H +1)°
for any o > 0. Therefore in this case the conclusions of theorems 1.1 and 1.2

are valid.

Example 3.8. Let V and A be defined as in the previous example. Let A =
A+Vand H = pA+|¢Ffor 0 < p <1, 0<k <2 Then the commutator
[A, H] = [A, pA] + [A,|€|*] turns out to be [pA, [£]*] up to an addition of a
bounded operator. This term behaves like C|¢|*~1. Therefore [A, H|(H+1)7° ~
|E[F=Y(H + I)~°+ a bounded operator.

But it is a simple estimate to see that |(|*"1(H + I)7° is bounded and
|E[F=1(H + I)7° is bounded iff k£ € (0, 2).
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Example 3.9. Let V' be defined as before. Let A = P(A)+V and H =
pA+|EFfor 0 < p <1, 0 < k < 2, where P(A) is a real polynomial in A. Then

by using the previous argument we have [A, H|(H + 1)~ ~ |{[*Y(H + )=+

a bounded operator iff k € (0, 2).

11.
12.
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