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Abstract. In this paper, we prove a Szegö type limit theorem on ℓ2(Zd).
We consider operators of the form H = ρ∆ + |ξ|k, 0 ≤ ρ ≤ 1, 0 < k < 2
on ℓ2(Zd) and πλ the orthogonal projection of ℓ2(Zd) on to the space of
eigenfunctions of H with eigenvalues ≤ λ. We take A be a 0th order self
adjoint pseudo-difference operator with symbol a(ξ, x) satisfying [A, H ](H +
1)−σ bounded for some 0 < σ < 1. Then for f ∈ C(R) and (ξ, x) ∈ Z

d × T
d,

lim
λ→∞

tr f(πλAπλ)

rank πλ

= lim
λ→∞

1

(2π)d

1

vol(H(ξ, x) ≤ λ)

∑

(ξ,x):H(ξ,x)≤λ

∫

f(a(ξ, x))dx

assuming one of the limits exists. The limits are invariant under compact
perturbation of A.

1. Introduction

Let ∆ be the discrete Laplacian (∆u)(n) =
∑

|i|=1 u(n+i)+2du(n) on ℓ2(Zd)

and V be a positive function on Z
d such that V (ξ) = |ξ|k, 0 < k < 2 for large

|ξ|. We denote by V the operator of multiplication by the function V (ξ) on

ℓ2(Zd). Our choice of the normalisation in the definition of ∆ makes it a positive

operator with purely absolutely continuous spectrum in [0, 4d].

We take V (ξ) as above with some 0 < k < 2, 0 ≤ ρ ≤ 1 fixed and consider

(1.1) H = ρ∆ + V.

It turns out that H is a pseudo difference operator with symbol H(ξ, x) =

2ρ
∑d

k=1 cos(xk) + V (ξ) + 2dρ where (ξ, x) ∈ Zd × Td.

The H is self adjoint on the domain {u ∈ ℓ2(Zd) : V u ∈ ℓ2(Zd)}, since ∆ is

bounded. It is easy to see that the resolvent (H − z)−1 is compact for some

(hence for all) z ∈ C+, so the spectrum of H is discrete and the multiplicity of

each eigen value is finite.

Let {(λi, fi)} be the set of eigenvalues and eigen functions of H counted

with multiplicity. Let πλ denote the (finite rank ) orthogonal projection of
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ℓ2(Z) on to span{fj : λj ≤ λ}. In this paper, we consider a Szegö type theorem

associated with H .

The classical theorem of Szegö is stated as follows: Let Pn be the orthogonal

projection of L2[0, 2π] onto the linear subspace spanned by the functions {eimθ :

0 ≤ m ≤ n; 0 ≤ θ < 2π}. For a positive function f ∈ C1+α[0, 2π], α > 0 the

operator Tf defined by the operator of multiplication by the function f on

L2[0, 2π] the following result holds

lim
n→∞

1

n+ 1
log detPnTfPn =

1

2π

∫ 2π

0

log f(θ)dθ.

The above result is well known as Szegö limit theorem. We refer to [8, 4] for

details and related results. In fact, Szegö limit theorem is a special case of a

more general result proved by Szegö (see [4]) in section 5.3 as follows. Let f

be a bounded, real valued integrable function and {λn
i }n

i=1 be the eigenvalues

of PnTfPn. Then for any continuous function F on [inf f, sup f ] it was proved

in (see [4], sect. 5.3) that

lim
n→∞

1

n

n
∑

i=1

F (λn
i ) =

1

2π

∫ 2π

0

F (f(θ))dθ.

Notice that eimθ is an eigenfunction of ∆ = − d2

dx2 , one can view the above results

on L2[0, 2π] as a special cases of Szegö limit theorem for the Laplace-Beltrami

operator or more generally one can consider such results for pseudo differential

operators on compact manifolds.

We however consider such a result on ℓ2(Zd) in this paper. Consider H, πλ

on ℓ2(Zd) as stated earlier. Let A be a bounded, pseudo-difference operator on

ℓ(Zd) with symbol a(ξ, x). Then πλAπλ is a finite rank operator and hence its

spectral measure µλ can be defined as the sum of δ-functions at its eigenvalues.

(In [12], Zelditch considered a Schrödinger operator on Rn of the form H =

−1
2
∆+V , where V is a smooth positive function which grows like V0|x|k, k > 0.)

To establish a Szegö type theorem we need to consider ratios of distribution

functions φµ, φν of measures µ, ν respectively and compute the limits
φµ(λ)

φν(λ)
as λ→ ∞.

2



Such limits are computed using Tauberian theorems where some transforms

of these measures are considered and limits taken for such transforms. While

Zelditch [12] used the Laplace transform (via Karamata’s Tauberian theorem

([11],p-192), Robert [7] suggested the use of Stieltjes transform (via Keldy’s

Tauberian theorem[1]). The application of Keldy’s theorem requires one of the

measures µ or ν to be absolutely continuous. We don’t have this feature in our

problem, so we use the Tauberian theorem of Grishin-Poedintseva (theorem

8,[5]).

In addition, our proof also requires the use of an improved version of Laptev-

Saffrov [3] type estimate. Their result requires that [A,H ] be bounded. If the

symbol of A were a function of only ξ, then this requirement holds for any

k > 0, however, when the symbol of A is a function of both x, ξ, then the

commutator picks up a discrete derivative of the function |ξ|k which may not

be bounded. The improved theorem is following.

Theorem 1.1. Let S be a positive selfadjoint operator and T be a bounded

selfadjoint operator in a Hilbert space. Let πλ be the spectral projection of

S corresponding to the interval [0, λ] and N(λ) be the counting eigenvalues

function with

Nǫ(λ) = sup
β≤λ

[N(β) −N(β − ǫ)].

Assume that the commutator T̃ = [S, T ] satisfies [S, T ](S+ I)−σ is bounded for

some 0 < σ < 1. Then for any ǫ > 0 and for any function f ∈ C2(K) the

following inequality holds.

|tr πλf(T)πλ − tr f(πλTπλ)| ≤ (2‖T‖2 + Cǫ‖T̃‖2)Nǫ(λ) max
K

|f ′′|,

where K = [−‖T‖, ‖T‖] and the constant Cǫ depends on ǫ only.

In this paper, in our main Theorem 1.2, we present a Szegö type theorem for

H given in the equation 1.1 and A a zeroth order pseudo difference operator.

We need the restriction on k to be in the interval (0, 2) owing to our use of the

extended Laptev-Saffrov [2] result.
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The main theorem of the paper is the following, for which we set d̃x(=

dx/(2π)d) to be the normalized invariant measure on Td. Let 0 ≤ ρ ≤ 1, 0 <

k < 2 be fixed.

Theorem 1.2. Consider the positive self adjoint operator H as in equation

(1.1) on ℓ2(Zd). Let A be a zeroth order bounded pseudo difference operator such

that [A,H ] is relatively bounded with respect to H in the sense [A,H ](H+ I)−σ

is bounded for some 0 < σ < 1. For f ∈ C(R) define µλ(f), µ(f) as in corollary

3.5. Then the sequence νλ(f) =
tr (f(πλAπλ))

rank πλ

also has the same limit µ(f).

That is

lim
λ→∞

tr (f(πλAπλ))

rank πλ

= lim
λ→∞

νλ(f) = lim
λ→∞

µλ(f)

rank πλ

= µ(f)

= lim
λ→∞

1

vol(H(ξ, x) ≤ λ)

∑

H(ξ,x)≤λ

∫

f(a(ξ, x))d̃x.

2. Preliminaries

In this section we will introduce some notations which we will be using fre-

quently.

Definition 2.1. let m ∈ R. Then Sm
H (Zd,Td), the space of symbols of order

m relative to (H, λ) consisting of those functions a(ξ, x) which are smooth in

x for all ξ ∈ Zd satisfying

|∂α
x ∆γa(ξ, x)| ≤ Caαγm(H(ξ, x) + |λ|)m−|γ|

2

for every x ∈ Td, α, γ ∈ Nd
0 and ξ ∈ Zd.

Now we discuss some of the properties of pseudo-difference calculus which is

developed by Ruzhansky and Turunen in [10]. The pseudo-difference operators

are closed under composition.

Theorem 2.2. (Theorem 4.3, [10]) Let P and Q be pseudo difference operators

with symbols p(ξ, x) ∈ Sm1

H and q ∈ Sm2

H . Then PQ is a pseudo difference

operator with symbol r(ξ, x) ∈ Sm1+m2

H and

r(ξ, x) ∼
∑

α

1

α!
∆α

ξ p(ξ, x)
∂α

∂xα
q(ξ, x)
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where ∆ξ is the forward difference operator in d-dimension.

Consider the pseudo difference operator H + λ with symbol (H + λ)(ξ, x) =

2ρ
∑d

j=1 cosxj + |ξ|k +2dρ+λ where H is the discritized Schröedinger operator

and λ be a positive real number. Let (H + λ)m(ξ, x) denote the symbol of the

operator (H + λ)m (composed m times with itself) by theorem 2.2 . Then we

have

(H + λ)2(ξ, x) =
∑

α

1

α!
∆α

ξ (H + λ)(ξ, x)
∂α

∂xα
(H + λ)(ξ, x)

= (H(ξ, x) + λ)2 +

∞
∑

|α|=1

1

α!
∆α

ξ (H + λ)(ξ, x)
∂α

∂xα
(H + λ)(ξ, x)

But

(H + λ)2(ξ, x)

(H(ξ, x) + λ)2
≤ 1 + 2d

∞
∑

|α|=1

1

α!

|∆α
ξ (H + λ)(ξ, x)|

(H(ξ, x) + λ)2

= 1 + 2d

∞
∑

|α|=1

1

α!
|
∑

γ≤α

(−1)|α−γ|
(

α

γ

) |H(ξ + γ, x)|
(H(ξ, x) + λ)2

≤ 1 + 2d
(e2 − 1)d

λ+ |ξ|k

By induction we extend the above argument for higher order composition of

the operator H + λ with itself.

Similarly if q(ξ, x) = (H(ξ, x) + λ)m and p(ξ, x) = (H(ξ, x) + λ)−m then by

theorem 2.2 the symbol of the composition is given by 1 + r0(ξ, x), where

r0(ξ, x) =
∑∞

|α|=1

1

α!
∆α

ξ q(ξ, x)
∂α

∂xα
p(ξ, x). Then it can be shown by using

Proposition 3.1 of [10] that

|
∞
∑

|α|=1

1

α!
∆α

ξ q(ξ, x)
∂α

∂xα
p(ξ, x)| ≤ C

λ

∞
∑

|α|=1

2α

α!
.

Therefore for large λ, we have the following remark.

Remark 2.3. For large λ and m ∈ Z+ we have

(i) (H + λ)m(ξ, x) ∼ (H(ξ, x) + λ)m +O(λ−1)

(ii) (H + λ)−m(ξ, x) ∼ (H(ξ, x) + λ)−m +O(λ−1)
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We denote pw(ξ, x) as the pseudo-difference operator associated to the symbol

p(ξ, x).

By using the above facts, we have the following proposition.

Proposition 2.4. Let H = ρ∆ + |ξ|k, 0 ≤ ρ ≤ 1, k > 0 on ℓ(Zd) and let

H(ξ, x) be the symbol of H. Let A be a 0th order pseudo-difference operator.

Let m be a positive integer. Then

(i)
|tr ((H + λ)−m) − tr ((H(ξ, x) + λ)−m)w|

|tr ((H(ξ, x) + λ)−m)w| → 0 as λ→ ∞

(ii)
|tr (A(H + λ)−m) − tr (A(H(ξ, x) + λ)−m)w|

|tr (A(H(ξ, x) + λ)−m)w| → 0 as λ→ ∞,

Proof. Form remark ¿From remark 2.3(ii) we have

qw(ξ, x)opw(ξ, x) = I +Bw
λ ,

where q(ξ, x) = (H(ξ, x) + λ)m, p(ξ, x) = (H(ξ, x) + λ)−m and Bw
λ = rw

0 (ξ, x).

Thus we have ‖Bw
λ f‖2 ≤ C

λ
‖f‖2 for f ∈ S(Zd). So ‖Bw

λ f‖2 → 0 as λ → ∞
and hence ‖Bw

λ ‖ → 0 as λ→ ∞.

Since for large λ, qw(ξ, x) = (H + λ)m, we have

qw(ξ, x)opw(ξ, x) = I +Bw
λ = (H + λ)m(H + λ)−m +Bw

λ

which can be written as

(2.1) pw(ξ, x) − (H + λ)−m = (H + λ)−mBw
λ

Now applying trace and dividing by tr ((H + λ)−m) both sides we have

|tr (pw(ξ, x)) − tr (H + λ)−m)

tr (H + λ)−m)
| = |tr [(H + λ)−m)Bw

λ ]

tr (H + λ)−m)
| ≤ ‖Bw

λ ‖ → 0

as λ→ ∞. This proves (i). For (ii), composing the operator A from the left in

equation 2.1, applying trace and dividing by trA(H + λ)−m) we have

|tr A(pw(ξ, x)) − tr A(H + λ)−m)

tr A(H + λ)−m)
| = |tr [A(H + λ)−m)Bw

λ ]

trA(H + λ)−m)
| ≤ ‖Bw

λ ‖ → 0

as λ→ ∞. �
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Lemma 2.5. Let H(ξ, x) = 2ρ
d
∑

j=1

cosxj +|ξ|k+2dρ, 0 ≤ ρ ≤ 1, k > 0, xj ∈ T

and ξ ∈ Zd. Define ϕ2(λ) =
1

(2π)d

∑

∫

H(ξ,x)≤λ

dx with |ξ|2 =
d
∑

i=1

ξ2
i and

ϕ∞(λ) =
1

(2π)d

∑

∫

H(ξ,x)≤λ

dx with |ξ| = max
1≤i≤d

|ξi|. Then

d−
d
2ϕ∞(λ) ≤ ϕ2(λ) ≤ ϕ∞(λ)

for large λ.

Proof. Let

1

(2π)d

∑

∫

H(ξ,x)≤λ

dx =
1

(2π)d

∑

∫

2ρ
Pd

j=1 cos xj+|ξ|k+2dρ≤λ

dx

=
1

(2π)d

∑

∫

|ξ|≤(λ−2ρ
Pd

j=1
cos xj−2dρ)

1
k
+

dx

where (λ−2ρ
∑d

j=1 cosxj −2dρ)+ = max(λ−2ρ
∑d

j=1 cosxj −2dρ, 0). But one

has following relation between the Euclidean metric and the maximum metric.

(2.2) d∞(a, b) ≤ d2(a, b) ≤
√
dd∞(a, b)

where d2(a, b) is the Euclidean metric and d∞(a, b) = max1≤i≤d |ai − bi|. By

making use of the above relation we have 1√
d
B∞(0, a) ⊂ B2(0, a) ⊂ B∞(0, a),

where B2(0, a) and B∞(0, a) is the disk with centre at origin and radius a with

Euclidean metric and maximum metric respectively.

¿From the above facts we have

d−
d
2

(2π)d

∑

∫

B∞(0,a)

dx ≤ 1

(2π)d

∑

∫

B2(0,a)

dx ≤ 1

(2π)d

∑

∫

B∞(0,a)

dx.

Hence the lemma. �

The above lemma tells us that up to a multiplicative constant Euclidean met-

ric and maximum metric are equivalent. Hereafter we will work on maximum

metric for convenience.

Before going in to Szegö theorem, we will introduce few definitions and the-

orems which can be found in [5].
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Definition 2.6. Let f be a positive function on the half line [0,∞). Let S

denote the set of numbers α for which there exist numbers M and R such that

f(tr) ≤ Mtα for t ≥ 1 and r ≥ R. Then α(f) = inf S is called The upper

Matushevskaya index of f .

Let G denote the set of numbers ζ for which there exist numbers M and R

such that f(tr) ≥ Mtζ for t ≥ 1 and r ≥ R. Then β(f) = supG is called The

lower Matushevskaya index of f .

Theorem 2.7. ([5],Theorem 2) Let m > −1. Assume that ϕ is positive mea-

surable function on [0,∞) that does not vanish identically in any neighbourhood

of infinity. Let Φ(r) =

∫ ∞

0

1

(1 + t
x
)m
dϕ(t). Then the functions ϕ and Φ have

same growth at infinity if and only if β(ϕ) > −1 and α(ϕ) < m.

Definition 2.8. A function ϕ is said to be multiplicatively continuous at in-

finity if it satisfies

lim
r→∞
τ→1

ϕ(τr)

ϕ(r)
= 1 and lim

τ→1
r→∞

ϕ(τr)

ϕ(r)
= 1.

Theorem 2.9. ([5],Theorem 8) Let ϕ and ψ be positive functions on [0,∞)

satisfying the following conditions:

(1) the functions ϕ and ψ do not vanish identically in any neighbourhood

of infinity;

(2) the function ϕ is multiplicatively continuous at infinity and β(ϕ) > −1;

(3) the function ψ is increasing;

(4) at least one of the inequalities α(ϕ) < m and α(φ) < m holds, where

m > −1;

(5) the functions

Φ(r) =

∫ ∞

0

1

(1 + u
r
)m
dϕ(u) and Ψ(r) =

∫ ∞

0

1

(1 + u
r
)m
dψ(u)

are finite and lim
r→∞

Ψ(r)

Φ(r)
= 1 then lim

r→∞

ψ(r)

ϕ(r)
= 1.
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Lemma 2.10. For ξ ∈ Zd, let |ξ| = max
1≤i≤d

|ξi|. Let H(ξ, x) = 2ρ
d
∑

j=1

cos xj +

|ξ|k + 2dρ, 0 ≤ ρ ≤ 1, k > 0, xj ∈ T and ξ ∈ Zd. Define ϕ(λ) =
1

(2π)d

∑

∫

H(ξ,x)≤λ

dx. Then ϕ satisfies the following conditions:

(1) the function ϕ do not vanish identically in any neighbourhood of infinity;

(2) the function ϕ is multiplicatively continuous at infinity and β(ϕ) > 1;

(3) α(ϕ) < m, where m > −1.

Proof. By imitating first few steps of lemma 2.5 leads

ϕ(λ) =
1

(2π)d

∑

∫

|ξ|≤(λ−2ρ
Pd

j=1
cos xj−2dρ)

1
k
+

dx

=
1

(2π)d

∫

Td

(2[(λ− ρ
d
∑

j=1

cosxj − 2dρ)
1

k
+] + 1)ddx

=
1

(2π)d

∫

Td

(2(λ− ρ
d
∑

j=1

cosxj − 2dρ)
1

k
+

−2{(λ− ρ

d
∑

j=1

cosxj − 2dρ)
1

k
+} + 1)ddx

=
λ

d
k

(2π)d

∫

Td

(2(1 − ρ

λ

d
∑

j=1

cosxj −
2dρ

λ
)

1

k

+

−1

λ
{(λ− ρ

d
∑

j=1

cosxj − 2dρ)
1

k
+} +

1

λ
1

k

)ddx,

where [p] denote the greatest integer function and {p} is the fractional part of

p.

Since the integrand is bounded for large λ and the integration is over a

compact set, it can be realised that ϕ(λ) behaves like constant times λ
d
k . We

need to show β(ϕ) > 1 and α(ϕ) < m, where m > −1. It is enough to show ϕ

and Φ have same growth at infinity. A straight forward computation gives

lim
r→∞

Φ(r)

ϕ(r)
= C

∫ ∞

0

u
d
k

(1 + u)m+1
du.
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We notice that
u

d
k

(1 + u)m+1
converges if m ≥ d

k
+ 1. So if we choose m = d

k
+ 1,

we have 0 < lim
r→∞

Φ(r)

ϕ(r)
<∞. Thus ϕ and Φ have same growth at infinity. �

Corollary 2.11. Let ψ(λ) =
∑

λj≤λ δλj
and ϕ(λ) =

1

(2π)d

∑

∫

H(ξ,x)≤λ

dx.

Then lim
λ→∞

ψ(λ)

ϕ(λ)
= 1

Proof. By lemma 2.10, it follows that ϕ(λ) satisfies all the assumptions of

theorem 2.9. Also Ψ(λ) = tr ((H + λ)−m) < ∞ and Φ(λ) = tr ([(H(ξ, x) +

λ)−m)]w) <∞. It follows from proposition 2.4 (ii) that lim
r→∞

Ψ(r)

Φ(r)
= 1 implying

lim
λ→∞

ψ(λ)

ϕ(λ)
= 1 �

3. Proof of Main Theorem

Our aim in this section is to prove the averaging theorem and then deduce

the Szegö Theorem from it. Before proving the averaging theorem, we need to

prove the following lemma.

Lemma 3.1. Let A be a bounded, positive self adjoint operator and H be pos-

itive self adjoint operator with discrete spectrum. Let EH(·) be the spectral

measure of H. Then

(i) tr (EH(·)A)

(ii) tr (EH(·))

are σ-finite measures.

Proof. The second item is obvious, the first item follows by writing tr (EH(·)A)

as tr (A
1

2 EH(·)A 1

2 ) using the properties of trace and the positivity of A. �
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Lemma 3.2. Let a(ξ, x) be a non-negative bounded function and A the associ-

ated 0th order pseudo-difference operator. Let H be the pseudo difference oper-

ator with symbol H(ξ, x) = 2ρ
∑d

j=1 cosxj + |ξ|k + 2dρ, 0 ≤ ρ ≤ 1, 0 < k < 2.

Then

(i) φ(λ) =
∑
∫

{(ξ,x):H(ξ,x)≤λ} a(ξ, x) dx

(ii) ψ(λ) =
∑
∫

{(ξ,x):H(ξ,x)≤λ} dx

are distribution functions of σ finite positive Borel measures.

Proof. We note that both φ and ψ are non-decreasing positive functions on

[0,∞) with φ(0) = ψ(0) = 0 and hence there are σ-finite measures with φ and

ψ as distribution functions. �

Now we are in a position to prove the averaging theorem.

Theorem 3.3. Let A be a bounded pseudo difference operator with symbol

a(ξ, x) and H the operator given in equation (1.1) with k fixed. Suppose

lim
λ→∞

tr (A(H + λ)−m)

tr (H + λ)−m

exists (and nonzero) then the following limits exist and assumes the same value:

(i) lim
λ→∞

tr (πλAπλ)

rank πλ

(ii) lim
λ→∞

∑
∫

H(ξ,x)≤λ
a(ξ, x)d̃x

vol({(ξ, x) : H(ξ, x) ≤ λ}) where d̃x =
dx

2π
.

Proof. We first note that since a(ξ, x) is a bounded function, we can add

a constant c so that a(ξ, x) + c is positive and since the limits in items (i)

(respectively (ii)) exist iff the corresponding limits exit with A replaced by

A+ c (respectively a(ξ, x) + c), we can take i without loss of generality a(ξ, x)

to be a positive function and hence A to be a positive self adjoint bounded

pseudo difference operator in the argument below.
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Assume that limλ→∞
tr (A(H+λ)−m)

tr (H+λ)−m exists (l 6= 0). By writing the spectral

theorem for H and using lemma 3.1, proposition 2.4 we have

lim
λ→∞

tr (A(H + λ)−m)

tr (H + λ)−m
= lim

λ→∞

tr (A
1

2 (H + λ)−mA
1

2 )

tr (H + λ)−m

= lim
λ→∞

∫∞
0

1

(x+ λ)m
d(tr (A

1

2 EH(x)A
1

2 )

∫∞
0

1

(x+ λ)m
d(tr (EH(x))

= l

Then by using theorem 2.9 we have

(3.1) lim
λ→∞

tr (πλAπλ)
∑
∫

H(ξ,x)≤λ
d̃x

= l.

Again using proposition 2.4 we have

lim
λ→∞

tr (A(H + λ)−m)

tr (H + λ)−m
= lim

λ→∞

tr (A[(H(ξ, x) + λ)−m]w)

tr [(H(ξ, x) + λ)−m]w

= lim
λ→∞

∑
∫ a(ξ, x)

(H(ξ, x) + λ)m
dx

∑
∫ 1

(H(ξ, x) + λ)m
dx

= lim
λ→∞

∫∞
0

1

(u+ λ)m
aoH−1(u)d(µoH−1)(u)

∫∞
0

1

(u+ λ)m
d(µoH−1)(u)

= l,

where µ is the product measure of counting measure on Zd and the normalised

invariant measure on Td. Again by using theorem 2.9 we have

(3.2) lim
λ→∞

∑
∫

H(ξ,x)≤λ
a(ξ, x)dx

∑
∫

H(ξ,x)≤λ
dx

= l.

By using equation (3.1) and (3.2), one has

lim
λ→∞

tr (πλAπλ)
∑
∫

H(ξ,x)≤λ
a(ξ, x)dx

= 1.

12



Consider

lim
λ→∞

tr(πλAπλ)

rank πλ

= lim
λ→∞

tr (πλAπλ)
∑
∫

H(ξ,x)≤λ
a(ξ, x)dx

∑
∫

H(ξ,x)≤λ
a(ξ, x)dx

rank πλ

rank πλ
∑
∫

H(ξ,x)≤λ
dx

= lim
λ→∞

∑
∫

H(ξ,x)≤λ
a(ξ, x)dx

∑
∫

H(ξ,x)≤λ
dx

= lim
λ→∞

∑
∫

H(ξ,x)≤λ
a(ξ, x)d̃x

vol({(ξ, x) : H(ξ, x) ≤ λ}) .

�

Corollary 3.4. Let P (λ) be a polynomial on R. Then

lim
λ→∞

tr πλP(A)πλ

rank πλ

= lim
λ→∞

1

vol(H(ξ, x) ≤ λ)

∑

H(ξ,x)≤λ

∫

P (a(ξ, x))d̃x

Proof. Notice that by the composition rule, P (A) is a pseudo difference oper-

ator with symbol P (a(ξ, x)) + r−1(ξ, x), r−1 ∈ S−1
H . Since any r ∈ S−1

H satisfies

|r(ξ, x)| ≤ C(H(ξ, x)+λ)−
1

2 , it is clear that r(ξ, x) vanishes for large λ. There-

fore we have

lim
λ→∞

tr πλP(A)πλ

rank πλ

= lim
λ→∞

1

vol(H(ξ, x) ≤ λ)

∑

H(ξ,x)≤λ

∫

P (a(ξ, x))d̃x

�

Corollary 3.5. Consider f ∈ C(R) and let µλ(f) =
∑

λj≤λ(f(A)fj, fj). Then

µλ(f)

rank πλ

has a µ(f) as λ→ ∞, where

µ(f) = lim
λ→∞

1

vol(H(ξ, x) ≤ λ)

∑

H(ξ,x)≤λ

∫

f(a(ξ, x))d̃x.

Proof. We note that rank(πλ) = tr (πλ). The eigen-values of πλAπλ are

bounded by ‖A‖ for all λ. Also the values of a(ξ, x) are bounded by some

13



constant C (say). Therefore any continuous function f ∈ C(R) can be approx-

imated uniformly on I = {|x| ≤ max(‖A‖, C)} by a polynomial. Then

lim
λ→∞

µλ(f)

rank πλ

= lim
λ→∞

∑

λj≤λ(f(A)fj, fj)

rank πλ

= lim
n,λ→∞

∑

λj≤λ(Pn(A)fj , fj)

rank πλ

= lim
n,λ→∞

1

vol(H(ξ, x) ≤ λ)

∑

H(ξ,x)≤λ

∫

Pn(a(ξ, x))d̃x

= lim
λ→∞

1

vol(H(ξ, x) ≤ λ)

∑

H(ξ,x)≤λ

∫

f(a(ξ, x))d̃x.

�

We now prove theorem 1.1 before taking up the proof of the main theorem.

Proof of Theorem 1.1: The proof is almost identical to that of the Laptev-

Saffrov proof in [3] with mild modification to accommodate for the relative

boundedness of T̃ . We shall indicate the main steps of the proof.

Assume that [S, T ] is relatively bounded with respect to S . To prove the

above result it is sufficient to estimate ‖(I −πλ)Tπλ‖HS, where ‖ · ‖HS denotes

the Hilbert-Schmidt norm. Since

‖(I − πλ)Tπλ‖2
HS ≤ 2(‖(I − πλ)Tπλ−ǫ‖2

HS + ‖(I − πλ)T (πλ − πλ−ǫ‖2
HS)

and

‖(I − πλ)T (πλ − πλ−ǫ‖HS ≤ ‖T‖2Nǫ(λ),

we need to estimate ‖(I − πλ)Tπλ−ǫ‖HS only.

So by definition

‖(I − πλ)Tπλ−ǫ‖2
HS =

∑

λk≥λ

∑

λj<λ−ǫ

|〈Tfj, fk〉|2.

Since

〈Tfj, fk〉 = (λk − λj)
−1(λj + 1)σ〈T̃ (S + I)−σfj , fk〉,

where T̃ = [T, S], we have,
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‖(I − πλ)Tπλ−ǫ‖2
HS =

∑

λk≥λ

∑

λj<λ−ǫ

|〈Tfj, fk〉|2

=
∑

λk≥λ

∑

λj<λ−ǫ

|(λk − λj)
−2(λj + 1)2σ||〈T̃ (S + I)−σfj , fk〉|2

≤
∑

k

∑

λj<λ−ǫ

|(λk − λj)
−2[(λk − λj)

2σ

+(λj + 1)2β]|〈T̃ (S + I)−σfj, fk〉|2

≤ ‖T̃ (S + I)−σ‖2
∑

λj<λ−ǫ

|(λ− λj)
−2[(λ− λj)

2σ + (λj + 1)2β ]|

= ‖T̃ (S + I)−σ‖2

∫ λ−ǫ

0

[
1

|λ− β|2(1−σ)
+

(β + 1)2σ

|λ− β|2 ]dN(β)

≤ ‖T̃ (S + I)−σ‖2N ǫ
2
(λ)

K∗
∑

k=0

(

1

|λ− kǫ
2
|2(1−σ)

+
(kǫ

2
+ 1)2σ

|λ− kǫ
2
|2

)

where λ− ǫ
2
≥ K∗ > λ−ǫ. The sum in the right hand side converges if 0 < σ < 1

and is independent of λ.

Proof of Theorem 1.2 : We prove the theorem for the case ρ = 1, the other

cases are similar. Assume that the commutator [A,H ] is relatively bounded

with respect to H . Take S to be the discritized Schrödinger operator and T

to be the 0th order bounded selfadjoint pseudo difference operator. To prove

the Szegö theorem we make use of theorem 1.1 and therefore we only have

to show that Nǫ(λ)
rank πλ

→ 0 as λ → ∞. Notice that N(β) = tr PH≤β, where

PH≤β is the projection of ℓ(Zd) onto {u ∈ Zd : 〈Hu, u〉Zd ≤ β‖u‖2
Zd}. We

show that PH≤β ≤ PV ≤β and PP≤β−ǫ ≥ PV ≤β−4d−ǫ. To show PH≤β ≤ PV ≤β

enough to show Hβ := PH≤βℓ
2(Zd) ⊂ PV ≤βℓ

2(Zd) := H̃β. Let u ∈ Hβ. Then

〈V u, u〉Zd ≤ 〈Hu, u〉Zd ≤ β‖u‖2
Zd. So V ∈ H̃β. Similarly PP≤β−ǫ ≥ PV ≤β−4d−ǫ

can be shown.
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Consider

tr (PH≤β − PH≤β−ǫ)

rank (πλ)
≤ tr (VH≤β) − tr (PV≤β−4d−ǫ)

rank (πλ)

≤ β
d
k − (β − 4d− ǫ)

d
k

rank (πλ)

=
β

d
k − (β − 4d− ǫ)

d
k

λ
d
k

Taking supremum over all β less or equal to λ and allowing λ→ ∞ we have

Nǫ(λ)
rank πλ

→ 0 as λ→ ∞.

Remark 3.6. The above limits are the same if A is replaced by A+B for any

compact operator B on ℓ2(Zd).

Proof. To prove the above result, enough to show limλ→∞
tr (πλA

nπλ)

tr (πλ)
=

limλ→∞
tr (πλ(A + B)nπλ)

tr (πλ)
for any compact operator B on ℓ2(Zd). Notice that

(A+B)n = An+ terms with factor ApBn−p or BpAn−p where p ∈ {1, 2 · · · , n}.
Since the class of compact operators form a two sided ideal of the class of

bounded operators (A + B)n = An+ a compact operator. We show that for

any compact operator T , limλ→∞
tr (T(H+λ)−m)
tr ((H+λ)−m)

= 0.

Since T is a compact operator, for given ǫ > 0 there exist a finite rank

operator Tn such that ‖Tn − T‖ < ǫ for n ≥ N0. Consider

tr (T(H + λ)−m)

tr ((H + λ)−m)
=

tr (Tn(H + λ)−m)

tr ((H + λ)−m)
+

tr ((T − Tn)(H + λ)−m)

tr ((H + λ)−m)

≤ tr (Tn(H + λ)−m)

tr ((H + λ)−m)
+ ‖T − Tn‖

Since Tn is a finite rank operator, without loss of generality we show

lim
λ→∞

tr (Tn(H + λ)−m)

tr ((H + λ)−m)
= 0 for a rank one operator. Assume that Tn is a rank

one operator. Therefore

tr (Tn(H + λ)−m) = 〈(H + λ)−m)f, f〉 =

∫

Spec(H)

1

(x + λ)m
dµf,f(x) ≤ µf,f(R)

λm
.
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So

tr (T(H + λ)−m)

tr ((H + λ)−m)
≤ C

1

λmtr ((H + λ)−m)

= C
λ−m

∑

i∈N

1

(λi + λ)m

≤ C
λ−m

∑

λi≤λ

1

(λi + λ)m

≤ C
λ−m

∑

λi≤λ

1

(2λ)m

= O(λ−1).

Therefore limλ→∞
tr (A(H+λ)−m)
tr ((H+λ)−m)

= limλ→∞
tr (Ã(H+λ)−m)
tr ((H+λ)−m)

, where Ã = A+B. Now

applying theorem lemma 3.1, proposition 2.4 and theorem 2.9 individually to

both the limits, we have limλ→∞
tr (πλA

nπλ)

tr (πλ)
= limλ→∞

tr (πλ(Ã)nπλ)

tr (πλ)
. �

Example 3.7. Let V (ξ) be a bounded function on Zd. Let A be the operator

of multiplication by the function V (ξ) on ℓ2(Zd) and H = ρ∆ + |ξ|k, 0 ≤ ρ ≤
1, k > 0 with ∆ defined as in the equation 1.1. Then it is clear that H (being

a sum of two positive operators) is a positive operator and a simple estimate

of the resolvent shows that it has purely discrete spectrum.

The commutator [A,H ] = [∆, V ] is bounded and hence also [A,H ](H+ I)−σ

for any σ > 0. Therefore in this case the conclusions of theorems 1.1 and 1.2

are valid.

Example 3.8. Let V and ∆ be defined as in the previous example. Let A =

∆ + V and H = ρ∆ + |ξ|k for 0 ≤ ρ ≤ 1, 0 < k < 2. Then the commutator

[A,H ] = [A, ρ∆] + [A, |ξ|k] turns out to be [ρ∆, |ξ|k] up to an addition of a

bounded operator. This term behaves like C|ξ|k−1. Therefore [A,H ](H+I)−σ ∼
|ξ|k−1(H + I)−σ+ a bounded operator.

But it is a simple estimate to see that |ξ|k−1(H + I)−σ is bounded and

|ξ|k−1(H + I)−σ is bounded iff k ∈ (0, 2).

17



Example 3.9. Let V be defined as before. Let A = P (∆) + V and H =

ρ∆+|ξ|k for 0 ≤ ρ ≤ 1, 0 < k < 2, where P (∆) is a real polynomial in ∆. Then

by using the previous argument we have [A,H ](H + I)−σ ∼ |ξ|k−1(H + I)−σ+

a bounded operator iff k ∈ (0, 2).
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Journees Equations aux derivees partieleles, (1991), 1-7.
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