DECORRELATION ESTIMATES FOR RANDOM
SCHRODINGER OPERATORS WITH NON RANK ONE
PERTURBATIONS

PETER D. HISLOP AND M. KRISHNA

ABSTRACT. We prove decorrelation estimates for generalized lattice Ander-
son models on Z? constructed with finite-rank perturbations in the spirit of
Klopp [7] and Shirley [12]. These are applied to prove that the local eigen-
value statistics £5 and €%/, associated with two energies E and E’ satisfying
|E — E’| > 4d, are independent. That is, if I, J are two bounded intervals,
the random variables % ([) and €5/ (J), are independent and distributed ac-
cording to a compound Poisson distribution whose Lévy measure has finite
support. We also prove that the extended Minami estimate implies that the
eigenvalues in the localization region have multiplicity at most the rank of
the perturbation in dimensions d > 2.
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1. STATEMENT OF THE PROBLEM AND RESULTS

We consider random Schrédinger operators HY = L + V,, on the lattice
Hilbert space ¢2(Z4) (or, for matrix-valued potentials, on ¢?(Z?) ® C™*), and
prove that certain natural random variables associated with the local eigenvalue
statistics around two distinct energies E and E’, in the region of complete
localization X¢p, and with |E — E’| > 4d, are independent. From previous
work [8], these random variables distributed according to a compound Poisson
distribution. The operator £ is the discrete Laplacian on Z?, although this can
be generalized. For these lattice models, the random potential V,, has the form

(Vo)) =D wilPif)(3), (1.1)
ieJ
where {P;};c7 is a family of finite-rank projections with the same rank my > 1
and so that ) ;. Pi = I. The coefficients {w;} are a family of independent,
identically distributed (iid) random variables with a bounded density of com-
pact support on a product probability space 2 with probability measure P.
One example on the lattice is the polymer model. For this model, the pro-
jector P; = xy, ;) is the characteristic function on the cube A(i) of side length
k centered at i € Z*. The rank of P; is k% and the set J is chosen so that
UiesAk(i) = Z%. Another example is a matrix-valued model for which P;,
i € Z% projects onto an my-dimensional subspace, and J = Z%. The corre-
sponding Schrédinger operator is

HY :£—|—ZwiP¢;, (1.2)
€J
where £ is the discrete lattice Laplacian A on £2(Z%), or A® A on (*(Z4) @ C™*,
where A is a positive-definite my X m; matrix, respectively. In the following,
we denote by H, ¢ (or simply as H, omitting the w) the matrices xa,H“xa,
and similarly H,, 1, Hy, by replacing ¢ with L.

A lot is known about the eigenvalue statistics for random Schrédinger op-
erators on £2(R?). When the projectors P; are rank one projectors, the local
eigenvalue statistics in the localization regime has been proved to be given by
a Poisson process by Minami [9] (see also Molchanov [10] for a model on R and
Germinet-Klopp [5] for a comprehensive discussion and additional results). For
the non rank one case, Tautenhahn and Veselié¢ [13] proved a Minami estimate
for certain models that may be described as weak perturbations of the rank
one case. The general non finite rank case was studies by the authors in [8]

’eq:potentiall
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who proved that, roughly speaking, the local eigenvalue statistics are compound
Poisson. This result also holds for random Schrédinger operators on RY.

In this paper, we further refine these results for lattice models with non rank
one projections and prove, roughly speaking, that the processes associated with
two energies are independent. Klopp [7] proved decorrelation estimates for lat-
tice models in any dimension. He applied them to show that the local eigenvalue
point processes at distinct energies converge to independent Poisson processes
(in dimensions d 1 the energies need to be far apart). Shirley [12] extended the
family of one-dimensional lattice models for which the decorrelation estimate
may be proved to include alloy-type models with correlated random variables,
hopping models, and certain one-dimensional quantum graphs.

1.1. Asymptotic independence and decorrelation estimates. The main
result is the asymptotic independence of random variables associated with the
local eigenvalue statistics centered at two distinct energies E and E’ satisfying
|E — E'| > 4d.

We note that in one-dimension there are stronger results and the condition
|E — E'| > 4d is not needed. Our results are inspired by the work of Klopp
[7] for models on R% and of Shirley [12] for models on Z?. The condition
|E — E'| > 4d requires that the two energies be fairly far apart. For example,
if wp € [-K, K] so that the deterministic spectrum ¥ = [-2d — K, 2d + K], the
region of complete localization X¢y, is near the band edges £(2d + K). In this
case, one can consider F and E’ near each of the band edges. Our main result
on asymptotic independence is the following theorem.

Theorem 1.1. Let E,E' € Y¢1, be two distinct energies with |E — E'| > 4d.
Let &, g, respectively, &, g, be a limit point of the local eigenvalue statistics cen-
tered at E, respectively, at E'. Then these two processes are independent. For
any bounded intervals I,J € B(R), the random variables &, (1) and &, g/ (J)
are independent random variables distributed according to a compound Poisson
Process.

We refer to [5] for a description of the region of complete localization Xcr,.
For information on Lévy processes, we refer to the books by Applebaum [1]
and by Bertoin [2]. Theorem 1.1 follows (see section 4) from the following
decorrelation estimate:

Proposition 1.1. For positive numbers «, 3 satisfying (3.32), let £ := L*. For
a pair of energies E, E" in the region of complete localization with |E—E'| > 4d,
and bounded intervals I,J C R, we define I(E) := L~ + E and J}(E') ==
L=%J + E' as two scaled energy intervals centered at E and E', respectively.
We then have

P((TeEn, (I1(B) > 1) 1 (1B, (JL(E) > )} € mgrazay (13)
The extended Minami estimate [8] implies that we need to estimate:
P{(TrEp, ,(IL(E)) < my) N (TrEp, ,(JL(E")) < mg)} (1.4)
In fact, we consider the more general estimate:
P{(TrEn,, , (IL(E)) = k1) N (TrEq, , (JL(E")) = ka2)}, (1.5)

eq:probl

eq:prob3
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where k1, ko are positive integers independent of L.

We allow that there may be several eigenvalues in I7,(F) and Ji(E’) with
nontrivial multiplicities. To deal with this, we introduce the mean trace of the
eigenvalues Ej(w) of H, ¢ in the interval I7,(E):

Tr(H,En, ,(IL(E)) 1 &
T(w) = WP, (T )zkl;Ej(w), (1.6)

TT‘(EH%Z (IL(E)))

where ky := Tr(Ep, ,(IL(E))) is the number of eigenvalues, including multi-
plicity, of H, ¢ in I1,(E). Similarly, we define

. Tr(HyeEn,,(JL(E)))
Tw) = Tr(En, ,(JL(E))

We will show in section 2 that these weighted sums behave like an effective
eigenvalues in each scaled interval.

As another application of the extended Minami estimate, we prove that the
multiplicity of eigenvalues in ¢y, is at most the multiplicity of the perturbations
my, in dimensions d > 2. The proof of this fact follows the argument of Klein and
Molchanov [6]. For d = 1 Shirley [12] proved that the usual Minami estimate
holds so the eigenvalues are almost surely simple.

1 &
o > Ejw). (1.7)
Jj=1

1.2. Contents. We present properties of the weighted average of eigenvalues
in section 2, including gradients and Hessian estimates. The proof of the main
technical result, Proposition 1.1, is presented in section 3. The proof of asymp-
totic independence is given in section 4. We show in section 5 that the argument
of Klein-Molchanov [6] applies to higher rank perturbations for d > 2 and im-
plies that the multiplicity of eigenvalues in Yy, is at most my, the uniform rank
of the perturbations.

2. ESTIMATES ON WEIGHTED SUMS OF EIGENVALUES

In this section, we present some technical results on weighted sums of eigen-
values of H,, ¢ defined in (1.6)-(1.7). These are used in section 4 to prove the
main technical result (1.3).

2.1. Properties of the weighted trace. When the total number of eigenval-
ues of Hy, ¢ in Ji(E) := L™ + E is ki, we get,

T(w) :=Te(B, k1) = To(B, b, w) = — > _ Ej(w), (2.8)

for eigenvalues F;(w) € Jr(F). Properties (1)-(3) below are valid for the similar
expression obtained by replacing k; with k3, the interval I with J, and the
energy F with E'. We will write

T’(w) = ﬁ(El, kQ) = T(E/, k‘Q,w).

The weighted eigenvalue average behaves like an effective eigenvalue in the
following sense:

’eq:defn—weight—avel

’ eq:defn-weight-ave2

defn:trace3
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(1) Te(E k1, w) € JL(E), so the weighted average of the eigenvalue cluster
in Jr(E) behaves as an eigenvalue in Jp,(F).

(2) Let Ej(w) € JL(E) be an eigenvalue of multiplicity m;. Then a deriv-
ative may be computed as follows. Let ¢;;, for i = 1,...,m;, be an
orthonormal basis of the eigenspace for Ej(w). Then,

0 &
0=>5"— > {@jir (Hoo — Bj(w))@j), (2.9)
5 i=1
so we obtain
OF;
a% = LS Pl (2.10)

i_
where P; is the projector associated with the random variable ws.
(3) Suppose there are k; distinct eigenvalues in Ji,(E) each with multiplicity

m;j so zj 1 mj = k1. Then, we have

ko my

M ZZHPSMP (2.11)

]111

This shows that Ty(F, k1,w) is non-decreasing as a function of w;.
(4) It follows from (2.11) that the w-gradient of the weighted trace is nor-
malized: [|V,T(w)|p = 1.

nark:t—separation‘ Remark 1. Tt follows from property (1) above and the fact that the intervals
IL(E) and Ji(E) are O(L~%), that if |[E — E'| > 4d, then |T(w) — T ()| >
4d — cL™%, for some ¢ > 0. We will use this result below.

subsec:variationl‘

2.2. Variational formulae. We can estimate the variation of the mean trace
with respect to the random variables as follows. The w-directional derivative is

k‘1 k2
W Vo(TW) - T' () = ;1 S W VaFi(w) ;;Z‘” Vo Ej(w)
i—1 j=
1 &
= T(w)—T'(w) - o > (pi (—D)gi)
=1

iy e (82 (212)

On the lattice, the absolute value of each sum involving the Laplacian may
be bounded above by 2d. If we assume that

|T(w) — T (w)| > AE
then we obtain from (2.12),
AE —4d < |T(w)—T'(w)|—4d
< |w- V(T (w) — T'(w))]. (2.13)

eq:deg-evl

eq:deg-ev2
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As the number of components of w is bounded by ¢¢ and |w;| < K, it follows
by Cauchy-Schwartz inequality that

, AFE — 4d 1
IVu(T(@) = T' @)l > =5 Gy (2.14)
We also obtain an ¢! lower bound:
, AE —4d
VT (w) = T (W)l 2 —F— (2.15)

2.3. Hessian estimate. The Hessian of 7 (w) has i matrix elements given
by

H 21
ess(T)ij = o Z D, 8% (w). (2.16)

It is convenient to compute this using trace notation. Let Pg denote the spectral
projection onto the eigenspace of H,, ¢ corresponding to the eigenvalues E,,(w)
in Jp(F). Let vg be a simple closed contour containing only these eigenvalues
of H,, with a counter-clockwise orientation. Since the weighted mean of the
eigenvalues may be expressed as

1

T(w) = —TrH, Pg,
k1
and the projection has the representation
1 -1

Pg = o . R(z) dz, R(z):=(Hy4—2) ",

it follows that
0 -1
— = Tr{R(z)P;R d 2.17
5T = 5y | THRGIPAC) =d- (217)

where P; is the finite-rank projector associated with site j or block j, depending
on the model. Computing the second derivative, the matrix elements of the
Hessian of T (w) are

Hess(T)y; — 2732.]{ Te{R(z) PR (=) P R(2)
+R(2)PjR(2)PjR(z)} zdz (2.18)

This formula will provide the equivalent of Lemma 2.3 [7], for both
Hess(T)ij, Hess(T)ij.

Lemma 2.1. The Hessian of the weighted average T (w) of the eigenvalues of
Hy(w) in an interval of order L=% satisfies the bound:

[Hess(T)ijllemer < |yml® sup |1PiR(2)* Pyl [| PR (2) P
2CYE

L—Zd
st o (o)

(2.19)

’eq:variation4‘

’eq:variatiOnS‘
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Since the Wegner estimate insures that dist(vg, o(Hy ) ~ =% with probability
greater than 1 — Cy (¢/L)?, we obtain

[Hess (T )ijllgopr < CL™2034 < C L3002, (2.20)

so if 0 < a < 2/3, the Hessian is vanishes as L — o0o. The above statements
are valid for T' also. A similar estimate holds for T'(w).

3. PROOF OF PROPOSITION 1.1

In this section, we prove the technical result, Proposition 1.1. We let
X(IL(E)) := TrEn, ,(IL(E)), Xe(JL(E)) := TrEy,, ,(JL(E')). Then, we show

1

P{(Xe(IL(E)) > 1) N (Xe(JL(E") 2 1)} < Co T sai—25=a)’

(3.21)

for positive numbers «, 5 satisfying (3.32).

3.1. Reduction via the extended Minami estimate. Let y4(w) be the
characteristic function on the subset A C 2. In this section, we write Jp(E) :=
L=%J + E since we are dealing with one interval. We use an extended Minami
estimate of the form

/ 2d
B{X(o | 000 sme ey Xel (BN (XL B)) = ) > 1) < Cor (1)

as follows from [8].

Lemma 3.1. Under the condition that the projectors have uniform dimension
my > 1, we have

14

2d
P{X,(JL(E)) >mi} < Cuy <L> . (3.22)

Proof. Recalling that X,(Jr(E)) € {0} UN, we have

P{X,(JL(E)) > my}
< P{Xe(JL(E)) —mg > 1}
= P{Xo(JL(E))(X((JL(E)) —myg) > 1}
= P{x{w | xo(7nE)zm+ 13 Xe(JL(E)) (Xe(JL(E)) —my) > 1}
< E{Xqw | xonE)zme+ 13 Xe(JL(E)(Xe(JL(E)) —my) =

cu(t)” o)

N

by the extended Minami estimate. (I

’ eq:same-numberl

’ eq:ext-minami2
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3.2. Estimates on the joint probability. We return to considering two
scaled intervals I1,(F) and Jp(E'), with E # E’. Because of (3.22), we have

P{(X¢(IL(E)) > 1) N (X (JL(E')) = 1)}

< P{(X¢(IL(E)) = mp + 1) N (Xe(JL(E"))
FP{(X¢(IL(E)) < mg) N (X((JL(E")) =
+P{(X(IL(E)) < my 4+ 1) N (Xe(JL(E")
FP{(Xo(IL(E)) < mg) N (Xe(JL(E')) < my,

< P{(Xe(IL(E)) < my) N (Xe(JL(E)) < my)}

>my +1)}
mi + 1)}

) = my)}
mg)}

+Co <L) : (3.24)
The probability on the last line of (3.24) may be bounded above by
P{UX(IL(E)) < mp) N (Xe(JL(E)) < my)}
k
> PUXIL(E)) = k1) N (Xp(JL(E")) = ka)}. (3.25)
k1,k2
Since my, is independent of L, it suffices to estimate
P{(Xe(IL(E)) = k1) N (Xe(JL(E)) = k) }. (3.26)

The proof of the next key Proposition 3.1 follows the ideas in [7].

Proposition 3.1. For k1,ke =1,...
(3.32), we have

,my and positive numbers o, B satisfying

"y = K\ eineasew
By -k <c () L |
(3.27)

Proof. 1. We begin with some observation concerning the eigenvalue averages.
We let Qo(¢, k1, k2) denote the event

Qo(& k1,k2) = {w | (Xg(IL(E)) = kl) N
for ki,k2 = 1,...,my. The set Qy, is the set of w for which the eigenvalue
spacing for H,, in the interval I1(E) or J(E') is O(¢~%). By the Wegner
estimate, the probability of this set is at least 1 — Cyy(¢/L)~¢, as discussed in
Lemma 2.1. We define the subset A C Ay x Ay by A := {(i,i) | i € Ag}. For

each pair of sites (i,7) € Ay x Ag\A, the Jacobian determinant of the mapping
¢ (Wirw;) = (Ti(Bs ), To(E, ko)), given by:
.. / — 8WL’72(E7I{:1) 8(,072( 7k1)
Jl](n(E7 kl)’ﬁ(E ’k2)) = awirn(E/’ k2) ’

Do, To( B o)
As we will show in section 3.3, the condition J;;(T¢(E, k1), Te(E', k2)) = A(L) >
0 implies that the average of the eigenvalues in I,(F) and Ji(E’) effectively
vary independently with respect to any pair of independent random variables
(wi,wj), for i # j. We define the following events for pairs (4, j)inA; x Ag\A:

Q7 (€, k1, k2) = Qo b, ko) N {w | Ji(Te(E k), To(E' k2)) > ML)}, (3.30)

P{(Xe(IL(E)) = k1) N0 (Xe(JL(

(Xe(JL(E") = k2)} N Qwe,  (3.28)

(3.29)

’ eq:same-number3d

’ eq:vanishing-probl ‘

eq:joint-probl
| |

eq:jacobianl

’ eq:pair-eventl
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where A(L) > 0 is given by
ML) == (AE —4d)K L4, (3.31)

where the exponent 3 > 0 satisfies
1
0<6< ,0<a+28<1,0<a< B (3.32)

For example, we may take 6 i L and a < 10

2. We next compute IP’{QB’] (¢, k1,ka)}. Following Klopp [7, pg. 242], we prove
in section 3.3 that the positivity of the Jacobian determinant insures that the
map , restricted to a certain domain, is a diffeomorphism. In particular, for
any pair (i,7) € Ay x Ap\A, if (wl,w],w#) € Q¢ (¢, k1, k2), then it follows
from Lemma 3.2 if |(w? wjo) — (wi,wj)| > L™¥A72(L), consequently one has
(Te(E  k1,w), Te(E'  ko,w)) € I(E) x J(E'). This would contradict the fact
that w € Qo(¢, k1, k2). This is key in the following computation:

P{Qé’j(& ki,ko)}

= E_. {/ Xqji (Zkl’kQ)(wi,wj,wfj‘-)g(wi)g(wj) dw; dwj}

’L]

N

E, . {/RQ X{w | |(wi,wj)—(wg,wg)|oo<pdxz}(wi,wj7w$)9(wi)9(wj) dw; dwj}

wij
< CL™% \4(L). (3.33)

3. We next bound P{Qq (¢, k1, k2)} in terms of P{Qé’j(f, k1, ke)} using [7, Lemma

2.5]. This lemma states that for (u,v) € (R*)?" normalized so that ||ul|; =

|lv]]1 = 1, we have

uj  ug

vj v

2
1
max > m”u —lff. (3.34)

Applying this with n = (2¢ 4+ 1)¢, and v = V,7 (w) and v = V,7"(w), and
recalling the positivity (2.11) in point (3) and the normalization in point (4) of
section 2.1, we obtain from (3.34) and (2.15):

23
wax T(TUELTEN > (g ) IVulTHE) - TUE D

1#£JEN,
AE — 4d\? [ 23
> (K ) (W> (3.35)

We partition the probability space as {w | J;; > A(L) some (4, j) € Ay x A\A}U
{w | Jij < ML) VY (i,7) € Ap x AP\A}, where we write J;; for the Jacobian
Jij(Te(E), Te(E")). Suppose that the second event {w | Ji; < A(L) V (i,j) €
Ay x A\A} occurs, so that from (3.35), we have:

Co \?2 )

3
> () IVulTiE) - THENIE (3.36)

’ eq:defn-lambdal ‘

’ eq:constraintsi ‘

eq:jac-1bl
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This implies that
IVu(Te(E) = To(E)) |l < CoL=4F=5e/2), (3.37)

So, provided 0 < a < %B, we find that the bound (3.37) implies that the
V. Te(E) is almost collinear with V,,T¢(E’). This contradicts the lower bound
(2.15) as long as AE > 0. Consequently, the probability of the second event is
ZEro.

4. It follows from this and the partition of the probability space that

P{Qo(l, k1,ka)} < > PO (LR k)
(i,j)EAé XAg\A

< 2Ly L, (3.38)
We now take ¢ = L, with 0 < a < 1/2, and A\(L) := (AE — 4d)K ' L=74,

With these choices, and the fact that m; is independent of L, we obtain the
probability

K 4
P (L, k, ko)) < C (AE_M> L-240-28-0) (3.39)

For choices a and 8 with 0 < a4+ 25 < 1, this shows that
]P){QO(E, kl, kg)} and ]P’{(XZ(IL(E)) = kl) N (Xg(JL(E/)) = kg)} — O,as L— 0,

for any integers ki,ko = 1,...,mg. This proves, up to the proof of the diffeo-
morphism property of ¢, the main result (1.3). O

3.3. Proof of the diffeomorphism property. We prove the following

lemma on the perturbation of a set of good configurations (w?,w?). Let

Qo(l, k1, ko), k1,ka =1,...,my be the set of configurations described in (3.28).
Similarly, for any pair of sites (i,7) € Ay x Ag\A, the Jacobian determinant
Jij(ﬁ(E, k1), Te(E' k2)) is defined in equation (3.29). We also defined events
Q7 (0, k1, k2), for pairs (i,7) € Ay x AJ\A, in (3.30):

Q7 (€ k1, k2) := Qo (€, kv, k2) N {w | Ji(Te( B, k1), Te(E' k2)) 2 ML)}, (3.40)
where A\(L) > 0 has the value

AFE — 4d
=== T

K )

where o and 3 satisfy the constraints in (3.32). The stability estimate following
from the diffeomorphism property of ¢ is given in the following lemma.

AL) : (3.41)

Lemma 3.2. [7, Lemma 2.6] Suppose that (w?,w?,wf;) € Qé’j(ﬂ, k1,k2) and

(o, B) satisfy (3.32). Then for any pair (w;,w;) € R? with

(@ 0f) = (wi,wy)l > LTIAT(L),

one has
(Te(E, k1, w), Te(E' ko, w)) & IL(E) x JL(E'), (3.42)
where A(L) has the value given in (3.41).

’eq:gradientsl

’ eq:independent-est3

’eq:pair—eventZ‘

eq:lambdal

’ eq:config-pertl-1
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Proof. 1. Let us fix wi# so that (wio,w?,wf;) € Qé’j(ﬂ, k1, ko). We consider the

square S in two-dimensional configuration space:
S = {(wi,wj) | (w],wf) = (wi,wj)l < L7INL) 72} (3.43)
and the map ¢ : S — R? defined by
p(wi,wj) = (Te(B, k1, w), Te(E', k2, w)).

The first goal is to prove that ¢ is an invertible map between S and its range

o(S).
2. To prove that ¢ is injective, we suppose (w;,w;) and (wg,w;) both belong
to S and that p(w;,w;) = p(w;,w)). Let Djjp denote the 2 x 2 matrix that is

the derivative of ¢ with respect to (w;,w;). By the Fundamental Theorem of
Calculus, the definition of S, and the Hessian estimate (2.20), we have

| Dijp(wi, wi) — Digp(wi, ws) ||
< (||HessT (w)|| + |[HessT" (w)[) L™IN(L) "2 < Co L~ U348 (3 44)

The exponent is positive if 0 < 2+ 8 < 1 that is satisfied due to (3.32). By a
Taylor’s expansion and the Hessian estimate (2.20), we obtain

lip(wss i) = (), w)) = Digplwf, o) - (w—w')|| < CLE D (o —w)||. (3.45)
As a consequence, we can bound the difference
l(wi, wj) — @(wg, wj) |
from below. Recall that the Jacobian determinant of D;jp(w) ,w?) is bounded

below by A(L) since (w&w?) € S. For any pair (w;,w;), (w,w;) € S, we have

[ (wi, wj) = (wi, w)) || < CL~0-28)d These facts, the Hessian estimate in (3.44),
and the Taylor expansion in (3.45) yield

lo(wi,wy) = e(h i)l = [Dye(w],wf) - (W —w)] = CLE M| —w)|?

= R Rl
> CL™#|(W —w)| - CL™ #7220 (W — w)|
> Co(D)[[(w" = w)l, (3.46)

where Co(L) := C(L~% — L~43-3a=20)y >  is strictly positive for 0 < a+f <
1. This proves the injectivity of .

3. We next show that ¢ is an analytic diffeomorphism from S onto its range.
Estimate (3.44) implies that the Jacobians are close:

|[Jacp(w],w}) — Jacp(w?,w?)| < CL~ G320 (3.47)

Since (w?,w?) € Qé’j(& k1, k2), we know that |J;; (T (w°), 7" (w"))| = A(L). This
lower bound and (3.44) imply that for all (w;,w;) € S we have
Jii(T(w), T'(w)) = C[L~% — L~ G=30=20)d] ¢, (3.48)

provided 0 < v+ % B < 1. Consequently, for all (w;,w;) € S and L large enough,
the Inverse Function Theorem implies that ¢ is an analytic diffeomorphism.
Furthermore, the Jacobian of ¢ ~! satisfies the bound

[Jace ™ (wi,wy)| < CLYP. (3.49)

eq:s—defnl

eq:grad-est2

eq:jacobian?2

eq:jacobian3

eq:inv-jacl
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4. To complete the proof of the lemma, we recall that the map w — Tp(E, k1, w)
is nondecreasing as shown in section 2.1. Hence, we can consider |(w;,w;) —
(w?,w?ﬂoo = L7I\"%(L). Let us suppose, to the contrary, that for some such
pair (w;,w;) € R? with
(@7, w)) = (wi,wj)| = L7IA2(L) = oL~ 0721,
one has
(T(E, kr,w), TH(E' ka,w)) € IL(E) x JL(E'). (3.50)
Then, using the bound (3.49), we have
L™\(L) = OL™ 072D < (0], o)) = (wiswj)]
- |(p_1(72(E7 klaw)7 E(E/v ko, w)) - 90_1(E7 El)’
< OL7f = oLmi0-h), (3.51)

As L — oo, we obtain a contradiction since 8 > 0. O

4. ASYMPTOTICALLY INDEPENDENT RANDOM VARIABLES: PROOF OF
THEOREM 1.1

In this section, we give the proof of Theorem 1.1. To prove that &% (1)
and £% (J) are independent, we recall that the limit points £} are the same
as those obtained from a certain uniformly asymptotically negligible array ([8,
Proposition 4.4]). To obtain this array, we construct a cover of Ay by non-
overlapping cubes of side length 2¢ 4 1 centered at points n,. We use £ = L,
where, for this section, we take 0 < o < 1/3. The number of such cubes Ay(n;)

is Nz := [(L/¢)%]. The local Hamiltonian is HY,. The associated eigenvalue
point process is denoted by Ny We define the point process (¥ = Z;V ] M0
For a bounded interval I C R, we define the local random variable n‘gjp(f ) =
Tr(EH;l (IL(E))) and similarly for the scaled interval Ji(E"). For p # p/, these

random variables are independent. We compute

Ny,
P, (D =D)N(E (D)=} = Y P{0,(D) = 1) N (5,(J) > 1)}
p,p'=1
Np,
= Y Png,(I) = 1IP{,(J) > 1}
pp'=1
+&L(E,E' 1,J), (4.52)
where the error term is just the diagonal p = p’ contribution:
Np,
EL(B,ELL1J) = > [P{(nf,(I) = 1) N (ni,(J) = 1)}
p=1
—P{,(I) > 1}P{ng,(J) > 1}] . (4.53)

The first probability on the right side of (4.53) is bounded above by
CoL~241=2%) que to the decorrelation estimate (1.3). The bound on the sec-
ond probability on the right of (4.53) is CZ,L~21=) Tt is obtained from the

’ eq:config-pert3
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square of the Wegner estimate
P{n"}(J) > 1} < Cw (¢/L)* = C L~40-),
Since Np, ~ (L/£)¢, we find that
EL(E,E'I1,J) < CL L™= 4 CuL=4173¢) 50, L — oo, (4.54)

since0 < a < 1/3. Since the set of limit points (* and ¥ are the same, this
estimate proves that

Tim P{(CEa, (1) > 1)1 (Ca, (7) > D} = PIERD) > DE{ER () > 11,

(4.55)

establishing the asymptotic independence of the random variables {%(7) and
£5,(J) provided |E — E'| > 4d.

5. BOUNDS ON EIGENVALUE MULTIPLICITY

The extended Minami estimate may be used with the Klein-Molchanov ar-
gument [6] to bound the multiplicity of eigenvalues in the localization regime.
The basic argument of Klein-Molchanov is the following. If H, has at least
my, + 1 linearly independent eigenfunctions with eigenvalue F in the localiza-
tion regime, so that the eigenfunctions exhibit rapid decay, then any finite
volume operator H, ; must have at least m; + 1 eigenvalues close to E for
large L. But, by the extended Minami estimate, this event occurs with small
probability. The first lemma is a deterministic result based on perturbation
theory.

Lemma 5.1. Suppose that E € o(H) is an eigenvalue of a self adjoint operator
H with multiplicity at least my + 1. Suppose that all the associated eigenfunc-
tions decay faster than (x)~%, for all « > 0. We define ¢, := CL™%, for
a >> d/2. Then for all L >> 0, the local Hamiltonian Hy, := xx, Hxa, has
at least my + 1 eigenvalues in the interval [E — e, E + €r].

Proof. 1. Let {¢; | j =1,..., M} be an orthonormal basis of the eigenspace for
H and eigenvalue E. We assume that the eigenvalue multiplicity M > my + 1.
We define the local functions ¢; 1 = xa,pj, for j = 1,..., M. These local
functions satisfy:

1 —er el <1,
(i, 5L €L, 1 # ] (5.56)

It is easy to check that these conditions imply that the family is linearly in-
dependent. Let V7, denote the M-dimensional subspace of £2(Ay) spanned by
these functions.

2. As in [6], it is not difficult to prove that the functions ; j, are approximate
eigenfunctions for Hy:

<
<

I(HL — E)gj.ll < ecllwscll- (5.57)

Furthermore, for any vy, € Vi, we have ||(Hy, — E)¢r| < 2er|[vr
3. Let J := [E — 3er, E + 3er]. We write P, for the spectral projector
Pr, = x;,(Hr) and Qr := 1 — Py, is the complementary projector. For any

eq:error2

’eq:independentQ

’eq:approx-efl
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W € Vi, we have QL < (3eL) | (HL — E)Qry|| < (2/3)||y]. Since || PLy||* =
1?2 = 1QLv > = (5/9)||¢, it follows that P : Vi — (2(Ay) is injective.
Consequently, we have

dim Ran P;, = Tr(Pr) > dim Vi, = M > my.
so H has at least my, + 1 eigenvectors in [E — 3er,, E + 3ey]. O

The second lemma is a probabilistic one and the proof uses the extended
Minami estimate.

Lemma 5.2. Let I C R be a bounded interval. For q > 2d, and any interval
J C I with |J| < L™, we define the event

Enrgi={w | Tl (Hop) <me VI CLIJ| <79, (5.58)
Then, the probability of this event satisfies
P{Er1q4} =1 — CoL? 4. (5.59)

Proof. We cover the interval I by 2([L9]1|/2] + 1) subintervals of length 2.9
so that any subinterval J of length L™¢ is contained in one of these. We then
have

PLEL 14} < (L] + 2)P{xs(Ho,1) > my}. (5.60)

The probability on the right side is estimated from the extended Minami esti-
mate

P{xs(Hor) > mp} < Cry(L7ILY)? = Cpy LA, (5.61)

so that
P{E .} < Car(LO|I] + 2) L2149 = Cy(|I] + 1) L2 (5.62)
This establishes (5.59). O

Theorem 5.1. Let H* be the generalized Anderson Hamiltonian described in
section 1 with perturbations P; having uniform rank my. Then the eigenvalues
in the localization regime have multiplicity at most my with probability one.

Proof. We consider a length scale L, = 2F. It follows from (5.59) that the
probability of the complementary event Szb Iq 18 summable. By the Borel-
Cantelli Theorem, that means for almost every w there is a k(q,w) so that for
all k& > k(q,w) the event &, 1, occurs with probability one. Let us suppose
that H“ has eigenvalues with multiplicity ms + 1 in an interval I. Then, by
Lemma 5.1, the local Hamiltonian H,, 1, has my + 1 eigenvalues in the interval
[E — €1, E+ €r]. This contradicts the event &z, 14. O

It appears that the simplicity of eigenvalues in the localization regime might
be enough to imply a Minami estimate. Further investigations on the simplicity
of eigenvalues for Anderson-type models may be found in the aritcle by Naboko,
Nichols, and Stolz [11]

eq:eventl

eq:probl-1

’eq:minami—probl‘

’eq:minami—pron‘

’eq:minami—probB‘
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