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Abstract

The circuit depth required to compute a function corresponds directly to
the running time required by a parallel computer to compute it. So re-
searchers have always been interested in lower bounding circuit depth.
When trying to get lower bounds on circuits seemed difficult, it became
natural to look at formulas. In this thesis, we first look at different tech-
niques for lower bounding Formula Size, each of which attack different
aspects of how a boolean function works. In the process, we study a su-
per quadratic lower bound for an explicit function. Further, we focus our
attention on some results proved in the monotone world. We look at a
way to lower bound monotone Formula Size using rank arguments. We
explore how Communication Complexity relates to circuit depth and can
be used as a tool to give lower bounds for circuit depth. And finally, we
study three main results which use Communication Complexity to prove

non-trivial lower bounds to monotone circuit depth.
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Chapter 1

Formula Size

1.1 Introduction

In this chapter, we introduce two computation models: Circuits and For-
mulas. Both of these are parallel models, meaning, they give us a way to
parallelize computation of a function by recognizing those sub-functions
that can be computed simultaneously. There are many resources related
to circuits and formulas which raise natural questions in complexity. Some
of these are size, depth, fan-in. The focus of this chapter, however, will
be mainly on the size of formulas. Many of the techniques in this chapter

have been covered in [Juk09] and [BS90].

1.2 Introduction to the model

1.2.1 Circuit

A Circuit is a computation model defined as follows:
Let B be a set of boolean functions. A circuit on basis B is a sequence of
boolean functions gi, gs, ..., gm such that the first gy, ..., gn are simply the

input variables X1, ..., X, and the remaining g, .1, ..., gm are functions from



B whose inputs are from the outputs of previously computed functions. The
output of one or more of the g{s is called the output of the circuit. The
gis are also called gates. Another way of looking at a circuit: A circuit is a
Directed Acyclic Graph where the vertices with fan-in 0 are the inputs to
the circuit, and each other vertex computes a function from B on its inputs
(which it gets from other vertices). One or more vertices are designated as
output vertices. Here, each vertex is called a gate.

A boolean function f on m variables is a monotone boolean function if
Vx,y € {0,1}", x <y (pointwise ) = f(x) < f(y). A circuit on the basis
{/\,V} is called a monotone circuit. It can be seen that a monotone circuit

can only compute monotone functions.

1.2.2 Formula

A Formula over a basis B is simply a circuit over basis B where each gate
has a fan-out exactly 1. Hence a formula can be seen as a Tree, where
the leaves are the input gates. A formula over the basis {/\, V} is called a
monotone formula.

The only difference between Circuits and Formulas is that in Circuits,
we can reuse a value computed at a gate several times by feeding it into

other gates. On the other hand, a formula does not allow for such reuse.

1.3 Definitions and notation

In the whole of this document, we will use the following definitions and

notation.

An and V,, denote boolean AND and boolean OR respectively of fan-in
n. /\ is short for /\, and V is short for Vs.



Lg(f) denotes the leaf-size of the smallest leaf-size formula on basis B
computing the function f. L(f) is short for Lia 1(f). L*(f) is short for
Liavy(f). Ly(f) is defined similarly on the universal binary basis: U =

{glg:{0,1f — {0, 1}}.

d(f) denotes the depth of the minimum depth formula computing the
boolean function f. d*(f) denotes the depth of the minimum depth mono-

tone formula computing monotone boolean function f.

Ry denotes the set of all restrictions that leave k variables unassigned.
A random restriction p € Ry is a restriction picked uniformly at random
from the set Ry. Here, any p € Ry is assumed to work as follows: Chose k
variables uniformly at random, and assign values to the remaining variables
uniformly at random. f [, denotes the function obtained by restricting the

variables of f using p.

A rectangle is just a Cartesian product X x Y of two disjoint sets of
binary strings X and Y. S x T is called a sub-rectangle if SC Xand TC Y
A monochromatic rectangle X x Y is a rectangle such that there exists an
i with the property that Vx € X,Vy €Y, x; # yi. Here i is also called the
color of the rectangle. A rectangle is called monotone-monochromatic if 31,
such that Vx € X, Vy € Y, x; =0 and y; = 1.

For a boolean function f, S; denotes the rectangle f1(0) x f~1(1).
D(S¢) denotes the minimum number of parts required to partition S¢
into monochromatic sub-rectangles. D' (S¢) denotes the minimum num-
ber of parts required to partition S¢ into monotone monochromatic sub-
rectangles. For a boolean function f over 2n elements, M denotes the
matrix {0,1}™ x {0, 1}™ where the entry corresponding the row x and col-

umn y is 1 if f(x,y) = 1, and 0 otherwise.



For a matrix A and a rectangle R, A denotes the matrix obtained by
setting to O the entries (1,j) € R of the matrix A.

A sub-function of a boolean function f(X) on Y C X is a function ob-
tained from f by setting all the variables in X—Y to constants. Sy (f) is the
set of all functions g such that either g, or g, or both are a sub-function
of f on Y. Sizey(F) denotes the number of leaves of the formula F that are

labelled with a variable in Y.

1.4 Lower Bound Techniques

In what follows, we will look at techniques to lower bound the leaf size of

a formula computing a boolean function f.

1.4.1 Using Random Restrictions

Theorem 1.1 (Subbotovskaya). : Let f:{0,1}" — {0,1}. Vk, 1 <k < n,
dp € Ry, such that

k 3/2
i) <a (5) i (1.1)

n

Proof. In this proof, whenever we use the word “formula”, we refer to a for-
mula over the basis {/\,V, ~}. Let F be a formula for f which is optimal in
leaf-size. Let s denote L(f). We prove the existence of a random restriction
with the required inequality by carefully observing how the random restric-
tion affects the leaf-size at each stage. Pick a random restriction p € Ry.
p picks k variables to leave unassigned, and chooses a variable randomly
from the remaining variables and assigns a 0 or 1 to it uniformly and in-
dependently at random. p does this one by one to each of the remaining
variables. Let the process of picking a variable and assigning a value to it

be called a “stage”. Since p € Ry, there are totally n — k stages.
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Suppose p chooses the variable x; to assign 0 or 1, then the input gates
labelled by x; or x; will now disappear. The expected number of input
gates that disappear is (%)

Setting the above input gates to constants would reduce the leaf-size
even further because these constants can be propagated upwards to elimi-
nate more gates. i.e., for each input gate g labelled by x; which was fixed
to a constant, suppose g was connected to an /\ gate g A H, where H is a
sub-formula of F. H does not contain a leaf labelled x; or Xx; because if it
did, F would not be an optimal formula for f. Now, since x; was assigned 0
or 1 with a probability of 1/2, the expected number of leaves that disappear
due to this kind of propagation is (% . %

Hence the expected number leaves that disappear due to the two reasons
above is at least:

S s 3s

n'2n 2n
So after the first stage the formula size decreases by this amount yielding

a new formula of expected leaf-size:

E [L(f [o(1 stage))] =S- (1—1) <s- (1_1)2

n n

Hence after (n — k) stages, the formula size would be:

1)? 1 \? 1 \? 1
EILF 1)) < s~(1—;) .<1_m) ‘(“m) ...(1_m
k 3/2

_e

n

Now we use Markov’s inequality taking L(f [,) as a random variable. By

Markov’s inequality, Pr [L(f o) =4-s- (k)3/2] < 1/4. So with probability

n

Njw

at least 3/4, a random restriction from R, will satisfy the inequality in

the claim. Hence there exists a random restriction satisfying the required



inequality. [

To get a non-trivial lower bound using this technique, the approach
would be to find a random restriction p such that L(f [,) can be easily
lower-bounded by a value greater than 0. We will see one simple example
of this, followed by a more involved example proved by Andreev in the year
1987.

Example 1.2 (Parity). Let f = ®(x1, X2, ..., Xxn). By above theorem, Jp €
Ri such that

1 3/2
L(@n rp) g 4. (_> 'I—(@n)
n

Now, we observe that L(®, [,) > 1. And hence
L(®n) = Qn*?)

Example 1.3 (Andreev’s function). Now we look at a function con-
structed by Andreev for which we can show an n°? lower bound using
Subbotovskaya’s technique. Fizb =logn and c =n/b. Let g:{0,1}* —
{0,1}, Now we define a function f :{0,1}™ — {0,1} as the composition

of g with ®,,.. If we look at the variable set X = {X1,X2,...,Xn} @S a b X C

matriz: )
X11 X122 . . . X1ic
Xo1 X992 . . . Xoc

| Xb1 Xb2 - - . Xbe |




then, define function f as follows:

C C C
f=g @Xu, @Xzi, ey @Xbi
i=1 i=1 i=1

Let p € Ry. We first want to find the value of k which would make
p leave at least one variable in each of the b rows unassigned with a

probability greater than 3/4. We observe: For any fized variable x,

Pr[p leaves x unassigned | =

Therefore, Pr[p fixres x] =1 — % And so, for any fized row ,

k C
Prlp fizes all x in row 1] = (1 — E)

By Union bound,

) . k\€
Pr[all variables in some row are fized by p] < b <1 — —) <b- e ke/m
n

So if we take k = [bln4b], then the above probability will be < 1/4.
And hence the probability that p leaves at least one variable in each
row unassigned > 3/4.

Now define a boolean function A, :{0,1*™ — {0,1} as follows: Let
the first n variables be X. And let the remaining n variables be Y.
Then, An(X,Y) = f4(Y) where g is the function on logn whose truth
table 1s gwen by X.

Lemma 1.4 (Andreev). L(A,) = Q(n%?)

Proof. By definition of A,,, we have Vg, L(A,) > L(fy). We know from
Subbotovskaya’s theorem that there exists a restriction which will satisfy

(1.1), with a probability of at least 3/4. Hence, there exists a restriction



which satisfies (1.1) and leaves at least one variable in each row of matrix

X unassigned. Let this restriction be p. We have:

te) 5 (%) iz (%) ue a2

By Shanon’s argument, we know that complicated functions that require
exponential size formulas exist (See the appendix for Shannon’s theorem
statement. For full proof, see [Sha49], [Vol99]). We take g to be one such

complicated function. So L(g) = Q(-2— ) And hence, we get:

b
log(b

1 b 3/2 2b 5/2
Lify) > > (=) —0 n
4 \ k logb logn - loglogn

]

A tighter analysis by Hastad in [H4s98] shows that L(A,) = Q(n®°W).

1.4.2 Partioning variables

The following version of Nechiporuk is from [BS90].

Theorem 1.5 (Nechiporuk). : Let f(X) be a boolean function on a set

of n variables X = {x1, X2, ..., Xxn}. Fiz a partition Y1,Ys,...,Yim of X.

Z ogs(2¢:(f) + 1) (1.3)

where ci(f) denotes the number of distinct subfunctions of f on Y;.

Proof. Let F be an optimal leaf-size formula for f, then, Ly (f) = Sizex(F).

Since Y1, Y,, ..., Y, is a partition of X, we have:

=) Sizey,(F)
i=1



and by definition of c;(f), we have [Sy,(F)| > ci(f). So, it is sufficient to

prove:

Lemma 1.6. For any formula F and every variable set Y C X,
2-Sy(F) +1 g 55=ev(P)

Proof. Induction on leaf-size of formula F.

Base case: F = x; or F = Xx;. If x; € Y, then Sy(F) = 2 (the two
distinct sub-functions being x; and X;), else Sy(F)) = 2 (the two distinct
sub-functions being 0 and 1) and the claim holds.

Step: Let F = F; x F, where * is a binary operation. By induction hy-
pothesis, F; and F, satisfy the claim. Consider the following sets of boolean

functions:

T = {g1*%92191 € Sy(F1) and g € Sy(F1)}
T = {glgeT}

Now, we observe that:
Sy(f) CTUT USy(F1) USy(Fs)
And hence:

28v(f)l+1 < 2-[TUT USy(F)USy(F)l+1
< 4-[Sy(FlISy(Fa)l + 2[Sy (Fu)l + 2[Sy(Fa) + 1
(2[Sy(F)l +1) - (2ISy(F2)[ 4 1)

SSiZEY(Fl) . BSiZCY(Fz

N

) from inductive hypothesis

SSizey(F)



]

]

Example 1.7 (Element Distinctness). ED,, s the Element Distinctness
function where the input 15 m numbers from a range {1,2,3,---,m?}.
The function evaluates to a 1 if the m numbers are all distinct from
one another, 0 otherwise. Each of the m numbers can be represented

with 2logm bits. Hence the input size n = 2mlogm.

2

Lemma 1.8. L(ED,) = Q(2-)

logmn
Proof. Look at the input vector x representing m numbers as strings
S1,82, " ,Sm Of 2-logm bits each. The partition is simply Y; = s;.

2 5 m—1
Claim. Ci(EDn) = ( m ) > ( m ) — 2@(m-logm)

m—1 m—1

Proof. Consider the case when i = 1. Every way of setting Y5, -+, Y, to
distinct numbers (without importance to ordering) gives a different sub-
function of ED,,. To see this, take any two different sets of m — 1 distinct
numbers A = {a,,as, -+ ,amn} and B = {by, bs,--- ,b,,,} as assignments to
Yo, -+, Ym (without importance to order). Since A and B are different,
there is at least one i such that a; € A and a; ¢ B. On such an qj,
the sub-function derived from A would output O when Y; is set to ay,
whereas the sub-function derived using B would output 1. Hence each way
of choosing m— 1 numbers out of a range of m? numbers gives us a different
sub-function. Since there was nothing special about the choice of i = 1,

the same argument applies to all i, and the claim holds. O

Applying Nechiporuk’s technique on this variable partition, and using

the above claim, we get:

2

Ly (EDy) > m-log (2 (an_ 1) + 1) =Q (m - log (2@(m‘logm))) =0 (<102TL) .Tl)

10




Hence the lemma follows. O

Example: Th)y We look at a function where Nechiporuk'’s technique does
not give a good lower bound. The function f that we consider here will
be the threshold function: The Threshold function Thy}, over n variables is

defined as follows:

1 ifnumberof Isinxis > k
Thi(x) =

0 Otherwise

Consider a partition Yy, Ys, - - -, Y;,, of the variable set with sizes s, so, - - -

Clearly sy +so+...55m, =M.

Clawm. For any partition Yi, ci(f) <s;+1

Proof. A setting to variables outside a Y; could force Thy to be 1 by con-
tributing more than k—1 1s, or it could contribute less than k 1s and leave
the remaining to be contributed by Y;.

So, if s; > k, then we would have at most k distinct sub-functions on Y;,
and they would be: Thi', Thy' ,,Thy' ,, -+, Thg'. In the other case where
s; < k, we would have at most s; distinct sub-functions, and they are the
following: Thg', Th;', Th3', ..., Thgi. Hence the proof.

O]

Lemma 1.9. > " log(2¢i(f) +1) = O(n)

Proof. From the previous claim, we know that s; + 1 is an over-estimate

11



of ci(f) and hence:
> log(2ci(f)+1) < ) log(2(si +1) +1)
i=1 i=1

< Y log(2(si +2)
— o+ logl(si+2)(52+2) - (5 +2)

It can be shown that the product of m integers,when their sum is fixed, is

the maximum when they are all equal. Since m = O(n), m+log((2t2m)m) —

m+m- log(%) = O(n) However, The best known upper-bound for

threshold over the universal basis is n*!® and was proved in [MSPZ92]. [

1.4.3 Behaviour of function on close inputs

Theorem 1.10 (Krapchenko). : Vf:{0,1}™ — {0, 1} the following holds:

N
L(f) > D(So) > ;¢ (1.4)

where Y = {(x,y) € S¢ | z,y differ in exactly one position}
Proof. We prove the theorem in two steps:

1. L(f) > D(S¢)

2. D(S¢) > %

Lemma 1.11 (Rychkov’s). : L(f) > D(S¢)

Proof. We need to show that for any boolean function f on n variables, S¢
can be partitioned into at most L(f) monochromatic parts.
We first make the following observation: Given rectangles Sy = S% x S}

and Sy, = S x S}, for two boolean functions g and h on n variables, the

12



rectangle corresponding to f = g Ahis S¢ = {SJ U S%} x {S}, N S%}. In the

following figure, S¢ is the shaded area

All strings of length n
S,

S, S

S Sn

All strings of length n

Sh

The rectangle corresponding to S¢ when f = gVhis S¢ = {S)NSP ) x{S; U
SY}. The shaded area in the following figure represents Sy when f = gV h:

All strings of length n
Ss

s’ S

9

Sy Sh

All strings of length n

Sh

To prove the lemma, we use induction on Leaf size L(f). The base case is
when the minimal formula F that computes f has only one leaf, that is to
say, F = x; or F = X;. In this case, the whole of S; is monochromatic and

hence the claim holds.

13



Inductive step: Suppose the topmost gate in F is an /\ gate, then F can
be written as g /A h where g and h are the sub-functions being computed
at either side of the /A gate. L(g) + L(h) = L(f). Now we apply inductive
hypothesis on g and h to get D(Sy) < L(g) and D(Sn) < L(h). We know
from the observation above that we can get S¢ from Sy and Sy. Since S
can be covered by at-most [(g) monochromatic sub-rectangles, and Sy, can
be covered by at most L(h) many monochromatic sub-rectangles, we can
cover S¢ by L(f) + L(g) sub-rectangles. The case when the topmost gate is

an V is similar. O

Observation 1.12. The above proof works for monotone case as well.
In the base case, LT (f) = 1, F has just one leaf - xi. And thus the
rectangle 1s monotone monochromatic and the proof goes through. In-
duction step works exactly the same way. Hence the above proof also

shows that LT(f) > D™ (S¢).
We now prove the following property about the |Y|:

Lemma 1.13. Let R = R® x R! be a monochromatic rectangle, then

[RNYP <R x R

Proof. Since R is monochromatic, there exists one position i such that for
each (x,y) € R, x and y differ in position i. x and y could differ in other
positions as well, but surely at i, x; # y;. Hence for any given x € R?, there
is exactly one y € R! which differs from x in exactly one position, namely
x @ e;. Hence [IRNY| < |Ry| and similarly [R NY| < |Ry|. Hence the lemma
follows. O]

To prove the second claim, we start off with a monochromatic partition

14



Ri, Ry, - -+ ,Rq of S¢, where d = D(S¢). Since the R;is cover all of Y, we have:

d

YI=) [YNR

i=1

VP = (i v Rd) 2

i=1

d
<d- Z Y N Ry[? from Cauchy-Schwarz
i1
d
<d- ) [RYRY by lemma 1.10
i-1
=d - |S¢| since R;s cover the S¢

]

It has been proved that the above theorem cannot yield anything better
than an Q(n?) lower bound. The proof can be found in [KKN95].

Example 1.14 (@,). A very natural function to use Krapchenko’s
method on would be the parity function because @, differs on inputs

that are just one bit apart.
Lemma 1.15. L(®,) > n?

Proof. For each string x € {0, 1}™ with k 1s, there are n strings with either
k—1 or k+ 1 number of 1s. Hence |Y| =n-2"/2 =n-2""!. And since half
of the total number of strings evaluate to 0 and the other half evaluate to
1, we have |S¢| = 2n~1.2""1 = 22"~2 Hence by Krapchenko’s theorem, we
have:

n—1\2
(T‘L-2 1) 2

L(®n) = iz M (1.5)

]

15



Chapter 2

Monotone Formula Size

2.1 Introduction

In this chapter, we look at a technique to lower bound L' (f) using rank
arguments over a field IF, where f is a monotone boolean function. This was
suggested by Razbarov in [Raz90]. The technique indeed gives a way to
lower bound the monotone monochromatic partition number of a rectangle.
Following the proof of the technique itself, we show a way to apply to this

technique for a function over a graph.

2.2 Rank Lower Bound

Theorem 2.1. Let f be a monotone boolean function. Let 1 C f1(0)
and ] C f7Y(1). Fiz a field F. Let M be the set of all monotone
monochromatic sub-rectangles of 1 x J. Let A be an |I| x |J]| matrix

Then,
L) > A

Iglea&c Tk(AR)

(2.1)

Proof. Let R be the smallest monotone monochromatic partition of Sy =

f71(0) x f71(1). We know R covers the whole of I x ] since I x J is a sub-

16



rectangle of S¢. So A = } ;.4 Ar. Also, by sub-additivity of rank, we
have:

Tk(A) < érk(AR) < IR/ - max vi(A)
€

Tk(A)

= R >—
£ max rk(AR)
RER

and we know by Rychkov’s lemma:

R| =D"(S¢) < L7(f)

Hence:
Tk(A) Tk(A)
L"f)> —m—— — LT (f) > —M——
(f) max tk(Ag) (f) max Tk(AR)
ReER REM

]

To be able to use this theorem effectively, we should identify a high
rank matrix A that has the property that the ranks of Ay, where R is
monotone monochromatic should be small. In the following section we

give an example for one particular function defined over a graph.

2.3 Lower bound for dense graphs of girth at
least 5

Throughout this section, we fix the field F = GF(2). The following theorem
was proved by Jukna in [Juk04].

Theorem 2.2. Let G = ([n],E) be a graph. Define fg such that it

evaluates to 0 if and only if the set of vertices that the input assigns

17



to 1 1s an independent set. Formally:

f(Xh "')Xn) — \/ Xi /\Xj (22)
(i,j)€E
If girth(G) > 5, then
|E|
LY (f) > —
(>

Proof. We can view bit strings x € {0,1}™ as subsets of [n]. We can look
at vertices as singletons and edges as a set with two elements (the two
endpoints). For a vertex x, define I, to be the set of all its proper neighbours
in G. For a edge x = {u, v}, define I, as the set of all vertices other than u

and v which have edges incident to either u or v. i.e,

L {ze V\{x}]| (z,x) € E} ifxeV (2.3)
" zeviuvl(zu €Eor (zv) eVl ifxecE ‘

Note that the sets I, are independent sets since the graph G does not have
triangles or 4-cycles. So, an input that assigns a 1 to all the elements of one
of the I, s and Os elsewhere has to be rejected by f. Among all the elements
of f71(0), we focus our attention on only such inputs. i.e, we consider the
subset I = {I,|x € VUE} of f71(0). On the other hand, take any input y
that assigns a 1 to the endpoints of just a single edge. It is easy to see that
f(y) = 1. Hence, for each edge e € E, the input string that assigns 1 to
exactly the endpoints of e is a 1 instance. Hence E C f~1(1). Among all the
inputs in f~1(1), we focus our attention on only the inputs that correspond
to setting the endpoints of an edge to 1. i.e., we consider the subset ] = E
of f~1(1). From now on, our focus is only on the sub-rectangle I x J, where
I and J are as defined above.

Let A be a (|V|+ |E|) x |E| boolean matrix with a row for each vertex

and edge, and a column for each edge. An input corresponding to a row

18



x is the input that assigns 1 to exactly I,. And an input corresponding
to a column e of A corresponds to an input that assigns 1 exactly to the

endpoints of an edge e € E. The entries of A are defined as follows:
1 ifinj#0
Aij = (2.4)
0 ifinj=0
We claim the following:

1. A is full rank.
2. For any monotone monochromatic rectangle M of I, rk(Apm) < 2.

If we prove the above two claims, the theorem follows as a direct application
of Theorem 2.1. In what follows, we prove the above two claims one by

one:

Claim (1). A is full rank.

Proof. 1t is sufficient to show that any non-empty set of columns do not

add up to all 0s over GF(2). Take any subset of the columns F C E.

e Suppose any vertex v is contained in odd number of the selected
columns. Then the columns add up to give a 1 at the row corre-

sponding to v. And we are done.

e Suppose each vertex v is contained in even number of columns from
F. Then, in the graph restricted to the edges from F, each of these
vertices have an even degree. Take any edge (u,v) from this restricted
graph. It intersects an odd number of edges because - It intersects
itself, and intersects each of the edges incident to u and each of the
edges incident on v. Since u and v are even degree, the total number
of edges that (u,v) intersects is odd. Hence, the entry in the row

corresponding to the edge (u,v) will add up to 1.
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]

Claim (2). For any monotone monochromatic sub-rectangle M = M% x M*

of I, tk(Am) < 2.

Proof. Since M is monotone monochromatic, there is a vertex v € V such
that Vx € M?, v ¢ I, and Yy € M!, v € y. The rows of Ay could be of
two types:

e Row x with v € x. In this case, since v € y,Vy € M!, we have
xNy # (. Hence Ayy = 1 on the entire row x in the columns indexed

by M™.

e Row x with v ¢ x. In this case, v must be at-least a distance 2 away
from x. We can prove that in this case we get the all Os row as follows:
Suppose Am[x,y] = 1 for some y € M?!. This means that x Ny # 0.
Let u =xNvy. Now since v € x, u # v. But v € y. This gives
y = (u,v), which implies v € I,. This contradicts our assumption.

Hence, in this case, the row x is all Os.
m

A direct application of the rank lower bound argument (theorem 2.1)

on the matrix A gives the lower bound of |E|/2. O
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Chapter 3

Communication Complexity and
Circuit Depth

3.1 Introduction

In this chapter and the next, we will look at ways to use communication
complexity to give a lower bound on the circuit depth for a circuit com-
puting a boolean function. The importance of circuit depth lies in the way
circuits are related to Turing machine computation. A standard Turing
machine computing a function f can be converted to a circuit whose depth
is equal to the running time of the Turing machine. The only non-trivial
lower bound for circuit depth in the non-monotone world is for the func-
tion @,. The first proof was by Furst, Saxe, and Sipser in [FSS84] proves
that &, does not have a polynomial size circuit family with constant depth
and unbounded fan-in. This was also proved at the same time, indepen-
dently, using a completely different approach, by M.Ajtai in [Ajt83] This
was improved to exponential by [Yao85]. There is a proof for the same by
Smolensky in [Smo87]|. The tightest lower bound is proved by Hastad in

[Has86]. In the monotone world, however, it is known that there exists a
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function which does not have a log depth bounded fan-in circuit family,
but has a log? depth bounded fan-in circuit family computing it. We look
at this result in the next chapter.

The two-party communication model that captures many issues of com-
munication complexity was suggested by Yao in 1979. A connection to cir-
cuit complexity and, in particular, to circuit depth was proven by Karchmer
and Wigderson in 1988. We look at both these models and give a notion

of reduction, all in preparation to give lower bounds in the next chapter.

3.2 Games on Relations

Let R C XxYxZ. The communication game on R is the following: There are
two players - Alice and Bob, each having unbounded computational power.
Alice is given x € X, Bob is given y € Y, and the goal is to find a z € Z such
that (x,y,z) € R. At the end of the game, both Alice and Bob should agree
on a z such that (x,y,z) € R. An input pair (x,y) to Alice and Bob is called
a legal input pair if 3z € Z such that (x,y,z) € Z. The communication
complexity CC(R, x,y) of an input pair (x,y) over a ternary relation R is the
minimum number of bits required to be exchanged between Alice and Bob
to agree on a z € Z such that (x,y,z) € Z. The communication complexity
CC(R) of a ternary relation R is the total number of bits required to be
exchanged between Alice and Bob in order to successfully play the game
on R as described above on any pair of legal inputs. More formally:

CC(R) = min max CC(R,x,y) (3.1)

protocol xeX yey

It is assumed that Alice and Bob are always given a legal input pair.

We look at two special cases of this game in the following sections.
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Reductions

We can define a notion of reduction between communication games played
on relations. f SC X xYxZand T C X' x Y’ x Z" are two relations, we

say S <;» T if the following can happen:

e Alice has x € X, Bob has y € Y. Goal is to find a z € Z such that
(x,y,2) €S.

e Alice converts x to x’ € X’, Bob converts y to y’ € Y.

e Alice and Bob play the communication game on the relation T with
Alice’s input as x’ and Bob’s input as y’. They find a z’ € Z’ such
that (x’,y’,z’) € T.

e Alice and Bob now communicate at most m bits between each other

and arrive at a z such that (x,y,z) € S.
If m =0, we simply write S < T rather than S <, T.

Observation 3.1. If S <, T, then CC(S) < m+ CC(T).

3.3 Karchmer-Wigderson game

For any boolean function f :{0,1}™ — {0, 1}™, consider the relation KW; C
f71(0) xf~1(1) x [n] defined as follows: (x,y,1) € KW; <= x € f1(0),y €
f~1(1),x;{ # yi. The Karchmer-Wigderson game is the communication
game played on this relation. So, in this model, Alice is given an input x €
f~1(0), and Bob is given ay € f!(1). The goal is to find a position i where
their inputs differ. In this section, by CC(f), we always mean CC(KWs ).
Given a rectangle S, let CC(S) denote the communication complexity of
the Karchmer-Wigderson game when the inputs given to Alice and Bob

are guaranteed to come from S.
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Theorem 3.2. For any boolean function f, CC(f) = d(f).
Proof. We need to show two directions:

1. Circuit to protocol: d(f) > CC(f).

2. Protocol to circuit: CC(f) > CC(f).

We will show these one by one:

Lemma 3.3 (Circuit to protocol). For any boolean function f, d(f) >
CC(f).

Proof. Alice is given an x € f!(0) and Bob is given ay € f(1). Both of
them have the same minimal depth circuit C for f, whose depth is d = d(f).
Assume that C has all negations pushed to the leaves. This is a reasonable
assumption since pushing negations to leaves does not affect the depth of
the circuit. We need to come up with a communication protocol such that
Alice and Bob find an 1 where x; # y; within d bits of communication.

Consider the following protocol:

e Both Alice and Bob look at the topmost gate in C. If it is an /A gate,
then it is Alice’s turn to speak. If the topmost gate is an V gate,

then, it is Bob’s turn.

o If it is Alice’s turn, Alice sends the bit 0 if the left branch of the
A gate is computing a 0. Else she sends 1. Alice and Bob proceed
downward along the branch that Alice indicated to look at a gate

which has a depth of d — 1.

e If it is Bob’s turn, Bob looks at which branch of the V gate is giving
a 1 output, and sends 0 if it is the left branch. Else Bob sends 1.
Alice and Bob proceed along the branch that Bob indicated to look
at a gate that has depth d — 1.
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e Alice and Bob continue doing the above steps till they hit a leaf.

The above protocol works by moving down the circuit using the branches
which evaluate differently for Alice and Bob. And hence, at the end Alice
and Bob end up in a leaf which is labelled by the same literal, but evaluates
differently for Alice and Bob. We can also observe that for each bit sent,
the depth of the remaining circuit reduces by 1. Hence the total number

of bits exchanged is = d. 0

Lemma 3.4. [Protocol to Circuit] For any boolean function f, CC(f) >
d(f)

Proof. A boolean function g is said to separate a rectangle S if the following

two properties hold:
1. Vx € S% g(x) = 0.
2. Yy € St g(y) =1.

That is, g separates a rectangle S if S C S,.
We show that a circuit of depth CC(f) computing f exists by proving a

more general claim

Claim. For any rectangle S = S° x S!, there exists a boolean function g

such that g separates S and CC(S) > d(g).

Assuming the above claim, we prove the lemma as follows: Look at the
rectangle S¢ = f~1(0) x f~1(1). By the above claim, we know that there is
a function g separating S¢ and CC(S¢) > d(g). But since f }(0)Uf (1) =
{0,1}™, it has to be the case that g is indeed the function f itself. Hence
we get d(f) < CC(S¢)

Now we prove the above claim:
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Proof. Let ¢ = CC(S).

Base case: ¢ = 0, then the whole of S is monochromatic. i.e., there
exists an i such that Vx € S°, Vy € S!, x; # y;. This also means Jb € {0, 1},
Vp € S°, p; =b and Vp € S*, p; = b. In other words, the color of S is i.
So f evaluates to 1 on input z if z; = b and evaluates to 0 if z; = b. Hence
the circuit for f would be either be z; or z; depending on b, and hence has
a depth of 0.

Induction step: Let the protocol use c bits. Suppose Alice sent the
first bit, then there is a partition of the rows S° into S? and S9 such that
Alice sends bit 0 if her input x € S9,and sends 1 if her input x € SJ. Also,
S? x S! and SY x S! are disjoint and have a communication complexity of
c—1. From induction hypothesis, we have functions f; and f, that separate
S% x S! and S x S! respectively and both f; and f, have the property that
d(f;) < CC(S? x S') and d(fy) < CC(SY x S'). Let C; be the minimum
depth circuit for f; and C, be the minimum depth circuit for f,. It is easy
to see that CC(S?x S') < c—1and CC(S) x S') < c—1. We claim that the
desired circuit for f is simply C; /A C,. The correctness of this claim can be
seen as follows: f; and f, output 1 when given an input from S? because
they separate S¢ x S! and S9 x S! respectively. So Vz € S?, f;1(z) = 1 and
fa(z) = 1. On the other hand, Vz € S9, f3(z) could be anything but f;(z) is
surely 0 (because f; separates S? x S'). And Vz € S, although f;(z) might
evaluate to a 1, we know for sure that f,(z) = 0 because f,(z) separates
S x St. So, Vz € S, we have f(z) = fa(z) = 1, and Vz € SP U S), at least
fi(z) = 0 or f3(z) = 0 or both. Hence the claim that C; A C; is a correct

circuit for f holds. In the other case, where Bob transmits the first bit, a

similar argument would give us a circuit C; V C;. ]
This ends the proof of Lemma 3.4. [
This ends the proof of Theorem 3.2. [
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We can define a slight variation of this game for the monotone setting:
Let f be a monotone boolean function on n variables. We define the re-
lation KW/ C KW, defined as:(x,y,i) € KW/ <= x € f-1(0),y €
f=1(1), (x; = 0) A (y; = 1). Alice is given x € X and Bob is given y € Y
and the goal here is to find an 1 where x; = 0 and y; = 1. There has to

exist at least one such 1 since f is monotone.
Theorem 3.5. CC(KW/) =d*(f)

Proof. Exactly the same proof as for theorem 3.2. Here, we do not need
to assume that all negations appear only in leaves because there are no

negations. O]

Now, we look at a technique to lower bound the communication com-

plexity of the Karchmer-Wigderson game on a boolean function.

Monochromatic Partition Number
Lemma 3.6. For any boolean function f, log(D(S¢)) < CC(f)

Proof. By Theorem 3.2, we know that CC(f) = d(f). And since the number
of leaves of a minimal leaf-size circuit for f cannot exceed 2¢4(f), we have
d(f) > log(L(f)). Also, from Rychkov’s lemma, we have L(f) > D(S¢),
which means log(L(f)) > log(D(S¢)). Putting these all together in one line,
we get:

CC(f) = d(f) = log(L(f)) = log(D(S¢)) (3:2)

Hence the proof. O

We now look at an alternate proof for the above lemma which tells us

2CC(

how to partition S; into at most ) parts:

Proof. Let ¢ = CC(f). Both Alice and Bob start with S; as the active
rectangle. With each bit that Alice (Bob) sends, the rows (columns) of the
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active rectangle get split into two disjoint parts, and the active rectangle
gets reduced to a smaller one. So the communication itself can be viewed
as a tree with the root labelled with the whole rectangle S¢. Its children
are labelled by rectangles obtained after splitting the rows (columns) based
on the bit sent by Alice (Bob). This communication tree’s depth would be
exactly c. Since after c bits, Alice and Bob are able to decide on an 1 such
that x; # yi, the leaves of this tree must correspond to monochromatic
sub-rectangles. Hence, given a protocol that uses ¢ bits on the rectangle

S¢, we can give a monochromatic partition of Sy into at most 2¢ parts. [

3.4 Yao’s game

This is another special case of the communication game defined earlier on
relations. Here the relation R is indeed a boolean function f : {0,1}' x
{0,1}™ — {0,1}. Alice is given an x € {0,1}!, Bob is given a y € {0, 1}™.
The goal of the game is to compute f(x,y). Another interpretation: We can
look at a matrix M = X x Y, such that M¢[x, y] = f(x,y). Alice is given
a row x and Bob is given a column y. The goal is to compute M¢[x, y].
In general, denote the ternary relation corresponding to a function f by R¢
and denote by M, the matrix whose rows correspond to x € {0,1}' and
columns y € {0,1}™ with each entry being f(x,y). This model was first
introduced by Yao in [Yao79].

Observation 3.7. If Ry < KW, then, CC(R¢) < CC(KWy). In other
words, if the Yao game on a function f reduces to the Karchmer-
Wigderson game on a function g, then CC(R¢) < CC(KW,). Hence, a
lower bound to CC(KWy) can be obtained be giving a lower bound on

CC(Rg).
Now, we introduce the notion of “value-monochromatic”. Consider a
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boolean function f, and its associated matrix M; as defined earlier. A
rectangle S is called a value-monochromatic rectangle if V(x1,y1), (x2,Y2) €
S, we have M¢[x;,yil = M¢lxo,yo]. Informally, this is saying that the
matrix M; has the same value at all coordinates within that rectangle. So
intuitively, we would expect that after Alice and Bob play the Yao game
on f, they end up in a value-monochromatic sub-rectangle. We formalize
this in the next sub-section along with some techniques to lower bound the
communication complexity of the Yao Game played on a function f.

Note that the notion of “value-monochromatic” is also called simply
“monochromatic” in many sources. But we give the above definition of
monochromaticity a different name so as to prevent any confusion that
might arise when the two different notions are being used under a same

proof.

Lower bound techniques
Fooling set

Suppose a communication protocol produces the same bits to be exchanged
on two different instances (x,y) and (x’,y’), then we can prove that the
bits exchanged for the instances (x,y’) and (x’,y) are also the same as for
(x,y). So if the function, that the communication protocol being played
on, behaves differently on (x,y’) or (x’,y) compared to (x,y), then this
would show that the protocol is wrong. With this intuition, we can define

a fooling set more formally:

Definition 3.8. Let f : X x Y — {0,1}. A set S C X x Y s a fooling set
for f i1f there 1s a z € {0,1} such that

e For every (x,y) € S, f(x,y) = z.
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e For every distinct pair (x1,y1) € S and (xs,yz) € S, either f(x1,ys) #
z or f(x2,y1) # z.

Lemma 3.9. If f has a fooling set of size m, then CC(R¢) > log(m).

Proof. Suppose there exists a protocol P for R¢ which exchanges ¢ < log(m)
bits. Then, clearly, there are at most 2¢ possible bit patterns that can be
exchanged. Let S be the fooling set with |S| = m. Then, by the pigeon hole
principle, there are at least two distinct pairs (x;,y:) € S and (x2,y2) € S
such that the bit pattern exchanged by the protocol is the same. Consider
the rectangle formed with (x;,y;) and (x2,ys) as the corner points. It is
easy to see that the bit pattern exchanged will be the same for the four pairs
that form this rectangle. i.e., the bit pattern exchanged by the protocol
for (x1,Y2), (x2,Y1), (x1,Y1) and (x2,y2) are exactly the same. Hence, the
protocol P gives the same answer for the inputs (xi,y1), (X2,Y2), (X1,Y2),
and (x5,y:1). But by the definition of fooling set: 3z € {0, 1} such that
V(x,y) €S, f(x,y) = z, but either f(x;,ys) # z or f(xs,y1) # z. Hence the

protocol is concluding a wrong output in at least one of these pairs. [

Example 3.10. We can give a lower bound for the function DIS] :
{0, 1} x{0, 1} — {0, 1} which is defined as DISJ(x,y) =1 <= xNy = 0.
We claim that following set is a fooling set: S = {(A,A)|A C{1,--- ,n}}
and hence CC(Rpisy) = n. The correctness of the clarm s as follows:
The first required condition for fooling set 1s clearly satisfied since
V(A,A) €S, DISJ(A,A) =1. For the second condition, take (A,A) €S
and (B,B) € S where A # B, then, either 3x € A\ B, or Ix € B\ A. In
the first case, DISJ(A,B) = 0 and in the second case, DISJ(A,B) = 0.
Hence S 1s indeed a fooling set. By definition of S, |S| = 2™. Hence,
CC(DISJ) > n.

30



Value-monochromatic Partition Number

This method gives a lower bound on CC(R¢) for a boolean function f using
the value-monochromatic partition number defined earlier. This can be

seen as a generalization of the fooling set method.
Lemma 3.11. CC(Rf) 2 lOg(D(Mf))

Proof. Identical to the alternative proof of Lemma 3.6, using sub-rectangles

of My instead of S;. [

Rank Lower Bound

Let f be a boolean function on X x Y, the rank of M can be used to lower

bound the value-monochromatic partition number D(My).
Lemma 3.12. D(M¢) > rk(My).

Proof. Let A = My. Recollect that Ag, where R is a rectangle, denotes
the matrix A with all entries outside R set to 0. Let R be a value-

monochromatic partition of M.
Observation 3.13. VR € R, rk(Ag) < 1.

This is because R is value-monochromatic. So it is either all Os or all 1s.
Now, we can write Mt = ) . Ar since R covers the whole of A. By sub-
additivity of rank, we have tk(M¢) < 3 . Tk(Ag). From the above obser-
vation, we get ) .5 Tk(Ar) < |R|. And hence, Tk(M¢) < } per Tk(AR) <
|R|. Since this holds for any value-monochromatic partition, it follows that
Tk(M¢) < D(Mg).

O]

Corollary 3.14. From Lemma 3.11 and Lemma 3.12, we get
CC(Ry) > log(rk(My))
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Discrepancy bound

This is a technique to lower bound the value-monochromatic partition num-
ber of a rectangle. Let f : {0,1}™ x {0,1}™ — {0,1}. Let R be the matrix
obtained by replacing Os with 1s and 1s with —1s in the matrix M. The
discrepancy of a sub rectangle A x B of {0,1}" x {0,1}" in R is defined as :

1
oo

D Ruy

XxEA,YEB

(3.3)

Discrepancy Disc(f) of a function f is the maximum discrepancy over all

sub rectangles of {0.1}™ x {0, 1}™ in M.

Lemma 3.15. D(M¢) >

Dislc(f)

Proof. Let x = D(M;). We can show that there exists a sub rectangle
of {0,1}™ x {0, 1}™ with a discrepancy at least x as follows: Since M; has
22" entries, and it can be partitioned into x value-monochromatic parts,
by pigeon hole principle, one of the parts of this partition has at least
221 /x entries. Let this part be P. Since each of these parts is value-
monochromatic, the entries in the matrix My inside rectangle P are all Os
or all 1s. So entries in rectangle P in the matrix R (obtained by changing
Os to 1s and 1s to —1s of M) will be all 1s or all —1s. Hence it will have
a discrepancy of 1/x. Disc(f) takes max over all sub rectangles, hence,
Disc(f) > % O

3.5 Non-determinism

The notion of non-deterministic protocols is a natural one. Here, the

protocol is allowed to make a guess, and then Alice and Bob exchange
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information to verify the guess. If, in any one of the non-deterministic
branches, it is found that the answer is 1, the protocol returns 1. The
non-deterministic complexity of a function f is the total number of bits
exchanged plus the size of the guesses made by the best protocol which is
allowed to make guesses for the Yao game on f. From now on, we denote
non-deterministic complexity of a function f by N(R¢). For eg: Consider
the non-equality function NEQ : {0, 1}™ x {0, 1}™ — {0, 1}™, which is defined
as NEQ(x,y) =1 <= x # y.The communication game corresponding
to Rneq would be: Alice and Bob are both given an n bit number. The
goal is to determine if x # y. A non deterministic protocol for this is: A
guess 0 < i < n is made. Alice sends bob the bit at the i’th position of her
input. If the bit is different from bit at the i’th position of Bob’s input,
then, Bob declares that NEQ(x,y) = 1. The guess made was of size log(n)
and one more bit was exchanged. Hence N!(Rneq) = O(log(n)). Note that
if the input pair (x,y) was a 0 instance of a function f, then at the end of
a non-deterministic protocol for f, it is not necessary for Alice and Bob to
know exactly which value-monochromatic rectangle of M the input pair
belonged to. Just the fact that (x,y) does not belong to a rectangle colored
1 suffices.

Non-deterministic communication can be seen as a communication tree
whose leaves are value-monochromatic sub-rectangles, which together, form
a cover of the 1s of the matrix M. By this, we mean that the value-
monochromatic sub-rectangles are allowed to overlap, but together they
have to cover all the 1s. Let C'(R¢) denote a best possible 1 cover of
R¢. This is a relaxation of the condition that the value-monochromatic
sub-rectangles need to be disjoint. So intuitively, non-deterministic com-
munication complexity for a relation R, where f is a boolean function,

should be lesser than deterministic communication complexity.
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On similar lines we can define the notion of co-nondeterministic com-
munication complexity of a function f as the number of bits exchanged plus
the number of bits guessed by a best communication protocol which has
the leaves of its communication tree as value-monochromatic sub-rectangles
that cover all the Os of the rectangle R¢. We denote the co-nondeterministic
communication complexity by N°(R¢).

Further, we can look at protocols in which Alice and Bob determine
exactly which monochromatic rectangle the pair of inputs is in. Such a
protocol will have leaves that correspond to monochromatic sub-rectangles
that cover the whole of R;. The number of bits used by the best possible
such protocol for a function f will be denoted by N(R¢).

Observation 3.16. For b € {0,1}, N®(R¢) = O(log(C®(f))).

The above observation can be seen as follows: Let, without loss of
generality, b = 0, and let the rectangles of the 0-cover be labelled such that
each rectangle gets a unique number. Alice has x, Bob has y, Consider a
protocol that guesses the label of the rectangle where (x, y) lies. Alice sends
1 if and only if her row x indeed lies in the rectangle that was guessed. Bob
sends 1 if and only if his column y is contained in the rectangle that was
guessed. If both of them sent a 1, then the branch corresponding to this
guess returns a 1. Similarly for b = 1. Hence a total of log(CP?(f)) + 2 bits
were used by the protocol in guessing and exchanges. On similar lines, it
can be seen that N(R¢) = O(log(C(f)).

Say that a rectangle R = A x B intersects another rectangle S = A’ x B’
in rows if AN A’ # (). Similarly, say that R intersects S in columns if

BN B’ # (). We have the following observation:

Observation 3.17. In any value-monochromatic cover, a 1-rectangle
intersects at most half of the O-rectangles in rows, or intersects at

most half of the 0-rectangles in columns.
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The above observation follows because if a 1-rectangle R intersects more
than half of the O-rectangles in rows and also intersects more than half
the O-rectangles in columns, then it means that there is at least one 0-
rectangle that intersects R in both rows and columns, which means that
R overlaps with a O-rectangle. This is a contradiction to fact that R is
value-monochromatic.

The following theorem connecting CC(R¢),N°(R¢) and N*(R¢) is proved
in [KN97]. The proof is as follows:

Theorem 3.18. CC(R¢) = O (NO(R¢) x NY(R¢)).

Proof. The general idea of the proof is: Alice and Bob initially start off
with all O-rectangles alive. With each phase of the protocol, they halve the
number of O-rectangles alive. The overall goal is to search for a 0-rectangle
which contains (x,y). If they cannot find such a rectangle, they conclude
that (x,y) must be contained in a 1-rectangle. The protocol is such that
number of bits exchanged in each phase is at most log(C!(f)), and there

are at most log(C%(f)) phases. The protocol in more detail:

1. Alice looks at the O-rectangles that are alive. If there are none, she
announces that f(x,y) = 1. Otherwise, she searches for a 1-rectangle
Q that contains the row x and intersects in rows with at most half of
the O-rectangles that are alive, and sends the unique label of Q (this
ends the phase and Alice and Bob update the set of alive O-rectangles
to all those O-rectangles that intersect with Q). If she cannot find
such a rectangle, then she tells Bob that such a rectangle does not

exist.

2. Bob searches for a 1-rectangle R which contains the column y and
intersects in columns with at most half of the alive O-rectangles. If

such a rectangle exists, then Bob sends its unique label to Alice (this
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ends the phase and Alice and Bob update the set of alive rectangles

as before). Else, Bob announces that f(x,y) = 0.

Each phase uses log(C!(f)) + O(1) bits. And there are at most log(C°(f))
number of phases. To prove that the protocol works, we note that if (x,y) is
in a O-rectangle, then that 0-rectangle remains alive throughout. Hence, if
there is no O-rectangle alive, then it is correct to conclude that f(x,y) = 1.
On the other hand, if (x,y) belongs to a 1-rectangle, then by a previous
observation, either this 1-rectangle intersects in rows with half of the O-
rectangles, or intersects in columns with half of the O-rectangles. Hence,
if both Alice and Bob cannot find such a rectangle, then it is correct to

conclude that f(x,y) = 0. Hence the result follows. H

Observation 3.19. The above theorem implies that it cannot happen
that both N°(R¢) and N(R¢) are exponentially smaller than CC(Ry).
Also, we get CC(R¢) = O((N(f))?) since N1(f) = O(N(f) and N°(f) =
O(N(f)).
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Chapter 4

Lower Bounds using

Communication Complexity

4.1 Introduction

The lower bounds for circuit depth achieved so far for circuits in the non-
monotone world are not that significant. For various such results, see
[Weg87], [Dun88], [Has86], [BS90]. In this chapter we will study three
non-trivial lower bounds for circuit depth in the monotone world. The
first result we look at uses direct summing to construct a function in stages
while maintaining a lower bound to circuit depth at each stage. The second
result is an even stronger one, where we look at s-t connectivity. It uses a
reduction from a relation that appears to be tailor made for the purpose.
And the last result is a more general approach to use a function with a spe-
cial property to construct another function which has a non-trivial lower

bound on circuit depth.
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4.2 Direct Sum

In this section we look at an Q(log(n) - loglog(n)) depth lower bound for
monotone circuits proved in [KRW91] using direct summing as a way to
boost the required communication complexity. Some definitions required
for what follows: Let P(n) denote the set of all subsets of the set [n]. And
let P (n) denote the set of all subsets S of [n] such that |S| = k.

Definition 4.1. DIS],, « denotes the disjointness function. It is defined
as DIS], x : Px(n) x Pr(n) — {0,1} where DIS] «(S,T) =1 <= SNT =
0.

We will look at DISJ,, x as a ternary relation.
Composition of two boolean functions f : {0,1}" — {0,1} and g :

{0,1}™ — {0, 1} is defined as follows: fog:{0,1}"™ — {0, 1}

fo Q(X) :f(g(xl)x2)"' )Xm))g(xm+1)"' )XZm))"' )g(xm(n+1))"' )Xnm)

So function composition can be seen as a way to combine two boolean
functions in a tree-like fashion. In the above case, the g’s form the leaves
of the tree, and f is the root.

The Direct Sum of two relations RC XxYxZand S C X' xY’xZ' is de-
fined as follows: R®S C (XxX')x(YxY')x(ZxZ"). ((x,x"), (y,y'), (z,2)) €
R®S <= (x,y,z) € Rand (x’,y’,z’) € S. Intuitively, solving the com-
munication game on the direct sum of R and S is like solving each of them

simultaneously. The main theorem is the following:

Theorem 4.2. For infinitely many n, there exists a monotone boolean

function f on n variables such that

Q(log(n)loglog(n)) < d* (f) = CC(KW;)
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To prove this, we prove a more general theorem:

Theorem 4.3. Vk, m, such that k < m, let L = |2k4*In(m)|. 3 a mono-
tone boolean function g on m+1 variables such that for any y € Z, the

function f = g'V) satisfies the following equation:
O(y - k- log(m)) < CC(DISTY}) < CC(KW,)) = CC(KW/)  (41)

Assuming the above theorem, we prove Theorem 4.2 as follows:

Proof. Choose m = log(n)and k = %log(m) . Since g is on m+|2k4* In(m) |
variables, this setting of k and m gives a g that works on O(m) variables.

We want f as a function on O(n) variables. i.e., we want (m + 1)V = O(n).

log(n)
loglog(n)*

Since (m + 1) = O(m), choose y = By plugging in these values,

equation 4.1 now gives:

1
Q (% . ilog(log(n)) -log log(n)) < CC(KW{)

Now we set about proving Theorem 4.3.
Sketch of Proof:

1. Find a monotone function g on (m+1) variables that has the property
that for k such that 1 = |2k4*In(m)]|, DIS]mx < KW;. Hence Yy,
DISJIY, < Kwg Y

2. Compose g with itself y times to get a monotone function f on (m+1)Y

variables.

3. Prove that CC(KWg ') < CC(KW/ ).
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4. From 3 and the fact that DIS]:;”)k <KW Y we get:

CC(DISJ}Y) < CC(KWi M) < CC(KW/, ) = CCKW/)

5. Prove that CC(DIS]EE,)k) =Q(y- k- (log(m)—1log(k))).

In what follows, we prove the claims 3, 5, 1 in that order.

Claim (3). For any two monotone boolean functions f : {0,1}™ — {0,1}

and g:{0,1}™ — {0, 1},
KW/ ® KW; < KW]?Og.

Proof. The game on the left side is: Alice’s input: x € f~1(0), and an
x’ € g71(0). Bob’s input: y € f1(1), and any’ € g *(1). Goal is to find
i,j such that x; =0, y; = 1 and x{ = 0, yj = 1. Note that [x| = [y[ = m and
X[ =y =n.

Alice constructs u = u!,u?,...,u™; [ul = mn where

x/ if x; =0.
1™ if Xi = 1.

Then we have: Vi, g(u') =x;. And so fo g(u) = f(x) = 0.

Bob constructs v = vv?,...,v"™; [v| = mn, where
N y/ lfyl =1.
AV —

Then, we have: Vi, g(v') =y; and so, fog(v) = f(y) = 1.

Alice and Bob play the communication game on the relation KW;LOg with
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inputs u, v. At the end of the game, they both agree on an index k such that
ux = 0 and v, = 1. They compute i = [%1 and j = (k—1)mod(m)+1. We
claim that 1 and j as computed are a correct answer to the communication
game played on the relation KW/ and KW respectively. The correctness
can be seen as follows: We know u, = 0, v = 1. Since u, = 0, uyx cannot
be in a block u' where x; = 1. And since vi = 1, v, cannot be in a block
vt where y; = 0. So x; = 0, and y; = 1. Hence 1 is a correct answer to the
game KW/ . On the other hand, since x; =0, u' = x’. So ux =j'™ bit of
u' = x/. Similarly, since y; = 1, v\ =y’. So vi =j'" bit of v\ =y}. And
x; = 0 and y; = 1. And hence j is a valid answer to the game KW . This

ends the proof for Claim(3). O
Claim (5). CC(DISJY}) = Q (k-y - (log(m) — log(k)))

Proof. The proof is in two stages:

(a) Let R and R’ be the ternary relations associated with a pair of boolean

functions,then,

CC(R® R’) > log(rk(Mg)) + log(rk(Mg/)).

(b) For any m, k < m, vk(DIS] k) = Q(k(log(m) —log(k))).

Proving the first part gives CC(DISI%”L) >y -log(rk(DISJ «)). And with
the second part, we get CC(DISJ\Y}) = Q(y - k(log(m) — log(k))). We

prove the two parts one by one:

Proof of (a). Let R : X xY — {0,1} and R’ : X’ x Y’ — {0,1}. Define
the function R- R’ : X x X’ x Y x Y’ — {0, 1} such that R- R'(x,y,x’,y’) =
R(x,y) AR’ (x",y").

Observation 4.4. Mr.r» = Mg ® My where ® denotes tensor product

of the matrices.
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Now, R- R’ < R® R’ in a natural way. Hence CC(R® R’) > CC(R-R’).
Using corollary 3.14, we get CC(R®R’) > log(rk(Mgr’)). Using the above
observation, we have: CC(R® R’) > log(rk(Mg,r/)) = log(rk(Mr ® Mg/)).
Using the well known fact that rank of a matrix is multiplicative with
respect to tensoring, we get: rk(Mg)rk(Mg/) < rk(Mg ® Mg/). Using this
fact, we now get: log(rk(Mg ® Mg: > log(rk(Mg)) + log(rk(Mg/)). Hence
CC(R® R’) > log(rk(Mg)) + log(rk(Mg/)). O

Proof of (b).
Fact 4.5. It 1s known that the disjointness matriz has full rank over

R. For a full proof, see [Got66]
From the above fact: k(DIS] i) = (™) > ()" O

This ends the proof of Claim(5). O

Now we need to prove that a function with the properties in step 1

exists. This was proved in [Raz90].

Theorem 4.6. For every m,k, and 1 = [2k4*In(m)|, 3 monotone func-

tion g :{0,1)™ x {0, 1}' — {0, 1} such that DIS] i < KW

Proof. Consider a function MINCOVER, whose input is a bipartite graph
G = (P,Q,E) and an integer k. MINCOVER evaluates to 1 if and only
if there exists a Py C P, |Py] = k such that Vq € Q, dP € Py, (P,q) € E.
This function can also be seen as a set-cover. i.e., Q can be viewed as the
universe and PP can be viewed as a collection of subsets of Q. The function
returns 1 if and only if there is a k sized sub-collection of P that can cover
the whole of Q.

Fix P, Q, k, we can define a monotone function called SETCOVER that
works on |P|+|Q| variables based on MINCOVER as follows: SETCOVER(P’ C
P,Q" C Q), evaluates to MINCOVER(P’, Q\Q’,E N (P’ x Q\Q’). That
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is, the function SETCOVER is a restriction of MINCOVER to the sub-
collection P’ and Q\Q’. Note that we restrict SETCOVER to Q\Q' rather
than Q’, because otherwise, the function would not be monotone. SETCOVER
corresponds to the g in the theorem.

To prove the theorem, we will first need to prove a lemma about covering
the matrix DIS],, x. Let the rows of the matrix DIS]J,, x be U and columns
V. Define rectangle R ={u € Ui € u} x {v € V|i € v} for each 1 < i< m.
Intuitively, R? is the rectangle contains all pairs that intersect at i, and
hence the matrix DISJ,, x would have an entry of 0 at each position that

belongs to RY.
Observation 4.7. The Rls cover all the 0 entries of the matriz DISTm x

Given an ¢ € {0,1}", define the rectangle RI ={u e U |Vi € u,¢; =
1} x{veV|Viev,e =0} Intuitively R covers all the pairs (u,v) such
that u is a subset of ¢ and v does not intersect with e¢. Clearly all entries
in DISJ x with coordinates in R! are 1. Now we prove a lemma about the

number of ¢’s required to cover all the 1’s using R! rectangles.

Lemma 4.8. For | = [2k4*In(m)], Jey, €, ..., &, such that U}Zl RL. cov-
ers all the 1s in DIS] x.

Proof. We prove this by a probabilistic argument. Note that for a fixed
1

2lulglv] -

u, v such that unNv = @ and a random ¢, Pr[(u,v) € Rl] =

The probabilistic argument is as follows: Pick independently at random
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€1,€2,.-.,€ €{0,1}™. Then, we have the following:

Pr3(u,v) e Ux V,unv = { and (u,v) not covered by any R;]

1
< |U| : |V| : TTL(lXumv:@PT [(u,v) ¢ U R;]

i=1
1
1
2k
< m (1 N 2u|+|v>

<1 for our choice of 1.

Now, we give a reduction from DISJ, x to KWdttcover-

Lemma 4.9. DISJx < KWiircover. Here SETCOVER is on m + 1
variables, where 1 = |2k4*In(m)].

Proof. The game on the left side is: Alice and Bob are each given as input
k sized subsets. The goal is to determine if their subsets intersect. Assume
that both Alice and Bob have agreed upon same set of ¢y, €s,..., ¢ from
lemma 4.8 before the game begins (this can be done since the ¢;s do not
depend on the inputs). Fix Q ={q1, qa,. .., qi}, where 1 is from lemma 4.8,
and P = {Py,Po,..., Py}, where for each 1 <i < m, P; ={qg; € Qi € ¢;}.
Elements of Q correspond to €;s. Alice has to convert her subset to a
0 instance (Py, Qq) of SETCOVER, Bob has to convert his subset to a 1
instance (P, Q1) of SETCOVER such that the answer to the communication
game on KW¢trcover 8ives a way for them to determine whether or not
their input subsets intersect.

We first describe Bob’s reduction: Let input to Bob be the set Y. Bob
converts this to (P;, Q;) where P; = {P;[i € Y} and Q; = {qile; NY = 0}.
Intuitively, Bob restricts P to the elements corresponding to Y and chooses

those elements to remove from the universe Q that cannot be covered by
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Y. Hence, by definition, (PP, Q) is a 1 instance.

Let input to Alice be X. Alice restricts P to elements corresponding
to X, and Q to elements which can be covered by every set P;, i € X.
Formally: Py = {PiJi ¢ X} and Qo ={q: € Q|Fj € X,es N P; =0}
Clawm. (Pg, Qo) is a 0 instance of SETCOVER

Proof.

XX =0 DISJIX, X = 1
Je € {e1,..., &1}, R covers DISJ[X, X]
Je,XCeand eNnX =10

I

Je,Vie X,PiNe#Pand Vie X,PiNe =10

This means that there is at least one ¢ for which, in Alice’s instance, none

of the P;s chosen by Alice can cover it. Hence it is a O instance. O

After playing the communication game on KW¢t1cover With the mod-
ified inputs, with no extra communication, Alice and Bob can determine
if XNY = (. Suppose the answer to KWdrrcover Was p (position where

Alice’s instance had 0 and Bob’s instance had a 1).

Claim. If p < m, then XNY # 0.

Proof.

peYandp ¢ X
peYandpeX
peXxXny
XNY £

I
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Claim. If p > m, then, XNY =0

Proof. Let j = p — m. Then, we have:

p>m = Vie X,P;NQ;#0 since p'" bit is 0 for Alice
and Vi€ Y,Q;NP; =10 since p'™ bit is a 1 for Bob
= XNY=10
O
This ends the proof of Lemma 4.7. [
This ends the proof of the Theorem 4.3. [

4.3 FORK Game

In this section we look at an log®(n) depth lower bound for directed s-
t connectivity which was proved in [KW88]. The s —t — connectivity
function STCON,, is defined as follows: Given a directed graph on n nodes,

a source vertex s and a target vertex t,
STCON(G,s,t) =1 <= there is a directed path starting at s and ending in t

We assume without loss of generality that the vertices are numbered from
ltomnand s =1 and t = n. KW game on this function consists of Alice
being given a graph Gg that does not have an s —t path while Bob has a
graph G; that does have an s — t path. The goal is to find an edge (u,Vv)
which is not present in Gy, but is present in G;.

Define a relation FORK,, 1 : £' x ' x [l] where (x,y,1) € FORK <
(xi = yi and xi41 # Yir1). Here X is a w sized alphabet. Assume the

symbols in X are X[1],X[2],---,X[w]. Assume x and y have a 0 and 1+ 1
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position such that xg = yo = X[1] and x; 1 = X[w — 1] and y41 = Z[w].
With these assumptions, for every x,y € I!, 3i € {0JU[l] such that (x,y,1i) €
FORK.

Theorem 4.10. d*(STCON,,) = CC(KW¢con.) = Q(log?(n))
Sketch of Proof: The proof sketch is as follows:

1. Show that FORK 5 s 2 < KWdrcon,. -

2. Show that CC(FORK,, 1) = Q(log(l) - log(w)).

3. Hence conclude that CC(KW{con, ) = Q(log?(n)).

We now prove (1) and (2) below:

Proof of 1. We will restrict the domain of STCON,, to layered graphs with
1+2 layers with each layer having w vertices such that 142 = w = y/n. Now
we can show that FORK,, , reduces to the KW relation of this restricted
version, and hence reduces to the KW game of the more general STCON,,.
Recall that KWg ooy, 18 the communication game where Alice gets a graph
with no s —t path and Bob gets a graph which has a directed s —t path.

Alice is given an x € {0,1}'. Alice constructs the graph Gy with 1 + 2
layers - corresponding to the positions xg,Xi,...,% ;- Hach layer has w
vertices - corresponding to the w letters of the alphabet. Let v; ; denote ver-
tex j of layer 1. Alice constructs the path P, corresponding to xi,x2,...,X.
ie,For 0 <1i <1, (Vix,Viti,x,,) € E. Alice also adds an edge between a
vertex of layer i that is not in the path P to every other vertex of layer i+ 1.
G; is clearly a 0 instance of STCON since t = vi41., and x4 = Z[w — 1]

by assumption.
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Bob is given ay € {0,1}!. Bob constructs the graph G; with the same
number of layers and vertices as above. But G; consists of only the path
P, corresponding to y in G. i.e., For 0 <1i <1, (viy,,Vit1,y.,.) € E. This
is clearly a 1 instance.

For example, let ¥ = {1, 2, 3}. Let the input to Alice and Bob be “32” and
“31” respectively. The strings after extending with a 0'™ and 3"¢ coordinate
are “1322” and “1313” respectively. Bob constructs the graph shown in the

following figure:

[ J
Graph constructed by Bob.

And Alice constructs the following graph:

Graph constructed by Alice.

Now, by playing the communication game on the two constructed graphs,
Alice and Bob can determine the answer to FORK(x,y). This is as follows:
STCON on Gy and G; gives an edge (u,v) that is not in G, but is in G;.

u belongs to some layer i. u belongs to path P, because otherwise, (u,v)
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would have been an edge in Gy by construction. u is in the path P, also
because otherwise, (u,v) would not be an edge in G;. But now, u € P,,
but (u,v) € Gg. This can only be possible if v ¢ P,. Hence i is a correct

answer to FORK(x,y). This ends the proof of (1). ]

Proof of 2. We first define the notion of an («, 1) protocol. An («,1) pro-
tocol P for FORK,, ; is a protocol with a good set S, |S| > o - {0, 1}' such
that vx € S,y € S, P(x,y) = FORK(x,y). Let C(«, 1) denote the minimum
number of bits required for an («, 1) communication protocol for FORK.

We use the following two lemmas that we will prove later:

Lemma 4.11 (a). If there is a c-bit («,1) protocol for FORK, there is
also a ¢ —1 bit («/2,1) protocol for FORK. 1.e.,

c(%‘,l) <Clal)—1<Cla, 1)

Lemma 4.12 ((b) Amplification). If there exists a c bit («,1) protocol
for FORK, then there is also a c-bit (/«/2,1/2) protocol for it. i.e.,

c (ﬁ‘,l) <Cla)
2 2

Assuming the above stated lemmas, we show how to prove the theo-
rem: Since C(1,1) > C(1/w'/3,1) its sufficient to prove that C(1/w'/3,1) =
Q(log(l) - log(w)). Apply the two lemmas to prove the theorem as follows:

e Start with a (1/w/3,1) protocol.

e Apply lemma (a) ©(log(w)) times to get C(1/w/3,1) > Q(log(w)) +
C(4/w?/31).

e Apply lemma (b) once to get C(4/w?3,1) > C(1/w'/3,1/2).
e Now we have C(1/w'/3,1) > Q(log(w)) + C(1/w¥3,1/2).
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e Repeating the above procedure inductively ©(log(l)) times, we get
C(1/w'3,1) > Q(log(1) - log(w)).

This ends proof of (2). O
We now prove the above two lemmas:

Proof of (a) Lemma 4.11. Assume without loss of generality that Alice
had sent the first bit in the («, 1) protocol P. Let S C {0,1}' be the good
set of P. Let So,S; C S be the sets of strings for which Alice sends 0 and
1 as the first bit respectively. Let Sy, be the larger among S; and Sy; then,
clearly |Sy| > |S|/2. Define a new protocol P’ which is exactly the same as
P without sending the first bit. So Alice and Bob assume the first bit to be
b and continue working just like . Then, P’ is a ¢ — 1 bit protocol with

the good set S,. Hence P’ is a ¢ — 1 bit («/2,1) protocol for FORK. H

Proof of (b) Lemma 4.12. The following proof is taken from [KN97]:
We will need the following combinatorial lemma that we state without

proof:

Lemma 4.13. Consider n x n boolean matriz. Let m be the number
of 1s in 1, and m; be the number of 1s in the it" row. Denote by
x = m/n?, the density of 1s in the matriz, and by o = my/n, the

density of 1s in row i. Then at least one of the following holds:
(a) There is some row i for which o > \/o/2

(b) The number of rows for which row density is greater than «/2 is

at least \/a/2 - n.

Now we proceed to prove the amplification lemma. Let S be the good
set for the («, 1) protocol being considered. Consider a matrix A whose

rows and colums correspond to strings from X'/2. An entry corresponding

50



to row u and column v of A is a 1 if and only if uov € S. Since |S| > «Z!,
the density of this matrix is atleast «. Applying the above lemma to this
matrix, we get that it satisfies either (a) or (b).

Suppose the matrix satisfied (a), then, there exists a row corresponding
to some string u € £'/2 that has density atleast \/oc_/2. On input x,y €
Y2 Alice and Bob use the original (o, 1) protocol on the strings u o x
and uovy. Since we are prefixing both x and y with the same string
u, the answer to FORK on these strings surely lies in the second half of
the strings. The protocol succeeds whenenever u o x and uwoy are in
S. So define S” = {x | ux € S}. Then, S’ is good for this protocol and
IS’ = \/oc_/2 > \/a/2. Hence the lemma goes through if (a) happens.

Suppose the matrix satisfies (b). Let S’ C S be the set of rows for
which density of 1s is atleast /2. We will show that there exists functions

f,g: Y2 - ¥Y2 and a set S” C S’ such that the following holds:
1. Vx € S”,x o f(x) € S,
2. VyeS” yog(y) €5,

3. Vx,y € S”, the strings f(x) and g(y) are different in all coordinates,

4. 18" > /2.

Assuming that we can show the existence of f and g with the above prop-
erties, the new protocol is as follows: On input x,y € £'/2, Alice and Bob
use the original c-bit protocol («, 1) protocol on x o f(x) and y o g(y). By
property 3, the answer to FORK on these strings cannot lie in the second
half. Because of property 4, this is an (1/«/2,1/2) protocol.
The existence of f and g with the above mentioned properties is proved
by a probabilistic argument in [KN97].
O]
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Observation 4.14. We have just seen that any monotone circuit family
computing STCON has a depth asymptotically greater than log®(n).
Its easy to see that STCON can be computed by a circuit family with
depth O(log®(n)). This can be done by using Savitch’s trick of divide
and conquer for reachability. Hence, the above result 1s asymptotically

tight for STCON.

4.4 A general technique for a log” n lower bound

to monotone circuit depth

In this section we look at a general technique to prove a log® n lower bound
on the monotone circuit depth of a function f which we will construct
using a function g that has a deterministic communication complexity sig-
nificantly larger than its non-deterministic communication complexity.

Let g : {0,1}"x{0,1}™ — {0, 1}. Let C{,Cs,---, C; be a value-monochromatic
cover (covering both Os and 1s) of the best non-deterministic protocol
for Ry. Define the relation ¥ C {0,1}™ x {0,1}™ x {1,2,---,t} such that
(x,y,1) € ¥ <= (x,y) € C;. Note that for each (x,y) there is at least
one i for which (x,y,1) € ¥, and also, there could be more than one such

i.
Observation 4.15. Ry <V

Now, we construct a function f : {0,1}' — {0,1}. The input to f can
be thought of as a subset of Cy,---,Cy. f is defined as: f(z1,25---,2¢) =
1 if there exists a column y in M, such that Vi,y € C; = z; =1. fis
monotone by definition. We want to prove a non-trivial lower bound on

the monotone KW game of f.

Lemma 4.16. ¥ < KW/
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Proof. Given an x € {0,1}", Alice constructs x’ € {0,1}' by assigning
x{ = 0 if the row x belongs to C; and 1 otherwise. f(x’) = 0 because for
each column y of Mg, there is an i such that C; covers (x,y) andsoy € C;
but z; = 0. Hence y is not a witness column for f(x’).

Bob is given an y € {0,1}™. He constructs y’ € {0,1}' by assigning
y{ = 1 if column y belongs to C;, 0 otherwise. f(y’) = 1 by definition of f,
because the column y itself serves as the witnessing column for f(y’).

Alice and Bob play the communication game on f with inputs as x’ and
y’ respectively and obtain an answer i such that x{ = 0 and y{ = 1. By
the way we defined x’ and y’, it can be seen that row x belongs to C; and
column y belongs to C;. Hence Alice and Bob now know that the value-
monochromatic rectangle to which both x and y belong to is 1, and hence

1 is a legal answer to the communication game on V. [

Corollary 4.17. From the above lemma and observation

R, <V < KW/, and so CC(R,) < CC(W) < CC(KW).

Lemma 4.18. If N(Ry) = Of(log(n)) and CC(Ry) = Q(log?(n)), then,
dt(f) = CC(KW{) > log’n

Proof. Note that f works on t = 2N(Re) variables. So if N(R,) = O(log(n)),
f works on n variables. And since CC(R,) < CC(KW/), Q(log’n) <
CC(KW;). O

An example for a function that has non-deterministic communication
complexity O(log(n)) and deterministic communication complexity log®n
is DIST tog(n)- CC(DISTn10g(n)) = 6(log”n) - follows from the fact 4.5 that

RDIS] is full rank.

Claim. N(DISJ 10gn) = O(log(n))

Proof. Tt is easy to see that N°(DISJ, 10g(n)) < log(n) - Alice is given X,

Bob is given Y, |X| = |Y| =logn, A guess i € [n] is made. Alice sends a 1 if
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i € X. Bob announces that the sets are not disjoint if i € Y, and announces
that the sets are disjoint otherwise.

Suppose we can prove that indeed N*(DISJy 104 ) = O(log(n)+log log(n)),
then, N(DISJyn 10gn) = O(logn) as follows: Let f be short for DIS], jogn-
From Observation 3.16, we get CO(f) = 2N°(f) and C'(f) = 2N'(F). Using
the fact that C(f) = C°(f)+C*(f), and substituting O(logn) for both N(f)
and NO°(f), we have: C(f) = O(n). So N(f) = O(logn). It can be shown
using a probabilistic argument that N!(f) = O(logn + loglogn). This is
given in detail in [KN97]. O
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Appendix

Markov’s Inequality

Markov’s inequality states that if X is any random variable, and a > O,

then, the following holds:

E
Pr(X] > al < IEl
a

Cauchy-Schwarz Inequality

The Cauchy-Schwarz inequality is the following:

2
<

n
E XiVi
1i=0

n

> Yyl

j=1 ji=1
Shannon’s argument

The following theorem that shows that most functions require exponential

size circuits was proved by Shannon:

Theorem 1 (Shannon). Let ¢ > 0. The ratio of all n-ary Boolean functions
that can be computed by circuits over the basis {/,V,~} with (1 — e)%

gates approaches 0 as n — oo.
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