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Introduction

•M2-brane is a 2-dimensional extended object living in

11-dimensional space-time. It has 8 transverse spatial

Figure 1: Supersymmetric membranes live in 11D

directions and 2 parallel ones. It is natural to ask what



type of matter fields can live on M2-branes and what is

their dynamics. What low energy 3-dimensional theory

lives on the world volume of M2-branes?

•The close relatives of the M2-branes, the D2-branes,

live in (1 + 9) dimensions. The dynamics of D2-branes

is described by SU (N ) super-Yang-Mills field theory.

The SYMs are well understood from AdS/CFT point

of view.

Figure 2: D2-branes with streched open strings



Unlike 11-dimensional branes, the D2-branes have open-

strings ending on them. The end points of open-strings

couple to gauge fields which live on the world volume

of D2-branes. The resultant low energy dynamics of

N D2-branes is governed by a supersymmetric SU (N )

gauge theory

SD2 =
∫

d3xTr(− 1

4g2
YM

FµνF
µν − 1

2
DµX

iDµXi

−g
2
YM

4
[Xi, Xj][Xj, Xi] +

i

2
Ψ̄γµDµΨ +

i

2
Ψ̄Γi[X

i,Ψ])

Here

Fµν = ∂[µAν] − [Aµ, Aν]

DµX
i = ∂µX

i − [Aµ, X
i]

The real bosonic fields:

Aµ;X1, ..., X7 (all in the adjoint of SU (N ))



ΨAα (2 compt spinor of 3D and 8 compt spinor of SO(7))

• For large N the theory can be described appropriately

to live on the boundary of AdS4 × S6.

•The mass dimensions:

[Xi] = 1/2, [Aµ] = 1, [Ψ] = 1, [g2
YM ] = 1

•Notice that the YM coupling is dimensionful in 3D!! So

it cannot be a conformal theory. The SYM coupling has

a RG flow. The theory has good UV behaviour where

it becomes a free theory while in the IR it flows to a

strongly coupled fixed point!

• But what is the nature of the theory at this IR fixed

point? Could it be described as some kind of a mem-

brane(M) theory?



•While 11D SUGRA has AdS4 × S7 as a maximal su-

persymmetric vacua which arises as a near horizon ge-

ometry of coincident M2-branes. So it is, generally, ex-

pected that a theory of M2-branes should have maximal

supersymmetry (16 supercharges), should be conformal

and should have SO(8) R-symmetry and should possi-

bly have a gauge symmetry if it is an interacting theory.

But what could be the source of these gauge fields in a

membrane theory as there are no open-strings in 11D?

Are these gauge fields dynamical or are they just some

Chern-Simons like ?



Breakthroughs in 3D Membrane Theory

Sigma-model action:

Bergshoeff-Sezgin-Townsend (1995)

∫

d3x
√
g∂aX

µ∂aXµ +
∫

C(3)

which does not have any conformal invariance.

1) N = 8 SO(8) superconformal matter Chern-

Simons BLG theory

The BLG-model is based on a tri-Lie-algebra

[T a, T b, T c] = fabc dT
d, T r(T aT b) = hab

with structure constants fabcd = fabc eh
ed satisfying fun-

damental Jacobi identity

fefg df
abc

g = fefa gf
bcg

d+ fefb gf
cag

d+ fefc gf
abg

d



The BL Lagrangian has

i) eight XI
a(I = 1, ...8) in 8v of SO(8)

ii) eight Ψa transforming in the anti-chiral spinor rep of

SO(8)

iii) Chern-Simons fields Aabµ (antisymmtric in a, b) which

are however non-propagating.

∫

d3x (−1

2
DµX

I
aD

µXI
a −

1

2
Tr([XI , XJ , XK ]2)

+
1

2
εµνλ











fabcdAµab∂νAλcd +
2

3
f cda gf

efgbAµabAνcdAλef











+
i

2
Ψ̄aγµDµΨa +

i

4
Ψ̄bΓIJΨaX

I
bX

J
c f

abcd)

with

DµXa = ∂µXa − f cdb aAµcdXb

Note that CS terms are twisted with the structure con-



stant of the algebra.

The N = 8 susy tranfs are:

δXI
a = iε̄ΓIΨa

δΨa = γ.DXI
aΓIε− 1

3!
XI
bX

J
c X

K
d f

bcd
aΓ
IJKε

δ(f cdb aAµcd) = iε̄γµΓIXI
cΨdf

cdb
a

Note that γ012Ψa = −Ψa, γ012ε = ε. The algebra closes

under the gauge transformations:

δgaugeX
I
a = λ̃baX

I
b , δgaugeΨa = λ̃baΨb,

δgaugeÃ
b
µa = D̃µλ̃

b
a

where λ̃ba = λcdf
cdb

a and Ãabµ = fabc dA
d
µc.

Only when SO(4): However, with these strict re-

quirements such a formulation of membrane theory is only

known to exist for SO(4) ∼ SU (2)×SU (2) gauge group,



in which case the

fabc d = fεabcd, T r(T aT b) = δab

Nevertheless, it is interesting to learn that such a

formulation in 3D could be invented altogether!

Moduli Space:

Mukhi et. al., Distler et. al.; Lambert & Tong

We solve

fabcdXI
aX

J
b X

K
c = 0

It comes out to be R8×R8

Z2×Z2
.

Thus instead of M2-branes on R8, the theory is found

to describe two M2-branes on an orbifold space!

What about the theory if there are more than two M2-

branes on a flat space?



However, for noncompact 3-algebras with

hab =





























0 −1 0

−1 0 0

0 0 δ





























there does exist an SU (N ) generalisation BLG theory

with Lorentzian extension of the tri-algebra. However,

such L-BLG theories involve ghost d.o.f. which can suc-

cessfully be taken care of.

See Benvenuti et. al; Gomis et. al



2) N = 6 superconformal matter-Chern-Simons theory

(ABJM)

•There is no requirement of a tri-algebra to start

with!

•The gauge group is U (N )k × U (N )−k.

•Theory is classified as the theoey of N M2-branes on

noncompact orbifold space C4/Zk.

All 8 scalars are arranged into pairs of bi-fundamental

complex scalars ZA and WA (A = 1, 2).

A pair of CS gauge fields Aµ and Bµ are in the adjoints

of respective SU (N )’s.

Various indices are as:

ZA ≡ (ZA)αα̇, WA ≡ (WA)α̇α, Aµ ≡ (Aaµ)T a, ...



The full ABJM action is

∫

d3x Tr(−|DµZA|2 − |DµWA|2) + V (Z,W )

+
k

4π
εµνλtr((Aµ∂νAλ +

2i

3
AµAνAλ) − (Bµ∂νBλ +

2i

3
BµBνBλ))

with

DµZ
A = ∂µZ

A + i(AµZ
A − ZABµ)

•R-symmetry is SU (4)×U (1)b, but not SO(8). SU (4) ∼
SO(6) for (Z1, Z2,W

∗
1 ,W

∗
2 ) and U (1)b baryon number

symmetry.

• N = 6 unless k = 1, 2.

•Note that gauge fields are purely topological. However,

they do give rise to an interacting scalar field theory



through the couplings to matter fields.

• For large N, k but fixed

N/k ≡ λ

limit the theory does compactify to yield super-Yang-

Mills theory in 3D with weak gYM .

•The moduli space of the theory is

(C4/Zk)
N

SN

This describesN M2-branes onC4/Zk transverse space.



Romans’ type IIA SUGRA

Bergshoeff, Roo, Green, Papadopoulos, Townsend (1996)

The massive type IIA theory is

√−g














e−2φ[R + 4|dφ|2 − 1

2
|H3|2] − F 2

2 − F 2
4 − m2

2















+ε[dCdCB +mdCB3 + ...] (1)

where

F2 ∼ dA +mB, F4 ∼ dC + AdB +mBB

The action is completely fixed by the requirement of

Stueckelberg invariance δA = −mΛ and SUSY.

The dilaton couples to mass parameter as e5φ/2m2 as is

typical in the RR sector. In fact the constant value of m

breaks the discrete invariance under which all RR-fields

reverse their signs. This symmetry could be restored if m



is lifted to a scalar field M (x) and which in turn can be

dualised to a 10-form F10 = dA9. In this way m can be

related to the expectation value < F10 >.

One introduces a coupling in the action
∫

εMdA9

So A9 also acts as a lagrange multiplier such that its equa-

tion is

dM = 0

It means that in a vacuum M = m. While the field

equation of M simply implies

dS(M )

dM
= −εdA9

which is a Hodge-dual relation betweenM and A9 in 10D.

So the net content of the theory is essentially unchanged!



Interestingly one also obtains D8-branes as 1/2 BPS so-

lutions.



Dual pairs and SU (N ) B-F theory

de-Wit-Nicolai-Samtlben 3D duality: The prop-

agating vector fields in 3D carry one d.o.f.. It is a familiar

kind of Poincare duality between vector field and a scalar

field ( 1
2!ε
µνλFνλ = ∂µφ). In a more general non-Abelian

situation we will have
1

2!g
εµνλFνλ = Dµφ− gBµ

We can easily see that

− 1

4g2
YM

Tr(Fµν)
2 ≡ −1

2
Tr(Dµφ−gYMBµ)2+Tr(

1

2
εµνλBµFνλ)

Actually after the dNS transformation the SYM La-

grangian takes the form of a matter B-F Lagrangian



SBF =
∫

Tr(−1

2
(Dµφ− gYMB

µ)2 +
1

2
εµνλBµFνλ

− 1

2
(DµX

i)2 − g2
YM

4
(Xij)2

+
i

2
Ψ̄γµDµΨ +

i

2
Ψ̄Γi[X

i,Ψ])

where we can now identify φ ≡ X8. With this we can

define an SO(8) vector:

XI ≡ (Xi, X8) (1 ≤ I ≤ 8)

Also define a coupling constant 8-vector:

gI = (~0, gYM )



With this one can write SO(8) covariant BF Lagrangian

SBF =
∫

d3xTr(−1

2
(DµXI − gIBµ)2 +

1

2
εµνλBµFνλ

− U (gI , XI) +
i

2
Ψ̄γµDµΨ +

i

2
gIΨ̄ΓIJ [XJ ,Ψ])

where the potential is

U =
1

2.3!
(VIJK)2

with the

VIJK = g[IXJK] ≡ gIXJK + cyclic permutations

The antisymmetrization of VIJK should not be confused

with any tri-algebra like object as in BLG. However, the

anti-symmetrization is more like NS-NS 3-form Hµνλ =

∂[µBνλ].



The above BF action has an SO(8) covariance provided

gI → ΩIJg
J , Ω ∈ SO(8)

transform along with various fields under SO(8) rotations.

Thus, the theory has SO(8) invariance but its action is

transitive on couplings.

The case of BF action: A suitable step would be

like that in the Romans’ theory in ten dimensions.

m→M (x)

M (x) ∼ ∗10dA(9)

• So we first define corresponding 8 scalar fields ηI(x)

such that

gI = < ηI(x) >, gIgI = (gYM )2

• In the next step we also introduce 2-form potentials



CI(2), also in the 8v,

ηI(x) ∼ ∗3dC
I
(2)

•We must make sure that the vacua are such that ηI ’s

are constant.

This can be done simply by introducing a new topolog-

ical term in the SO(8) covariant BF action

− ∫

CI(2) ∧ dηI (2)

which is SO(8) invariant and has the gauge invariance:

CI(2) → CI(2) + dαI(1) (3)

Thus the complete membrane action can be written as



The complete Membrane BF action

SMBF =
∫

d3xTr(−1

2
(DµXI − ηIBµ)2 +

1

2
εµνλBµFνλ

− 1

2.3!
(VIJK)2) − 1

2
εµνλCIµν∂λη

I + Sfermions

where

DµXI = ∂µXI − [Aµ, X
I ], VIJK = η[IXJK] .

The equations of motion are now augmented with two

new set of equations.

CI equation:

∂λη
I = 0

ηI equation:

Tr((DµXI − ηIBµ)Bµ −
1

2
V IJKXJK) +

1

2
εµνλ∂µC

I
νλ = 0



The CI-equation implies that all ηI are constant. The

second equation only relates ηI with its dual tensor field

CIνλ and should be taken as the duality relation.

– The rest of the field equations remain unchanged. So

the net content of the theory remains intact.

– There are no free parameters in the theory.

– The MBF action also has scale invariance.

– The supersymmetry presumably can also be made

manifest.

Thus, in bringing the BF theory to the MBF form

we have actually introduced dual pairs of fields (CI(2), η
I).



Moduli Space: We need to solve

∂ηIU (η,X) − 1

2!
εµνλ∂µC

I
νλ = 0

→ η[ITr(XJK]XJK) − εµνλ∂µC
I
νλ = 0

∂XIU (η,X) = 0 (4)

These equations have interesting possibilities.

Case-1: We take firstCIµν = constt. Since the ηI(x) =

gI , we need to have

XIJ = [XI , XJ ] = 0. (5)

This can happen when all

XI = diag(aI1, ..., a
I
N )

That means all M2-branes are coincident. Hence the

moduli space is exactly that of N coincident M2-branes

on noncompact R8 space.



However, the special case can also arise when

η8 = gYM , η
i = 0 .

This will then require

Xij = 0 .

In the simplest case

Xi = diag(ai1, ..., a
i
N )

but X8 can still be nontrivial but constant. These

presumably will be the desired Goldstone modes cor-

responding to the spontaneously broken SO(8) invari-

ance. This corresponds to the moduli space of N D2-

branes on R7.

For both of the above solutions

VIJK = 0



So these would make the maximally supersymmetric

vacua in MBF theory.

Case-2: Another rather interesting case is of 3D domain-

walls. Let us take the tensor components CI01 to be

linearly dependent on one of the space coordinates, x2

(say), then

dCI ∼ mIdx0 ∧ dx1 ∧ dx2 (6)

is nontrivial, the mI being the slope parameters. The

two such phases with different slopes can be separated

via domain-walls which are just the line defects in 2-

dimensional plane. In this situation, we shall have gI

and mI related via
1

2
g[ITr(XJK]XJK) −mI = 0 (7)

This will describe a noncommuting (fuzzy) configura-



tion of membranes. However, we are not sure if any

nontrivial fuzzy configuration can be found in which

will satisfy e.o.m. In any case, it will be interesting to

find such a solution.



Quantisation:

The dNS equation for XI

1

2!
εµνλFνλ = (DµXI − ηIBµ)ηI

and the equation for ηI can be combined to give

Tr(
1

2!
εµνλFνλBµ − U ) +

1

2
ηIεµνλ∂µC

I
νλ = 0

In the vacuum where U = 0, it has interesting implica-

tions.

Euclidean monopole configuration: Consider the sit-

uation where Fij 6= 0 in the region V 3 with a boundary

∂V 3 ∼ S2, we will have

Tr
1

2π

∫

B ∧ F = p(N ) ∈ Z .

Then specially taking η8 = gYM , η
i = 0, above equa-



tion leads us to the quantization

− 1

2π

∫

dC(2) =
√
Rk ∈ Z .

gYM ≡ p(N )√
Rk

Here parameter R has length dimensions.



Summary

– We have taken an approach where we augmented the

B-F theory with scalars and dual 2-rank tensor fields,

namely (ηI , CI(2)). This leads us to a membrane B-F

theory which has SU (N ) gauge symmetry and has

SO(8) invariance as well as the scale invariance.

– There are no free parameters in the action. The the-

ory does not have ghost degrees of freedom and also

has no tri-algebra structure. So in that aspect this

SU (N ) theory is distinct from the L-BLG theory.

– The theory presumably also has maximal supersym-

metry as it is simply the topological extension of the

3D super Yang-Mills theory?

– Interestingly, the moduli space comes out to be that



of N coincident M2-branes on transverse R8.

– It does mean that Yang-Mills coupling in a given

topological vacuum is controlled by the ratio of p(N )

and k. Thus by having large k limit we can accomo-

date a weak Yang-Mills coupling. This appears al-

most analogous to the large k limit in ABJM model.



Gravity dual of ABJM: AdS4/CFT3

Consider the following solution of 11-dimensional SUGRA:

ds2 =
R2

4
ds2AdS4

+R2ds2S7/Zk

F(4) ∼ N ′V ol(AdS)

ds2S7/Zk
=

1

k2(dθ + k A1)
2 + ds2CP3

where R = (25π2Nk)1/6lp. This is a background which

can be obtained in the near horizon region of N M2-

branes on a C4/Zk transverse space.

The space C4/Zk is defined via the following action on

the 4 complex (or 8 real) Zi coordinates

Zi = e
2πi
k Zi

So the isometry of the background is SU (4) × U (1).



This is precisely the R-symmetry in the ABJM theory.

The ABJM CS matter field theory lives on the bound-

ary of AdS4 × S7/Zk.

While 11D SUGRA description is valid so long as radii

R as well asR/k � lp. Which means whenN/k5 � 1.

WhenN/k5 < 1 the type IIA desription will make more

sense. The ’t Hooft coupling is given by λ ≡ N/k. Note

that taking the limit

N, k → ∞, N/k = fixed

makes the description in terms of interacting SU (N )

Yang-Mills. The gauge fields become dynamical. It

leads to the compactification in the 11-dimensional the-

ory to give type IIA string description of D2-branes in

AdS4×CP3. These type II descriptions are valid when



Figure 3: D3-branes suspended between (NS5,D5) brane pairs

λ� 1, (N/k5) � 1.



The super-Yang-mills coupling constant is

g2
YM ≡< eφ >= (

R

k
)3/2 ∼ (

N

k5)
1
4 ∼ 1

N
(
N

k
)
5
4

Corresponding configuration in type IIB is (NS5,D5)-

D3-(NS5,D5)’ configuration in which N 3-branes are

suspended in between (1,0) and (1,k) (NS5,D5) bound

states.



M2-branes on a resolved C4/Z4

The flat metric on C4/Zk

ds2C4/Zk
= dr2 +

r2

k2(dz + kA)2 + r2ds2CP3

where r2 = ymym. The Fubini-Study metric on unit

size CP3 space is

ds2CP3
= dξ2 + cos2 ξ sin2 ξ (ψ̃)2 +

cos2 ξ

4
(dθ2

1 + sin2 θ1dφ
2
1)

+
sin2 ξ

4
(dθ2

2 + sin2 θ2dφ
2
2)

(8)

where 0 ≤ ξ < π
2 , 0 ≤ z < 2π, 0 ≤ θi < π, 0 ≤ φi <

2π. The ψ̃ and the 1-form along the Hopf fibre z are

ψ̃ ≡ dψ +
cos θ1

2
dφ1 −

cos θ2
2

dφ2



A(1) =
1

2
((cos2 ξ − sin2 ξ)dψ + cos2 ξ cos θ1dφ1

+ sin2 ξ cos θ2dφ2)

The space is an ALE but has (orbifold) singularity at

r = 0 for all k ≥ 2.

The M2-brane solution on this transverse space is given

by

ds211 = h−
2
3(−dx2

0 + dx2
1 + dx2

2) + h
1
3ds2C4/Zk

F(4) = d(h−1) ∧ dx0 ∧ dx1 ∧ dx2

where the harmonic function is

h(r) = 1 +
25π2Nkl6p

r6
.

The near horizon limit (r → l2pU, lp → 0) gives M2-



branes on AdS4 × S7/Zk

ds211 ∼ R2(U4(−dx2
0 + dx2

1 + dx2
2) +

dU2

U2 ) +R2ds2S7/Zk

F(4) ∼ 6R3 vol(AdS4)

where (R/lp)
2 = (25π2Nk)1/3.

The number of M2-branes is taken as Nk, so that the

flux through S7/Zk remains integral of N . The dou-

bling of supersymmetries in the near horizon region sug-

gests that the AdS4 geometry will preserves 24 super-

symmetries.



Resolution of the singularity: Specially C4/Z4

C4/Zk is taken as Eguchi-Hanson type

ds2C4/Zk
=
dr2

f (r)
+
r2

k2f (r)(dz + kA)2 + r2ds2CP3

The Ricci flatness gives

f (r) = (1 − r8
0/r

8)

and the ranges are fixed as

r0 ≤ r ≤ ∞, 0 ≤ z ≤ 2π.

To know if the metric is regular near r = r0 region, we

define a local coordinate patch

r2(1 − r80/r
8) = (kρ)2

The r = r0 neighborhood geometry then becomes

ds2 ' k2

16
dρ2 + ρ2(dz + kA)2 + r20ds

2
CP3



So the metric can be regular when k = 4 but not oth-

erwise. Only then it will have a smooth R2 × CP3

geometry.

M2-brane solution:

Correspondingly the (delocalised) 4N M2-brane back-

ground on resolved C4/Z4 space can be obtained by

solving

∂r(r
7f∂rh) = 0

The solution is a new harmonic function

h(r) = 1 +
Q

4r60















arctan(
r2

r20
) − 1

2
log

(r2 − r20)

(r2 + r20)















Near r = r0 it behaves

h ' Q

8r60
log(

r20
2ρ2).



So the solution diverges but logarithmically. While for

r � r0 it becomes

h ∼ 1 +
Q

6r6
+
Qr40
10r10 + · · ·

Here

Q/6 ≡ 25π24Nl6p.

The near horizon decoupled geometry is

ds211 ' l2ph
1
3U2[

(−dx2
0 + dx2

1 + dx2
2)

U2h
+
dU2

U2f
+

f

16
(dz + 4A)2 + ds2CP3

]

F(4) = l3pd(h
−1) ∧ dx0 ∧ dx1 ∧ dx2

and

h(U ) ' Q0

4U6
0















1

2
log

(U2 + U2
0 )

(U2 − U2
0 )

+ arctan(
U2

U2
0
)

















f = 1 − U8
0

U8

Here we identify Q0
6 ≡ 25π2(4N ) � 1 so that the

overall curvature of the spacetime is small in the Planck

units. It is obviously a difformation of the AdS4 ×
S7/Z4 near U ∼ U0.

While forU � U0 the geometry becomes exactlyAdS4×
S7/Z4

ds211 ∼ l2p(Q0/6)
1
3[
U4(−dx2

0 + dx2
1 + dx2

2)

(Q0/6)
+
dU2

U2 +

1

16
(dz + 4A)2 + ds2CP3

]

F(4) ≡ l3p
√

6Q0 vol(AdS4)

which corresponds to 4N M2-branes on C4/Z4.



Summary:2

– We have constructed M2-brane solutions on a re-

solved C4/Z4 8-manifold. In the IR region the near

horizon geomtry is a deformation of theAdS4×S7/Z4

spacetime of the M2-branes. While in the UV re-

gion the geometry becomes precisely AdS4 × S7/Z4

and therefore corresponding memebrane theory is the

ABJM matter Chern-Simons theory.

– It will be interesting to find a regular brane config-

uration of M2-branes on resolved C4/Z4. This can

be obtained by localising M2-branes on the resolu-

tion instead of homogeneously distributing them, as

in the works of Klebanov-Murugan. It will definitely

help us in understanding the ABJM theory in the IR



regime.

– There is likely possibility that the IR limit of the

ABJM theory is maximally supersymmetric SU (N )

MBF theory.


