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Geometrically Infinite groups

@ Thurston’s Double Limit Theorem: Limits always Exist.

@ Question (Thurston): What does limit set go to? In
doubly degenerate case limit set of limiting group is all of C.

@ Problem (Thurston): Understand these limits.
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Thurston’s Highly Influential Bulletin AMS 1982 paper:

Question

Qn. 14. Suppose I has the property that (H3 U Dr)/T is
compact. Then is it true that the limit set of any other Kleinian
group I’ isomorphic to T is the continuous image of the limit set
of I',by a continuous map taking the fixed points of an element
~ to the fixed points of the corresponding element ~' ?

First set of answers:

@ J. W. Cannon and W. P. Thurston, Group invariant Peano
curves, 1985, preprint, Princeton.

@ J. W. Cannon and W. P. Thurston, Group invariant Peano
curves, Geom. Topol. 11 (2007), 1315-1355.

A continuous map as above is called a Cannon-Thurston map.
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(M-) There exist Cannon-Thurston maps for finitely generated
(3d) Kleinian groups. i.e. ifI" is the Cayley graph of a f.g.
Kleinian group G, then (fixing a base point 0 ¢ H® ) the natural
map i : T — H3 extends continuously to a map 7T - HB
between the compactifications (interpreted appropriately for the
case with parabolics).

(M-) Connected limit sets of f.g. (3d) Kleinian groups are locally
connected.

Second follows from first using a result of Anderson-Maskit.
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S and M(= H®) — universal covers of S, M.

. § — M — inclusion of universal covers. B
Goal Given hyperbolic geodesic segment A C S lying outside
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Cannon-Thurston Maps

Scheme:

M— hyperbolic 3-manifold homotopy equivalent to a closed
hyperbolic surface S.
S and M(= H®) — universal covers of S, M.

. § — M — inclusion of universal covers. B
Goal. Given hyperbolic geodesic segment A C S lying outside
large ball about 0 € S, show that geodesic in 1-|3 joining
endpoints of i()) lies outside large ball about i(0)in H3.
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Series.)

Sequence of discrete faithful representations

pn: G— PSLy(C),n=1,2... converges 10 p, : G — PSL,(C)
algebraically

if forall g € G, pn(g) — poo(9).

pn converges geometrically if (G, = pn(G)) converges as a
sequence of closed subsets of PSL,(C) to Gy C PSL,(C).

Gy is the geometric limit of (Gp).

(pn) converges strongly 10 poo(G) if poo(G) = Gg
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Sequences

Answer to Part 2 of Thurston’s Question. (Joint with Caroline
Series.)

Sequence of discrete faithful representations

pn: G— PSLy(C),n=1,2... converges 10 p, : G — PSL,(C)
algebraically

if forall g € G, pn(g) — poo(9).

pn converges geometrically if (G, = pn(G)) converges as a
sequence of closed subsets of PSL,(C) to Gy C PSL,(C).
Gy is the geometric limit of (Gp).

(pn) converges strongly 10 poo(G) if poo(G) = G4 and the
convergence is both geometric and algebraic.
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Reformulating Part 2 of Thurston’s Question.
Q1 Does strong convergence of finitely generated Kleinian
groups imply uniform convergence of CT-maps?
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groups imply pointwise convergence of CT-maps?
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[M-, Series]

Answer to [Q1] is ‘Yes"’.

LetT be a geometrically finite Kleinian group. Let p, : T — Gp,
be a sequence of strictly type preserving isomorphisms to
geometrically finite Kleinian groups G, which converge
strongly to a totally degenerate purely loxodromic Kleinian
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A schematic picture of K built up of B, C and T. The points a, b
are the base-points
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A schematic picture of K built up of B, C and T. The points a, b
are the base-points ¢, (sg) = 0, and ¢ (sg) = o, respectively.
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Crown Domain

Points of non-convergence of ip: endpoints of lifts of unstable
leaves which bound the crown domain
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Crown Domain

Points of non-convergence of ip: endpoints of lifts of unstable
leaves which bound the crown domain of the unstable
lamination |A\Y| of x.
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to H? of a boundary leaf, other than o, of the crown domain of
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