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Consider an expanding Universe

t

High energy density,
Quantum gravity effects ...

Where else do we encounter
high energy densities ?

When matter collapses to form a
black hole ....

String theory has had remarkable success 
in understanding the quantum structure 
of the black hole interior...

What do the results suggest about the 
early Universe?



Plan of t he talk :

(A)  Review how string theory resolves the
paradoxes arising with black holes, and extract the
relevant properties of quantum gravity at high density

(B)  Extend the ideas here to get an expression for the
entropy S and pressures P as functions of the energy E,
and then find the evolution of the Universe with this
equation of state 



(A)  Black holes in str ing theory



The entropy
problem :
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Can we show that there are  
          states of the hole ? 
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(Bekenstein, 72)

Black holes behave as if they have an entropy given by
their surface area

But statistical mechanics then says that there should be 
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states of the hole for the same mass and charge

(Classical relativity finds
 that black holes have no hair,
so there is only one state)

Puzzles wit h black holes :



Hawking radiation

How can the Hawking radiation carry the 
information of the initial matter ?

The information problem

(Hawking ’74)



In string theory, we must make black holes from the objects present
in string theory.

A simple example: 2-charge holes  
                                          (Susskind,  Sen,  Vafa ’94-’95)
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S = 2!
√

n5(
√

n1 +
√

øn1)(
√

np +
√

ønp) (57)

= 2!
√

n5(
E

√
m1mp

) (58)

S = 2!
√

n1n5npnkk (59)

S = 2!
√

n1n5nkk(
√

np +
√

ønp) (60)

= 2!
√

n1n5(
E

√
mpmkk

) (61)

S = 2!
√

n1n5(
√

np +
√

ønp)(
√

nkk +
√

ønkk) (62)

∼ lp (63)

∼ n
1
6 lp (64)

M9,1 → M4,1 × T4 × S1 (65)

E/ (2mkk) = 0.5 (66)

E/ (2mkk) = 1.2 (67)

Lz ∼ [
g2" ′4√n1n5np

VR
]

1
3 ∼ Rs (68)

! S (69)

eS (70)

eS+ ! S (71)

S = 2!
√

n1n5np(1− f ) + 2!
√

n1n5npf (
√

nk +
√

ønk) (72)

nk = ønk =
1
2

! E
mk

=
1

2Dmk
(73)

D ∼ [
√

n1n5npg2" ′4

VRy
]

1
3 ∼ RS (74)

! S = S− 2!
√

n1n5np = 1 (75)

S =
A
4G

(76)

mk ∼
G5

G2
4
∼ D 2

G5
(77)

D ∼ G
1
3
5 (n1n5np)

1
6 ∼ RS (78)

N ! lp (79)

eS (80)

5

momentum
mode P

winding mode
NS1



Winding charge 
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Mass = Charge

Momentum charge
  Mass = Charge
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A black hole with winding charge only
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(Does not grow with         ) 
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Horizon is singular

Bekenstein entropy vanishes
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A black hole with momentum charge only
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(Does not grow with         ) 
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A black hole with winding  AND  momentum charge
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The momentum charge is carried as
traveling waves on the ‘multiwound string’

But there are many ways to do this ...

For example, we can put all the energy
in the lowest harmonic, or some in the first
and some in the second harmonic etc ....
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Now let us make a black hole with these charges ...
(Extremal black hole, Mass = Charge)
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Make metric for this mass and charges ... 
look at the horizon ...
Bekenstein - Wald entropy is found to be
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(               conmpactification, 
  Dabholkar ’04)

Thus we can understand the entropy
of black holes from a microscopic count of
states in string theory 



The elementary string (NS1) does not have any LONGITUDINAL 
vibration modes

This is because it is not made up of
‘more elementary particles’ Not a mode for the 

elementary string

Thus only transverse oscillations are
permitted

This causes the string to spread over
a nonzero transverse area

Momentum is carried
by transverse
oscillations

What about the information problem ?
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‘Naive
geometry’

An ‘actual 
geometry’

The transverse vibrations of the 
string break spherical symmetry, so 
there is no state corresponding to 
the usual spherically symmetric 
ansatz



Making the geometry 

We know the metric of one straight strand 
of string 

We know the metric of a string
carrying a wave --  ‘Vachaspati transform’

We get the metric for many 
strands by superposing harmonic 
functions from each strand

(Dabholkar, Gauntlett,Harvey, Waldram 
’95, Callan,Maldacena,Peet ’95)

In our present case, we have a large
number of strands, so we ‘smear over
them to make a
continuous ‘strip’ (Lunin+SDM ’01)



In this case neighboring strands give very similar contributions to the harmonic functions in
(??), and we may replace the sum by an integral

n1∑

s=1

!
∫ n1

s=0
ds =

∫ 2πRn1

y=0

ds
dy

dy (5.15)

Since the length of the compacification circle is 2πR we have

ds
dy

=
1

2πR
(5.16)

Also, since the vibration profile is a function of v = t " y we can replace the integral over y by
an integral over v. Thus we have

n1∑

s=1

!
1

2πR

∫ L T

v=0
dv (5.17)

where
L T = 2πRn1 (5.18)

is the total range of the y coordinate on the multiwound string. Finally, note that

Q(i )
1 =

Q1

n1
(5.19)

We can then write the NS1-P solution as

ds2
str in g = H [" dudv + K dv2 + 2Ai dxi dv] +
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dxi dxi +
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1
2
[H " 1], Bvi = H Ai

e2φ = H (5.20)
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dv
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(5.22)
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dvḞi (v)
|"x " "F (v)|2

(5.23)

5.1 Obtai ning the NS1-NS5 geomet r ies

From (??) we see that we can perform S,T dualities to map the above NS1-P solutions to
NS1-NS5 solutions. For a detailed presentation of the steps (for a specific "F (v)) see [?]. The
computations are straightforward, except for one step where we need to perform an electric-
magnetic duality. Recall that under T-duality a Ramond-Ramond gauge field form C(p) can
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where

H ! 1 = 1 +
Q1

L T

" L T

0

dv

|"x " "F (v)|2
(5.21)

K =
Q1

L T

" L T

0

dv( úF (v))2

|"x " "F (v)|2
(5.22)

Ai = "
Q1

L T

" L T

0

dv úFi (v)

|"x " "F (v)|2
(5.23)

5.1 Obtai ning the NS1-NS5 geomet r ies

From (??) we see that we can perform S,T dualiti es to map the above NS1-P solutions to
NS1-NS5 solutions. For a detailed presentation of the steps (for a speciÞc "F (v)) see [?]. The
computati ons are str aightf orward, except for one step where we need to perform an electric-
magnetic dualit y. Recall that under T-dualit y a Ramond-Ramond gaugeÞeld form C(p) can
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"
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=
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1
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5 = n1np (117)
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2
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A
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2
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n1n5 $ J (121)

"
k nk = n1np (122)

"
k nk = n!

1n
!
5 (123)

#F (x $ t) (124)

7

(Lunin + SDM 2001)



Naive geometry, has horizon, 
with singularity inside

Actual states,
throat ends in ‘fuzzball cap’, no 
horizon or singularity 
Information of infalling matter
eventually leaks out ..

=
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=
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Sbek =
A
4G

(119)

A
G

!
"

n1np ! Smicr o = 2!
"

2
"

n1np (120)
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....

Usually we think that quantum gravity effects are 
relevant at distances of order planck length 

|n! total = (J ! ,total
! (2n! 2))

n1n5 (J ! ,total
! (2n! 4))

n1n5 . . . (J ! ,total
! 2 )n1n5 |1! total (5)

A
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= S = 2!
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nR
+

1
nR

=
2
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∆E =
2
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S = ln(1) = 0 (6)

S = 2
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2!
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n1n2 (7)

S = 2!
"
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n1n2n3n4 (9)
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"
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"

2
"

n1np

1 +
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r 2

1 +
Qp

r 2
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2
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n1n5

w = e! i (t+ y)! ik z ÷w(r, " , #) (10)

B (2)
M N = e! i (t+ y)! ik z ÷B (2)

M N (r, " , #) , (11)

2

But a black hole is made of a large number 
of particles N, so we have to ask if the 
relevant length is      or             .....

|n! total = (J ! ,total
! (2n! 2))
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E
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) (54)

S = 2!
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A
4G
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D 2
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3
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1
6 " RS (76)
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5

! 

lp

! 

N"

! 

lp

With string theory we find 

This resolves the information paradox



S = 2!
√
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eS+ ! S (71)

S = 2!
√

n1n5np(1− f ) + 2!
√

n1n5npf (
√

nk +
√

ønk) (72)

nk = ønk =
1
2

! E
mk

=
1

2Dmk
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! S = S− 2!
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A
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mk ∼
G5

G2
4
∼ D 2

G5
(77)

D ∼ G
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3
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+

5-branes

Make a bound state
of 3 kinds of charges

Make an extremal black hole with 3 kinds of charges :

S = 2!
!

2
!

n1n5

Smicro = 2!
!

n1n5np

Sbek =
A
4G

= 2!
!

n1n5np

Smicro = Sbek

2

S = 2!
!

2
!

n1n5

Smic r o = 2!
!

n1n5np

Sbek =
A
4G

= 2!
!

n1n5np

Smic r o = Sbek

2

Make the metric of a black hole 
carrying this mass and charges :

All this works with much more general black holes ....



Microscopic entropy formulae
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Callan - Maldacena Õ96,  Dhar, Mandal, Wadia, Õ96

Das+SDM Õ96, Strominger+Maldacena Õ96

2-charges

3-charges

4-charges

2 charges
+ nonextremality

3-charges
+ nonextremality
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E = m5(n5 + øn5) + m1(n1 + øn1) + mp(np + ønp)

1
n5

TD 1

2

(Horowitz, Maldacena, Strominger ’96)

General case

The behavior of compact directions 
implies a ‘pressure’ due to the black 
hole.
This pressure is given by summing 
the tensions of all the branes and 
anti-branes (no intercations)



Summary

(A)  Even if we have a neutral black hole, the energy of the        
hole goes to creating branes and anti-branes.  

These branes/anti-branes are of several different types, and the 
entropy is of the form

S = 2!
!

2
!

n1n5

Smic r o = 2!
!

n1n5np

Sbek =
A

4G
= 2!

!
n1n5np

Smic r o = Sbek

Smic r o = 2!
!

n1n5(
!

np +
√

ønp) = Sbek

np " ønp = önp

E = m1n1 + m5n5 + mp(np + ønp)

! mic r o = ! ha wk in g

D1 D5 + " E # D1 D5 + P øP # radiation
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!
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√
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n5 " øn5 = ön5

n1 " øn1 = ön1

np " ønp = önp

(2)

E = m5(n5 + øn5) + m1(n1 + øn1) + mp(np + ønp)

1
n5

TD 1
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(B)  Quantum gravity effects extend not over planck length
    but over  lengths               , which turns out to be order 
horizon size. 

Thus the information of the state of the black hole is not at the 
singularity but instead is distributed all over interior of the 
horizon, making the black hole a ‘quantum fuzzball’.

|n! total = (J ! ,total
! (2n! 2))
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1
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S = ln(1) = 0 (6)
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"
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(B)  Applying these facts to Cosmology



Start with a box of volume V

Cosmology

In the box put energy E

Question:  What is the state of maximal entropy S, and how much is S(E) ?

1
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Radiation

String gas
‘Hagedorn phase’
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(Brandenberger+Vafa)



Can we do better than this ?
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Three charges (4+1 d black hole)

Two charges
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Four charges
(3+1 d 
black hole)
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N charges,
postulate .....
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Plan of t he comput at ion :

Assume Universe is a torus ...

Branes can wrap all directions of space ...

Assume entropy relation like the one for black holes ..
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We will not choose N, but work for general N
(though in principle string theory should fix this
(N=9?) 

Just as for black holes, the energy and pressure are taken to be a simple sum 
over the energies and pressures of the branes/antibranes.

Solve for the evolution !



Here mi is the mass of the brane of type i

mi = Tp

!

j

Lj (2.30)

where Tp is the tension of a p-brane and the product runs over all the spat ial direct ions
of the brane.

Weassume that thesystem is in thermal equilibrium, so wewill maximize theentropy
(2.27) for given E.3 To Þnd the state with maximal entropy at a given t ime t, the Li

are held Þxed (which Þxes the mi), and the total energy is held Þxed at E. Taking into
account this energy constraint we maximize

÷S = S ! ! (Ebranes ! E) = A
N!

i=1

"
ni ! ! (2

"

i

mini ! E) (2.31)

Extremizing over ni gives

nk = ønk =
E

2Nmk

(2.32)

Note that the energy is equipart it ioned among all types of branes, each type gett ing
energy (there is no sum over k)

Ek = nkmk =
E

2N
(2.33)

2.5 St ress t ensor

We have seen that the entropy of black holes is reproduced by assuming that the energy
gets part it ioned opt imally between different kinds branes and ant ibranes. In this com-
putat ion the energy is taken to be just addit ive; i.e. there was no energy of interact ion.
In [16] it was shown that with this same assumpt ion of noninteract ion between branes
we can reproduce the pressures exerted by the black hole on the various compact cycles.
Thus on the one hand we can take the black hole geometry and for compact direct ions
yi look at the asymptot ic fall-off of gyi yi ; this is related to the pressure components T i

i of
the stress tensor in a weak gravity situat ion. On the other hand we can take the set of
branes and ant ibranes that we obtained by extremizing an expression like (2.18),(2.23),
compute the pressure each brane exerts by itself on the compact direct ions, and just add
these pressures. One again Þnds exact agreement between the black hole result and the
microscopic computat ion.4 We will thus also use a simple sum over the pressures of the
branes describing our conÞgurat ion.

3To see if the assumpt ion of equilibrium is t rue, we will have to compute the rate of interact ions
between fract ional branes. This interact ion depends on the total number of branes in the bound state.
We do not address these issues here, and hope to return to them elsewhere.

4In [16] the variables compared between the two computat ions were certain linear combinat ions of
the pressures; for a direct computat ion of pressures from wrapped branes see for example [20].
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Here mi is the mass of the brane of type i

mi = Tp

!

j

L j (2.30)

where Tp is the tension of a p-brane and the product runs over all the spat ial direct ions
of the brane.

Weassume that thesystem is in thermal equilibrium, so wewill maximize theentropy
(2.27) for given E.3 To Þnd the state with maximal entropy at a given t ime t, the L i

are held Þxed (which Þxes the mi ), and the total energy is held Þxed at E. Taking into
account this energy constraint we maximize

÷S = S − ! (Ebr anes − E) = A
N!

i = 1

√
ni − ! (2

"

i

mi ni − E) (2.31)

Extremizing over ni gives

nk = ønk =
E

2N mk
(2.32)

Note that the energy is equipart it ioned among all types of branes, each type gett ing
energy (there is no sum over k)

Ek = nkmk =
E

2N
(2.33)

2.5 Stress tensor

We have seen that the entropy of black holes is reproduced by assuming that the energy
gets part it ioned opt imally between different kinds branes and ant ibranes. In this com-
putat ion the energy is taken to be just addit ive; i.e. there was no energy of interact ion.
In [16] it was shown that with this same assumpt ion of noninteract ion between branes
we can reproduce the pressures exerted by the black hole on the various compact cycles.
Thus on the one hand we can take the black hole geometry and for compact direct ions
yi look at the asymptot ic fall-off of gyi yi ; this is related to the pressure components Ti

i of
the stress tensor in a weak gravity situat ion. On the other hand we can take the set of
branes and ant ibranes that we obtained by extremizing an expression like (2.18),(2.23),
compute the pressure each brane exerts by itself on the compact direct ions, and just add
these pressures. One again Þnds exact agreement between the black hole result and the
microscopic computat ion.4 We will thus also use a simple sum over the pressures of the
branes describing our conÞgurat ion.

3To see if the assumpt ion of equilibrium is t rue, we will have to compute the rate of interact ions
between fract ional branes. This interact ion depends on the total number of branes in the bound state.
We do not address these issues here, and hope to return to them elsewhere.

4In [16] the variables compared between the two computat ions were certain linear combinat ions of
the pressures; for a direct computat ion of pressures from wrapped branes see for example [20].
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Here mi is the mass of the brane of type i

mi = Tp

!

j

L j (2.30)

where Tp is the tension of a p-brane and the product runs over all the spat ial direct ions
of the brane.

Weassume that thesystem is in thermal equilibrium, so wewill maximize theentropy
(2.27) for given E.3 To Þnd the state with maximal entropy at a given t ime t, the L i

are held Þxed (which Þxes the mi), and the total energy is held Þxed at E. Taking into
account this energy constraint we maximize

÷S = S ! λ(Ebranes ! E) = A
N!

i= 1

"
ni ! λ(2

"

i

mini ! E) (2.31)

Extremizing over ni gives

nk = ønk =
E

2N mk

(2.32)

Note that the energy is equipart it ioned among all types of branes, each type gett ing
energy (there is no sum over k)

Ek = nkmk =
E

2N
(2.33)

2.5 St ress t ensor

We have seen that the entropy of black holes is reproduced by assuming that the energy
gets part it ioned opt imally between di! erent kinds branes and ant ibranes. In this com-
putat ion the energy is taken to be just addit ive; i.e. there was no energy of interact ion.
In [16] it was shown that with this same assumpt ion of noninteract ion between branes
we can reproduce the pressures exerted by the black hole on the various compact cycles.
Thus on the one hand we can take the black hole geometry and for compact direct ions
yi look at the asymptot ic fall-o! of gyi yi ; this is related to the pressure components T i

i of
the stress tensor in a weak gravity situat ion. On the other hand we can take the set of
branes and ant ibranes that we obtained by extremizing an expression like (2.18),(2.23),
compute the pressure each brane exerts by itself on the compact direct ions, and just add
these pressures. One again Þnds exact agreement between the black hole result and the
microscopic computat ion.4 We will thus also use a simple sum over the pressures of the
branes describing our conÞgurat ion.

3To see if the assumpt ion of equilibrium is t rue, we will have to compute the rate of interact ions
between fract ional branes. This interact ion depends on the total number of branes in the bound state.
We do not address these issues here, and hope to return to them elsewhere.

4In [16] the variables compared between the two computat ions were certain linear combinat ions of
the pressures; for a direct computat ion of pressures from wrapped branes see for example [20].
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Here mi is the mass of the brane of type i

mi = Tp

!

j

L j (2.30)

where Tp is the tension of a p-brane and the product runs over all the spatial directions
of the brane.

We assume that the system is in thermal equilibrium, so we will maximize the entropy
(2.27) for given E .3 To find the state with maximal entropy at a given time t, the L i

are held fixed (which fixes the mi ), and the total energy is held fixed at E . Taking into
account this energy constraint we maximize

S̃ = S ! ! (Ebr anes ! E ) = A
N!

i = 1

"
ni ! ! (2

"

i

mi ni ! E ) (2.31)

Extremizing over ni gives

nk = n̄k =
E

2N mk
(2.32)

Note that the energy is equipartitioned among all types of branes, each type getting
energy (there is no sum over k)

Ek = nkmk =
E
2N

(2.33)

2.5 St ress t ensor

We have seen that the entropy of black holes is reproduced by assuming that the energy
gets partitioned optimally between di! erent kinds branes and antibranes. In this com-
putation the energy is taken to be just additive; i.e. there was no energy of interaction.
In [16] it was shown that with this same assumption of noninteraction between branes
we can reproduce the pressures exerted by the black hole on the various compact cycles.
Thus on the one hand we can take the black hole geometry and for compact directions
yi look at the asymptotic fall-o! of gyi yi ; this is related to the pressure components Ti

i of
the stress tensor in a weak gravity situation. On the other hand we can take the set of
branes and antibranes that we obtained by extremizing an expression like (2.18),(2.23),
compute the pressure each brane exerts by itself on the compact directions, and just add
these pressures. One again finds exact agreement between the black hole result and the
microscopic computation.4 We will thus also use a simple sum over the pressures of the
branes describing our configuration.

3To see if the assumpt ion of equilibrium is t rue, we will have to compute the rate of interact ions
between fract ional branes. This interact ion depends on the total number of branes in the bound state.
We do not address these issues here, and hope to return to them elsewhere.

4In [16] the variables compared between the two computat ions were certain linear combinat ions of
the pressures; for a direct computat ion of pressures from wrapped branes see for example [20].
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Step A :  Find the number of branes and anti-branes by maximizing entropy S
            for given total mass of branes/anti-branes

Mass of a brane is given by its tension 
times its area

The Universe is neutral, so 

Smicr o = 2!
!

n1n5np (152)

Sbek =
A

4G
= 2!

!
n1n5np = Smicr o (153)

ni = øni (154)

9

Maximize  S  for given total energy  E

Energy is equi-partitioned
among different types of 
branes

We find



Step B :  Find the stress tensor due to the branes/anti-branes

Let us Þrst compute the stress tensor of a single p-brane. The act ion of the brane is

S = ! Tp

∫

√

! gi nd dp+1ξ (2.34)

where gi nd
ab is the metric induced on the worldvolume. The stress tensor is given by

Tµ! = !
2

"
! g

δS
δgµ!

(2.35)

Let the length of the direct ion xi be L i . Let the brane be wrapped on direct ions x1 . . . xp.
The volume of the brane is Vp =

∏p
i=1 L i . The volume of the direct ions transverse to the

brane is Vtr =
∏D ! 1

i=p+1 L i . The total volume of the torus is V = VpVtr . The stress tensor
has only diagonal components. We Þnd (there is no sum over k)

T (p)k
k = ! Tp

D ! 1
∏

i=p+1

öδ(xi ! øxi ), k = 1, . . . , p

T (p)k
k = 0, k = p + 1, . . . , (D ! 1) (2.36)

where öδ is the covariant delta funct ion (
∫ öδ(x)

"
! gxx dx = 1), and øxi give the posit ion

of the p-brane in the transverse coordinates.
Now suppose there are np branes of this type, smeared uniformly on the transverse

direct ions xi , i = p + 1. . . (D ! 1). Then we get

T (p)k
k = ! Tp

np

Vtr
= ! Tp

npVp

V
= !

Ep

V
(2.37)

where Ep = npTpVp is the total energy carried by this type of brane. Using (2.33) we
have

T (p)k
k = !

E
2N V

= !
ρ

2N
(2.38)

where ρ = E
V is the energy density. Including the contribut ion of the corresponding

ant ibrane, we get from this type of brane the pressure

p = !
1
N

ρ (2.39)

Now suppose there were Ni types of branes wrapping the direct ion xi . Then the pressure
in the direct ion xi will be

pi = !
Ni

N
ρ # wi ρ (2.40)

where we have deÞned

wi # !
Ni

N
(2.41)
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A brane has tension (negative pressure) along the directions 
where it extends, and zero pressure in the remaining directions

Following what we learnt from black holes,
we will simply add the stress tensors from 
all the branes and anti-branes



Let us Þrst compute the stress tensor of a single p-brane. The act ion of the brane is

S = ! Tp

∫

√

! gi nd dp+1ξ (2.34)

where gi nd
ab is the metric induced on the worldvolume. The stress tensor is given by

Tµ! = !
2

"
! g

δS
δgµ!

(2.35)

Let the length of the direct ion xi be L i . Let the brane be wrapped on direct ions x1 . . . xp.
The volume of the brane is Vp =

∏p
i=1 L i . The volume of the direct ions transverse to the

brane is Vtr =
∏D−1

i=p+1 L i . The total volume of the torus is V = VpVtr . The stress tensor
has only diagonal components. We Þnd (there is no sum over k)

T (p)k
k = ! Tp

D−1
∏

i=p+1

öδ(xi ! øxi ), k = 1, . . . , p

T (p)k
k = 0, k = p + 1, . . . , (D ! 1) (2.36)

where öδ is the covariant delta funct ion (
∫ öδ(x)

"
! gxx dx = 1), and øxi give the posit ion

of the p-brane in the transverse coordinates.
Now suppose there are np branes of this type, smeared uniformly on the transverse

direct ions xi , i = p + 1. . . (D ! 1). Then we get

T (p)k
k = ! Tp

np

Vtr
= ! Tp

npVp

V
= !

Ep

V
(2.37)

where Ep = npTpVp is the total energy carried by this type of brane. Using (2.33) we
have

T (p)k
k = !

E
2N V

= !
ρ

2N
(2.38)

where ρ = E
V is the energy density. Including the contribut ion of the corresponding

ant ibrane, we get from this type of brane the pressure

p = !
1
N

ρ (2.39)

Now suppose there were Ni types of branes wrapping the direct ion xi . Then the pressure
in the direct ion xi will be

pi = !
Ni

N
ρ # wi ρ (2.40)

where we have deÞned

wi # !
Ni

N
(2.41)
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Let       of these types extend along the direction     
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where     is the energy density of the Universe 
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entropy. At very high energies these elementary const ituents are essent ially noninteract-
ing quanta. In our case we have a high energy density in the early Universe, and black
hole physics suggests that the most entropically favored conÞgurat ion is one of fract ional
branes. Black hole computat ions also suggest that these fract ional brane quanta are free
to leading order, and that we should Þnd the total energy and pressure by adding the
contribut ions from each brane in the state.

3 Einst einÕs equat ions

We take the metric to have the form

ds2 = ! dt2 +
D−1!

i = 1

a2
i (t)dx2

i (3.1)

The coordinates xi are compact iÞed with period unity (0 " xi < 1). The nonvanishing
components of the connect ion are

! t
i i = ai úai , ! i

t i =
úai

ai
(3.2)

The relevant components of the Einstein tensor are

Gt
t = !

1
2

(
!

i

úai

ai
)2 +

1
2

!

i

úa2
i

a2
i

(3.3)

Gk
k =

¬ak

ak
+

úak

ak
(
!

i

úai

ai
) !

úa2
k

a2
k

!
1
2

[2
!

i

¬ai

ai
+ (

!

i

úai

ai
)2 !

!

i

úa2
i

a2
i
]

=
¬ak

ak
+

úak

ak
(
!

i

úai

ai
) !

úa2
k

a2
k

!
!

i

¬ai

ai
+ Gt

t (3.4)

(There is no sum over k in (3.4).) The Einstein equat ions are Gµ
! = 8! GT µ

! . The
nonvanishing components of the stress tensor are

T t
t = ! " , T k

k = pk = wk" (3.5)

so we get the Þeld equat ions

!
1
2

(
!

i

úai

ai
)2 +

1
2

!

i

úa2
i

a2
i

= ! 8! G" (3.6)

¬ak

ak
+

úak

ak
(
!

i

úai

ai
) !

úa2
k

a2
k

!
!

i

¬ai

ai
= 8! G(1 + wk)" (3.7)

Subst itut ing (3.6) in (3.7) we get

¬ak

ak
+

úak

ak
(
!

i

úai

ai
) !

úa2
k

a2
k

!
!

i

¬ai

ai
= (1 + wk) [

1
2

(
!

i

úai

ai
)2 !

1
2

!

i

úa2
i

a2
i
] (3.8)
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Step C :  Solving Einstein’s equations

We take a ‘Kasner-type’ metric ansatz

And solve the Einstein equations with 

Smicr o = 2!
!

n1n5np (152)

Sbek =
A
4G

= 2!
!

n1n5np = Smicr o (153)

ni = øni (154)

X i N pi = wi " " Ni (155)

9

Interestingly, the problem can be solved in closed form

(some earlier work with similar equations had found numerical solutions)

(B. Chowdhury + SDM, 2006)



The solution

Define the
constants

4 A K asner t ype power law solut ion

For the empty Universe with toroidal compact iÞcat ion we have the Kasner solut ions [27],
where the radii grow as powers of t. A power law solut ion was also found for the case of
isotropically wrapped branes in [3]. We will see that with the equat ion of state that we
have chosen we can get a power law solut ion for any choice of the wi which characterize
the brane wrappings.

Thus write
ai = øai t! i (4.1)

Thus
úai

ai
=

! i

t
,

¬ai

ai
=

! i (! i ! 1)
t2

(4.2)

Subst itut ing in (3.8) gives

! k =
1
2(

!
i ! 2

i )(1 ! wk) + 1
2(

!
i ! i )2(1 + wk) ! (

!
i ! i )

[(
!

i ! i ) ! 1]
(4.3)

We write "

i

! i = A,
"

i

! 2
i = B (4.4)

Then we have

! k = [
1
2B + 1

2A2 ! A
(A ! 1)

] ! wk [
1
2B ! 1

2A2

(A ! 1)
] (4.5)

Let us deÞne
W "

"

i

wi , U "
"

i

w2
i (4.6)

We can get two consistency condit ions from (4.5). First we sum over k in (4.5), get t ing

"

k

! k = A = (D ! 1)[
1
2B + 1

2A2 ! A
(A ! 1)

] ! W [
1
2B ! 1

2A2

(A ! 1)
] (4.7)

Next we square the ! k and then add:

"

k

! 2
k = B = (D! 1)[

1
2B + 1

2A2 ! A
(A ! 1)

]2+ U[
1
2B ! 1

2A2

(A ! 1)
]2! 2W [

1
2B + 1

2A2 ! A
(A ! 1)

] [
1
2B ! 1

2A2

(A ! 1)
]

(4.8)
One solut ion to these equat ions is A = 1, B = 1, which gives the well known vacuum
Kasner solut ions [27]. To Þnd other solut ions, note that eq.(4.7) is linear in B , and gives

B = A
2(D ! 2) + A(3 ! W ! D)

D ! 1 ! W
(4.9)

Subst itut ing in (4.8) weget a quadrat ic equat ion for A. Solving this, weget two addit ional
solut ions, oneof which isA = 0. Collect ing all thesesolut ionswehave thefollowing cases:
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Let us Þrst compute the stress tensor of a single p-brane. The act ion of the brane is

S = ! Tp

∫

√

! gi nd dp+1ξ (2.34)

where gi nd
ab is the metric induced on the worldvolume. The stress tensor is given by

Tµ! = !
2

"
! g

δS
δgµ!

(2.35)

Let the length of the direct ion xi be L i . Let the brane be wrapped on direct ions x1 . . . xp.
The volume of the brane is Vp =

∏p
i=1 L i . The volume of the direct ions transverse to the

brane is Vtr =
∏D−1

i=p+1 L i . The total volume of the torus is V = VpVtr . The stress tensor
has only diagonal components. We Þnd (there is no sum over k)

T (p)k
k = ! Tp

D−1
∏

i=p+1

öδ(xi ! øxi ), k = 1, . . . , p

T (p)k
k = 0, k = p + 1, . . . , (D ! 1) (2.36)

where öδ is the covariant delta funct ion (
∫ öδ(x)

"
! gxx dx = 1), and øxi give the posit ion

of the p-brane in the transverse coordinates.
Now suppose there are np branes of this type, smeared uniformly on the transverse

direct ions xi , i = p + 1. . . (D ! 1). Then we get

T (p)k
k = ! Tp

np

Vtr
= ! Tp

npVp

V
= !

Ep

V
(2.37)

where Ep = npTpVp is the total energy carried by this type of brane. Using (2.33) we
have

T (p)k
k = !

E
2N V

= !
ρ

2N
(2.38)

where ρ = E
V is the energy density. Including the contribut ion of the corresponding

ant ibrane, we get from this type of brane the pressure

p = !
1
N

ρ (2.39)

Now suppose there were Ni types of branes wrapping the direct ion xi . Then the pressure
in the direct ion xi will be

pi = !
Ni

N
ρ # wi ρ (2.40)

where we have deÞned

wi # !
Ni

N
(2.41)
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(Recall that                   )

Compute the 
constants

Then (5.3) is
d

dt
! k + ! kP −

d

dt
P − Q =

1
2

(P2 − Q)(1 + wk) (5.5)

Summing (5.5) over k gives

−(D − 2)
d

dt
P + P2 − (D − 1)Q =

1
2

(P2 − Q)(D − 1 + W ) (5.6)

Mult iplying (5.5) by ! k and then summing over k gives

1
2

d

dt
Q − P

d

dt
P =

1
2

(P2 − Q)(P + S) (5.7)

Mult iplying (5.5) by wk and then summing over k gives

d

dt
S + PS − W

d

dt
P − WQ =

1
2

(P2 − Q)(W + U) (5.8)

Interest ingly, we Þnd that even though there are D − 1 variables ! i, the three moments
(5.4) form a closed system of three Þrst order equat ions. We can write (5.6)-(5.8) in a
more convenient form by deÞning

÷Q = Q − P2 (5.9)

Then our three equat ions become

úP + P2 = −K1
÷Q (5.10)

ú÷Q + P ÷Q = −S ÷Q (5.11)
úS + PS = K2

÷Q (5.12)

where

K1 =
(D − 1− W )

2(D − 2)
(5.13)

K2 = −
1
2

[
1− W

D − 2
W + U ] (5.14)

If P , Q, S are known then we get the ! i from (5.5)

ú! k + ! kP = −
1
2

÷Q[
1− W

D − 2
+ wk] (5.15)

The ai are then determined by (5.1).
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Eq.(5.15) for the ! i can also be writ ten simply in hat ted variables

d
dt

ö! k = ! "k
ö÷Q (5.28)

where
"k =

1
2

[
1 ! W
D ! 2

+ wk] (5.29)

5.2 I nt egrals of mot ion

The hatted version of the basic equat ions allow us to note some simple integrals of the
equat ions.

From (5.24) and (5.26) we Þnd immediately that

d
dt

(K 2
öP + K 1

öS) = 0 (5.30)

which gives
öS = !

K 2

K 1

öP + constant (5.31)

where the constant is determined by init ial condit ions.
From (5.29) and (5.24) we Þnd

d
dt

ö! k = ! "k
ö÷Q =

"k

K 1

d
dt

öP (5.32)

which gives

ö! k =
"k

K 1

öP + Fk (5.33)

where Fk are constants determined by init ial condit ions. Note that

!

k

"k

K 1
= 1 (5.34)

Since
"

k ö! k = öP, we see that we must have

!

k

Fk = 0 (5.35)

5.3 Physical ranges for paramet ers

Note that

P =
!

i

! i =
d
dt

!

i

logai =
d
dt

logV =
úV
V

(5.36)
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is less than ! 1. It is convent ionally assumed that wi lie in the range ! 1 " wi " 1. The
upper limit comes from the dominant energy condit ion, but there is no strong reason to
require the lower limit . For the quanta that we get from string theory though we do have
! 1 " w1 " 1, as can be seen from the deÞnit ion (2.41).

In either of these cases (b),(c) we areon the Ôright branchÕof theparabola in Fig.4(b).
Thus the point ! = 0 where the init ial data is speciÞed lies to right of the two roots of
the parabola. So r1 < r2 < 0, and we Þnd from (6.17)

(t ! t0) =
(r2 ! r 1)! 1+ ! 2+ 1

|A4|

!
B ! ! r2

! ! r1

[" 2 + 1, ! " 1 ! " 2 ! 1)] ! B r2
r1

[" 2 + 1, ! " 1 ! " 2 ! 1)]
"

(6.27)
In Fig.6 we plot graphs for an example that illustrates case (b). We have taken

wi = ! .2 for all i . We have set t0 = 2 and have taken #i (t = t0) = 1, ai (t = t0) = 1 for

all i . We plot öP, ! ö÷Q, and a1.

6.3 Solving for #i, ai

From (5.32) we Þnd

(!
1
ö÷Q

)
d
dt

ö#k =
d
d!

ö#k = $k (6.28)

which gives
ö#k = $k! + f k (6.29)

where f k are constants. Since
#

k

ö#k = öI
#

k

#k = öI P = öP (6.30)

we have one relat ion between the f k
#

k

f k = öP(! = 0) = A1 (6.31)

Now note that
d
dt

(logak) =
úak

ak
= #k =

ö#k

öI
=

$k! + f k

öI
(6.32)

Thus

d
d!

(logak) = (!
1
ö÷Q

)
d
dt

(logak) = !
($k! + f k)

ö÷Q öI
= ! [

($k! + f k)

! (K 1+ K 2)
2 (! ! r 1)(! ! r 2)

] (6.33)

where we have used (6.12),(6.15). This gives

ak = Ck (! ! r 1)
2(" kr1+fk)

(K1+K2)(r1! r2) (! ! r 2)
!

2(" kr2+fk)
(K1+K2)(r1! r2) (6.34)

where Ck are constants.
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Then

where      is an auxiliary time parameter given by

From (5.42) and (5.45) we Þnd that the RHS of (5.24) is non-negat ive, so öP is a
non-decreasing funct ion of t ime

d

dt
öP ! 0 (5.46)

From (5.37) and (5.46) we see that for all t ! t0 we will have

öP ! 0 (5.47)

From (5.27) we see that
d

dt
öI ! 0 (5.48)

so that öI = V
V0

is a nondecreasing funct ion of t ime. Thus theUniverse will not ÔrecollapseÕ
to V " 0.

The variables S, öS can have either sign, and this sign can changeduring theevolut ion.

6 Solving t he equat ions

We observe that in the system (5.24)-(5.27), three of equat ions have ö÷Q on the right hand

side. We can divide by ö÷Q and absorb it in the deÞnit ion of t ime, by writ ing

1

(# ö÷Q)

d

dt
$

d

d!
(6.1)

We have put in the negat ive sign because ö÷Q is negat ive; with this sign, the variable !
increases when t increases. Thus the t, ! variables are related by

! =
∫ t

t0

dt! (# ö÷Q), (t # t0) =
∫ !

0

d! !

(# ö÷Q)
(6.2)

where we have chosen the lower limit of t to be the t ime t0 where we specify init ial
condit ions. The system (5.24)-(5.27) then gives

d

d!
öP = K1 (6.3)

d

d!
ö÷Q =

öS
öI

(6.4)

d

d!
öS = # K2 (6.5)

d

d!
öI = #

öP
ö÷Q

(6.6)
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are given by rational functions of this time. To get back to the physical problem however,
we need to relate τ to t. This is done through (6.2)

(t ! t0) =
1

A4

! τ

0
(τ ′ ! r 1)

2( ! r 1 K 2 + A 2)
( K 1 + K 2) ( r 1 ! r 2 ) (τ ′ ! r 2)

−
2( ! r 2 K 2+ A 2 )

( K 1+ K 2 ) ( r 1 ! r 2 ) dτ ′ (6.17)

The integral on the RHS is given by an incomplete Beta function. This function is defined
by [28]

Bx(p, q) =

! x

0
sp−1(1 ! s)q−1ds (6.18)

The precise expression for (6.17) in terms of the incomplete Beta function will depend
on the location of τ with respect to the roots r 1, r 2.

Since the relation between t and τ is transcendental, we will analyze the solutions
qualitatively to see the dynamical behavior that results for di! erent choices of parameters.

6.1 D i! erent dynamical behaviors

Consider the integral in (6.17). For what follows we recall eq.(5.46) which says that P̂
cannot decrease with time. There are three possible cases:

(a) The integral (6.17) diverges at a finite value of τ . Then we reach t = " with
finite τ . Then from (6.7) we see that P̂ asymptotes to a finite constant.

(b) The integral (6.17) diverges as τ # " . In this case P̂ # " as t # " .

(c) The integral (6.17) converges. In this case we have a divergence P̂ # " at a
finite time t.

6.2 D ependence on paramet ers

We now wish to see which of the above behaviors results for which choices of parameters

and initial conditions. Recall that Î is positive (eq.(5.39)) and ˆ̃Q is negative (eq.(5.42)).
Thus the left hand side of (6.12) is negative. Consider the function

f (τ) $ (! Î ˆ̃Q) =
(K 1 + K 2)

2
τ2 ! (A2 ! A1)τ ! A3 (6.19)

The physical values of parameters then requires

f % 0 (6.20)

The function f (τ) describes a parabola. We have two cases:6

6Here and in other computat ions below we consider only generic values of the parameters for sim-
plicity. For example we do not explicit ly look at the border K 1 + K 2 = 0 between the two cases below;
such special cases can be easily worked out explicit ly.
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Recall that this integral is just the incomplete Beta function



At late times the evolution becomes power law ...
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Figure 5: Plots of öP,−ö÷Q and a select ion of ai for wi =
{ .9,−.9,−.9,−.9,−.9,−.1,−.1,−.1,−.1,−.1} , a set that gives K 1 + K 2 < 0 and
illustrates case (a) behavior. We have taken ! i (2) = ai (2) = 1 for all i . We see that öP
asymptotes to a constant .
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Figure 6: Plots of öP, ö÷Q, a1 for the choice wi = −.2 for all i . This gives K 1 + K 2 > 0,
K 1 > K 2, and thus case (b) behavior. öP grows without bound.
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Figure 5: Plots of P̂ , ! ˆ̃Q and a selection of ai for wi =
{ .9, ! .9, ! .9, ! .9, ! .9, ! .1, ! .1, ! .1, ! .1, ! .1} , a set that gives K 1 + K 2 < 0 and
illustrates case (a) behavior. We have taken ! i(2) = ai(2) = 1 for all i . We see that P̂
asymptotes to a constant.
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Figure 6: Plots of P̂ , ˆ̃Q, a1 for the choice wi = ! .2 for all i . This gives K 1 + K 2 > 0,
K 1 > K 2, and thus case (b) behavior. P̂ grows without bound.
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K 2 < 0 and illustrates case (a) behavior. We have taken ! i(2) = ai(2) = 1 for all i . We
see that öP asymptotes to a constant .
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Figure 6: Plots of öP, ö÷Q, a1 for the choice wi = −.2 for all i . This gives K 1 + K 2 > 0,
K 1 > K 2, and thus case (b) behavior. öP grows without bound.
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We do not seem to get an inflationary evolution ...

What is the physics of this Universe ?  When do we get into a phase
like the one that we are studying ?

(Several other cases and related ideas studied by Kalyanrama 2007)



When do we get such states ?

Fractional brane state fills the
entire Universe

But now quantum gravity effects
stretch across the entire torus ...

Black holes

Black holes are
really Fuzzballs



Summary

String theory explains the interior structure of black holes ...

The energy E goes to making several different kinds of branes and anti-branes
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2
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Energies, pressures of these branes/antibranes simply add up 
to give the total energy, pressures ...

Quantum nonlocality effects extend all over the interior of the horizon 

We speculated that a similar description might hold for the early Universe ... 

Quantum nonlocal effects across
the box ... perhaps can we bypass the 
‘horizon problem’ without inflation ?



Radiation

String gas
(Hagedorn)

Fractional 
brane state

Low density
fractional brane
gas persists
for all time

Do the fractional branes persist as a low density fluid for all time?
(Dark matter/dark energy?)

Questions

Should we assume that the matter in the early Universe is in a high entropy 
state ?

Should all the matter be bound up in this ‘fractional brane soup’ ?


