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Abstract. We investigate the effect of certain natural connectivity constraints opdhemeterized
complexity of two fundamental graph covering problems, nanielyeRTEX COVER and k-EDGE
CoVER. Specifically, we impose the additional requirement that each connectedonent of a so-
lution have at least vertices (resp. edges from the solution), and call the proble®TAL VERTEX
COVER (resp.t-TOTAL EDGE COVER). We show that
— both problems remain fixed-parameter tractable with these restrictionsiumiting times of the
form O* (c*) for some constant > 0 in each case;
— for everyt > 2, t-TOTAL VERTEX COVER has no polynomial kernel unless the Polynomial Hier-
archy collapses to the third level;
— for everyt > 2, t-TOTAL EDGE COVERhas a linear vertex kernel of siiéfﬂk.
These results significantly improve earlier work on these problems.
Our no-poly-kernel result far-TOTAL VERTEX COVER, and the known NP-hardness resultfarotaL
EDGE COVER are in stark contrast to the fact tHatv ERTEX COVER has a2k vertex kernel, and that
k-EDGE COVER is solvable in polynomial time. This illustrates how even the slightest coniitgctiv
requirement results in a drastic change in the tractability of problems — tke oficonnectivity!

1 Introduction

Thek-VERTEX COVER problem and thé-EDGE COVER problem are two related combinatorial
problems that exhibit contrasting behavior in terms of their solvability. InktMERTEX COVER
problem, we are given as input a grafhand a positive integéet, and are asked if there exists a
setS of at mostk vertices inGG such that every edge d is adjacent to at least one of the vertices
in S; such anS is called avertex covenf GG. In k-EDGE COVER, we are again given as input a
graphG and a positive integek, and are asked if there exists a Satf at mostk edgesn G such
that for each vertex in G, there is at least one edge= {u,v} € S ; such anS is called aredge
coverof G.

The k-VERTEX COVER problem is one of the first problems that Karp showed to be NP-
complete [17], and is one of the six basic NP-complete problems chosepddatmention by
Garey and Johnson as being at the “core” of known NP-complete pnshjliet, Section 3.1]. The
k-VERTEX COVER problem and its variants have been extensively investigated from thegjoint
view of various algorithmic paradigms, including approximation and parametkeglgorithms.

In particular,k-VERTEX COVER is considered to be the drosophila of the field of parameterized
complexity, where a large set of results of different kinds have betairead on the problem and

its variants [2, 8,11, 13,15, 19, 20, 23]. In sharp contra€EpGE COVER has long been known

to be solvable in polynomial time [26].

In this paper we investigate the parameterized complexity of variants of thaslems where
additional connectivity constraints are imposed on the soluioMore specifically, for each
integert > 1 we define variants of the two problems, nametbTAL VERTEX COVER andt-
TOTAL EDGE COVER respectively. Inf-TOTAL VERTEX COVER (resp.t-TOTAL EDGE COVER),



we ask whether there is a vertex cover (resp. edge cévaf) the input graph such that each
connected component of the subgraph induced @ontains at least vertices (resp. at least
edges fromS). These problems were introduced by Fernau and Manlove [11] whotadtihe
study of the parameterized complexity of these problems. We significantly impheir results
and obtain several new results: in particular, we complete the picture orevenvthe slightest
connectivity requirement dramatically changes the complexity of these pneble

Independently, Matafiejski andylinski studied2-ToTAL EDGE cOovERas a model of weak
cooperation of guards in an art gallery problem [22]. Both Fernau Madlove [11] and
Matafiejski andZylinski [22] derived a Gallai type identity, namely, that under certaindton
tions, the sum of (i) the cardinality of the largest possible packing of ahgndgn vertex-disjoint
copies of a path of length two and (ii) the size of the smallest 2-total edge eayels the number
of vertices of the graph. A generalization of this result ta¢ all 2 was shown in [11]. Combining
this with the result of Kirkpatrick and Hell [18], who proved that finding &king of vertex-
disjoint copies of trees ohedges in a graph is NP-hard, we get that forall 2, t-TOTAL EDGE
COVERis NP-complete.

Our results. As noted aboves-EDGE COVER has been known to be solvable in polynomial time
for over half a century. Fernau and Manlove [11] showed that the [@@ssible connectivity
requirement ory, namely that each connected component of the graph induc8deawe at least

2 edges, makes the problem NP-hard.

We show a similar result foi-TOTAL VERTEX COVER, not in the context of classical com-
plexity, but from the realm of parameterized complexity. It is a well-knovsuiten parameter-
ized complexity that-VERTEX COVER has a so-calle@k-sized vertex kernel(See Section 2).
We show that adding a connectivity constraint results in a dramatic chakgenelizability: for
any fixedt > 2, t-TOTAL VERTEX COVER has no polynomial-size kernel unless the Polynomial
Hierarchy(PH) collapses to the third level, which is deemed unlikely in compléxégry. We
complement the no-polynomial-kernel result with results on the fixed-paeartractability of
t-TOTAL VERTEX COVER and¢-TOTAL EDGE COVERWhen parameterized by the solution size.
More specifically, we show the following:

— #-TOTAL VERTEX COVERcan be solved i@ (16.15+0(0g* k) 5 ,0(1)) time. To obtain these
results we combine the classical result of Otter [27] on the number of Uathtrees with a
modification of the color-coding technique of Alon et al. [1].

— t-TOTAL EDGE COVERhas a vertex kernel of siz—td’?lk:,

— {-TOTAL EDGE COVERcan be solved id 2%’”@(‘/@ x n©(1) ) time. To obtain this result,

we combine kernelization techniques with the classical result of Hardy & Rajaia[16] and
the Fast Fourier Transform [21].

These results significantly improve earlier work on these problems.

2 Preliminaries

In this section we state some basic definitions related to graph theory amagteraed complex-
ity, and give an overview of the notation used in this paper. Wetuse(V, E) to refer to a graph
with vertex setl (with n := |V]). A graphG’ = (V', E’) is asubgraphof G if V/ C V and
E’' C E. The subgraplt:’ is called annduced subgraplof G if £/ = {uv € E | u,v € V'},
in this case(=’ is also called the subgraphduced byV’” and is denoted:[V']. For asetS C F
of edges ofGG, we useG () to denote the subgraplV, S) of G. To describe running times of
algorithms we sometimes use tl¥ notation. Givenf : N — N, we defineO*(f(n)) to be
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O(f(n) - p(n)), wherep(-) is some polynomial function. That is, th@* notation suppresses
polynomial factors in the expression for the running time.

A parameterized problerfY is a subset of2* x N, where) is a finite alphabet. An instance
of a parameterized problem is a tugle k), wherek is called the parameter. A central notion in
parameterized complexity fxed-parameter tractability (FPTWhich means, for a given instance
(z, k), decidability in timef (k) -p(|z|), wheref is an arbitrary function of andp is a polynomial
in the input size. The notion dernelizationis formally defined as follows.

Definition 1. [Kernelization] [25,12] A kernelization algorithm for a parameterized problem
II C ¥* x Nis an algorithm that, giver{z, k) € X* x N, outputs, in time polynomial in
|x| + k, a pair (2/, k') € X* x N such that (a)(z, k) € II if and only if (2’, k") € IT and (b)
|2'|, K" < g(k), whereg is some computable function. The output instaride called the kernel,
and the functiory is referred to as the size of the kernelglfc) = k90 (resp.g(k) = O(k))
then we say that/ admits a polynomial (resp. linear) kernel.

3 Total Vertex Covers

For each positive integer the parameterizett TOTAL VERTEX COVER problem is defined as
follows:

t-TOTAL VERTEX COVER (TVC-t)

Input: An undirected grapli = (V, E), and a positive integet > t.

Parameter: k&

Question: Does there exist a s&& C V of at mostk vertices of G such
that (i) G [V \ S] contains no edges (i.€5, is a vertex cover of
G), and (ii) each connected component®fS] contains at least
t vertices?

Such anS is called at-total vertex cover#TVC) of GG. The problem is NP-complete for all
values oft: Clearly the problem is in NP for any valueofFort = 1, --TOTAL VERTEX COVERIS
the k-VERTEX COVER problem, and fot = k it becomes thé&-CONNECTED VERTEX COVER
problem; these are two classical NP-complete problems [14, Problem &3r1.< ¢ < k, the
t-TOTAL VERTEX COVER problem has been shown to be NP-hard by Fernau and Manlove [11,
Theorem 3] by reduction frorh-VERTEX COVER; we give an alternate proof of NP-hardness in
Claim 1 below.

3.1 Kernelizability

In this section we investigate the kernelizabilitytefOTAL VERTEX COVER. Note that fort = 1,
t-TOTAL VERTEX COVER is the k-VERTEX COVER problem, and for = k it becomes the-
CONNECTEDVERTEX COVER problem. The former problem has a vertex kernel of size at most
2k [7], and the latter problem does not have a kernel of &zéor any constant unless PH
collapses to the third level [10]. It turns out that this change in polynonaaiédizability occurs

at the smallest value @fpossible.

Theorem 1. For each fixed > 2, t-TOTAL VERTEX COVER has no kernel of size bounded &y
for any fixed constant, unlessPH collapses to the third level.

To prove this, we need a few notions and results from the recently dedkheory of kernel
lower bounds [5, 6, 10]. We start off by defining a new problem:
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RED-BLUE DOMINATING SET (RBDS)

Input: An undirected bipartite grapty = (R4 B, E), and a positive
integerk.

Parameter: & + |B|

Question: Does there exist a sé1 C R of at mostk vertices ofG such that
everyv € B is adjacent to some € D (i.e., D is a dominating
set of B)?

We will use RBDS as a source problem to show a kernel lower bound-farrAL VERTEX
COVER. Towards this end we state the following fact.

Fact1. [10, Theorem 2] RD-BLUE DOMINATING SET parameterized byk + |B|) does not
admit a polynomial kernel unle$3H collapses to the third level.

We use a notion of reductions, similar in spirit to those used in classical coitypiexshow
NP-hardness results, to show thatOTAL VERTEX COVER admits no polynomial kernel. We
associate a classical decision problem with a parameterized problem irral may as follows:

Definition 2. [Derived Classical Problem][6] Let I C X* x N be a parameterized problem,
and letl ¢ X be a new symbol. We define therived classical problemssociated witl to be
{x1*| (z,k) € IT}.

Definition 3. [6] Let P and () be parameterized problems. We say tlats polynomial time
and parameter reducible tQ, written P <py,, @, if there exists a polynomial time computable
functionf : X* x N — X* x N, and a polynomiap : N — N, and for allz € X* andk € N,

if f((z,k)) = (2/,K), then(z,k) € Pifandonlyif(2’,k") € Q,andk’ < p(k). We callf a
polynomial parameter transformation (or a PPT) frdfto Q.

This notion of a reduction is useful in showing kernel lower bounds lezaf the following
theorem:

Fact 2. [6, Theorem 3]Let P and () be parameterized problems whose derived classical prob-
lems areP<, ¢, respectively. LeP¢ be NP-complete, and)° € NP. Suppose there exists a PPT
from P to Q. Then, ifQ) has a polynomial kernel, theR also has a polynomial kernel.

Now we are ready to prove Theorem 1.

Theorem 1. For each fixed > 2, ¢-TOTAL VERTEX COVER has no kernel of size bounded &y
for any fixed constant, unlessPH collapses to the third levél

Proof. We begin by noting that by a simple reduction from the NP-complete GovEeR prob-

lem [14], the derived classical problem corresponding EDHBLUE DOMINATING SET is NP-
complete. Also, the derived classical problem corresponditgroTAL VERTEX COVERIS evi-
dently in NP. Now supposeTOTAL VERTEX COVER has a polynomial kernel, and that there is

a PPT from RD-BLUE DOMINATING SET to ¢-TOTAL VERTEX COVER. Then by Fact 2, RD-

BLUE DOMINATING SET has a polynomial kernel, and hence by Fact 1 PH collapses to the third
level. Thust-TOTAL VERTEX COVER does not have polynomial kernel unless PH collapses to the
third level. Hence to prove the theorem, it suffices to show that there is drBRTRED-BLUE
DOMINATING SET to t-TOTAL VERTEX COVER. We now proceed to give such a reduction.

4 We note in passing that it was wrongly claimed in [11] that the problem hasreekof size® (k (k + t)).
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Given an instancéG = (RW B, E) , k) of RED-BLUE DOMINATING SET, we construct an
instance oft-TOTAL VERTEX COVER as follows: If B contains isolated vertices thétr, k) is
a NO instance, and in this case we construct a trivial NO instan¢eroffAL VERTEX COVER.
Otherwise, we add a distinct path of length (number of edges)l starting from each vertex
v € B. Thus, ift = 2, then we attach a new, distinct pendant verigxto eachv; € B; if
t = 3, then we add a patf;, u},w;) to eachv; € B. In general, fort > 2, we add a path
(vi,ul, a2, ... ut%, w;) to eachy; € B, where the vertices] andw; are all new and distinct: see
Fig. 1 for anillustration. We call the resulting graphand(H, k + (¢t — 1) | B]) is the constructed
instance of-TOTAL VERTEX COVER. To complete the proof, we need to show:

Fig. 1. The reduced instance for= 4.

Claim 1. Let (G = (RW B, E), k) be an instance of B>-BLUE DOMINATING SET, andt a
fixed positive integer. Let! be the graph constructed fro6 as described above. Thé&', k)
is a YES instance of BD-BLUE DOMINATING SETifand only if (H,k + (t — 1) |B]) isa YES
instance of-TOTAL VERTEX COVER.

Proof. Let (G = (Rw B, E),k) be a YES instance of Bo-BLUE DOMINATING SET. Then
there is an inclusion-minimal sé? C R, |D| < k, that dominates3. Let S be the set of all new
vertices added by the constructionfig except for the pendant vertax in each new path. Thus,
e.g.,S =  whent = 2, and in generdlS| = (¢t — 2) | B|. DefineC = D U B U S. Now,

1. |C|=|D|+|B|+|S|<k+|B|+(t—2)|B|<k+(t—1)|B|.

2. Cis a vertex cover off: B C C covers all original edges, and all new edges adjacent to
vertices inB; S covers the rest of the new edges, if any.

3. Each connected componentif{C] contains at leastvertices:

(8 SinceD dominatesB in GG, any vertexv; € B has at least one neighbare D C C'in
H [C]. Thenv;,w, and thet — 2 new vertices{u}, u?,...u! >} C S are all part of the
same component i [C], as witnessed by the pathw, v;, u}l, u?,...u!"?). Thus each
vertexv; € B is part of a connected component of size at leastH [C].

(b) D is an inclusion-minimal dominating set &f andD U B C C, and so eacly € D has
at least one neighber, € B in the graphH [C]. It follows that each vertew € D is part
of a connected component of size at leiaist H [C], namely the component to whieh
belongs. ‘

(c) Each vertex.] € S is in the same component it [C] as the vertex; € B, and sou] is
part of a connected component of size at leastH [C], namely the component to which

v; belongs.



ThusC'is at-TVC of H, of size at mosk + (¢t — 1) | B|. This proves the forward direction.

To prove the reverse direction, suppdgé, k + (¢t — 1) |B|) is a YES instance of-TOTAL
VERTEX COVER and letC' be at-TVC of H of size at mosk + (¢ — 1) | B|. Consider any path
P = (u) =wv;,ul,u?, .. .ul7? w;) in H consisting of a vertex; € B and new vertices added
by the construction. Sinc€' is a vertex cover such that each connected compone®{@f has
at leastt vertices, we have thaf N C| > ¢ — 1. Now suppose there exists a vertex P \ C.

If z = u/ for some0 < j < t — 2, then the vertices? ™", u/*? ul=2, w; form a connected
component off [C] of size strictly less than, a contradiction. So one of the following holds:

i yoeey Uy

1. All thet vertices ofP are inC, or,
2. {vi,uz-l,u?, .. ,u§_2} € C,andw; ¢ C.

Let p; be the number of paths of the first kindih, and letp;_; be the number of such paths of the
second kind. There is exactly one such path corresponding to edek 8é€B, and sq; +p;—1 =

| B|. The total number of vertices contributed@aby these paths ig; + (¢t — 1) p;—1, and so the
number of vertices ifC N R is at mostk + (t — 1) |B| — (tpt + (t — 1) pt—1) = k — p:. Now
let P be a path of the second kind. By definitigi, N C| = (¢ — 1), and since each connected
component of7 [C] has at least vertices, there is at least one more verter C that is adjacent
in H to one of the vertices, say of P N C. The only possibility is that € R andy € B, and so
at mostk — p, vertices inC' N R dominatep,_; = |B| — p; vertices inB. Since each vertex d8
has a neighbor iR, it follows that at mosk vertices inR dominate all ofB.

This completes the proof of the claim and hence of the theorem. a

The reduction employed in the above argument also implies:

Corollary 1. For each fixedt > 2, t-TOTAL VERTEX COVER restricted to bipartite graphs as
input instances iNP-hard, and does not admit a polynomial kernel unle$$ collapses to the
third level.

3.2 Fixed Parameter Tractability

We now investigate the fixed-parameter tractabilityt-afOTAL VERTEX COVER. Two special
cases of the problem, for the two extreme valtiess 1 and¢ = k, have been studied ex-
tensively from the perspective of parameterized algorithms. As we sdigrethese are thé-
VERTEX COVER and k-CONNECTED VERTEX COVER problems, respectively. TheVERTEX
CoOVER problem is perhaps the most well-studied problem in parameterized algorithivfiics
ter a long series of improvements, the current fastest FPT algorithm fgurtitiéem runs in time
o* (1.2738’“) [8]. Similarly k.-CoNNECTEDVERTEX COVERalso has a history of improvements,
and the current fastest FPT algorithm for this problem runs in ﬁ}ﬁ(§2.7606"3) [23]. We show
in this section that-TOTAL VERTEX COVERIs FPT parameterized by the solution sizeand give
anO* (c*) time algorithm.

Let G = (V, E) be the input graph. IfV| < k, then we can solve the problem in polynomial
time by checking if each component 6fhas at least vertices. Also, deleting isolated vertices
does not affect the solution. Hence we assume without loss of generality’th> &, and that7
has no isolated vertices. We start with a structural claim which is useful later

Claim 2. [x]° LetG = (V, E),|V| > k be a graph in which there are no isolated vertices. Then
G has a-TVC of size at most if and only if G has a-TVC of size exactlyk.

® Proofs of results labeled with[&] have been moved to the appendix due to space constraints.
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We will use the following fact to prove the next lemma:

Fact 3. [4,27] The number of unlabeled trees érvertices is at mos2.96*. Moreover, all non-
isomorphic unlabeled trees drvertices can be enumerated in tif¥2.96% ¢) for some constant
c independent of.

Lemma 1. [] All unlabeledforestson k vertices can be enumerated@ (2.96’“) time.

Now we are ready to prove the main result of this section.

Theorem 2. For everyt > 1, thet-TOTAL VERTEX COVERproblem is in FPT, and can be solved
in time O* (16.1’”0(log2 ’“)>.

Proof. Observe that any-TVC, say S, of G is also a vertex cover aff and hence contains a
minimal vertex coverS” C S of G. The idea of our proof is to enumerate all the minimal vertex
covers ofG of size at mosk and then try to expand each one t6 &VC of GG. We will use Fact 3
and the color-coding technique of Alon et al. [1] to do the expansiongbiasur algorithm. More
precisely, our algorithm is based on the following claim.

Claim 3. [x] A graphG = (V, E) has at-TVC of sizek if and only if there exists a minimal
vertex coverC of G of size at most;, and a subsef’ C V' \ C of sizek — |C|, such that there
exists a fores¥’ on k vertices which is isomorphic to a spanning subgrapt@f' U 7], and in
which each connected component has at leasttices.

For the algorithm we essentially mimic the claim. First we enumerate all inclusion-minimal
vertex covers ofy of size at mosk. This can be done in tim@* (2’“) by a simple2-way branch-
ing on edges—for every edge at least one of its endpoints should bg ireetex cover. For each
such vertex covef’, we do the following:

1. Color eachv € C with a distinct color from{1,2,...,|C|}.
2. Letl = k—|C|. Color the vertices of the independent &dfi” \ C] uniformly at random with
[ new colors.

Let S be a fixed:-TVC of G of size at most;, if there exists one. Define a “good” coloring Bf
to be a coloring in which the vertices i\ C are all distinctly colored. The above procedure will
yield a good coloring of” with probability!! /1! > e,

Next, we iterate through all unlabeled forestskovertices, and check if at least one of these
forests is isomorphic to a spanning forgsbf G [S], where each connected componenfolias
at leastt vertices. By Lemma 1, we can iterate through all such forest"if2.96"*) time. To
check if a given forest’ on k vertices is isomorphic to a witness f6t[S], we do the following:

1. We check if there is at least one trefirthat has less thanvertices. If yes, then we rejeét.

2. Next we check if there is a colorful subgraph (one in which eactexdras a distinct color)
isomorphic toF' in the colored graph obtained above. Sif¢és of treewidth at most, this
can be done ir© (2* - k - n?) time [3, Corollary 12]. If such a subgraph is present, tien
satisfies the requirements of Claim 3, and so we return YES. Otherwisgeteie

The expected running time of the algorithm is

. k
or <Z 2kl el x 2.96F x 2k> =0 <<2 x 2.96 x 2)" x Z <(;>l>>
=0 =
or <16.1k) .
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To obtain a deterministic algorithm we have to replace the randomized step dftinizhem,
that is, where we color the vertices@fV \ C] uniformly at random by colors, with a determin-
istic procedure. This is done by making useofl, [)-perfect hash familiesAn (n, [, [)-perfect
hash family,H, is a set of functions fron{1,...,n} to {1,...,1} such that for every subset
S C {1,...,n} of sizel there exists a functioff € H such thatf is injective onS. That is,
forall 7,5 € S, f(i) # f(j). There exists a construction 64, [, [)-perfect hash family of size
O(el - 1900gD) . 1og n) and one can produce this family in time linear in the output size [24]. Using
an (n, ,1)-perfect hash family of siz€&(e! - kU°gl) . logn) instead of a random coloring, we
obtain the desired deterministic algorithm. The running time of the derandomizartlahy is

0" (16.14+0(E*H)).

This concludes the proof of the theorem. O

4 Total Edge Covers

For each positive integér the parameterized TOTAL EDGE COVERproblem is defined as fol-
lows:

t-TOTAL EDGE COVER(TEC-t)

Input: An undirected graplés = (V, E'), and a positive integek.

Parameter: &k

Question: Does there exist a sét C E of at mostk edges ofG such that
(i) each vertex inV is incident to at least one edge k (i.e.,
S is an edge cover aff), and (ii) each connected component of
G(S) = (V, S) contains at leagtedges ofS?

Such anS is called a-Total Edge Covert(TEC) of G. Fort = 1, t-TOTAL EDGE COVERIS
the k-EDGE COVER problem, which is solvable in polynomial time [26] while for> 2 Fernau
and Manlove [11, Theorem 3] showed that the problem is NP-completestdtée the following
result which will be useful in obtaining an equivalent formulation of thebpe.

Fact 4. [11, Theorem 16]n any connected grapt with n vertices, and for any < n, there
exists a minimat-TEC, says, of G such that the graplt(,S) induced by the edge s6tis acyclic.

4.1 Kernelizability

Fernau and Manlove [11] observed the following simple vertex kernslzsf at mosRk for ¢-
TOTAL EDGE COVER any edge in a graph covers exaclyertices, and a YES instance of the
problem has an edge cover of size (number of edges) at inastd so such an instance cannot
have more thadk vertices. In other words, if the input instance has more tHawertices, then
the answer is NO. Otherwise, the input instance itself forms a kernel onsiieoertices. We
can improve this bound on the kernel size for larger valugsgfobserving the following:

Lemma 2. Given a graphG = (V| E), the t-TOTAL EDGE COVER problem is equivalent to
the following problem: does there exist a partition of the vertexisento ¢ parts V,..., V,
for someg, such that (i)G[V;] is connected, (ii))V;| > ¢t + 1 for eachl < i < ¢, and (iii)
Yia(Vi=1) < k?



Proof. Let (G = (V, E), k) be an instance dfTOTAL EDGE COVERand.S be an edge-minimal
t-TEC of G. Let Vi, ...,V be the vertex sets of the connected components(sf) = (V, .5).

It directly follows from the properties of given in the definition of-TOTAL EDGE cOvERand

by Fact 4 thall;, . .., V, satisfy all the conditions in the statement of the lemma. Conversely, if
Vi,...,V, satisfy all the conditions in the statement of the lemma, thei/ldie the edges of

a spanning tree of [V;], for 1 < i < ¢, and letS = [J_, S;. It is easy to see thaf has the
properties stated in the definition 6ffOTAL EDGE COVER a

This reformulation immediately yields:

Theorem 3. t-TOTAL EDGE CcOVERadmits a vertex kernel of siz‘é}lk.

Proof. Let (G = (V, E), k) be a YES instance of TOTAL EDGE COVER Hence, by Lemma 2
there exists a partition df into ¢ parts of the kind stated in the lemma. NOW| > ¢t + 1 —
Vil-1>t = > 7, (|]Vi] = 1) > ¢t. Butby the lemma}y_7_; (|V;| — 1) < k, and sozt < £k,
andg < 2 Also S0, (Vi| - 1) <k = 3L, |[Vi| <k+q<k+%="1k and soG has
at mostH £ vertices. O

Corollary 2. Ifthet-TOTAL EDGE COVERproblem has an exact exponential time algorithm that
runs inO* (¢/(VD) time on an input instancéG = (V, E) , k) for some functiory (), then the

problem has an FPT algorithm that runs @ (cf(%k» time.

4.2 Fixed Parameter Tractability

We now present an exact exponential-time algorithm for the problem, withimgntime
o* (2”+O(ﬁ)) wheren is the number of vertices in the input graph. By Corollary 2, this yields
an FPT algorithm for the problem with running tirg¥ (c*) for some fixed constant This is a
significant improvement over th@* ((2k)2k> bound obtained by Fernau and Manlove [11].

Let (G = (V, E), k) be an input instance ¢fTOTAL EDGE COVER First, we enumerate all

unordered partitions of. By the Hardy-Ramanujan asymptotic formutahas at mose® (V)
unordered partitions [16]. The partitionsoftan be generated with constant average delay [28],
and so we can enumerate all unordered partitionsionO(\/ﬁ) time.

For each partition of, asn = ny +na + --- + ng; 1 < ¢ < n, we check if there exists a
partition of V' into ¢ partsVi, ..., V, such that (i) V;| = n; for 1 < i < ¢, and (ii) the partition
satisfies the conditions of Lemma 2.

To do these checks, we construct thigsts

Li={V' CV | |V'| =n; andG [V'] is connected
for1 <i < gq. Forl <i < ¢ we compute the polynomial
P= Y o)
V/eL;

wherez is a formal variable ang (V") is the characteristic vector &’ C V. That is, letV =
{v1,v2,...,v,}. Theny (V') is a bit vector with|V| bits where, forl < j < |V, thejth bit of
x (V') islifand onlyifv; € V'. The listsL; and the polynomial®; can be computed i@* (2")
time, by enumerating all subsetsgf We now compute the product

Q=P xPyx---xPF
9



in the given order, with a small modification: given the partial prodpcof the first: terms, we
first computeQ; x P, 1. Then we delete all those terms” in Q; x P;,; where (the binary repre-
sentation of)3 does not contain exactE?;l1 n; 1s, and seQ); to be the resulting polynomial.
This pruning operation ensures that the partial prodycfor 1 < i < ¢, represents exactly those
sets of sizeZé:1 n; that can be obtained by taking the union of one set each from, ..., L;.
It is easy to see that the produ@t = @ is non-zero if and only of there exists a partitionlof
into ¢ parts satisfying the required conditions.

The degree of each polynomial involved in the multiplications is at 2&st-1 = 2" —1, and
S0, using the Fast Fourier Transform, we can multiply two of these polynomi@$2" log 2") =
O (n2™) time [9, Chapter 30]. We have to perform at m@st »n such multiplications to compute
@, and so given thé;s we can comput€ in O (n?2™) = O* (2") time. The running time of this

algorithm is thu2® (V™) x (0 (27) + O* (27)) = O* (2"*0(‘/5)), and so we have:

Theorem 4. t-TOTAL EDGE COVERcan be solved iD* (2”*0(\/@) time, wheren is the num-
ber of vertices in the input graph.

From this theorem and Corollary 2 we get:

Theorem 5. t-TOTAL EDGE COVERcan be solved ir@*(2%k+0(‘/§)) time.

The above algorithm uses exponential space (e.g., for constructing thé.is An approach
similar to the one used in Section 3.2 results in an FPT algorithm that runs in pailginspace:

Theorem 6. ¢t-TOTAL EDGE COVER can be solved in tim&* (20(’“)) time using polynomial
space.

Proof. [Sketch]Enumerate all unordered partitidns, . . . n,) such thai; > t+1andd_!_ | (n;—
1) < k and then enumerate all trees of sizen time 2.96'. Then, for each enumerateeuple of
trees(T1, ..., T,), test for subgraph isomorphism in tini (2~). O

5 Conclusion

We investigated the parameterized complexity of two problems obtained by impositain
connectivity constraints on two classical problems. In both cases we adadtling a connectivity
constraint (each component of the solution must have at least a certabvenof vertices/edges
from the solution) causes a drastic change in the computational complexity pfdahlem. In the
case oft-TOTAL EDGE COVER the shift is from polynomial-time computability to NP-hardness,
and had been observed earlier [11]. We showed that a similar shiftorcthe case of the NP-
hard problem-TOTAL VERTEX COVER: for ¢ = 1 the problem has a linear vertex kernel [7], and
for anyt > 2 the problem has no polynomial-size kernel unless PH collapses. We alaedh
that both these problems have FPT algorithms that run in @r’héc’“) for different constants.

One direction of future research would be to examine the effect of soighectivity con-
straints on other parameterized graph problems. Another would be to try tovienghre base
of the exponent of the running times that we obtainedfoOTAL VERTEX COVER and¢-TOTAL
EDGE COVER In particular, the extreme casestefOTAL VERTEX COVER, for the three special
valuest = 1, t = 2 andt = k, have much smaller values of namelyc = 1.2738, ¢ = 2.3655
andc = 2.7606, respectively [8, 11, 23]. It will be interesting to see if the value &r the gen-
eral case (currently6.1: see Theorem 2) can be brought closer to these smaller values. Due to the
mentioned possible applications 2TOTAL EDGE COVER obtaining better algorithms for this
particular problem seems to be most interesting.
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A Deferred Proofs

In this appendix we state those proofs that were omitted from the main bodg phffer due to
space constraints.

Claim. LetG = (V, E),|V| > k be a graph in which there are no isolated vertices. Thdmas
at-TVC of size at most if and only if G has a-TVC of size exactlyk.

Proof. If G has at-TVC, sayS, of size exactlyk, thenS itself is at-TVC of GG of size at most
k. For the other direction, lef be at-TVC of G sizel < k. Consider any set df — [ vertices
T C (V'\ S). SinceG has no isolated vertex, eache T has at least one edge incident on it;
sincesS is a vertex cover oz, the other end of this edge, say is in S. Now notice that every
connected component 6f[S U T'] has at least vertices as each connected componer ¢f]
has at least vertices and every vertex @f gets attached to one of the component&/¢f]. O

Lemma. All unlabeledforestson £ vertices can be enumeratedd (2.96’“) time.

Proof. Let F' be a forest ork vertices. Add a new vertex and one edge from to an arbitrary
vertex of each tree i, to obtain a tre€” on k + 1 vertices. Clearly, the foregt can be obtained
by deleting one vertex (namety from T'. It follows that a graph is a forest davertices if and
only if it can be obtained by deleting a vertex from some treé anl vertices.

To enumerate all forests dnvertices, we first enumerate all trees bA- 1 vertices. From
Fact 3, this can be done @ (2.96" ! (k + 1)°) time wherec is a constant independent lof For
each tred’ onk + 1 vertices obtained in this manner, we delete each df itsl vertices, one at
atime, to obtain a set of forests. By the above observation, this procgeéids every forest ok
vertices (some of them perhaps many times). The proceduredaf@s+ 1) 2.96" ! (k + 1)) =
O* (2.96") time. O

Claim. A graphG = (V, E) has at-TVC of sizek if and only if there exists a minimal vertex
coverC of G of size at mosk, and a subsef’ C V' \ C of sizek — |C|, such that there exists
a forestF’ on k vertices which is isomorphic to a spanning subgraptr@f' U 7', and in which
each connected component has at leasttices.

Proof. If G has at-TVC S of sizek, then by definitionS is a vertex cover ofs. Let C be any
minimal vertex cover contained i#\, and letI’ = S\ C. Then|T'| = k — |C|, and each connected
component of7 [C' U T| = G [S] has, from the definition of & TVC, at least vertices. LetF" be
a forest formed by picking one spanning tree from each connectedar@mpofG [S]. ThenF’
satisfies the conditions of the claim.

Conversely, let there exist a minimal vertex co¢éof GG, a setl’ C V' \ C of sizek — |C],
and a forest’ on k vertices that is isomorphic to a spanning subgréph= (S =CUT, E’)
of G[C' U T], and in which each connected component has at teasttices. Since&” C S, S
is a vertex cover of7. Also |S| = |C UT| = k. Now sinceG is a subgraph of7 [S], and each
connected component 6f contains at least vertices, each connected componentdfs] has
at least vertices. It follows thatS is at-TVC of G of sizek. O
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