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Abstract. We investigate the effect of certain natural connectivity constraints on theparameterized
complexity of two fundamental graph covering problems, namelyk-VERTEX COVER andk-EDGE

COVER. Specifically, we impose the additional requirement that each connectedcomponent of a so-
lution have at leastt vertices (resp. edges from the solution), and call the problemt-TOTAL VERTEX

COVER (resp.t-TOTAL EDGE COVER). We show that
– both problems remain fixed-parameter tractable with these restrictions, withrunning times of the

formO∗
`

c
k

´

for some constantc > 0 in each case;
– for everyt ≥ 2, t-TOTAL VERTEX COVER has no polynomial kernel unless the Polynomial Hier-

archy collapses to the third level;
– for everyt ≥ 2, t-TOTAL EDGE COVERhas a linear vertex kernel of sizet+1

t
k.

These results significantly improve earlier work on these problems.
Our no-poly-kernel result fort-TOTAL VERTEX COVER, and the known NP-hardness result fort-TOTAL

EDGE COVER, are in stark contrast to the fact thatk-VERTEX COVER has a2k vertex kernel, and that
k-EDGE COVER is solvable in polynomial time. This illustrates how even the slightest connectivity
requirement results in a drastic change in the tractability of problems — the curse of connectivity!

1 Introduction

Thek-VERTEX COVER problem and thek-EDGE COVER problem are two related combinatorial
problems that exhibit contrasting behavior in terms of their solvability. In thek-VERTEX COVER

problem, we are given as input a graphG and a positive integerk, and are asked if there exists a
setS of at mostk vertices inG such that every edge inG is adjacent to at least one of the vertices
in S; such anS is called avertex coverof G. In k-EDGE COVER, we are again given as input a
graphG and a positive integerk, and are asked if there exists a setS of at mostk edgesin G such
that for each vertexv in G, there is at least one edgee = {u, v} ∈ S ; such anS is called anedge
coverof G.

The k-VERTEX COVER problem is one of the first problems that Karp showed to be NP-
complete [17], and is one of the six basic NP-complete problems chosen for special mention by
Garey and Johnson as being at the “core” of known NP-complete problems [14, Section 3.1]. The
k-VERTEX COVER problem and its variants have been extensively investigated from the pointof
view of various algorithmic paradigms, including approximation and parameterized algorithms.
In particular,k-VERTEX COVER is considered to be the drosophila of the field of parameterized
complexity, where a large set of results of different kinds have been obtained on the problem and
its variants [2, 8, 11, 13, 15, 19, 20, 23]. In sharp contrast,k-EDGE COVER has long been known
to be solvable in polynomial time [26].

In this paper we investigate the parameterized complexity of variants of these problems where
additional connectivity constraints are imposed on the solutionS. More specifically, for each
integert ≥ 1 we define variants of the two problems, namedt-TOTAL VERTEX COVER and t-
TOTAL EDGE COVER, respectively. Int-TOTAL VERTEX COVER (resp.t-TOTAL EDGE COVER),



we ask whether there is a vertex cover (resp. edge cover)S of the input graph such that each
connected component of the subgraph induced onS contains at leastt vertices (resp. at leastt
edges fromS). These problems were introduced by Fernau and Manlove [11] who initiated the
study of the parameterized complexity of these problems. We significantly improve their results
and obtain several new results: in particular, we complete the picture on howeven the slightest
connectivity requirement dramatically changes the complexity of these problems.

Independently, Małafiejski anḋZylinski studied2-TOTAL EDGE COVERas a model of weak
cooperation of guards in an art gallery problem [22]. Both Fernau andManlove [11] and
Małafiejski andŻylinski [22] derived a Gallai type identity, namely, that under certain condi-
tions, the sum of (i) the cardinality of the largest possible packing of a graph with vertex-disjoint
copies of a path of length two and (ii) the size of the smallest 2-total edge cover, equals the number
of vertices of the graph. A generalization of this result to allt ≥ 2 was shown in [11]. Combining
this with the result of Kirkpatrick and Hell [18], who proved that finding a packing of vertex-
disjoint copies of trees ont edges in a graph is NP-hard, we get that for allt ≥ 2, t-TOTAL EDGE

COVER is NP-complete.
Our results. As noted above,k-EDGE COVER has been known to be solvable in polynomial time
for over half a century. Fernau and Manlove [11] showed that the least possible connectivity
requirement onS, namely that each connected component of the graph induced onS have at least
2 edges, makes the problem NP-hard.

We show a similar result fort-TOTAL VERTEX COVER, not in the context of classical com-
plexity, but from the realm of parameterized complexity. It is a well-known result in parameter-
ized complexity thatk-VERTEX COVER has a so-called2k-sized vertex kernel(See Section 2).
We show that adding a connectivity constraint results in a dramatic change inkernelizability: for
any fixedt ≥ 2, t-TOTAL VERTEX COVER has no polynomial-size kernel unless the Polynomial
Hierarchy(PH) collapses to the third level, which is deemed unlikely in complexitytheory. We
complement the no-polynomial-kernel result with results on the fixed-parameter tractability of
t-TOTAL VERTEX COVER andt-TOTAL EDGE COVERwhen parameterized by the solution size.
More specifically, we show the following:

– t-TOTAL VERTEX COVERcan be solved inO
(

16.1k+O(log2 k) × nO(1)
)

time. To obtain these

results we combine the classical result of Otter [27] on the number of unlabeled trees with a
modification of the color-coding technique of Alon et al. [1].

– t-TOTAL EDGE COVERhas a vertex kernel of sizet+1
t

k,

– t-TOTAL EDGE COVERcan be solved inO
(

2
t+1

t
k+O(

√
k) × nO(1)

)

time. To obtain this result,

we combine kernelization techniques with the classical result of Hardy & Ramanujan [16] and
the Fast Fourier Transform [21].

These results significantly improve earlier work on these problems.

2 Preliminaries

In this section we state some basic definitions related to graph theory and parameterized complex-
ity, and give an overview of the notation used in this paper. We useG = (V, E) to refer to a graph
with vertex setV (with n := |V |). A graphG′ = (V ′, E′) is a subgraphof G if V ′ ⊆ V and
E′ ⊆ E. The subgraphG′ is called aninduced subgraphof G if E′ = {uv ∈ E | u, v ∈ V ′},
in this case,G′ is also called the subgraphinduced byV ′ and is denotedG[V ′]. For a setS ⊆ E
of edges ofG, we useG (S) to denote the subgraph(V, S) of G. To describe running times of
algorithms we sometimes use theO∗ notation. Givenf : N → N, we defineO∗(f(n)) to be
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O(f(n) · p(n)), wherep(·) is some polynomial function. That is, theO∗ notation suppresses
polynomial factors in the expression for the running time.

A parameterized problemΠ is a subset ofΣ∗ × N, whereΣ is a finite alphabet. An instance
of a parameterized problem is a tuple(x, k), wherek is called the parameter. A central notion in
parameterized complexity isfixed-parameter tractability (FPT)which means, for a given instance
(x, k), decidability in timef(k)·p(|x|), wheref is an arbitrary function ofk andp is a polynomial
in the input size. The notion ofkernelizationis formally defined as follows.

Definition 1. [Kernelization] [25, 12] A kernelization algorithm for a parameterized problem
Π ⊆ Σ∗ × N is an algorithm that, given(x, k) ∈ Σ∗ × N, outputs, in time polynomial in
|x| + k, a pair (x′, k′) ∈ Σ∗ × N such that (a)(x, k) ∈ Π if and only if (x′, k′) ∈ Π and (b)
|x′|, k′ ≤ g(k), whereg is some computable function. The output instancex′ is called the kernel,
and the functiong is referred to as the size of the kernel. Ifg(k) = kO(1) (resp.g(k) = O(k))
then we say thatΠ admits a polynomial (resp. linear) kernel.

3 Total Vertex Covers

For each positive integert, the parameterizedt-TOTAL VERTEX COVER problem is defined as
follows:

t-TOTAL VERTEX COVER (TVC-t)
Input: An undirected graphG = (V, E), and a positive integerk ≥ t.
Parameter: k
Question: Does there exist a setS ⊆ V of at mostk vertices ofG such

that (i) G [V \ S] contains no edges (i.e.,S is a vertex cover of
G), and (ii) each connected component ofG [S] contains at least
t vertices?

Such anS is called at-total vertex cover (t-TVC) of G. The problem is NP-complete for all
values oft: Clearly the problem is in NP for any value oft. Fort = 1, t-TOTAL VERTEX COVER is
thek-VERTEX COVER problem, and fort = k it becomes thek-CONNECTED VERTEX COVER

problem; these are two classical NP-complete problems [14, Problem GT1].For 2 ≤ t ≤ k, the
t-TOTAL VERTEX COVER problem has been shown to be NP-hard by Fernau and Manlove [11,
Theorem 3] by reduction fromk-VERTEX COVER; we give an alternate proof of NP-hardness in
Claim 1 below.

3.1 Kernelizability

In this section we investigate the kernelizability oft-TOTAL VERTEX COVER. Note that fort = 1,
t-TOTAL VERTEX COVER is thek-VERTEX COVER problem, and fort = k it becomes thek-
CONNECTED VERTEX COVER problem. The former problem has a vertex kernel of size at most
2k [7], and the latter problem does not have a kernel of sizekc for any constantc unless PH
collapses to the third level [10]. It turns out that this change in polynomial kernelizability occurs
at the smallest value oft possible.

Theorem 1. For each fixedt ≥ 2, t-TOTAL VERTEX COVER has no kernel of size bounded bykc,
for any fixed constantc, unlessPHcollapses to the third level.

To prove this, we need a few notions and results from the recently developed theory of kernel
lower bounds [5, 6, 10]. We start off by defining a new problem:
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RED-BLUE DOMINATING SET (RBDS)
Input: An undirected bipartite graphG = (R ⊎ B, E), and a positive

integerk.
Parameter: k + |B|
Question: Does there exist a setD ⊆ R of at mostk vertices ofG such that

everyv ∈ B is adjacent to someu ∈ D (i.e.,D is a dominating
set ofB)?

We will use RBDS as a source problem to show a kernel lower bound fort-TOTAL VERTEX

COVER. Towards this end we state the following fact.

Fact 1. [10, Theorem 2] RED-BLUE DOMINATING SET parameterized by(k + |B|) does not
admit a polynomial kernel unlessPH collapses to the third level.

We use a notion of reductions, similar in spirit to those used in classical complexity to show
NP-hardness results, to show thatt-TOTAL VERTEX COVER admits no polynomial kernel. We
associate a classical decision problem with a parameterized problem in a natural way as follows:

Definition 2. [Derived Classical Problem][6] Let Π ⊆ Σ∗ × N be a parameterized problem,
and let1 /∈ Σ be a new symbol. We define thederived classical problemassociated withΠ to be
{

x1k| (x, k) ∈ Π
}

.

Definition 3. [6] Let P and Q be parameterized problems. We say thatP is polynomial time
and parameter reducible toQ, written P ≤Ptp Q, if there exists a polynomial time computable
functionf : Σ∗ × N → Σ∗ × N, and a polynomialp : N → N, and for allx ∈ Σ∗ andk ∈ N,
if f ((x, k)) = (x′, k′), then(x, k) ∈ P if and only if (x′, k′) ∈ Q, andk′ ≤ p (k). We callf a
polynomial parameter transformation (or a PPT) fromP to Q.

This notion of a reduction is useful in showing kernel lower bounds because of the following
theorem:

Fact 2. [6, Theorem 3]Let P andQ be parameterized problems whose derived classical prob-
lems areP c, Qc, respectively. LetP c beNP-complete, andQc ∈ NP. Suppose there exists a PPT
fromP to Q. Then, ifQ has a polynomial kernel, thenP also has a polynomial kernel.

Now we are ready to prove Theorem 1.

Theorem 1. For each fixedt ≥ 2, t-TOTAL VERTEX COVER has no kernel of size bounded bykc,
for any fixed constantc, unlessPHcollapses to the third level4.

Proof. We begin by noting that by a simple reduction from the NP-complete SET COVER prob-
lem [14], the derived classical problem corresponding to RED-BLUE DOMINATING SET is NP-
complete. Also, the derived classical problem corresponding tot-TOTAL VERTEX COVER is evi-
dently in NP. Now supposet-TOTAL VERTEX COVER has a polynomial kernel, and that there is
a PPT from RED-BLUE DOMINATING SET to t-TOTAL VERTEX COVER. Then by Fact 2, RED-
BLUE DOMINATING SET has a polynomial kernel, and hence by Fact 1 PH collapses to the third
level. Thust-TOTAL VERTEX COVER does not have polynomial kernel unless PH collapses to the
third level. Hence to prove the theorem, it suffices to show that there is a PPTfrom RED-BLUE

DOMINATING SET to t-TOTAL VERTEX COVER. We now proceed to give such a reduction.

4 We note in passing that it was wrongly claimed in [11] that the problem has a kernel of sizeO (k (k + t)).
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Given an instance(G = (R ⊎ B, E) , k) of RED-BLUE DOMINATING SET, we construct an
instance oft-TOTAL VERTEX COVER as follows: If B contains isolated vertices then(G, k) is
a NO instance, and in this case we construct a trivial NO instance oft-TOTAL VERTEX COVER.
Otherwise, we add a distinct path of length (number of edges)t − 1 starting from each vertex
v ∈ B. Thus, if t = 2, then we attach a new, distinct pendant vertexwi to eachvi ∈ B; if
t = 3, then we add a path

(

vi, u
1
i , wi

)

to eachvi ∈ B. In general, fort ≥ 2, we add a path
(

vi, u
1
i , u

2
i , . . . u

t−2
i , wi

)

to eachvi ∈ B, where the verticesuj
i andwi are all new and distinct: see

Fig. 1 for an illustration. We call the resulting graphH and(H, k + (t − 1) |B|) is the constructed
instance oft-TOTAL VERTEX COVER. To complete the proof, we need to show:

Fig. 1.The reduced instance fort = 4.

Claim 1. Let (G = (R ⊎ B, E) , k) be an instance of RED-BLUE DOMINATING SET, and t a
fixed positive integer. LetH be the graph constructed fromG as described above. Then(G, k)
is a YES instance of RED-BLUE DOMINATING SET if and only if (H, k + (t − 1) |B|) is a YES
instance oft-TOTAL VERTEX COVER.

Proof. Let (G = (R ⊎ B, E) , k) be a YES instance of RED-BLUE DOMINATING SET. Then
there is an inclusion-minimal setD ⊆ R, |D| ≤ k, that dominatesB. Let S be the set of all new
vertices added by the construction toH, except for the pendant vertexwi in each new path. Thus,
e.g.,S = ∅ whent = 2, and in general|S| = (t − 2) |B|. DefineC = D ∪ B ∪ S. Now,

1. |C| = |D| + |B| + |S| ≤ k + |B| + (t − 2) |B| ≤ k + (t − 1) |B|.
2. C is a vertex cover ofH: B ⊆ C covers all original edges, and all new edges adjacent to

vertices inB; S covers the rest of the new edges, if any.
3. Each connected component ofH [C] contains at leastt vertices:

(a) SinceD dominatesB in G, any vertexvi ∈ B has at least one neighborw ∈ D ⊆ C in
H [C]. Thenvi, w, and thet − 2 new vertices

{

u1
i , u

2
i , . . . u

t−2
i

}

⊆ S are all part of the
same component inH [C], as witnessed by the path

〈

w, vi, u
1
i , u

2
i , . . . u

t−2
i

〉

. Thus each
vertexvi ∈ B is part of a connected component of size at leastt in H [C].

(b) D is an inclusion-minimal dominating set ofB andD ∪ B ⊆ C, and so eachw ∈ D has
at least one neighborvi ∈ B in the graphH [C]. It follows that each vertexw ∈ D is part
of a connected component of size at leastt in H [C], namely the component to whichvi

belongs.
(c) Each vertexuj

i ∈ S is in the same component inH [C] as the vertexvi ∈ B, and souj
i is

part of a connected component of size at leastt in H [C], namely the component to which
vi belongs.
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ThusC is at-TVC of H, of size at mostk + (t − 1) |B|. This proves the forward direction.
To prove the reverse direction, suppose(H, k + (t − 1) |B|) is a YES instance oft-TOTAL

VERTEX COVER, and letC be at-TVC of H of size at mostk + (t − 1) |B|. Consider any path
P =

(

u0
i = vi, u

1
i , u

2
i , . . . u

t−2
i , wi

)

in H consisting of a vertexvi ∈ B and new vertices added
by the construction. SinceC is a vertex cover such that each connected component ofG[C] has
at leastt vertices, we have that|P ∩ C| ≥ t − 1. Now suppose there exists a vertexx ∈ P \ C.
If x = uj

i for some0 ≤ j ≤ t − 2, then the verticesuj+1
i , uj+2

i , . . . , ut−2
i , wi form a connected

component ofH [C] of size strictly less thant, a contradiction. So one of the following holds:

1. All the t vertices ofP are inC, or,
2.
{

vi, u
1
i , u

2
i , . . . , u

t−2
i

}

∈ C, andwi /∈ C.

Let pt be the number of paths of the first kind inH, and letpt−1 be the number of such paths of the
second kind. There is exactly one such path corresponding to each vertex ofB, and sopt+pt−1 =
|B|. The total number of vertices contributed toC by these paths istpt + (t − 1) pt−1, and so the
number of vertices inC ∩ R is at mostk + (t − 1) |B| − (tpt + (t − 1) pt−1) = k − pt. Now
let P be a path of the second kind. By definition,|P ∩ C| = (t − 1), and since each connected
component ofG [C] has at leastt vertices, there is at least one more vertexx in C that is adjacent
in H to one of the vertices, sayy, of P ∩C. The only possibility is thatx ∈ R andy ∈ B, and so
at mostk − pt vertices inC ∩R dominatept−1 = |B| − pt vertices inB. Since each vertex ofB
has a neighbor inR, it follows that at mostk vertices inR dominate all ofB.

This completes the proof of the claim and hence of the theorem. ⊓⊔

The reduction employed in the above argument also implies:

Corollary 1. For each fixedt ≥ 2, t-TOTAL VERTEX COVER restricted to bipartite graphs as
input instances isNP-hard, and does not admit a polynomial kernel unlessPH collapses to the
third level.

3.2 Fixed Parameter Tractability

We now investigate the fixed-parameter tractability oft-TOTAL VERTEX COVER. Two special
cases of the problem, for the two extreme valuest = 1 and t = k, have been studied ex-
tensively from the perspective of parameterized algorithms. As we saw earlier, these are thek-
VERTEX COVER andk-CONNECTED VERTEX COVER problems, respectively. Thek-VERTEX

COVER problem is perhaps the most well-studied problem in parameterized algorithmics. Af-
ter a long series of improvements, the current fastest FPT algorithm for thisproblem runs in time
O∗ (1.2738k

)

[8]. Similarly k-CONNECTEDVERTEX COVER also has a history of improvements,
and the current fastest FPT algorithm for this problem runs in timeO∗ (2.7606k

)

[23]. We show
in this section thatt-TOTAL VERTEX COVER is FPT parameterized by the solution sizek, and give
anO∗ (ck

)

time algorithm.
Let G = (V, E) be the input graph. If|V | ≤ k, then we can solve the problem in polynomial

time by checking if each component ofG has at leastt vertices. Also, deleting isolated vertices
does not affect the solution. Hence we assume without loss of generality that |V | > k, and thatG
has no isolated vertices. We start with a structural claim which is useful later.

Claim 2. [⋆]5 Let G = (V, E) , |V | > k be a graph in which there are no isolated vertices. Then
G has at-TVC of size at mostk if and only if G has at-TVC of size exactlyk.

5 Proofs of results labeled with a[⋆] have been moved to the appendix due to space constraints.

6



We will use the following fact to prove the next lemma:

Fact 3. [4, 27] The number of unlabeled trees onk vertices is at most2.96k. Moreover, all non-
isomorphic unlabeled trees onk vertices can be enumerated in timeO(2.96kkc) for some constant
c independent ofk.

Lemma 1. [⋆] All unlabeledforestsonk vertices can be enumerated inO∗ (2.96k
)

time.

Now we are ready to prove the main result of this section.

Theorem 2. For everyt ≥ 1, thet-TOTAL VERTEX COVER problem is in FPT, and can be solved

in timeO∗
(

16.1k+O(log2 k)
)

.

Proof. Observe that anyt-TVC, sayS, of G is also a vertex cover ofG and hence contains a
minimal vertex coverS′ ⊆ S of G. The idea of our proof is to enumerate all the minimal vertex
covers ofG of size at mostk and then try to expand each one to at-TVC of G. We will use Fact 3
and the color-coding technique of Alon et al. [1] to do the expansion phase of our algorithm. More
precisely, our algorithm is based on the following claim.

Claim 3. [⋆] A graphG = (V, E) has at-TVC of sizek if and only if there exists a minimal
vertex coverC of G of size at mostk, and a subsetT ⊆ V \ C of sizek − |C|, such that there
exists a forestF on k vertices which is isomorphic to a spanning subgraph ofG[C ∪ T ], and in
which each connected component has at leastt vertices.

For the algorithm we essentially mimic the claim. First we enumerate all inclusion-minimal
vertex covers ofG of size at mostk. This can be done in timeO∗ (2k

)

by a simple2-way branch-
ing on edges—for every edge at least one of its endpoints should be in any vertex cover. For each
such vertex coverC, we do the following:

1. Color eachv ∈ C with a distinct color from{1, 2, . . . , |C|}.
2. Letl = k−|C|. Color the vertices of the independent setG [V \ C] uniformly at random with

l new colors.

Let S be a fixedt-TVC of G of size at mostk, if there exists one. Define a “good” coloring ofV
to be a coloring in which the vertices inS \C are all distinctly colored. The above procedure will
yield a good coloring ofV with probabilityl!/ll ≥ e−l.

Next, we iterate through all unlabeled forests onk vertices, and check if at least one of these
forests is isomorphic to a spanning forestF of G [S], where each connected component ofF has
at leastt vertices. By Lemma 1, we can iterate through all such forests inO∗ (2.96k

)

time. To
check if a given forestF onk vertices is isomorphic to a witness forG [S], we do the following:

1. We check if there is at least one tree inF that has less thant vertices. If yes, then we rejectF .
2. Next we check if there is a colorful subgraph (one in which each vertex has a distinct color)

isomorphic toF in the colored graph obtained above. SinceF is of treewidth at most1, this
can be done inO

(

2k · k · n2
)

time [3, Corollary 12]. If such a subgraph is present, thenF
satisfies the requirements of Claim 3, and so we return YES. Otherwise we rejectF .

The expected running time of the algorithm is

O∗
(

k
∑

l=0

2k−l × el × 2.96k × 2k

)

= O∗
(

(2 × 2.96 × 2)k ×
k
∑

l=0

(

(e

2

)l
)

)

= O∗
(

16.1k
)

.
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To obtain a deterministic algorithm we have to replace the randomized step of the algorithm,
that is, where we color the vertices ofG[V \C] uniformly at random byl colors, with a determin-
istic procedure. This is done by making use of(n, l, l)-perfect hash families. An (n, l, l)-perfect
hash family,H, is a set of functions from{1, . . . , n} to {1, . . . , l} such that for every subset
S ⊆ {1, . . . , n} of size l there exists a functionf ∈ H such thatf is injective onS. That is,
for all i, j ∈ S, f(i) 6= f(j). There exists a construction of(n, l, l)-perfect hash family of size
O(el · lO(log l) · log n) and one can produce this family in time linear in the output size [24]. Using
an (n, l, l)-perfect hash family of sizeO(el · kO(log l) · log n) instead of a random coloring, we
obtain the desired deterministic algorithm. The running time of the derandomized algorithm is

O∗
(

16.1k+O(log2 k)
)

.

This concludes the proof of the theorem. ⊓⊔

4 Total Edge Covers

For each positive integert, the parameterizedt-TOTAL EDGE COVERproblem is defined as fol-
lows:

t-TOTAL EDGE COVER(TEC-t)
Input: An undirected graphG = (V, E), and a positive integerk.
Parameter: k
Question: Does there exist a setS ⊆ E of at mostk edges ofG such that

(i) each vertex inV is incident to at least one edge inS (i.e.,
S is an edge cover ofG), and (ii) each connected component of
G(S) = (V, S) contains at leastt edges ofS?

Such anS is called at-Total Edge Cover (t-TEC) of G. For t = 1, t-TOTAL EDGE COVER is
thek-EDGE COVER problem, which is solvable in polynomial time [26] while fort ≥ 2 Fernau
and Manlove [11, Theorem 3] showed that the problem is NP-complete. Westate the following
result which will be useful in obtaining an equivalent formulation of the problem.

Fact 4. [11, Theorem 16]In any connected graphG with n vertices, and for anyt < n, there
exists a minimalt-TEC, sayS, ofG such that the graphG(S) induced by the edge setS is acyclic.

4.1 Kernelizability

Fernau and Manlove [11] observed the following simple vertex kernel ofsize at most2k for t-
TOTAL EDGE COVER: any edge in a graph covers exactly2 vertices, and a YES instance of the
problem has an edge cover of size (number of edges) at mostk, and so such an instance cannot
have more than2k vertices. In other words, if the input instance has more than2k vertices, then
the answer is NO. Otherwise, the input instance itself forms a kernel on at most 2k vertices. We
can improve this bound on the kernel size for larger values oft by observing the following:

Lemma 2. Given a graphG = (V, E), the t-TOTAL EDGE COVER problem is equivalent to
the following problem: does there exist a partition of the vertex setV into q parts V1, . . . , Vq,
for someq, such that (i)G[Vi] is connected, (ii)|Vi| ≥ t + 1 for each1 ≤ i ≤ q, and (iii)
∑q

i=1(|Vi| − 1) ≤ k?

8



Proof. Let (G = (V, E) , k) be an instance oft-TOTAL EDGE COVERandS be an edge-minimal
t-TEC of G. Let V1, . . . , Vq be the vertex sets of the connected components ofG(S) = (V, S).
It directly follows from the properties ofS given in the definition oft-TOTAL EDGE COVERand
by Fact 4 thatV1, . . . , Vq satisfy all the conditions in the statement of the lemma. Conversely, if
V1, . . . , Vq satisfy all the conditions in the statement of the lemma, then letSi be the edges of
a spanning tree ofG [Vi], for 1 ≤ i ≤ q, and letS =

⋃q
i=1 Si. It is easy to see thatS has the

properties stated in the definition oft-TOTAL EDGE COVER. ⊓⊔

This reformulation immediately yields:

Theorem 3. t-TOTAL EDGE COVERadmits a vertex kernel of sizet+1
t

k.

Proof. Let (G = (V, E) , k) be a YES instance oft-TOTAL EDGE COVER. Hence, by Lemma 2
there exists a partition ofV into q parts of the kind stated in the lemma. Now|Vi| ≥ t + 1 =⇒
|Vi| − 1 ≥ t =⇒

∑q
i=1 (|Vi| − 1) ≥ qt. But by the lemma,

∑q
i=1 (|Vi| − 1) ≤ k, and soqt ≤ k,

andq ≤ k
t
. Also

∑q
i=1 (|Vi| − 1) ≤ k =⇒

∑q
i=1 |Vi| ≤ k + q ≤ k + k

t
= t+1

t
k, and soG has

at mostt+1
t

k vertices. ⊓⊔

Corollary 2. If the t-TOTAL EDGE COVERproblem has an exact exponential time algorithm that
runs inO∗ (cf(|V |)) time on an input instance(G = (V, E) , k) for some functionf (), then the

problem has an FPT algorithm that runs inO∗
(

cf( t+1

t
k)
)

time.

4.2 Fixed Parameter Tractability

We now present an exact exponential-time algorithm for the problem, with running time

O∗
(

2n+O(
√

n)
)

wheren is the number of vertices in the input graph. By Corollary 2, this yields

an FPT algorithm for the problem with running timeO∗ (ck
)

for some fixed constantc. This is a

significant improvement over theO∗
(

(2k)2k
)

bound obtained by Fernau and Manlove [11].

Let (G = (V, E), k) be an input instance oft-TOTAL EDGE COVER. First, we enumerate all

unordered partitions ofn. By the Hardy-Ramanujan asymptotic formula,n has at most2O(
√

n)

unordered partitions [16]. The partitions ofn can be generated with constant average delay [28],

and so we can enumerate all unordered partitions ofn in 2O(
√

n) time.
For each partition ofn asn = n1 + n2 + · · · + nq; 1 ≤ q ≤ n, we check if there exists a

partition ofV into q partsV1, . . . , Vq such that (i)|Vi| = ni for 1 ≤ i ≤ q, and (ii) the partition
satisfies the conditions of Lemma 2.

To do these checks, we construct theq lists

Li = {V ′ ⊆ V | |V ′| = ni andG
[

V ′] is connected}

for 1 ≤ i ≤ q. For1 ≤ i ≤ q we compute the polynomial

Pi =
∑

V ′∈Li

xχ(V ′)

wherex is a formal variable andχ (V ′) is the characteristic vector ofV ′ ⊆ V . That is, letV =
{v1, v2, . . . , vn}. Thenχ (V ′) is a bit vector with|V | bits where, for1 ≤ j ≤ |V |, thejth bit of
χ (V ′) is 1 if and only if vj ∈ V ′. The listsLi and the polynomialsPi can be computed inO∗ (2n)
time, by enumerating all subsets ofV . We now compute the product

Q = P1 × P2 × · · · × Pq
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in the given order, with a small modification: given the partial productQi of the firsti terms, we
first computeQi×Pi+1. Then we delete all those termsαxβ in Qi×Pi+1 where (the binary repre-
sentation of)β does not contain exactly

∑i+1
j=1 nj 1s, and setQi+1 to be the resulting polynomial.

This pruning operation ensures that the partial productQi, for 1 ≤ i ≤ q, represents exactly those
sets of size

∑i
j=1 nj that can be obtained by taking the union of one set each fromL1, L2, . . . , Li.

It is easy to see that the productQq = Q is non-zero if and only of there exists a partition ofV
into q parts satisfying the required conditions.

The degree of each polynomial involved in the multiplications is at most2|V |−1 = 2n−1, and
so, using the Fast Fourier Transform, we can multiply two of these polynomialsinO (2n log 2n) =
O (n2n) time [9, Chapter 30]. We have to perform at mostq ≤ n such multiplications to compute
Q, and so given thePis we can computeQ in O

(

n22n
)

= O∗ (2n) time. The running time of this

algorithm is thus2O(
√

n) × (O∗ (2n) + O∗ (2n)) = O∗
(

2n+O(
√

n)
)

, and so we have:

Theorem 4. t-TOTAL EDGE COVERcan be solved inO∗
(

2n+O(
√

n)
)

time, wheren is the num-

ber of vertices in the input graph.

From this theorem and Corollary 2 we get:

Theorem 5. t-TOTAL EDGE COVERcan be solved inO∗(2
t+1

t
k+O(

√
k)) time.

The above algorithm uses exponential space (e.g., for constructing the lists Li). An approach
similar to the one used in Section 3.2 results in an FPT algorithm that runs in polynomial space:

Theorem 6. t-TOTAL EDGE COVER can be solved in timeO∗ (2O(k)
)

time using polynomial
space.

Proof. [Sketch]Enumerate all unordered partitions(n1, . . . nq) such thatni ≥ t+1 and
∑q

i=1(ni−
1) ≤ k and then enumerate all trees of sizeni in time2.96i. Then, for each enumeratedq-tuple of
trees(T1, . . . , Tq), test for subgraph isomorphism in timeO∗(2k). ⊓⊔

5 Conclusion

We investigated the parameterized complexity of two problems obtained by imposingcertain
connectivity constraints on two classical problems. In both cases we saw that adding a connectivity
constraint (each component of the solution must have at least a certain number of vertices/edges
from the solution) causes a drastic change in the computational complexity of the problem. In the
case oft-TOTAL EDGE COVER, the shift is from polynomial-time computability to NP-hardness,
and had been observed earlier [11]. We showed that a similar shift occurs in the case of the NP-
hard problemt-TOTAL VERTEX COVER: for t = 1 the problem has a linear vertex kernel [7], and
for any t ≥ 2 the problem has no polynomial-size kernel unless PH collapses. We also showed
that both these problems have FPT algorithms that run in timeO∗ (ck

)

for different constantsc.
One direction of future research would be to examine the effect of such connectivity con-

straints on other parameterized graph problems. Another would be to try to improve the basec
of the exponent of the running times that we obtained fort-TOTAL VERTEX COVER andt-TOTAL

EDGE COVER. In particular, the extreme cases oft-TOTAL VERTEX COVER, for the three special
valuest = 1, t = 2 andt = k, have much smaller values ofc, namelyc = 1.2738, c = 2.3655
andc = 2.7606, respectively [8, 11, 23]. It will be interesting to see if the value ofc for the gen-
eral case (currently16.1: see Theorem 2) can be brought closer to these smaller values. Due to the
mentioned possible applications of2-TOTAL EDGE COVER, obtaining better algorithms for this
particular problem seems to be most interesting.

10



References

1. N Alon, R Yuster, and U Zwick. Color-coding.Journal of the Association for Computing Machinery, 42(4):844–
856, 1995.

2. O. Amini, F. V. Fomin, and S. Saurabh. Implicit branching and parameterized partial cover problems (extended
abstract). In Ramesh Hariharan, Madhavan Mukund, and V. Vinay, editors,IARCS Annual Conference on Founda-
tions of Software Technology and Theoretical Computer Science, FSTTCS 2008, December 9-11, 2008, Bangalore,
India, volume 2 ofLIPIcs, pages 1–12. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik, 2008.

3. O. Amini, F. V. Fomin, and S. Saurabh. Counting subgraphs via homomorphisms. InAutomata, Languages and
Programming, 36th International Colloquium, ICALP 2009, Rhodes, Greece, July 5-12, 2009, Proceedings, Part
I, volume 5555 ofLecture Notes in Computer Science, pages 71–82. Springer, 2009.

4. T. Beyer and S. M. Hedetniemi. Constant time generation of rooted trees. SIAM Journal on Computing, 9(4):706–
712, 1980.

5. H. L. Bodlaender, R. G. Downey, M. R. Fellows, and D. Hermelin. Onproblems without polynomial kernels
(extended abstract). InProceedings of ICALP 2008, LNCS, pages 563–574. Springer, 2008.
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A Deferred Proofs

In this appendix we state those proofs that were omitted from the main body of the paper due to
space constraints.

Claim. Let G = (V, E) , |V | > k be a graph in which there are no isolated vertices. ThenG has
a t-TVC of size at mostk if and only if G has at-TVC of size exactlyk.

Proof. If G has at-TVC, sayS, of size exactlyk, thenS itself is at-TVC of G of size at most
k. For the other direction, letS be at-TVC of G sizel < k. Consider any set ofk − l vertices
T ⊆ (V \ S). SinceG has no isolated vertex, eachv ∈ T has at least one edge incident on it;
sinceS is a vertex cover ofG, the other end of this edge, sayw, is in S. Now notice that every
connected component ofG[S ∪ T ] has at leastt vertices as each connected component ofG [S]
has at leastt vertices and every vertex ofT gets attached to one of the components ofG [S]. ⊓⊔

Lemma. All unlabeledforestsonk vertices can be enumerated inO∗ (2.96k
)

time.

Proof. Let F be a forest onk vertices. Add a new vertexv and one edge fromv to an arbitrary
vertex of each tree inF , to obtain a treeT onk + 1 vertices. Clearly, the forestF can be obtained
by deleting one vertex (namelyv) from T . It follows that a graph is a forest onk vertices if and
only if it can be obtained by deleting a vertex from some tree onk + 1 vertices.

To enumerate all forests onk vertices, we first enumerate all trees onk + 1 vertices. From
Fact 3, this can be done inO

(

2.96k+1 (k + 1)c
)

time wherec is a constant independent ofk. For
each treeT onk + 1 vertices obtained in this manner, we delete each of itsk + 1 vertices, one at
a time, to obtain a set of forests. By the above observation, this procedureyields every forest onk
vertices (some of them perhaps many times). The procedure takesO

(

(k + 1) 2.96k+1 (k + 1)c
)

=
O∗ (2.96k

)

time. ⊓⊔

Claim. A graphG = (V, E) has at-TVC of sizek if and only if there exists a minimal vertex
coverC of G of size at mostk, and a subsetT ⊆ V \ C of sizek − |C|, such that there exists
a forestF on k vertices which is isomorphic to a spanning subgraph ofG[C ∪ T ], and in which
each connected component has at leastt vertices.

Proof. If G has at-TVC S of sizek, then by definitionS is a vertex cover ofG. Let C be any
minimal vertex cover contained inS, and letT = S \C. Then|T | = k−|C|, and each connected
component ofG [C ∪ T ] = G [S] has, from the definition of at-TVC, at leastt vertices. LetF be
a forest formed by picking one spanning tree from each connected component ofG [S]. ThenF
satisfies the conditions of the claim.

Conversely, let there exist a minimal vertex coverC of G, a setT ⊆ V \ C of sizek − |C|,
and a forestF on k vertices that is isomorphic to a spanning subgraphG′ = (S = C ∪ T, E′)
of G[C ∪ T ], and in which each connected component has at leastt vertices. SinceC ⊆ S, S
is a vertex cover ofG. Also |S| = |C ∪ T | = k. Now sinceG′ is a subgraph ofG [S], and each
connected component ofG′ contains at leastt vertices, each connected component ofG [S] has
at leastt vertices. It follows thatS is at-TVC of G of sizek. ⊓⊔
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