Fixed-Parameter Algorithms for Graph Problems Using
Graph Minor Theory

A Thesis submitted in partial fulfillment of the requirements for the award of
the degree of

Master of Science

By

Geevarghese Philip

Junior Research Fellow
The Institute of Mathematical Sciences
Chennai 600113
email : gphilip@imsc.res.in

HOMI BHABHA NATIONAL INSTITUTE

D
e
5
%

%,
8, «»
4 NATIONR

April 2008






Certificate

Certified that the work contained in the thesis entitiled FIXED-PARAMETER ALGO-

RITHMS FOR GRAPH PROBLEMS USING GRAPH MINOR THEORY, by Geevarghese
Philip, has been carried out under my supervision and that this work has not been
submitted elsewhere for a degree.

Venkatesh Raman
Theoretical Computer Science Group
Institute of Mathematical Sciences, Chennai.






ACKNOWLEDGEMENTS

I would like to thank the following people for their help in preparing this thesis:
e My guide, Prof. Venkatesh Raman, for his support and guidance.

e Saket Saurabh, for suggesting the theme for the thesis, and for being generous
with his ideas and help.

e My colleagues and friends M. Amaldev, Rahul Muthu, N. Narayanan,
Aravind Natarajan, and Somnath Sikdar for helping me out on the numerous
occasions when [ was stumped by one doubt or the other.

e My wife, Manju Joseph, for her love and support.






Abstract

In this survey we describe the evolution of techniques based on the Graph Minor Theory
of Robertson and Seymour for obtaining Fixed-Parameter Tractable (FPT) algorithms
for problems on graphs. We first describe a dynamic programming technique for a certain
class of problems on graphs of bounded treewidth. This technique yields algorithms whose
running time is singly exponential in the treewidth parameter.

The diameter of a planar graph is linearly bounded by its domination number. We show
how this fact, combined with an observation relating the treewidth of a planar graph to its
diameter, leads to singly exponential FPT algorithms for the parameterized Domination
Number problem (where one is interested finding if there exists a dominating set of size at
most K, the parameter) and a certain class of related problems on planar graphs. Note that
the set of planar graphs includes graphs of arbitrarily large treewidth. We then explore
ways of extending this technique in several directions.

We show a stronger bound on the treewidth of a planar graph in relation to its dom-
ination number. This and similar bounds lead to significantly faster FPT algorithms for
the same class of problems on planar graphs: the occurrence of the parameter (which is
the solution size) in the exponent is now proportional to the square root of the parameter.

The class of bidimensional problems properly contains Domination Number and the
related class of problems that are handled by the above techniques. We show how the
above approach applies to the class of bidimensional problems and yields FPT algorithms
with running times where the exponent is proportional to the square root of the parameter.

We then describe how to obtain similar algorithms for the same class of problems on
larger classes of graphs, namely apex-minor-free graphs (which include bounded genus
graphs) and the class of H-minor free graphs for any fixed graph H. Finally we mention
some ways of obtaining polynomial-time approximation schemes for some optimisation

problems on apex-minor-free and H-minor-free graphs using these techniques.
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Chapter 1

Introduction

1.1 Introduction

Fixed-Parameter Tractability (FPT) is an approach to solving NP-hard problems exactly
and in feasible time. The Graph Minor Theory of Robertson and Seymour is “the deepest
and likely the most important work in Graph Theory” [DHKO5]. In this survey we de-
scribe techniques that have been developed using Graph Minor Theory for finding FPT
algorithms for certain classes of problems on certain classes of graphs.

The report is organised as follows. In the rest of this chapter we define the various
notions used in the rest of the report. In Chapter 2 we describe various ways of coping
with the NP-hardness of problems that arise in practice, and introduce the notions of
parameterized and FPT algorithms. In Chapter 3 we present the concepts of tree decom-
position and treewidth that underlie all the algorithm development techniques that we
cover in this report. In Chapter 4 we see how we can use dynamic programming to obtain
exact solutions in feasible time for a class of NP-hard problems on graphs of bounded (and
small) treewidth. In Chapter 5 we describe the diameter-treewidth property of planar
graphs, and how this property helps in obtaining FPT algorithms for Domination Number
and related problems on planar graphs when parameterized by solution size. We also see
how this approach can be extended to the larger class of apex-minor-free graphs, which are

a superclass of planar graphs and which contain bounded genus graphs as a subclass. In



Chapter 6 we show how a tighter bound on the treewidth of planar graphs in relation to the
size of the dominating set results in faster FPT algorithms for Minimum Dominating Set
and related problems. In Chapter 7 we explore the approach known as bidimensionality
theory that extends these methods to a larger class of problems, namely those problems
that are “bidimensional”. This approach extends to the class of apex-minor-free graphs.
It also applies to the larger class of graphs that exclude any fixed graph H as a minor. In
Chapter 8 we look at some ways of obtaining polynomial-time approximation schemes for
optimisation problems on apex-minor-free and H-minor-free graphs using these techniques.

The objective of this survey is to trace the evolution of a certain class of techniques
based on the Graph Minor Theory of Robertson and Seymour for obtaining FPT algorithms
for problems on graphs. As such, we leave out most of the proofs, and instead give

references to the literature.

1.2 Definitions

In this section we define different terms used in the report, except for those that are
defined in context later in the report. We follow the graph terminology of [Die00, Wes01];

the definitions below are mostly from these books as well.

1.2.1 Graphs — basic definitions

In the following, let G = (V,E) and G”= (VYEY be graphs, and U [Vl some set of
vertices of G.

The union of graphs G and G"is defined as G Q"= (V LVIYE CEL), and their
intersection is defined as G n G"= (V n VHE n EY.

U is said to be a vertex cover of G if every edge in G is adjacent to at least one vertex
in U.

U is said to be an independent set in G if no two elements of U are adjacent to each
other. The independence number of G is the number of vertices in a largest independent

set in G.



U is said to be a clique in G if every pair of elements of U is adjacent to each other.
The clique number of G is the number of vertices in a largest clique in G. A clique on
three vertices is also called a triangle.

U is said to be a dominating set in G if every vertex in V \U is adjacent to some vertex
in U. The domwnation number of G is the number of vertices in a smallest dominating
set in G.

A set D [Elof edges of G is said to be an edge dominating set in G if every edge in
E\D is adjacent to some edge in D.

A set M [Elof edges of G is said to be a matching of G if no two edges in M are
adjacent. A matching M of G is said to be a mazimal matching if there is no edge
e [CEI\ M such that M [{d} is also a matching of G.

Let G be a subgraph of G. If E-contains all the edges {u,v} [CElwith u,v [VI5 then
GUis an induced subgraph of G, induced by V" For any set of vertices U [Vl G[U]
denotes the subgraph of G induced by U.

The distance between vertices U,V of G is the length of a shortest path from u to v
in G; if no such path exists, the distance is defined to be co. The diameter of G is the
greatest distance between any two vertices in G.

A subset S [N\ {u, v} is called a vertex separator for u and v in G if each path from
u to v contains at least one vertex that is in S[Jun07].

A cycle C = (VHEY in a G is said to be a Hamailtonian cycle if V =V

Let C a be cycle that is a subgraph of G. A chord of C is an edge of G that is incident
on two vertices in C but is not itself an edge of C. An wnduced cycle in G is a cycle in G
that is an induced subgraph of G. Equivalently, it is a cycle in G that has no chords.

Graph G is said to be chordal, or triangulated, if each of its cycles of length at least
4 has a chord, that is, if G contains no induced cycles other than triangles. A graph H is
said to be a triangulation of a graph G if H is a triangulated supergraph of G and has
the same vertex set as G.

Graph G is said to be connected if there is a path in G from every vertex of G to every
other vertex of G. If U [Vland G[U] is connected, then U itself is said to be connected



in G.

Removing a vertex v from a graph G includes removing all edges incident on v as well.

1.2.2 Planar and related graphs

An embedding of a graph in a surface 2 is a drawing of the graph on the surface in which
no two edges cross. Given a planar embedding of a graph, a region of the plane bounded
by vertices and edges of the graph and containing no vertex or edge of the graph in its
interior is said to be a face of the embedding.

A plane graph is a particular planar embedding of a planar graph. A plane graph G is
said to be a plane triangulation if every face of G (including the outer face) is bounded
by a triangle. A triangulation of a plane graph G is a plane triangulation H obtained by
adding zero or more edges to G.

(See [ABF* 02, Section 5.3]) A k-face cover C of a plane graph G = (V,E) is a set of k
faces of G that cover all the vertices of G. That is, for every vertex v [V, there exists a
face f [Clsuch that v lies on the boundary of f.

(See [Wes01l, Section 6.3]) A handle is a tube joining two holes cut in a surface. The
genus of a surface obtained by adding handles to a sphere is the number of handles added.

(See [DFHTO5]) For an integer r [I] the r X r grid is the graph on r? vertices
{(x,y)|1 Xly [rHwith edges between those vertices that differ by *+1 in exactly one
coordinate. The vertices (i,]j) of the r < r grid with i [{1,r} or j [{1,r} are called
the boundary vertices of the grid. The remaining vertices are called the non-boundary
vertices of the grid. The size of an r < r grid is the number of vertices in it, which is r2.

The r %< r grid is planar. A partially-triangulated r X r grid is any planar graph
obtained by adding edges between pairs of nonadjacent vertices that lie on a face of a
planar embedding of the r < r grid. The size of a partially-triangulated r < r grid is the
number of vertices in it, which is r2.

An augmented rxr grid of span S is an rxr grid with some extra edges (not necessarily
preserving planarity) such that each vertex is adjacent to at most s non-boundary vertices
of the grid.



A graph G is said to be an apex graph if there is a vertex v in G such that the graph

G obtained by removing v from G is planar.

1.2.3 Colouring

A proper vertex colouring of a graph G = (V,E)isamapc:V - Ssuch that c(v) 8 c(w)
whenever v and W are adjacent. The elements of the set S are called the available colours.
A proper k-colouring of G (if it exists) is a proper vertex colouringc:V - {1,...,k}. The
minimum positive integer k such that G has a proper k-colouring is called the chromatic

number of G.

1.2.4 Graph Minors

Let e = {u, v} be an edge of a graph G = (V,E). The operation of contracting e consists
of the following:

1. Adding a new vertex w to G,

2. For each vertex x F{ll, v} that is adjacent to at least one of {u, v}, adding an edge
{w, x} to G, and,

3. Removing the vertices u and v from G.

The graph obtained from G by contracting e is denoted G/e. Formally, G/e is a graph
(VYEY with vertex set VP= (V \{u, v}) [QW} where w ¥V, and edge set

E"={{x,y} CEH{X, y} n {u,w} = OHW, 2}|{x,z} CEN{e} or {y,z} CEN{e}}

A graph Gobtained from a graph G by a sequence of zero or more contractions of
edges is said to be a contraction of G. A grid R that is a contraction of a graph G is said
to be a grid contraction of G. A partially triangulated grid contraction of G is defined

similarly.



A graph H is said to be a minor of a graph G if H is a subgraph of some contraction
of G. A grid R that is a minor of a graph G is said to be a grid minor of G.

A family F of graphs is said to be minor-closed if for any G [Fl every minor of G is
also an element of F.

Let H be a fixed graph. A graph G is said to be H-minor-free if H is not a minor of G.
A minor-closed family F of graphs is said to be H-minor-free if H Y F1 An H-minor-free

family F of graphs is said to be apez-minor-free if H is an apex graph.

1.2.5 NP-complete Graph Problems

In this subsection we give the definitions of various NP-complete graph problems referred

to in the report. The reference for all these problems is [G.I79].

Vertex Cover
Input: A graph G = (V, E) and a positive integer k []VI.

Question: Does G have a vertex cover of size K or less?

Independent Set
Input: A graph G = (V, E) and a positive integer k []VI.

Question: Does G have an independent set of size k or more?

Dominating Set
Input: A graph G = (V, E) and a positive integer k []VI.

Question: Does G have a dominating set of size k or less?

Connected Dominating Set

Input: A graph G = (V, E) and a positive integer k []VI.




Question: Does G have a dominating set D of size k or less, where the subgraph of

G induced by D is connected?

Edge Dominating Set
Input: A graph G = (V, E) and a positive integer k [V

Question: Does G have an edge dominating set of size K or less?

The optimisation versions of the above problems ask for a solution of maximum or
minimum size, as the case may be: maximum for Independent Set, and minimum for
all the other problems. The following two problems ask for the size of such an optimum

solution:

Independence Number
Input: A graph G.

Problem: Find the size of a maximum-size independent set of G.

Domination Number
Input: A graph G.

Problem: Find the size of a minimum-size dominating set of G.

3-Colourability
Input: A graph G.

Question: Does G have a proper 3-colouring?

Chromatic Number
Input: A graph G = (V, E), and a positive integer k []V].

Question: Does G have a proper k-colouring?




Steiner Tree in Graphs

Input: A graph G = (V,E), a weight function w: E - Z; that assigns nonnegative
integral weights to each edge e, a subset R [V] and a positive integer bound B.

Question: Is there a subtree of G that includes all the vertices of R and such that

the sum of the weights of the edges in the subtree is no more than B?

Hamiltonian Cycle
Input: A graph G.

Question: Does G have a Hamiltonian cycle?

Feedback Vertex Set
Input: A graph G = (V, E) and a positive integer k [V
Question: Is there a subset V" [Vlwith [V [CKkuch that V "contains at least one

vertex from every cycle in G?

Minimum Maximal Matching
Input: A graph G = (V, E) and a positive integer k []VI.
Question: Is there a subset EX [CEMwith |[EY [kkuch that EHis a maximal matching?

Longest Path
Input: A graph G = (V, E), a positive integer k []V|, and two vertices s,t [VL

Question: Is there a path in G from s to t of length k or more?

The following problems are NP-complete on planar graphs [ABE02].
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Independent Dominating Set
Input: A graph G = (V, E) and a positive integer k [V
Question: Does G have a dominating set D of size k or less, where D is also an

independent set in G?

Total Dominating Set
Input: A graph G = (V, E) and a positive integer k []VI.
Question: Does G have a dominating set D of size k or less, where each vertex in

D has a neighbour in G?

Weighted Dominating Set
Input: A graph G = (V, E), a positive integral weight function w:V - N, and a
positive integer k.

Question: Does G have a dominating set D such that W (v) K2

Face Cover
Input: A graph G = (V,E) and a positive integer K.

Question: Does G have a k-face cover?

11




Chapter 2

Fixed-Parameter Tractable Algorithms

2.1 Introduction

If a problem is NP-hard, then it is not likely that there is an algorithm that solves the
problem exactly in polynomial time. Many problems that arise in practice are NP-hard.
There are many ways of coping with this state of affairs. In this chapter we look at a
few of these ways and describe one of them — parameterization and the notion of Fixed

Parameter Tractable (FPT) algorithms — in detail.

2.2 Dealing with NP-hard problems

Many problems of practical importance are NP-hard (see, e.g., [CK]): By definition, such
a problem can be solved in time polynomial in the size of the input only if P = NP. Thus,
given the widely believed assumption that P 2 NP, the NP-hardness of a problem implies
that there is no hope for a polynomial-time algorithm for the problem.

As an example, consider the problem of monitoring, in real time, the status of the links
in a telephone network. Suppose that the solution consists of installing, at the nodes in the
network, equipment that monitors the status of each link out of the node. Suppose also
that this equipment is expensive to purchase and to maintain. To minimise the expense,

then, we need to find a smallest set of nodes such that installing the equipment at these
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nodes would take care of every link in the network. This problem is the same as the
Minimum Vertex Cover problem, with the nodes in the telephone network being the

vertices in the graph G, and the links its edges:

Input: A graph G.
Problem: Find a minimum-size vertex cover of G.
A vertex cover of G is a set S of vertices of G such that every edge in G has at least

one endpoint in S.

The decision version of the Minimum Vertex Cover problem, the Vertex Cover
problem, is one of the standard NP-complete problems (see, e.g., [GI79]). It follows that
the Minimum Vertex Cover problem is NP-hard, and so we cannot hope to find, in
polynomial time, a smallest set of nodes of the network as required to solve our problem.
How does one go about solving such NP-hard problems that arise in practice and need to
be solved? We now describe some of the different ways of coping with NP-hard problems

in practice.

2.2.1 Polynomial-time approximation algorithms.

These give an approximate solution to the problem in polynomial time, usually within
a specified factor of approximation: see [CK] for a list. As an example, the Minimum
Vertex Cover problem has an approximation algorithm that runs in polynomial time and
outputs a vertex cover that is at most twice the size of a minimum vertex cover — see
Algorithm [II

Clearly the algorithm outputs a vertex cover of G: if e is an edge that is not covered
by S, then it would be left in G when the loop in step 2 terminates, which contradicts
the termination condition of the loop. It is easy also to see that the algorithm runs in
polynomial time in the size of the graph. To see that |S| is at most twice the size of a
minimum vertex cover of G, observe that any vertex cover of G must contain at least one

of the two vertices added to S in each iteration of the loop in step 2.
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Algorithm 1 A 2-approximation algorithm for Minimum Vertex Cover.
Input : A graph G

Output : A vertex cover of G which is at most twice as large as
the minimum-size vertex cover of G.

1. S:= 101
2. While there are edges left in G
do
Pick an arbitrary edge e = {u,v} of G
S:=S [{4,v}
Remove U and V and their adjacent edges from G
done
3. Output S

If the extra cost involved in implementing an approximate solution for a problem in-
stead of an exact one is prohibitive due to practical considerations, then the approximate
solution is not good enough for solving the problem in practice. The telephone network
monitoring problem described above could provide such an example if the cost of equip-
ment is high enough. In such a case, expending a few weeks or even months of computer
time in solving the problem exactly may be more desirable than implementing an approx-

imate solution.

2.2.2 Worst-case vs. average-case analysis.

A problem A is NP-hard if, given an algorithm B that can solve every instance of A in time
polynomial in the size of the instance, one can solve every problem in NP in polynomial
time. Assuming PENP thus implies that there is no polynomial-time algorithm that can
solve every instance of A in polynomial time: that is, that A is hard in the worst case. It
could well be that there is an algorithm that solves nearly all instances of A in polynomial
time: that is, A could well be easy on the average, while at the same time being hard in
the worst case.

Average-case analysis involves designing algorithms that run in polynomial time given
that the input follows a specific distribution (see [BTO06, Lev86]). Let A be an NP-hard

14



problem, and let D be a distribution on the input to A. If it can be shown that an
algorithm B for A runs in polynomial time on inputs picked from D, then B can be used
to solve A in polynomial time in those cases where the input is guaranteed to follow D. A
problem with this approach is that it is often very difficult to arrive at a distribution D

that faithfully models the input expected in practice (see [CLROI], p 26).

2.2.3 Exact exponential-time algorithms

These are algorithms that may take up to exponential time in the size of their input, and
arrive at an exact solution. For example, a trivial algorithm for Minimum Vertex Cover
would be to check every subset S of vertices of G to see if S is a vertex cover of G, and
to pick a vertex cover of the minimum size found. This algorithm yields a minimum-size
vertex cover, and takes time Q (2") where n is the number of vertices of G. We would like
to do better than this; we look for an algorithm that is significantly faster than the trivial
algorithm, though it may still be exponential in n. These algorithms have running times
of the form O (c™) where ¢ is strictly smaller than 2; see [FGKO05|, [Woe03] for surveys.

On a slightly different note, suppose we are interested in the different problem of finding
if the input graph G has a vertex cover of size | or less, and finding such a vertex cover if
it does exist, for a fized number | that is independent of the number of vertices n in the
input graph. A trivial way to do this is to check, f01|’:el%h I_SUbSI% U of the vertex set V
of G, whether U is a vertex cover of G. There are TI‘ = O n' Il-subsets of V, and for
a given set U of | vertices, it takes © (n) time in the worst case to check if U is a vertex
cover of G. Thus this algorithm runs in @ n'*! time in the worst case.

There is a simple algorithm, call it algorithm A, that checks if G has a vertex cover of
size |, and finds such a vertex cover if it exists, in O 2'n time (see Section 1.4 of [Nie02]).
A thus runs in lznear time in the size of its input. For moderately large values of I, A is
thus feasible for any value of n that coultI:l:I arisel:lin practice; compare this with the naive
algorithm described above that takes ® n'*! time in the worst case, which becomes
impractical for even moderately large n for comparatively smaller values of I. For many

practical questions which can be phrased as this problem, it is indeed the case that I is
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“small”: referring to the example in Subsection EL2.7] the telephone company could be
evaluating the approach that uses monitoring equipment to see whether that approach is
feasible: they would then be interested in the question “Is it possible to monitor all the
links in the network with at most k of these equipment?”, where K is a ISsmall”) constant
that depends on the budget for the problem. In such cases, the O 2'n algorithm is
preferable over the trivial © n'*! algorithm.

There is in fact a faster algorithm, call it algorithm B, that solves this problem: it
finds if the input graph G on n verl%ces has a vertex I%I)ver of size | or less, and finds such
a vertex cover if it does exist, in O 1.2745'1* + 1 x n time (JCGO5]). Algorithm B is thus
feasible for a much larger range of | than algorithm A. Note also that by repeating A
(resp. B) for | = 1,2,... till it finds a vertex cover, we can solve the Minimum Vertex
Cover problem exactly in O %‘Ln I:(lresp. O ?2745kk4 + kn I%ltime, where K is the size of
the smallest vertex cover in the graph.

Algorithms A and B are both part of a class of algorithms called Fixed Parameter
Tractable (FPT) algorithms.

2.3 Fixed-parameter tractable (FPT) algorithms

These are a class of exact exponential algorithms where the exponential blowup in the
running time is restricted to a small parameter associated with the input size ([DF99,
F'G06), Nie06]). That is, the running time of such an algorithm on an input of size n is
of the form O (f(k) n¢), where k is a parameter that is typically small compared to n,
f(K) is a (typically superpolynomial) function of k that does not involve n, and c is a
constant. For example, algorithms A and B mentioned in the previous section are of this

kind. Formally,

Definition 1. A parameterized (decision) problem is a language L [ 31k N, where ¥ is

a finite alphabet. The second component is called the parameter of the problem.

Definition 2. A parameterized problem L is fized-parameter tractable if there exists an
algorithm that decides in (k) - N°® time whether (x,k) L] where n = |x| and f is a

16



computable function that does not depend on n. The algorithm is called a fized parameter
algorithm for the problem. The complexity class containing all fixed parameter tractable
problems is called FPT.

About half the naturally parameterizedEl problems listed as NP-complete in [GJ79)] are
in FPT [DFS99), including three of the six basic problems treated in Chapter 3 of that
book. See [Ces01] for a large list of NP-complete problems that are in FPT with suitable
parameterizations. Parameterized Complexity Theory is an area of research that takes a
two-pronged approach to studying the computational complexity of parameterized prob-
lems. On the one hand, the effort is to find FPT algorithms for parameterized problems
and to improve the running times of such algorithms for problems already shown to be in
FPT. On the other, the effort is to find evidence as to why certain parameterized problems
are not likely to have FPT algorithms, in a similar way as the theory of NP-completeness
gives evidence as to why certain problems in NP are not likely to have polynomial-time
algorithms. See the books [DF99, [FG06l, [Nie06] for more on parameterized complexity
theory, including various algorithmic techniques for obtaining FPT algorithms, and hard-
ness theories. In this survey we look at one algorithmic paradigm based on Graph Minor

Theory for designing FPT algorithms for certain graph problems.

!That is, where the parameter is a number that appears as one of the inputs. For example, in the
naturally parameterized version of the Vertex Cover problem defined in subsection [[Z5, the parameter is

k.
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Chapter 3

Treewidth

3.1 Introduction

Many problems that are NP-hard on general graphs are solvable in polynomial, even
linear, time on trees [Nie02, Section 4.4]. For example, it is easy to solve Vertex Cover
and Dominating Set in linear time when restricted to trees — root the tree at an arbitrary
vertex, start processing at the leaves and work towards the root vertex. The correctness
of these algorithms derives from two separation properties of trees that make it easy to
design divide-and-conquer and dynamic programming algorithms on trees. One property
is that if we delete an edge from a tree, then the tree breaks up into exactly two connected
components. The other property is that if we delete a vertex v from a tree, then the tree
breaks up into exactly as many connected components as the degree of v.

The treewidth of a graph G is a measure of how tree-like G is. The notion of treewidth,
introduced by Robertson and Seymour in their Graph Minor series of papers|[RS86b], is

algorithmically interesting because of (at least) the following reasons:

e Many problems that are intractable for general graphs become polynomial and often
linear-time solvable when restricted to graphs of bounded treewidth. For example,
this is the case with many well-known NP-complete problems such as Independent
Set, Hamiltonian Cycle, and Steiner Tree, and also some PSPACE-complete

problems (See [Bod93, Section 4] for a list of references).
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e Many problems that arise in practice are seen to have the property that the graphs
that model their instances have bounded treewidths ([Bod93]). For example, LIG-
AND [GOH™02| [LIG] is a large database of “chemical substances and reactions that
are relevant to life.” Yamaguchi and others [YAMO03] computed the treewidth of 9712
chemical compounds from this database and found that all but one had treewidth at

most three; the one exception had treewidth four.

The formal definition of treewidth is as follows:

Definition 3 (Tree Decomposition, Treewidth). A tree decomposition of a graph G =
(V,E) is a pair ({Xi|[i CIA, T = (I,F)) with T a tree and {X;|i I a family of subsets of V,

called bags, one for each node of T, such that
1
o (Vertex Coverage) i =V.

e (Edge Coverage) For all edges (v,w) [E] there exists an i [Tlwith v [ X}
and w [XI.

e (Coherence) For all v [V, the set of nodes {i [IJV [X}} forms a subtree of T.

The width of a tree decomposition ({Xi|i LI}, T = (I,F)) is max; ({X;|—1. The treewidth
of a graph G, denoted tw (G), is the minimum width over all possible tree decompositions
of G.

Convention. To avoid confusion, we will use the term “node” for a vertex of the
underlying tree T of a tree decomposition of graph G, and the term “vertex” for a
verter of G itself.

Definition 4 (Rooted Tree Decomposition). A rooted tree decomposition
Xy 3, T =(,F),r)ofagraph G = (V, E) is a tree decomposition ({X;|i LI, T = (I,F))

of G where the underlying tree T is rooted at node r.

Definition 5 (Path Decomposition, Pathwidth). A path decomposition of a graph G =
(V,E) is a tree decomposition ({X;|i I}, T = (I,F)) of G where the underlying tree T is a
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path. The width of a path decomposition ({Xi|i CIN, T = (I,F)) is max; Xi| — 1. The
pathwidth of a graph G is the minimum width over all possible path decompositions of
G.

3.2 Properties of tree decomposition

Let G = (V,E) be a graph and ({Xi|i LI}, T = (I,F)) a tree decomposition of G. The
Coherence property of tree decompositions guarantees that a separation of T, of one of the
two kinds described in the Introduction, corresponds naturally to a separation of G. For a
subgraph T Yof T, let Gyodenote the subgraph of E%lluced bﬁhe vertices in all the bags
associated with the nodes of T that is, Gro=G | vy Xi - The separation properties

of a tree decomposition can be stated as follows|[KT06, Section 10.4]:

Lemma 1. Let t 1) and suppose that T —t has components Ty,...,Tq. Then the
subgraphs Gt, — X, G, — Xy, ..., Gt, — X{ have no vertices in common, and there are

no edges between them.

Lemma 2. Let A and B be the two components of T obtained by deleting the edge
(X,y). Then deleting the set X, n Xy from V disconnects G into the two subgraphs
Ga—(Xx n Xy) and Gg—(Xx n Xy). These two subgraphs have no vertices in common,

and there are no edges between them.

Consider T to be rooted at some node r [ L] For a node X [ Iln this rooted tree decom-
position ({X;|i I}, T = (I,F),r), let G, denote the subgraph of G induced b%vertice&l
in all the bags associated with the subtree of T rooted at x: that is, Gx =G | 35X ,
where I [ XHenotes that i is either X or a proper descendant of X in the rooted tree. Tree

decompositions have the following property:

Lemma 3. [Bod93, Section 4] Let ({Xi|i CI}, T = (1,F),r) be a rooted tree decomposi-
tion of the graph G = (V,E). Let i,j be nodes in | such that j is not a descendant of
i. If v [Vl is present both in G; and in X;, then v [Xk. If v is present in G; and s
adjacent in G to a vertex w [ X}, then v L Xk or w [Xl.
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It follows from LemmaP that if a connected graph G = (V, E) has treewidth w < |V|—1,
then G has a vertex separator of size w: Let T be the tree underlying a tree decomposition
of G of width w. Then there is an edge (X,y) in T such that X, 8 X, for otherwise the
Vertex Coverage property is violated. Clearly [X, n X,| [l and from Lemma [, X, n X,
is a separator of G.

In fact, something stronger can be said; the following two definitions are from [Bod98,

Section 5|.

Definition 6. A k-separator of a graph G = (V, E) is a set U [Vlsuch that V \' U can be
partitioned into two disjoint sets A and B of at most k vertices each, such that no vertex

in A is adjacent to a vertex in B.

Definition 7. Let s: N - N be a function. A graph G = (V,E) on n vertices is said to
be s (N)-separable if

e it consists of one vertex, or,

e it has a 2n/3-separator S of size at most s(n). In this case, if A and B are the
two non-adjacent vertex sets that partition V \'S, then G[A] and G[B] must be
s (N)-separable.

Lemma 4. [Bod98, Theorem 20]A graph G that has treewidth K is k-separable.

This result can be used to give a proof of the famous planar separator theorem of
Lipton and Tarjan[L/T79]; see Section [72.

Treewidth is monotonic with respect to the operation of taking minors:

Lemma 5. [Dze00, Proposition 12.3.6/Let G be a graph and a H a minor of G. Then
tw(H) [ (G).

The width of a tree decomposition is taken to be one less than the maximum bag size

so as to make trees have treewidth 1:

Lemma 6. [KT06, Section 10.4]A connected graph G has treewidth 1 if and only if

it 18 a tree.
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A tree decomposition of a graph G preserves dense structures within G in the following

sense[Bod98, Lemmas 4 and 5]:

Lemma 7. Let ({Xi[i CIA, T = (I,F)) be a tree decomposition of G = (V,E), and let
W [Mlbe a clique in G. Then there exists an i [Dwith W [X].

Lemma 8. Let ({Xi[i CIA, T =(I,F)) be a tree decomposition of G = (V,E). Let
W1, W, [V, and suppose {(v,w)|v [C\W,;,w [\W,} [CEl Then there exists an i [1I
with W; [X] or W, [CX].

3.3 Tree decompositions of special forms

Some special forms of tree decompositions help in designing and analysing algorithms.

3.3.1 Nonredundant tree decomposition

This form helps ensure that there are not too many bags in a tree decomposition. This is
useful, for example, in devising efficient dynamic programming algorithms on tree decom-

positions. The following are from [KT06, Section 10.4]:

Definition 8. A tree decomposition ({X;|i [CI},T = (I,F)) of a graph G = (V, E) is said to
be nonredundant if there is no edge (i, j) of the underlying tree T such that X; [X].

Lemma 9. Gwven a tree decomposition D of a graph G, one can construct a nonre-

dundant tree decomposition of G from D in time polynomial in the size of D.

3.3.2 Nice tree decomposition

This is a kind of tree decomposition with a simple structure. This simple structure helps

in solving problems by dynamic programming on the tree decomposition.

Definition 9. A nice tree decomposition ({X;|i I, T = (I,F),r CDlof a graph G = (V, E)
is a tree decomposition where T is a binary tree rooted at r and which satisfies the following

conditions:
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1. If a node i has two children j and Kk, then X; = X; = Xy. Such a node i is called a

join node.

2. If a node 1 has one child j, then one of the following must hold:

(a) |Xi| =1X;]+ 1 and X; [X]. Such a node i is called an introduce node.

(b) [Xi] =1X;| —1 and X; [X]. Such a node i is called a forget node.

3. If a node i is a leaf of T, then |X;| = 1. Such a node i is called a leaf node.

Lemma 10. [Kl09{, Lemma 18.1.3] Given a tree decomposition of width K of a graph
G wn which the underlying tree has N nodes, one can construct, in linear time, a nice

tree decomposition of G of width K in which the underlying tree has O (N) nodes.

3.4 Finding tree decompositions of small width

Given a graph G and an integer k, the problem of finding if the treewidth of G is at most k
is NP-complete[ACP87|. For a fixed number Kk, however, the problem of finding if a given
graph G has treewidth k or less can be solved in linear time. In fact, if G has treewidth
at most k, then a tree decomposition of width at most k can be constructed in linear
time[Bod96]. Thus the problem is fixed-parameter tractable, with k as the parameter.

The linear-time algorithm of [Bod96] is useful for theoretical purposes: an algorithm
that exploits a tree decomposition of small width could use this algorithm as a first step.
The algorithm is, however, useless for practical purposes since the hidden constant in the
O-notation is such a large function of k that the algorithm is infeasible even for small
values of k, e.g., when k = 4 (See [Bod05, Section 3.3]).

There is a polynomial-time approximation algorithm, with a logarithmic approximation
ratio, for finding tree decompositions. This outputs, in time polynomial in the size of the
input graph G, a tree decomposition of width O (klgk) where k is the treewidth of G.
There are also fixed-parameter algorithms which take a graph G as input and a positive

integer k as the parameter and either give a tree decomposition of G of width at most ck
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(for some constant c) or determine that the treewidth of G is more than k. Amir describes

four approximation algorithms of these kinds for treewidth.

Theorem 1. [Amu01/Let G be a graph on n wertices, and let the treewidth of G be k.

There exist four algorithms as follows:

I%lAkkr.IQ L]

)

e An algorithm that produces a factor-4 approzimation in time O

° Anl:l algorithm _that produces a factor-3§ approximation in  time
O 28"™n3k31g*n
1 \ 1
e An algorithm that produces a factor—4% approrimation in time O 2%%n%kz , and

° AnD algorithm that produces a factor-O (Igk) approrimation wn time
O n®lg*nk®lgk .

More recently, Feige et al. described a ﬁolynomial—time algorithm that finds a tree
decomposition of width at most O k Igk for a graph of treewidth k [FHLO05, Theorem
6.4].

For later use, we note two facts about the factor-4 approximation algorithm mentioned
above. Let the input to the algorithm be (G, k) where G is a graph and K a positive integer.

Firstly, the algorithm as stated in [AmiO1] finds a ¢triangulation of G of clique number
at most 4k+1 if the treewidth of G is at most k—1 (Otherwise it outputs that the treewidth
of G is k or more.). Applying the O (n*)-time algorithm described in [Gav74] for finding a
“representation by subtrees” of a chordal graph C — this is essentially a tree decomposition
of C; see [Bod98, Theorems 26, 27] — to the triangulation output by the appr%imation
algorithm, we get the desired tree decomposition of G in time O 2***kn? + n* .

Secondly, it is shown in [Gav72, Section 2] that the number of maximal cliques of a
chordal graph C is at most the number of vertices of C. Together with the above facts,
this implies that the tree decomposition of G that can be obtained from the output of the

approximation algorithm has at most as many tree nodes as there are vertices in G.
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3.5 A decomposition theorem from Graph Minor Theory

Graph Minor Theory, developed by Robertson and Seymour in a series of over twenty
papers spanning over twenty years, is likely the most important work in graph theory.
The notions of treewidth and pathwidth that we describe in this chapter, for example,
were introduced in this series. In this section we describe a graph decomposition theorem
from Graph Minor Theory that the authors introduce as being the “cornerstone theorem”
of the Graph Minors series of papers. This theorem has been used to derive some of the
results that we see later in this report. The theorem describes the structure of graphs that
exclude a fixed non-planar graph as a minor, and appears in the sixteenth paper in the
series, titled “Excluding a non-planar graph”[RS03, Theorem 1.3]. In the fifth paper in
the series, the authors derive the following simpler result that describes the structure of

graphs that exclude a planar graph as a minor:

Theorem 2. [RS86a]For any planar graph L there is a number N such that every

L-menor-free graph has treewidth at most N.

The structure of graphs that exclude a non-planar graph as minor turns out to be
considerably more complex. Stated informally, the graph decomposition theorem says
that for any fixed non-planar graph H, every H-minor-free graph G can be expressed as a
“tree structure” of pieces, where each piece is a graph that can be drawn without crossings
on a surface in which H cannot thus be drawn, except for a bounded number of “apex
vertices” and a bounded number of “local areas of non-planarity” called “vortices”. All the
bounds here depend only on H. From Theorem Pl we see that the decomposition theorem
applies to H-minor-free graphs for any fixed graph H, not necessarily non-planar. To
formally state the theorem, we need the definitions of the terms in quotes. The following
definitions are from [RS03].

Definition 10 (Clique-sum, Tree-structure). Let G be a graph and H; and H, subgraphs
of G with no common edges and such that H; [HL = G. Let K be a complete graph with
V(K) =V (H;) nV (Hy). Let G; = H; CKI(i =1,2). Then G is said to be a clique-sum
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of G; and G,. If G can be constructed from members of a class C of graphs by (repeated)

clique-sums, then G is said to be a tree-structure over C.

Lemma 11. [RS03] For a graph G, let N be the smallest positive integer such that G
15 a tree-structure over the class of all graphs with at most N+ 1 vertices. Then N
18 the treeundth of G.

Definition 11 (( [w)-vertex extension). If a subgraph G of a graph G can be obtained

from G by deleting at most w vertices of G, then G is said to be a ( [w)-vertex extension
of GY

Definition 12 (r-ring ). A graph G is said to be an r-ring with perimeter ti,...,t, if
ty,...,t, CMI(G) are distinct and there is a sequence X, ..., X, of subsets of V (G) such
that

X; [ X1, =V (G), and every edge of G has both ends in some X;,

t; CXi for 1 L)

Xin Xy EXJfor 1 CITJTKICN)and

|X;|] Crfor 1 C1T nl

Thus, an r-ring with perimeter ty,...,t, is a graph that has a path decomposition of
width at most r — 1, with the length of the underlying path being n, and with t; being in
the ith node of the path.

Definition 13 (Outgrowth by d r-rings.). Let G, be a graph embedded in a surface Z,
and let A, ...,Aq [X1be closed discs which

e are pairwise disjoint,
e meet Gy only at its vertices, and

e contain no vertex of Gy in their interiors.

26



For 1 [iI d]let the vertices of Gy in the boundary of A; be ti,...,t!, in order, and let

M B 1 )

every other G;. Let G = Gy G, [-1- [Gly. Then G is said to be an outgrowth by d
r-rings of a graph in 2.

G; be an r-ring with perimeter t},...,t!, meeting G, in just ti,...,t' and disjoint from

The decomposition theorem can now be stated:

Theorem 3. [RS03, Theorem 1.8]Let L be a mon-planar graph, and let %,,...,%; be
all the connected surfaces (up to isomorphism) in which L cannot be embedded. Then
there are numbers r,d,w such that every graph with no L-minor may be constructed
by clique-sums, starting from graphs G with the following property: GYis a ([W)-
vertex extension of an outgrowth G, by [LdIr-rings of a graph G. that can be embedded

in one of the surfaces Z4,...,2.

The “apex vertices” mentioned in the informal statement of this theorem above are the
[ vertices that are removed from G to obtain G,. The “vortices” are the [dlr-rings
added to G, to obtain G,.
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Chapter 4

FPT algorithms for graph problems

parameterized by treewidth

4.1 Introduction

In this chapter we describe an algorithmic technique for solving problems on graphs of
treewidth bounded by some constant. To describe the technique we make the assumption
that we have obtained a tree decomposition, of width at most a constant k, of the input
graph G. The technique results in algorithms that run in time O (|G|°), where C is a
constant independent of k, and the constant hidden by the O-notation could possibly be
a superpolynomial function of k. Coupled with the linear-time exact algorithm of [Bod96]
or the polynomial-time log-factor approximation algorithm mentioned in Section 3.4 for
finding a bounded-width tree decomposition of a graph G of treewidth at most k, this
technique results in polynomial (and sometimes linear) time algorithms for many NP-hard
problems on graphs of treewidth bounded by a constant (See, e.g., [AP89]); these are FPT
algorithms for the parameterized versions of these problems where the parameter is the
treewidth of the input graph.

The technique, based on dynamic programming, was introduced by Bern et al. [BLW87]
and Arnborg and Proskurowski [AP89]. The presentation in this chapter is based on
the description of the technique given by Bodlaender [Bod97|, who names the technique

28



“computing tables of characterisations of partial solutions”.

4.2 An outline of the technique

To apply the technique to obtain the solution to a problem, we first convert the input tree
decomposition of width Kk into a nice tree decomposition, say T = ({X;|i I}, T = (I,F),r),
of the same width. From Lemma[I0, this can be done in time linear in the size of the input
and results in, at most, a linear increase in the number of nodes in the decomposition.
For each node i of T we compute a certain table, a “table of characterisations of partial

solutions” for 1. To compute the table for node 1 we only use:

e information from the tables already constructed for the immediate child nodes of 1,

if there are any such nodes, and

e the structure of the induced subgraph G [X;].

We compute these tables in a bottom-up fashion, starting from the leaf nodes and ending
up at the root r. The solution for the problem is now obtained by inspecting the table for

r.

4.3 Detailed description of the technique

We now describe the different steps of the technique in detail. To illustrate the technique,
we show what each step entails for two different NP-hard graph problems: Independence
Number and 3-Colourability [AP89].

Independence Number
Input: A graph G = (V, E).
Problem: Find the size of a largest subset W of V such that there is no edge joining

any two vertices in W.
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3-Colourability
Input: A graph G = (V, E).

Question: Is it possible to colour the vertices of G with three colours such that no

two adjacent vertices have the same colour?

To describe the type of tables required, we need the notion of terminal graphs associated

with a tree decomposition [Bod97].

Definition 14 (Terminal Graph, Sum of Terminal Graphs). A terminal graph is a triple
H = (V, E, X), where (V, E) is a graph with vertex set V and edge set E, and X is an ordered
subset of the vertices in V. The vertices in X are called the terminals of H. A terminal
graph with | terminals is called an I-terminal graph. The sum [isldefined on pairs of
terminal graphs with the same number | of terminals: H [CHVis defined to be the graph
obtained by taking the disjoint union of H and Hand then identifying the ith terminal
of G with the ith terminal of H for 1 [ 1 L1

Definition 15 (Terminal Graphs Associated with a Tree Decomposition). Let T =
({Xi|i I3, T = (1,F), r) be a rooted tree decomposition of a graph G. The terminal graph
Gpyj associated with node i of T is defined as Gpj = (Vi, Ei, Xi) where V; is the set of all
vertices that are in some bag in the subtree of T rooted at i and E; is the set of edges
induced by G on V;, so that (V;, E;) is the induced subgraph of G on V;. The ordering of

Xi is arbitrary.
An important property of the terminal subgraph Gy that follows from Lemma [l is:

Lemma 12. Let T = ({X|i I, T = (I,F),r) be a rooted tree decomposition %a Ig_l'la,ph
G EI (V,E). For any node i 1] there s no edge in G between V\V Gp; and

]
V G \Xi.

We can now describe the technique. Let G be the input graph, and T =
({X;|i I3, T = (1,F),r) a nice rooted tree decomposition of width k of G obtained from
the input tree decomposition. Let A denote the problem whose input instance is G. The

steps in designing an algorithm based on the technique are as follows:
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Step 1 Define a notion of a solution to the problem. This is an object or property of the
input graph G with which the problem A is concerned. For the two problems which

we use as examples, the notion of solution can be defined as follows :

Problem The notion of solution

Independence Number | The size of a maximum independent set in G.

3-Colourability A 3-colouring of G.

L1 C]
Step 2 Define the notion of the set of partial solutions A Gy for terminal graphs Gy
associated with T. The definition should be such that

L1 (I
1. A Gy = (G, X,) includes, or easily yields, the solution(s) to the problem, and
1

2. For any non-leaf node i EI]I:olf the rooted I%"ee c|1:e|composition, A Gpj can be
obtained from G[X;]and A Gpy,; ,...,A Gy, whereys,...,y;t [2hre the

childrenof i in T.

The idea is that once we compute the partial solutions for terminal graphs associated
with the leaves of T, we can compute partial solutions for terminal gra hlsjaltssociated
with all the other nodes in a bottom-up fashion, finally finding A G,y and hence

the solution to the problem.

For the two problems which we use as examples, A I%l[i] I:Ican be defined as given
below. In both the cases it is easy to see that the choice of partial solutions satisfies
the first requirement on a set of partial solutions. With a little work, we can show
using Lemma [ that the choices satisfy the second property as well (See [Bod93,
Section 4|, [KT06l, pages 580-584], and [ABF*02, Theorem 13]) :

e Independence Number: For each subset S of X; (including the empty set) such
that G[S] is an indeperll__cllen'lc:Iset, let S"be a largest independent set in Gy such
that S = (S=A X;). A G 1is the set of all such S5 over all such S.

1 [
e 3-Colourability: A Gy is the set of all 3-colourin%s:lof Gpip; that is, the set of
, 7 C
all functions f:V Gp; - {1,2,3}; O, v} CEl Gy .f(u) 8 f(v).
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Step 3 Define a notion of an extension of a partial solution. Here we define the cases
when a partial solution can be extended to a solution to the problem. This is usually

suggested by the above two definitions, as is the case with our examples:

e Independence Number: A maximum-size independent set M in G is an extension
of a partial solution S"dssociated with a terminal graph Gy if and only if S™s
a subset of M.

e 3-Colourability: A 3-colouring f: V - {1,2,3} of G is an extension of a 3-
coll%lll"ir%I g of a terminal graph Gy if and only if g is the restriction of f to
V Gp -

Step 4 Define a notion of a characteristic of a partial solution. This is information that
characterises the cases when a partial solution can be extended to a solution; if two
partial solutions have the same characteristic, then one can be extended to a solution
if and only if the other can be extended to a solution. The full set of characteristics
for a terminal graph Gp;; associated with T is the set of all characteristics of the partial
solutions for Gp;;. The goal is to find a characteristic such that the size of the full
set of characteristics for any terminal graph Gp;; associated with T is polynomial in

the input size.

The motivation behind defining the characteristic of a partial solution in this fashion
is the following: The set of partial solutions for a terminal graph associated with T
can conceivably be exponentially large in the size of the input. This is the case, for
example, with the notions of partial solutions that we defined for the 3-Cc|>:1(])ur|a:‘lbility

problem. In such cases, we cannot always, in polynomial time, obtain A Gp;; using

-
A Gp,1 ,---»A Gp; whereys,...,Y;t [2hre the children of i, since the latter
sets may be exponentially large. This then prevents us from computing the solution
for the problem in polynomial time following the scheme outlined in Step 2. Hence

the need to define a succinct characteristic of a partial solution.

For our examples the characteristic of a partial solution can be defined as follows:
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e Independence Number: For a partial solution S'™hssociated with a terminal
graph Gy as defined in Step 2, the characteristic is the pair (S, |S 1Y. The size
of the full set of characteristics for Gp;; is then no more than 2Xil1g|V (G)| =
2(c*1 1|V (G)|, which is polynomial in |G| since K is a constant independent of
IGl.

e 3-Colourability: For a partial solution f associated with a terminal graph Gy
as defined in Step 2, the characteristic is the restriction of f to X;. The size of
the full set of characteristics for Gy is then no more than 3%l = 3(*1 which

is a constant independent of |G|.

Step 5 Show for each kind of node in T — leaf, introduce, forget, or join — that the full set
of characteristics for Gj;; where i is a node in T can be computed in polynomial time
given the full sets of characteristics for Gpy,j, ..., Gpy,] where yi,...,y;0 CEIC 2]

are all the children of i. For our examples, this can be done as follows:

e Independence Number[Roe98, Section 2.2]:

— i11is a leaf node: Let the single vertex in the bag associated with i1 be v. The
full set of characteristics for Gpyj is then {([0), ({v}, 1)}.

— 1 is an introduce node: Let v be the new vertex in X; as compared to Xy,
where Yy is the child node of i. For each characteristic (C, c) of Gy,
* Add (C,c) to the set of characteristics for Gp;;.
x If C M} is an independent set, then add (C M}, c + 1) to the set of

characteristics for Gp.

— 1is a forget node: Let v be the missing vertex in in X; as compared to Xy,
where Yy is the child node of i. For each characteristic (C,c) of Gp;, add
(C\{v},c) to the set of characteristics for Gp;;.

— 1 is a join node: Let y,z be the children of i. For each combination of
two characteristics (C, c) of G,; and (D, d) of G,; such that C = D, add
(C,c+d —|CJ) to the set of characteristics for G-

33



e 3-Colourability:
— 1is a leaf node: Let the single vertex in the bag associated with i be v. The
full set of characteristics for Gpyj is then {(v, 1), (v, 2), (v, 3)}.

— 1 is an introduce node: Let v be the new vertex in X; as compared to Xy,
where y is the child node of i. For each characteristic f: X, - {1,2,3} of
Gpy), add all functions g : X; - {1, 2, 3} such that g and f coincide on the
set X, and g (v) E f(w) for any w adjacent to v in G (See [Bod97, Lemma
4.3]).

— 1is a forget node: Let v be the missing vertex in in X; as compared to Xy,
where Yy is the child node of i. For each characteristic f: X, - {1,2,3} of
Gy, add f|x, to the set of characteristics for Gyj.

— 1 is a join node: Let y,z be the children of i. For each combination of two
characteristics f: Xy, - {1,2,3} of G; and g : X, - {1,2,3} of G[,; such
that f = g, add f to the set of characteristics for Gp;;.

Step 6 Show that given the full set of characteristics for the root r of T, the solution to

the problem can be computed in polynomial time. For the examples,

e Independence Number: Choose the largest second component among the full

set of characteristics of r.

e 3-Colourability: The input graph is 3-colourable if and only if the full set of

characteristics of r is not empty.

The above can be formalised as follows[R0oe98, Theorem 15|:
Theorem 4. Let A be a decision problem for which the following are available:
1. A definition of characteristics of partial solutions,
2. A proof that the full set of characteristics of any terminal graph is of constant

(resp. polynomaial) size,
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3. Four constant (resp. polynomial) time algorithms, one for each of Leaf, Intro-

duce, Forget, and Join nodes, that take as input

e a tree node 1 of the respective type,
e the bag X; and introduced or forgotten vertices, and

e for each child y; of i, one characteristic Cy,,

and return a set of characteristics at X.

4. Proofs that there 1s a constant (resp. polynomial) time combination procedure

CP such that

(a) for every characteristic C; produced by CP by combining C,,...Cy;t 21
where Y; 1s the j™ child of i, a partial solution S; with characteristic C;
exists at 1 such that its restrictions S, to G[yj] have the characteristic Cy,,

respectively, and

(b) for every partial solution S;, CP applied to i finds the characteristic C; of
Si, provided that the combination procedure is called for all combinations

of characteristics from the full sets at all children y; of i.

Then there is a linear (resp. polynomsial) time decision algorithm for A.
For a problem that involves computing some object, we have:

Theorem 5. Let B be a problem for computing some object, for which the four things

specified in the above theorem are available, and in addition the following are avaal-

able:

Four polynomzial time algorithms, one for each of Leaf, Introduce, Forget, and

Join nodes, that take as input
e a tree node 1 of the respective type,
e the bag X; and introduced or forgotten vertices,
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e a characteristic C; from the full set of characteristics at 1, and

] ]
o for each childy; of i, a pair Cy,,S,, of the characteristic Cy,; aty; that led to

Ci and a partial solution Sy, of y; with characteristic Cy,,

and return a partial solution S; at i that has characteristic C; and whose restriction
to Gy, 15 Sy,.

Then there 1s a polynomial time algorithm computing a solution to B. If solving
the decision problem using Theorem [ takes time O (n), and the algorithms of the
ingredient specified in this theorem have constant running time, then the solution

can be computed in linear time.

4.4 Summary

In this chapter we saw an algorithmic technique that yields polynomial and even linear-
time algorithms for NP-hard problems on graphs when the input is restricted to graphs
of bounded treewidth. Some of the NP-hard graph problems for which the technique has
been applied to get FPT algorithms when parameterized by the treewidth of the input
graph are

e [AP89|Independence Number, Domination Number, Chromatic Number, and

Hamiltonian Cycle.

e [Bod88]Vertex Cover, Feedback Vertex Set, Minimum Maximal Matching,
Longest Path, and a host of other problems: see [Bod88, Table 1] for a list of

nearly thirty such problems.
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Chapter 5

Extending the technique: the

diameter-treewidth property

5.1 Introduction

The dynamic-programming-based technique described in the previous chapter yields FPT
algorithms for graph problems when the parameter is the treewidth of the input graph. The
class of planar graphs contains graphs of arbitrarily large treewidth, and so the technique
does not, in the form it was presented, apply to problems on planar graphs. In this
chapter we describe how we can apply the technique to planar graphs, using their diameter-
treewidth property, to obtain FPT algorithms with two different parameterisations. We

also see how this extension can be made to apply to the class of apex-minor-free graphs.

5.2 The diameter-treewidth property for planar graphs

Planar graphs are not a class of graphs with bounded treewidth — the n % n grid has
treewidth n (See Section 62)). However, planar graphs do have the property that their
treewidth is linearly bounded in their diameter. Eppstein proves the following bound on

the treewidth of planar graphs:

Lemma 13. [Epp99, Lemma 4]Let planar graph G on n wvertices have a rooted span-
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ning tree T in which the longest path from the root to any vertex has length |. Then

a tree decomposition of G with width at most 3l can be found in time O (I x n).

The proof of the Lemma in fact constructs a tree decomposition with no more than 2n
nodes.

Now let G be a planar graph with diameter D, and T the shortest path tree of G found
by breadth-first search starting from an arbitrary vertex s of G. Then the longest path
from s to any vertex in T has length at most D. The diameter-treewidth property of planar

graphs follows from this and the above lemma:

Lemma 14 (The Diameter-Treewidth Property for Planar Graphs). A planar graph G
with diameter D has treewidth at most 3D. If the number of vertices of G is n, then
a tree decomposition of G of width 3D or less and with at most 2N nodes can be found

in time O (n?).

For the following two subsections, let A be a problem on planar graphs for which the
dynamic-programming technique on tree decompositions of bounded treewidth described

in Chapter B yields an FPT algorithm when the parameter is the treewidth.

5.2.1 Parameterization by diameter

It follows directly from Lemmal[l4lthat the dynamic-programming technique can be applied
to obtain an FPT algorithm for A when the parameter is the diameter of the input graph.
In particular, the following problems, for which the dynamic-programming technique is
described in [AP89], and which are NP-hard when restricted to planar graphs, have FPT
algorithms by this method when restricted to planar graphs, with the parameter set to
be the diameter of the input graph: Independence Number, Domination Number,

Chromatic Number, and Hamiltonian Cycle.

5.2.2 Parameterization by solution size

Some NP-hard optimisation problems on planar graphs have the property that the diameter

of the input graph is bounded in the value of the solution to the problem. For example,
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Lemma 15. [HHS98, Theorem 2.24]If G is a connected graph with domination num-
ber k, then the diameter of G is at most 3k.

Let G be a connected graph with diameter d = 2k, and let P = (V,E) where V =
{Xo, X1y oy ng} JE = {{Xo, X1} , {Xl, Xg} Yo ey {X2k—1) X2k}} be a path of length d in G that
witnesses this diameter. Then P is an induced subgraph of G, and so {Xg, Xa, . . . Xox} is an

independent set in G. Thus the independence number of G is at least k + 1. Hence,

Lemma 16. If G s a connected graph with independence number K, then the diameter
of G is at most 2k — 1.

From Lemmas [I4 and it follows that

Lemma 17. If G 1s a planar graph on n wvertices with domination number K, then
G has treewtdth at most 9K, and a tree decomposition of G of this width or less and

with at most 2N nodes can be found in time O (N?).
Alber et al. prove the following:

Lemma 18. [ABF* 02, Theorem 13] If a tree decomposition of width | of a grclg_glh G s
known, then the domination number of G can be determined in time O 4'N , where

N is the number of nodes of the tree decomposition.

From these it follows that the Domination Number problem on planar graphs, pa-
rameterized by the size of the dominating set, is FPT. That is, the following problem has
an FPT algorithm:

Input: A connected planar graph G = (V, E) and a positive integer k.
Parameter: k.

Problem: Does G have a dominating set of size at most k?

The FPT algorithm proceeds as follows. Let n = |V|:
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1. Find the diameter d of G. This can be done in O (n%) time by solving the
All-Pairs Shortest Paths problem for G (See [CLROI, Chapter 25]).

2. If d > 3Kk, then answer “NO”™: by Lemma [[5, G has domination number larger
than k.

3. Otherwise, d [3R, and G has treewidth at most 9k. Find a tree decomposition
T of G on at most 2n nodes and of width 9K or less, in O (n?) time as in Lemma [[4

4. Using T, find the domination number of G in time O 4°*n as in Lemma [I8

This algorithm runs in time O %kn +n3 I:vlvhere k is the size of the minimum domi-
nating set.

More generally, if the problem A has the property that the diameter of the input graph
is bounded in the value of the solution, then from Lemma [I4 it follows that the dynamic-
programming technique can be applied to obtain an FPT algorithm for A when the input

is restricted to planar graphs and the parameter is the value of the desired solution.

5.3 The diameter-treewidth property for apex-minor-free
graphs

When Eppstein [Epp00] defined the notion of the diameter-treewidth property, he did so

for general families of graphs, and for general bounding functions:

Definition 16. A family F of graphs is said to have the diameter-treewidth property
if there is some function f(D) such that every graph in F with diameter at most D has
treewidth f(D).

He also found a characterisation of the minor-closed graph families that have a diameter-
treewidth property. Recall that a graph G is said to be an apex graph if there is a vertex

Vv in G such that the graph G"obtained by removing v from G is planar:

Lemma 19. [Epp00, Theorem 1] Let F be a minor-closed family of graphs. Then F

has the diameter-treewidth property if and only if F does not contain all apex graphs.
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A simpler proof of this theorem, using ideas from Graph Minor Theory, was obtained
by Demaine and Hajiaghayi [DHO04a].
Demaine and Hajiaghayi also found a strong diameter-treewidth bound for apex-minor-

free graph families using the decomposition theorem, Theorem

Lemma 20. [DHO04b, Theorem 4.1]For any fized apex graph H, every H-minor-free
graph of diameter D has treewidth O (D).

For the following two subsections, let A be a graph problem for which the dynamic-
programming technique on tree decompositions of bounded treewidth described in Chap-

ter @ yields an FPT algorithm when the parameter is the treewidth.

5.3.1 Parameterization by diameter

It follows from Lemma that the dynamic-programming technique can be applied to
obtain an FPT algorithm for A on apex-minor-free graph families when the parameter
is the diameter of the input graph. In particular, all the problems mentioned in Subsec-
tion have FPT algorithms on apex-minor-free graph families when the parameter is

the diameter of the input graph.

5.3.2 Parameterization by solution size

Let H be a fixed apex graph, and let G be any graph that does not have H as a minor. Let
the diameter of G be D. Lemma 2] guarantees an upper bound of cD, for some constant ¢
that depends on H and is independent of G, for the treewidth of G. A tree decomposition
of G of width 4cD or less can be found in time polynomial in the size of G, and singly
exponential in the treewidth of G, using the factor-4 approximation algorithm of [Ami0]]
mentioned in Section B4l Using the same reasoning as in subsection B.2.2 we now have:
If the problem A has the property that the diameter of the input graph is bounded in the
value of the solution, then the dynamic-programming technique can be applied to obtain
an FPT algorithm for A when the input is restricted to apex-minor-free graphs and the

parameter is the value of the desired solution. In particular, using Lemmas and [16),
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we have such algorithms for the Domination Number and Independence Number

problems on apex-minor-free graphs.

5.4 Summary

In this chapter, we saw two ways of extending the techniques of the Chapter 4 so that they
yield FPT algorithms for certain planar graph problems. The diameter-treewidth property
of planar graphs implies that if a graph problem has an FPT algorithm following the
technique of the previous chapter, then the problem restricted to planar graphs has an FPT
algorithm when the parameter is the diameter of the input graph. NP-hard problems on
planar graphs that have FPT algorithms using this idea include Independence Number,
Domination Number, Chromatic Number, Hamiltonian Cycle, Vertex Cover,
Feedback Vertex Set, and Longest Path [AP89, Bod8§].

Some NP-hard optimisation problems on planar graphs have the property that the
diameter of the input graph is bounded in the value of the solution to the problem. Such
problems have FPT algorithms when the parameter is the value of the solution. NP-hard
problems on planar graphs that have FPT algorithms using this idea include Domination
Number, Vertex Cover, and Independence Number (See, e.g., [HHS98, Theorem
2.24]).

We also saw that apex-minor-free graph families also obey a linear diameter-treewidth
bound, and that this yields FPT algorithms for problems restricted to such families like

it does for planar graphs.
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Chapter 6

Improving the running time

6.1 Introduction

The reasoning behind the O %kn +nd I:Ialgorithrn of the last chapter for the Domination
Number problem on planar graphs, where K is the value of the solution, can be summarised
as follows: The diameter of the input graph G is linearly bounded in the value of the
solution; the treewidth of G is linearly bounded in its diameter, and so the treewidth
is linearly bounded in the value of the solution. Obtain a tree decomposition T of G of
this bounded treewidth using Lemma [[4], and use dynamic programming on T to find the
solution.

The argument holds in a modified form when “diameter” is replaced by “size of the
largest partially triangulated grid contraction”. Namely; the size (number of vertices) of
the largest partially triangulated grid contraction of the input graph G is linearly bounded
in the value of the solution; the treewidth of G is bounded linearly in the square root of the
size of its largest partially triangulated grid contraction, and so the treewidth is linearly
bounded in the square root of the value of the solution. Obtain a tree decomposition T of
G of this bounded treewidth, and use dynamic programmi nTtofin solution. This
gives an algorithm whose running time is of the form O %(f(\/z)no(l)dli?iubexponential
in the parameter K. In this chapter we describe this argument in detail. This and a similar

argument which is based on the size of the largest grid minor lead to faster FPT algorithms
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for Domination Number and many other problems on planar graphs.

6.2 Planar graphs and the (partially triangulated) r xr
grid

The r < r grid is the canonical planar graph of treewidth r: it is planar and has treewidth
r, and any planar graph of treewidth w has an Q (w) % Q (w) grid as a minor. Further,
any planar graph G is a minor of an r % r grid where r is linear in the number of vertices
of G.

Lemma 21. [Bod98, Corollary 89/The r X r grid has treewidth r.

Lemma 22. |[RST94, Theorem 6.2]A planar graph that does not have an r X r grid
7’n.i77,o|7‘:l ha&l t%ewidth at most 6r—5. That 1s, a planar graph that has treewidth W has

a § X % grid as a minor.
Lemma 23. [RST94, Theorem 1.5] Every planar graph H can be obtained as a minor
of the r xr grid, where r = 14|V (H)| — 24.

The following is clear from the definition of a partially triangulated grid and from
Lemmas Bl and 2Tt

Lemma 24. A partially triangulated r X r grid has treewidth at least r.

SEN

L]
<

ozl ]
[

Let G be a connected planar graph of treewidth w. From LemmaP2, G has a

grid R as a minor. By definition, R can be obtained from G by

e a sequence S of edge contractions resulting in a contraction G of G, followed by

e a sequence T of edge or vertex deletions applied to G"

From Kuratowski’s Theorem [Die00, Section 4.4], G is planar, and since contractions
preserve connectivity, GHis connected. If T is empty or it consists entirely of edge deletions,

then GUdiffers from R only in that G”has zero or more additional edges that preserve
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Bl

. . . . I:I I:I I:I . .
planarity, and so G"is a partially triangulated e X & erid. If T contains vertex
deletions as well, then let v be a vertex that is deleted and which is adjacent to a vertex w
in R (there will always be such a vertex w since G"is connected). Contract the edge {v, w}.

Repeat this for each vell’%x marked for deletion in T. The resulting graph is a partially

(I
triangulated ¢ > ¥ grid. Lemma can therefore be adapted to contractions as
follows:
Lemma 25. A planar graph that has treewidth W has a partially triangulated 7§ > ¥

grid as a contraction.

6.3 A subexponential FPT algorithm for Domination

Number

There are (r — 2)2 nonboundary vertices in an r X r grid. Since any vertex in a partially
triangulated r>xr grid R can dominate at most 8 (other) nonboundary vertices, the smallest

dominating set of R has at least (r — 2)° /9 vertices. Thus,

Lemma 26. A partially triangulated r < r grid has domination number at least
(r—2)* /9.

Edge contractions do not increase the domination number of a graph: if graph H is a
contraction of graph G, then a dominating set D of G “projected to” the vertex set of H

is a dominating set of H:

Lemma 27. Let a graph H be obtained by a sequence of zero or more edge contractions
starting from a graph G. Then the domination number of H is no larger than the

domination number of G.

From Lemmas 28], 26l and 27, it follows that a planar graph of treewidth w has domi-

nation number at least (W — 12)?/324. In other words,

Theorem 6. If a planar graph G has treewidth 18 K+13 or more, then the domination

number of G is larger than K.
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Algorithm 2 A subexponential FPT algorithm for Domination Number

Input : A graph G and a positive integer K.

Parameter : Kk

Output : ‘“No”’ if G has domination number more than K.

1.

The domination number of G, otherwise.
Apply the factor-4 approximation algorithm for
treﬁe@n@oq'ﬂion@ntioned in Section
to G, 18 k +13

. If the apElo\}}.in}ﬁion algorithm says that the treewidth

of G is 18 k +13 or more, then return ‘“No’.

. Otherwise, the approximation algorithm r@vsg tree

decomposition T of G of width at most 4 18 k +52.

Fi]@]thg/ domingtjon number of G using T in time

O 4408 klxb2p , as in Lemma [3.

. If the domination number found in step 3 is larger

than K, then return ‘No’’. Otherwise return this
domination number.

I%li;s/ theorem suggests %lgorithlﬂ] fqﬂ)sminationllh{umber that runs in time

O 237 *k¥/2pdlgtn+ 4t08 KBy — o 20( M)peighin |

6.4 Summary

In this chapter we saw how we can obtain a subexponential FPT algorithm for the Domi-
nation Number problem on planar graphs, parameterized by the value of the solution, by
showing a linear bound on the size of the largest partially triangulated grid contraction of
the input graph with respect to the value of the solution. Some other problems on planar
graphs, such as Edge Dominating Set and Independence Number, share this property
of the Domination Number problem, and this argument applies to all such problems.
Some problems on planar graphs, such as Vertex Cover and Feedback Vertex Set, have
a similar bound on the size of the largest grid minor of the input graph, and the same

argument results in subexponential FPT algorithms for these problems [DFHTO05, Section
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4.2]. See Section of this report for more examples.
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Chapter 7

Extending the Approach:

Bidimensionality

7.1 Introduction

V_
The subexponential (that is, with a running time of the form 200" %) x n¢ where k is the
parameter and c is some constant) FPT time algorithm for the Domination Number

problem described in the previous chapter could be achieved because of the following:

1. The fact established by Theorem [, that the treewidth of a planar graph G is linearly

bounded in the square root of the value of the solution.

2. The existence of a dynamic programming algorithm on tree decompositions of bounded
treewidth that finds the solution to the problem in time singly exponential in the

treewidth, as stated in Lemma [I8

3. The existence of a constant-factor approximation algorithm for minimal tree decom-

position that runs in time singly exponential in the (suspected) treewidth.

The third factor is independent of the specific problem that has to be solved. Therefore,
there is a subexponential FPT algorithm, along similar lines as Algorithm Bl for any

problem on planar graphs that satisfies the first two conditions. In this chapter we describe
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a sufficient condition, called bidimensionality, for a planar graph problem to satisfy the
first condition. It so happens that all planar graph problems for which subexponential FPT
algorithms have been found so far satisfy this condition. We also see how the notion of
bidimensionality has been extended to problems on much larger classes of graphs, namely
H-minor-free graphs and apez-minor-free graphs, to yield a sufficient condition for a

problem on such graphs to have a subexponential FPT algorithm.

7.2 Bidimensionality and problems on planar graphs

A sufficient set of conditions for a problem on planar graphs to satisfy the first con-
dition stated in the Introduction, namely, that the treewidth of a planar graph G is
linearly bounded in the square root of the solution, is the so-called “bidimensionality”
property. The concept of bidimensionality was developed by Demaine, Hajiaghayi and
others: see [HajOo5] for a survey. The following definitions are from [Haj05, Sections 1.4
and 1.5] and [DH].

Definition 17. A graph parameter P is a function that maps graphs to nonnegative
integers. The decision (or parameterized) problem associated with P asks, for a given

graph G and nonnegative integer k, whether P (G) [KI

The following are examples of graph parameters: the number of vertices, the size of a
minimum vertex cover, the size of a minimum feedback vertex set, the size of a minimum

maximal matching, the domination number, and the diameter of the graph.

Definition 18. Let P be a graph parameter and F a family of graphs. F is said to have
the parameter-treewidth property for P if there is a strictly increasing function f such
that every graph G [Flhas treewidth at most f (P (G)).

Definition 19. Let g : N - N be a strictly increasing function. A graph parameter P is

said to be g (r)-minor-bidimensional on planar graphs if

e If graph H is a minor of graph G, then P (H) [CPIG), and
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e For the r x r grid R, P (R) [g{r).

A graph parameter P is said to be g (r)-contraction-bidimensional on planar graphs if
e Contracting an edge in a graph G cannot increase P (G), and
e For any partially triangulated r < r grid R, P (R) [g{r).

A graph parameter P is said to be g(r)-bidimensional, or just bidimensional, on pla-
nar graphs if it is g (r)-minor-bidimensional or g (r)-contraction-bidimensional on planar

graphs.

Note that a parameter that is minor-bidimensional is also contraction-bidimensional.
Many graph parameters are bidimensional on planar graphs. For example [DFHT05, Sec-
tion 4.2], [Haj05, Section 1.4]:

e The number of vertices in the graph, the size of a minimum vertex cover, the size of
a minimum feedback vertex set, and the size of a minimum maximal matching are

all O (r?)-minor-bidimensional.

e The size of a minimum dominating set and the size of a minimum edge dominating

set are O (r?)-contraction-bidimensional.

e The diameter of the graph is © (r)-contraction-bidimensional.

Let P be a graph parameter that is g (r)-minor-bidimensional on pl%aﬁral__glhlsj and let G
be a planar graph of treewidth w. Then from Lemma Ghasa § > ¥ grid minor

R. Since P is g (r)-minor-bidimensional, P (R) %I%_—I and P(G) CPKR) gl ¥ ,

and since g is strictly incr%%@ (G)) ¥ . Thus w &Y (P(G)), and if
g =Q(r?),thenw=0  P(G) . That is,

e If P is a graph parameter that is g (r)-minor-bidimensional on planar graphs where
g(r) =Q(r?), and

e G is a planar graph of treewidth w,
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Lg— [
thenw=0 P(G) .

By a similar argument that uses Lemma P53, we can show that

e If P is a graph parameter that is g (r)-contraction-bidimensional on planar graphs
where g (r) = Q(r?), and

e G is a planar graph of treewidth w,

1
thenw=0  P(G) . Thus

Theorem 7. [DFHTO05, Theorem 4.4] Let P be a graph parameter th’atlﬁ Qﬁrzb
bidimensional on planar graphs. Then for any planar graph G, tw (G) = O P(G) .

As mentioned above, the number of vertices of the graph is © (r?)-minor-bidimensional
on planar graphs. From this and the I%oove theorem, it follows that if G is a planar graph
on n vertices, then tw(G) = O n . Together with Lemma @, this implies the famous
separator theorem of Lipton and Tarjan for planar graphs [LT79].

It follows from Theorem [[ that if a problem A on planar graphs

e can be expressed as a decision problem associated with a graph parameter P that is

Q (r?)-bidimensional on planar graphs, and

e has a dynamic programming algorithm on tree decompositions of bounded treewidth

that finds the solution to the problem in time singly exponential in the treewidth,

then there is a subexponential FPT algorithm for A parameterized by the value of the
solution.

Almost all known algorithms for obtaining subexponential FPT algorithms for prob-
lems on planar graphs follow the strategy of first showing a bound on the treewidth of
the input graph that is sublinear in the value of the solution and then using an algo-
rithm whose running time is singly exponential in the treewidth of the input graph and
polynomial in the size of the input graph. In all of these cases, it so happens that the

problem can be stated as a decision problem associated with a graph parameter P that is
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Q (r?)-bidimensional on planar graphs. As a consequence, the class of Q (r?)-bidimensional
parameterized problems contains all problems that are known to have subexponential pa-
rameterized algorithms for planar graphs [DEHTO5, Section 4.3], [Haj05, Section 1.8].
Examples of such problems include Dominating Set, Independent Dominating Set,
Total Dominating Set, Weighted Dominating Set, and F\r;lce Cover [ABFT02]. It is
an open question whether every parameter that admits a 200 )0 _time algorithm on

planar graphs is bidimensional [DFHTO5].

7.3 Bidimensionality and problems on larger classes of

graphs

Demaine and Hajiaghayi extended Theorem [ to apply to larger classes of graphs. For
this purpose, they extended the notion of minor and contraction-bidimensionality to these

larger classes as follows:

Definition 20. [DH|Let g : N - N be a strictly increasing function, and let H be a fixed
graph. A graph parameter P is said to be g (r)-minor-bidimensional on H-minor-free

graphs if
e If graph K is a minor of graph G, then P (K) [CP1G), and
e For the r x r grid R, P (R) [g{r).

Let H be a fixed apex graph. A graph parameter P is said to be g(r)-contraction-

bidimensional on H-minor-free graphs if

e Contracting an edge in a graph G cannot increase P (G).

e For any r>r grid R augmented with additional edges such that each vertex is incident
to O (1) edges to nonboundary vertices of the grid, P (R) [Cg{r). Here O (1) depends

on H.

They proved the following generalisation of Lemma 22 using the decomposition theo-
rem, Theorem [3 in Section B0

52



Theorem 8. [DH, Theorem 2] For any fized graph H, every H-minor-free graph of

treewrdth w has an Q (W) < Q (w) grid as a minor.

The extended result follows from the above theorem and arguments presented
in [DFHTO04]:

Theorem 9. [DH, Theorem 3] For any minor-bidimensional parameter P that is
at least g (r) in the r X r grid, every H-minor-free graph G has treewidth tw (G) =
O (gt (P(G))). LetK be an apex graph. For any contraction-bidimensional parameter
P that is at least g(r) in an augmented r X r grid of span S where S is a constant

dependent on K, every K-minor-free graph G has treewidth tw(G) = O (g~ (P (G))).

1
In particular, if g (r) = Q (r?), then these bounds become tw (G) = O P(G) .

This theorem has many interesting consequences. For example, setting P to be the
number of vertices of the graph, which is minor-bidimensional with g (r) = r?, one obtains

the following (known) bound on the treewidth of an H-minor-free graph:

Corollary 1.|:[JZ)Hf Coﬂllary 1] For any fized graph H, every H-minor-free graph has
treewidth O |V (G)| .

The diameter of a graph is a contraction-bidimensional parameter with g(r) =
Q(lgr) [DH]. Setting P to be the diameter of the graph therefore yields the following

diameter-treewidth property:

Corollary 2. [DH, Corollary 2] For any fized apex graph H, every H-minor-free graph
of diameter D has treewidth 2°(P).

(Note that this bound is exponentially weaker than that of Lemma 20)
The theorem also yields subexponential FPT algorithms on H-minor-free and apex-
minor-free graphs for problems which are minor and contraction-bidimensional, respec-

tively, where the parameter is the value of the solution:

Corollary 3. [DH, Corollary 3] Let H be a fized graph, and K a fized apez graph. Con-

sider a parameter P that can be computed on a graph G in h (W) n°® time given a tree
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decomposition of G of width at most w. If P is minor-bidimensional and at least g (r)
in the rxr glaa_iii, then there 1s an algorit@l that computes P on any H-minor-free graph
G in time h(O (g~ (K))) +2°(97®) ROW  yhere k = P(G). If P is contraction-
bidimensional and least g (r) in an augmented r % Hrid, then there 1s an algorithm
computing P on any K-minor-free graph G in time h (0O (g ! (k))) + 20(s71(9) n°w,
where kK = P(G). In particular, if g(r) = Q(r?) and h(w) = 2°(W2), then these

running times are suberponential in K.

7.4 Summary

In this chapter we described a sufficient condition, namely bidimensionality, for a problem
on planar graphs to have a subexponential FPT algorithm when parameterized by the
value of the solution. We also saw how this notion can be extended to cover problems
on larger classes of graphs, namely H-minor-free graphs for minor bidimensional problems
and apex-minor-free graphs for contraction bidimensional problems.

Problems that have subexponential FPT algorithms on planar graphs following this
approach include Dominating Set, Independent Dominating Set, Total Dominating
Set, Weighted Dominating Set, and Face Cover [ABET02, [DFHTO5, Section 4.3].
Vertex Cover is a problem that has a subexponential FPT algorithm on H-minor-free
graphs following this approach [DEHTO05, Bod88, Section 4.2]. Dominating Set is a
problem that has a subexponential FPT algorithm on apex-minor-free graphs following
this approach [ABF* 02, DEHTO5, Section 4.3].
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Chapter 8

Approximation Algorithms

8.1 Introduction

In this chapter we list ways of obtaining polynomial-time approximation schemes (PTASs)
for optimisation problems on apex- and H-minor free graph classes using two properties
of such graph classes which were used in earlier chapters to obtain FPT algorithms. We
also mention the decomposition theorem of Grohe for H-minor-free graphs which yields

PTASs for some optimisation problems on H-minor-free graph classes.

8.2 The diameter-treewidth property for apex-minor-free

graphs

As we saw in Subsection B3], Theorem 4.1 of [DHO04b] leads to FPT algorithms for
problems on apex-minor-free graphs parameterized by the diameter of the input graph.
The same result gives rise to PTASs for hereditary maximisation problems on apex-minor-
free graphs.

For the purpose of this section, a graph property is a collection of graphs: a graph G
is said to have the property M if G [T

Definition 21 (Hereditary Graph Property). [WesOI]A graph property I is said to be
hereditary if every induced subgraph of a graph G in 1 is also a graph in 1.
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Examples of hereditary graph properties include the properties of being chordal, acyclic,

without cycles of a specified length, bipartite, independent, or a clique.

Definition 22 (Hereditary Maximisation Problem). [DH04b, Section 5]A problem of find-
ing the largest induced subgraph of the input graph that satisfies some hereditary graph

property I is called a hereditary mazimasation problem.

Examples of hereditary maximisation problems include finding the induced subgraph
of maximum size that is chordal, acyclic, without cycles of a specified length, bipartite,
independent, or a clique.

Demaine and Hajiaghayi state the following consequence of Theorem 4.1 of [DHO4D|:

Lemma 28. |[DHO04/Y, Theorem 5.2]Given as input an H-minor-free graph G on n ver-
tices, where H is an apezr gml%ff’ tl%ere are PTASs with approrimation ratios (1 + 1/Kk)
(or (1 +2/K)) running in O c*n time, where C is a constant, for hereditary mazimi-
sation problems such as Mazimum Independent Set, and for other (non-hereditary)
problems such as Minimum Verter Cover, Minimum Dominating Set, and Mini-

mum Edge-dominating Set.

8.3 The large grid-minor property for H-minor-free

graphs

As we see in Section [7.3, Theorem 2 of [DH] leads to subexponential FPT algorithms on
H-minor-free and apex-minor-free graphs for problems which are minor and contraction-
bidimensional, respectively, where the parameter is the value of the solution. The same
result gives rise to PTASs for minor-bidimensional parameters on H-minor-free graphs
and for contraction-bidimensional parameters for apex-minor-free graphs [DHO05]. Here we
follow the summary in [DHO04c, Section 10].

The PTASs are obtained for some graph problems in which the objective is to find
a minimum-size set of vertices and/or edges of the input graph that satisfy a certain

property. The “natural” parameter for such a problem is the size of the minimum-size set
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in question, and this parameter defines the notion of bidimensionality for such problems.
Using the notions of separation property and generalised form of a problem defined
in [DHO5| for bidimensional problems, the result can be stated as follows:

Lemma 29. [DH0/d, Theorem 11]Let A be a bidimensional problem satisfying the
separation property. Suppose that A can be solved on a graph G on n wvertices in
f(n,tw (G)) tzme. Suppose also that the problem can be approzimated within a factor
of a wn g(N) time. If A is a contraction-bidimensional problem, suppose further that
both these algorithms also apply to the generalised form of A. Then there is a (1 + )-
approzimation algorithm for A whose running time is O (nf(n, O (a2/ )) + n3g(n))
for inputs from the graph class (H-minor-free for a fized H, or apez-minor-free for

a fized apex graph) for which A s bidimensional.

Examples of bidimensional problems for which this result yields a PTAS are[DHO04d):

e Minor-bidimensional problems in H-minor-free graphs: Feedback Vertex Set, Face

Cover (for planar graphs), Vertex Cover, Minimum Maximal Matching.

e Contraction-bidimensional problems in apex-minor-free graphs: Minimum Domi-
nating Set, Minimum Edge Dominating Set, and Minimum Connected Dom-

inating Set.

8.4 Local tree-width, excluded minors, and PTASs

Grohe[[Gro03| defines the notion of the local treewidth of a graph, and derives a decom-
position theorem for graphs excluding a fixed minor that makes use of this notion. The
decomposition theorem leads to PTASs for many problems on classes of graphs that ex-
clude a fixed minor. We briefly outline the theorem and its applications in this section.
See [Gro03] for the details.

Let d (u, V) denote the distance between vertices u and v in the graph G = (V, E). For
r [T ]the r-neighbourhood of a vertex v [Vl of G is the set of all vertices of G that are

at a distance of at most r from v:
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Definition 23 (r-neighbourhood). For r [[Thnd v [V, the r-neighbourhood of v in G,
denoted N€ (v), is defined as

N7 (v) = {w [VId (v,w) [T

The local treewidth of graph G is the function that associates with every r the

maximal treewidth of an r-neighbourhood in G:

Definition 24 (Local treewidth). The local treewidth of G is the function Itw® : N - N
defined as

1
Itw® (r) = max tw

Definition 25. A class C of graphs is said to have bounded local treewidth if there is a
function f: N — N such that ItwS (r) [Iqr) for all G [Cland r [N. C is said to have
linear local treewidth if there is a A such that Itw© (r) for all G [Cland r [N

The decomposition theorem states that if C is a minor-closed class of graphs that does
not contain all graphs, then every graph in C can be decomposed into a tree of graphs

that, after removing a bounded number of vertices, have bounded local treewidth:
Definition 26. For A, 1 > 0, let
L\ = %i[EI] CGlcat ltw' () X r:I
LA = {GXILVKG) : (X L) L@\ X CT(A)))}
where for graphs G and H, H [_Gldenotes that H is a minor of G.

Theorem 10. [Gro03, Theorem 18]Let C be a class of graphs with an excluded minor.

Then there exist A, U such that every G [Clis a tree-structure over L (A, ).

(See Section [BH for the definition of tree-structure.)
Grohe uses this theorem to show the existence of PT'ASs for some optimisation problems

restricted to H-minor-free graph classes:
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Theorem 11. [Gro03, Theorems 18,20,21]Let C be a class of graphs with an excluded
manor. Then the restrictions of Minimum Vertex Cover, Minimum Dominating

Set, and Maximum Independent Set to instances in C have PTASs.
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Chapter 9

Conclusion

In this survey, we saw how fixed parameter tractable algorithms evolved for problems on
graphs. We first saw how dynamic programming that uses the underlying tree structure
results in polynomial-time algorithms for some NP-hard problems on graphs of treewidth
at most a fixed constant. The diameter-treewidth property of planar graphs then allowed
us to extend this technique to get FPT algorithms for the same problems on planar graphs
when parameterized by the diameter of the input graph, and, for some problems, the
value of the solution. The diameter-treewidth property of apex-minor-free graphs, derived
by Demaine and Hajiaghayi using the minor decomposition theorem of Robertson and
Seymour, allowed the technique to be extended in a similar fashion to the larger class
of apex-minor-free graphs. All these FPT algorithms have running times that are singly
exponential in the parameter.

We then saw how we could improve the running time of the FPT algorithm for the
Domination Number problem on planar graphs, parameterized by the value of the so-
lution, using the following facts: (i) The size of the largest partially triangulated grid
contraction of the input graph is linearly bounded in the value of the solution, and (ii)
The treewidth of the input graph is linearly bounded in the square root of the size of
its largest partially triangulated grid contraction. This improvement resulted in an FPT
algorithm whose running time has an exponent that is linear in the square root of the

parameter. Then we saw how the notion of bidimensionality captures a simple set of suffi-
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cient conditions for the existence of such subexponential FPT algorithms for problems on
planar graphs and also on the larger classes of apex-minor-free and H-minor-free graphs.
This development makes heavy use of results from Graph Minor Theory. Finally we saw
some ways of obtaining PTASs for graph problems on apex-minor-free and H-minor-free
graphs, again using results from Graph Minor Theory.

In closing, we mention recent work that extends the scope of FPT algorithms for prob-
lems on graphs. A graph G is said to be d-degenerated if every induced subgraph of G
has a vertex of degree at most d. The degeneracy d(G) of G is the smallest number d
such that G is d-degenerated. Graphs of bounded degeneracy are a more general class of
graphs than H-minor-free graphs. Recently, Alon and Gutner, using completely different
techniques than those described in this report, found an FPT algorithm for the Domi-
nating Set problem in graphs of bounded degeneracy, where the parameter is the value

of the solution and the running time is linear in the input size [AGO07).
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