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Fixed P a rameter T ractable (FPT)

Algo rithms

�
F o r NP-ha rd p roblems.

�
Input instances of the fo rm

(
x , k

)
.

�
Solves the p roblem in time f

(
k

) � n

c

.

�
Such a p roblem is said to b e in FPT.
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Examples

Input :
(

G , k
)

where G is an undirected graph and k 2 N .

P a rameterized V ertex Cover

�
Do es G have a vertex cover of size k o r less?

�
Simple FPT algo rithm that runs in time 2

k

O
(

n
)

.

�
Best kno wn FPT algo rithm runs in time O

�
1 .3

k + kn

�
.

P a rameterized F eedback V ertex Set

�
Are there k vertices in G whose removal mak es G a fo rest?

�
An FPT algo rithm that runs in time O

�
5

k

k � n

3

�
.

Mo re...

�
Many pa rameterized NP-ha rd p roblems a re in FPT.

�
Many others, lik e pa rameterized Indep endent/Dominating Set,

a re thought to b e not in FPT.
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T reewidth

Motivation

Many NP-ha rd graph p roblems a re easy on trees.

Example

Indep endence Numb er.

�
Ro ot the tree at an a rbitra ry vertex.

�
T w o numb ers fo r each no de v : The size of a la rgest

indep endent set of the subtree ro oted at v ,

�
which contains v ,

�
which do es not contain v .

�
Compute these numb ers from the leaves up.
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T reewidth

Motivation

Indep endence Numb er is easy on trees.

Why?

�
Deleting an edge disconnects a tree into t w o pieces.

�
Deleting a vertex v disconnects a tree into deg

(
v

)
pieces.

And so,

�
Deleting a vertex v in a ro oted tree disconnects its children

from the rest of the tree and among themselves.
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T ree Decomp osition

De�nition and examples

De�nition: T ree Decomp osition of a graph G .

A w a y of rep resenting G as a tree T :

�
A bag of vertices of G fo r each no de of T .

�
Every vertex of G is in some bag of T .

�
The endp oints of every edge of G app ea r together in some bag

of T .

�
The bags that contain a given vertex of G fo rm a subtree of T .
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A graph G .

A B

C

D E

F

G

H
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De�nition and examples

G and a tree decomp osition of G .



T ree Decomp osition

T reewidth

De�nition: The width of a tree decomp osition T .

�
The size of the biggest bag in T , minus one.

De�nition: The treewidth of a graph G .

�
The smallest numb er k such that there is a tree decomp osition

of G of width k .
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T ree Decomp osition

Small-width tree decomp osition: example

The graph G and a width-2 tree decomp osition of G .

A B

C

D E

F

G

H

BA
C

C

C

B B

B

D E

E E

E

F
G

G

G
H



T ree Decomp osition

Sepa ration p rop erties.

Deleting a bag from a tree decomp osition.



T ree Decomp osition

Sepa ration p rop erties.

Deleting an edge from a tree decomp osition.



T ree Decomp osition

Obtaining a tree decomp osition of small width.

�
Given G and k , the p roblem of �nding if t w

(
G

) 6 k is

NP-complete.

�
F o r �xed k and input G , it can b e found in linea r time if

t w
(

G
) 6 k , but ...

�
... the multiplicative constant is so la rge that the algo rithm is

imp ractical fo r k > 4.
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T ree Decomp osition

Obtaining a tree decomp osition of small width.

App ro ximation algo rithms fo r treewidth.

F o r input graph G on n vertices and with treewidth k :

Running time App ro ximation Ratio

O

�
k

5

lg k � n

3

lg

4

n

�
= O

�
n

10

�
O

(
lg k

)

O

�
2

3 k

k

3 = 2 � n

2

�
4 .5

O

�
2

4 . 4 k

k � n

2

�
4

O

�
2

3 . 7 k

k

3 � n

3

lg

4

n

�
3

2

3
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DP on a T ree Decomp osition.

�
Input: Graph G . P a rameter: k = t w

(
G

)
.

�
Runs in time 2

O ( k ) � p oly
(

n
)

.

�
Applies to many NP-ha rd p roblems that a re easy on trees.

�
First step: Find a 4-app ro ximate tree decomp osition in

O

�
2

4 . 4 k

k � n

2

�
time.

�
Mak es use of the tree-lik e sepa ration p rop erties of a

decomp osition.



DP on a T ree Decomp osition.

An Example.

�
Input: A tree decomp osition T of graph G , of width w .

�
Output: The indep endence numb er of G .

�
Running time: 2

w � p oly
(j

G
j)

.



DP on a T ree Decomp osition.

Indep endence Numb er.

�
Ro ot the tree T at an a rbitra ry vertex.

�
F o r bag B , let G

B

b e the induced subgraph of G �ro oted� at B .

�
F o r S � B , let I

B

(
S

)
b e a la rgest indep endent set of G

B

such

that I

B

(
S

) \ B = S .

�
Find 2

w + 1

numb ers fo r each bag B : the values
j

I

B

(
S

)j
fo r

each S � B .

�
Compute these numb ers from the leaves up.



DP on a T ree Decomp osition.

Indep endence Numb er.

�
If S is not an

indep endent set,

then
j

I

B

(
S

)j = 0.

�
Otherwise,

j
I

B

(
S

)j = j
S

j
.



DP on a T ree Decomp osition.

Indep endence Numb er.

�
Let I b e a la rgest indep endent

set in G

c

that �extends� S .

�
X = I \ G

C

S

0= S \ C .

�
Claim: X is a la rgest

indep endent set in G

C

such that

X \ B = S

0
.

�
If there is a la rger such set Y in

G

C

, then S [ Y is indep endent

and
j

S [ Y
j > j

I
j

, a

contradiction.



DP on a T ree Decomp osition.

Indep endence Numb er.

�
If there is a la rger Y in G

C

such

that Y is indep endent and

S

0 � Y , then S [ Y is

indep endent.

�
If u 2 S n S

0
, then u =2 C .

�
If u 2 S n S

0
is adjacent to

v 2 Y n S

0
, then v 2 B .

�
v =2 S since v =2 S

0
, and so

v 2 B n S , a contradiction.

� j
I

B

(
S

)j =
j

S
j+ max

T � S

0, T indep.

j
I

C

(
T

)j - j
S

0j
.



DP on a T ree Decomp osition.

Indep endence Numb er.

�
v 2 I

C

1

(
S

0
1

) \ I

C

2

(
S

0
2

) =)
v 2 S .

�
u 2 I

C

1

(
S

0
1

)
, v 2 I

C

2

(
S

0
2

)
=)

there is no edge
f

u , v
g

in G .



DP on a T ree Decomp osition.

Indep endence Numb er.

�
If S is not an indep endent set,

then
j

I

B

(
S

)j = 0.

�
Otherwise,

j
I

B

(
S

)j =

j
S

j+
iX

j = 1

max

T � S

0
j

, T indep.

�
�

I

C

j

(
T

)
�
� -

iX

j = 1

�
�
� S

0
j

�
�
� .

�
T otal running time:

O

�
2

2 ( w + 1 )
w

2

n

�
=

2

O ( w ) � p oly
(

n
)

.



DP on a T ree Decomp osition.

Some results.

F o r an input graph of treewidth w ,

�
The Indep endent Set p roblem � O

(
2

w

n
)

.

�
The Dominating Set Problem � O

(
4

w

N
)

�
The 3-colourabilit y p roblem � O

(
3

w

n
)

.

�
Many other NP-ha rd graph p roblems such as V ertex Cover,

F eedback V ertex Set, Longest P ath, ...



DP on a T ree Decomp osition.

Summa rising...

�
FPT algo rithms fo r many NP-ha rd graph p roblems, where the

pa rameter is the treewidth of the input graph.

�
The running time of these algo rithms is singly exp onential in

the pa rameter: O

�
2

k

n

�
, O

�
4

k

N

�
, etc.
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The Diameter-T reewidth Prop ert y of

Plana r Graphs

FPT algo rithms pa rameterized b y diameter

Theo rem

A plana r graph G with diameter D has treewidth at most 3 D , and

such a tree decomp osition with at most 2 n no des can b e found in

O

�
n

2

�
time.

Co rolla ry

Given
(

G , D
)

as input, where D is the diameter of plana r graph G ,

w e can �nd the Domination Numb er/Indep endence

Numb er/3-colourabilit y of G in FPT time.

�
The treewidth of G is at most 3 D .

�
Solve the p roblem instance

(
G , 3 D

)
using the app rop riate DP

algo rithm on tree decomp ositions, in FPT time.
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The Diameter-T reewidth Prop ert y of

Plana r Graphs

FPT algo rithms pa rameterized b y solution size

Theo rem

If G is a connected graph with domination numb er k , then the

diameter of G is at most 3 k - 1 .

Pro of.

�
No vertex of G can dominate mo re than 3 vertices of a

diameter of G : a , x , y , z , . . . , b is a sho rter path.

�
Diameter > 3 k =) 3 k + 1 o r mo re vertices in the induced

path =) Domination Numb er > k .



The Diameter-T reewidth Prop ert y of

Plana r Graphs

FPT algo rithms pa rameterized b y solution size

Co rolla ry

The follo wing p roblem, pa rameterized b y k , is in FPT:

Given
(

G , k
)

as input, do es plana r graph G have a dominating set

of size at most k ?

�
If the diameter of G is 3 k o r mo re, then �NO�.

�
Otherwise, solve the p roblem instance

(
G , 9 k - 3

)
using the

DP algo rithm on tree decomp ositions.



The Diameter-T reewidth Prop ert y of

Plana r Graphs

FPT algo rithms pa rameterized b y solution size

Theo rem

1 If G is a connected graph with indep endence numb er k , then

the diameter of G is at most 2 k - 1 .

2 If G is a connected graph with a vertex cover of size k , then

the diameter of G is at most 2 k .

Pro of.

1

f
v

1

, v

3

, . . . , v

2 k + 1

g
is an indep endent set of size k + 1.

2

No vertex can cover mo re than t w o edges in the path.



The Diameter-T reewidth Prop ert y of

Plana r Graphs

FPT algo rithms pa rameterized b y solution size

Co rolla ry

The follo wing p roblems, pa rameterized b y k , a re in FPT:

�
Given

(
G , k

)
as input, do es plana r graph G have an

indep endent set of size at least k ?

�
Given

(
G , k

)
as input, do es plana r graph G have a vertex cover

of size at most k ?



Finding a b etter gadget

�
W e could get a c

k

FPT algo rithm fo r many plana r graph

p roblems pa rameterized b y the solution value k b ecause:

�
If the diameter is la rge enough, then the answ er is obvious.

�
Otherwise the treewidth is small, and w e can use the DP

algo rithm.

�
Can w e �nd a b etter gadget than the diameter?

�
Y es, the r � r grid mino r.
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Graph Mino rs

De�nitions

�
T o contract an edge,

�
Collapse its end vertices to one vertex,

�
Thro w out the resulting self-lo op.

�
H is a mino r of G if H can b e obtained from a subgraph of G

b y contracting edges.



Graph Mino rs

An example.

Example
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The r � r Grid

Example

�
Some p rop erties of the r � r grid:

�
Plana r.

�
Has treewidth r .

�
Any plana r graph of treewidth w has a

�
w

6

�
�

�
w

6

�
grid as a

mino r.
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V ertex Cover

�
Can w e �nd a b etter gadget than the diameter?

�
Y es, the r � r grid mino r.

Theo rem

A plana r graph that has treewidth w has an

�
w

6

�
�

�
w

6

�
grid as a

mino r.

F act

A smallest vertex cover of an r � r grid has size at least
(

r - 1
) 2 =2 .

F act

The size of a smallest vertex cover do es not go up when taking

mino rs.
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A sub exp onential FPT algo rithm fo r pa rameterized V ertex

Cover

1 Apply the facto r-4 app ro ximation algo rithm to�
G , 6

p
2 �

p
k + 7

�
.

2 If the algo rithm sa ys t w
(

G
) > 6

p
2 �

p
k + 7, then sa y �NO�

and stop.

3 Else w e get a tree decomp osition T of G of width at most

24

p
2

p
k + 28.

4 Find a minimum vertex cover of G using T , in time

c

O ( 24

p
2

p
k + 28 )

p oly
(

n
)

.

The running time is sub exp onential in k

O

�
2

3 . 7

p
k

k

3 = 2

n

3

lg

4

n + c

24

p
2

p
k + 28

p oly
(

n
)
�

= 2

O (
p

k )
p oly

(
n
)
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Bidimensionalit y

Intro duction

�
Intro duced b y Demaine, Hajiagha yi, and others.

�
A su�cient condition fo r a graph p roblem to have c

p
k

FPT

algo rithms.

�
Satis�ed b y all pa rameterized graph optimisation p roblems

kno wn to have c

p
k

FPT algo rithms.

�
Op en: Is the condition also necessa ry?



Bidimensionalit y

De�nitions

De�nition

A graph pa rameter P is a function that maps graphs to

nonnegative integers.

Examples

� j
V

j
,

�
the diameter,

�
the size of a minimum vertex cover,

�
the domination numb er.



Bidimensionalit y

De�nitions

Let g : N ! N b e a strictly increasing function.

De�nition

A graph pa rameter P is g
(

r
)

-mino r-bidimensional if

�
If H is a mino r of G , then P

(
H

) 6 P
(

G
)

, and

�
F o r the r � r grid R , P

(
R

) > g
(

r
)

Examples

� j
V

j
and the size of a minimum vertex cover a re

O

�
r

2

�
-mino r-bidimensional.



Bidimensionalit y

c

p
k

FPT algo rithms.

�
Let G b e a plana r graph of treewidth w , and let P b e a graph

pa rameter that is

r

2

c

2

-mino r-bidimensional fo r some constant c .

Then

�
G has a

�
w

6

�
�

�
w

6

�
grid, sa y R , as a mino r,

�
P

(
G

) > P
(

R
) >

�
w

6

�
2 =c

2

, and so

�
c

p
(

P
(

G
)) >

�
w

6

�
. That is, w 6 6 c

p
(

P
(

G
)) = O

� p
P

(
G

)
�



Bidimensionalit y

c

p
k

FPT algo rithms.

Theo rem

Let P b e a graph pa rameter that is 

�

r

2

�
-bidimensional on plana r

graphs. Then fo r any plana r graph G , t w
(

G
) = O

� p
P

(
G

)
�

.

Co rolla ry

The p roblem of determining P , pa rameterized b y the value of the

solution, has a c

p
k

FPT algo rithm.

�
The class of 


�
r

2

�
-bidimensional pa rameterized p roblems

includes all p roblems that a re kno wn to have sub exp onential

pa rameterized algo rithms fo r plana r graphs.



Bidimensionalit y

c

p
k

FPT algo rithms.

Theo rem

Let P b e a graph pa rameter that is 

�

r

2

�
-bidimensional on plana r

graphs. Then fo r any plana r graph G , t w
(

G
) = O

� p
P

(
G

)
�

.

Co rolla ry

The p roblem of determining P , pa rameterized b y the value of the

solution, has a c

p
k

FPT algo rithm.

�
The class of 


�
r

2

�
-bidimensional pa rameterized p roblems

includes all p roblems that a re kno wn to have sub exp onential

pa rameterized algo rithms fo r plana r graphs.



The sto ry so fa r...

�
Dynamic Programming on tree decomp ositions of b ounded

width � c

k

FPT algo rithms with the treewidth as the

pa rameter.

�
Ca rries over to plana r graphs with diameter and solution size

as pa rameters.

�
The r � r grid-mino r � the exp onent drops to

p
k .

�
Bidimensionalit y � captures all (?) such p roblems on plana r

graphs.

�
Contraction-bidimensional graph pa rameters.
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H -Mino r-F ree Graphs

Mino r-Closed and H-mino r-free graph classes.

De�nitions

Mino r-Closed, H -Mino r-F ree

�
A family F of graphs is mino r-closed if fo r any G 2 F , every

mino r of G is also in F .

�
A mino r-closed family F is H -mino r-free if H =2 F .



H -Mino r-F ree Graphs

Mino r-Closed and H-mino r-free graph classes.

Examples

Mino r-closed families of graphs.

1 The class of plana r graphs is mino r-closed.

2 The set of fo rests is mino r-closed.

3 The set of all graphs with treewidth at most c is mino r-closed.

Examples

H -mino r-free families of graphs.

1 K

5

-o r- K

3 , 3

-mino r-free � sup erclasses of plana r graphs.

2 K

3

-mino r-free : the class of all fo rests.



The La rge-Grid-Mino r Theo rem

F o r H-mino r-free-graphs

Theo rem

F o r any �xed graph H , every H -mino r-free graph of treewidth w

has an 
 (
w

) � 
 (
w

)
grid as a mino r (The hidden constant

dep ends on H ).



The La rge-Grid-Mino r Theo rem

Consequences

Fix a graph H .

Theo rem

Let P b e a graph pa rameter that is 

�

r

2

�
-mino r-bidimensional.

Then fo r any H -mino r-free graph G , t w
(

G
) = O

� p
P

(
G

)
�

.

Co rolla ry

j
V

j
is r

2

-bidimensional, and so fo r an H -mino r-free G on n vertices,

t w
(

G
) = O

(
p

n
)

.



Sub exp onential FPT Algo rithms

On H -mino r-free graphs

Theo rem

If pa rameter P

�
can b e computed on a tree decomp osition of width w in time

2

o ( w

2 )
, and

�
is 


�
r

2

�
-mino r-bidimensional,

then P can b e computed on any H -mino r-free graph in 2

o ( k )
FPT

time.

�
A simila r theo rem holds fo r contraction-bidimensional

pa rameters, on ap ex-mino r-free graphs.



Summing up...

�
c

k

FPT algo rithms using DP on tree decomp ositions where k is

�
the treewidth

�
the diameter (plana r graphs)

�
the solution value (plana r graphs)

�
c

p
k

FPT algo rithms on plana r graphs using bidimensionalit y

�
c

p
k

FPT algo rithms on H -mino r-free graphs using

bidimensionalit y



Other results

�
PT ASs fo r many p roblems restricted to H -mino r-free graphs.

�
FPT algo rithms fo r graphs of b ounded degeneracy .
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