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Sparsification

Approximateany graphGby a sparse
graphH.

G

Z Nontrivial statement abouG
Z His faster to compute with tha



Cut Sparsifiers [Bencz#r A OC A O

HapproximatesG if
for every cutS2V
sum of weights of edges leavir)s preserved

~

Can findH with O(nlogn&?) edges irO(m)  time



The Laplacian (quick review)

Lg=Dg—Ag= Y c;j(8—6)(5 —d)"

ijEE
Quadratic form
z:V — R
' Lgr =Y ¢;(x(i) — 2(5))?
ijEE

Positive semidefinite
Ker(Lg)=span() if Gis connected



Cuts and the Quadratic Form

For characteristic vectors € {0,1}" of SCV
viLors = Y. cij(x(i) — 2(45))?
ijEE
= ). <
i7€(S,S)
= wtg(S, S)

So BK says:

<1l4e Vze{01}"



I 30011 CAO .1
For characteristic vectozs € {0,1}", S CV

viLors = Y. cij(x(i) — 2(45))?
iieE
= D ¢
i7€(S,S)
= witg(S, S)

So BK says:




Why?



1. All eigenvalues are preserved

By CourantFischer,
(1 = e)A(G) S XN(H) < (1 +e)Ni(G)

GandH have similar eigenvalues.

For spectral purpose$; andH are equivalent.



(X'Lx says a lot)

2. Behavior of electrical flows.
XTLxh OAT AOCUO x¥PR) P
3. Behavior of random walks: commute
times, mixing time, etc.
I 8 O02A1 AOEOA AT-dgAEO
5. Fast linear system solvers.
strong notion of approximation.



Examples



Example: Sparsify Complete Graph by
Ramanujan Expander [LPS,M]

Gis complete om vertices. \;(Lg) = n

Hisd-regular Ramanujan graphX;(Lg) ~ d
Ni(gLlu) ~n



Example: Sparsify Complete Graph by
Ramanujan Expander [LPS,M]

Gis complete om vertices. \;(Lg) = n

Hisd-regular Ramanujan graph\;(Lg) ~ d
Ni(gLH) ~n
azT(%LH)a: 1
vl Lox
- Each edge has weight (n/d)

So,7H Is agood sparsifielGor




Example: Dumbell

d-regular
Ramanujan
times n/d

d-regular
Ramanujan
times n/d



Example: Dumbell

d-regular
Ramanujan
times n/d

d-regular
Ramanujan
times n/d

G=G1+ Go+ G3
t1'Gr = 21 Gix + 21 Gox + 21 Gz



Results



Results

We can do this well for evésy

(upto a factor of 2)



Previously Known

Expanders/Ramanujan graphs exist:
O4EAOA A O Mthéthobklikekd®d A OO.



Previously Known

Expanders/Ramanujan graphs exist:
O4EAOA A O Mthéthobklikekd®d A OO.

T
Lrx d+2v/d—1
degreed < &L LAY
: S xTLKn:c d—2+/d—1




New Result

Expanders/Ramanujan graphs exist:
O4EAOA A OAMAthafoaklikelkO®d A OO,

degreed 1 < v! Lyx — dt+2vd—1
— !l Lox d—2+/d—1

Sparsifiers exist:
O4EAOA A OAMAthéioaklikeddyp A OO,
graphGs o

avg. degree€d



New Result

Expanders/Ramanujan graphs exist:
O4EAOA A OAMAthafoaklikelkO®d A OO,

degreed 1 < v! Lyx — dt+2vd—1
— a:TLGa: d—2+v/d—1
Sparsifiers exist:
O4EAOA A OAMAthéioaklikeddyp A OO,
graphGs o
weighted
avg. degreed subgraph



deterministic
O(dmn3)
algorithm

New Result

Expanders/Ramanujan graphs exist:
O4EAOA A OAthéfoaklikelO®d A O

degreed 1 < ! Lyx _ d+2vd—1

— !l Lox d—2+v/d—1
Sparsifiers exist:
O4EAOA A OAMthéhoaklikeadp A OO,
graphGs o
weighted
avg. degree€d subgraph



deterministic
O(dmn3)
algorithm

New Result

Expanders/Ramanujan graphs exist:
O4EAOA A OAthéfoaklikelO®d A O

CUTLH:L‘ 1+ 2
degreed 1 < xTLéx < i
Sparsifiers exist:
04 EAOA A OAthéfoaklikednyp A O O,
graphGs o
weighted
avg. degre« 8=22 subgraph



The Method



The Method

(13approximation with 6n edges.)



Step 1: Reduction to Linear
Algebra






Outer Product Expansion

Recall:

Lg= > (6;=38)(6;—6;)" = beby.
el eckl



Outer Product Expansion

Recall:

LG — Z (5@ — 53)(5?, — 5J)T — Z bebz.
el eckl

For a weighted subgrapH:

LH — Z Sebebg
eckt

where se=wt(e) in H.






\-







~1/2

1 < ML LyLt?) < 13,

1< A (Z seL, bebZLGl/z) <13

eck

J
with ve = L'/ b,




A closer look av,

_1/9 m vectors
ve = Lg / be. in Rn-1



A closer look av,

m vectors
in Rn-1



A closer look av,

m vectors
in Rn-1

\/ o N —

AAT OEO1LSG-

———————————————————————————




Choosing a Subgraph




New Goal




New Goal

=

Ty,
1< ZHY 293 yp e R®
ol Lox




Main theorem

/s

Z fuevg = In
€

then there are scalaise > O with

1 < )\(Z sevevg) < 13

_and {se # 0}] < 6n.

~

/




Main theorem

/s

Z fuevg = In
€

1 <A Sevevs ) <

_and [{se # 0} <[dn]

then there are scalaise > O with

~

(d4-2+/d—1

d—2vd—1

/




Main theorem

/s

Z fuevg = In
€

then there are scalaise > O with

1 < )\(Z sevevg) < 13

_and {se # 0}] < 6n.

~

/




Step 2: Intuition for the
proof



Main theorem

/s

Z fuevg = In
€

then there are scalaise > O with

1 < )\(Z sevevg) < 13

_and {se # 0}] < 6n.

~

/




Main theorem

/s

Z fuevg = In
€

then there are scalaise > O with

1 <A sevevg)

~

<13

.

\rwill build this one

kand {se #0}| <6

vector at a time.

J




What happens when we add a vector”

A(A)



Interlacing

A(A)

0-0—0—

A A + vol)




More precisely

Characteristic Polynomial:

pA(x) = det(xl — A)



More precisely

Characteristic Polynomial:

pA(x) = det(xl — A)

Matrix-Determinant Lemma:

A2
PpqyyT — PA (1 + > g;ftﬁ; )



More precisely

Characteristic Polynomial:

pA(x) = det(xl — A)

M A + vol)
Matrix-Determinant | @re zeros of this.

A2
PpqyyT — PA (1 + > g;ftﬁ; )




Physical model of interlacing
p
| . = positive unit charges ]e
P

resting at barriers on a slo

.




Physical model of interlacing
p
<v,u>’=charges adde}j
+(v

to barriers )2




Physical model of interlacing
p
<v,u>’=charges adde}j
+(v

to barriers )2




Physical model of interlacing

[Barriers repel eig}. +<




Physical model of interlacing

[Barriers repel eig}. +<

( )
Inverse law

+ (v, un)? repulsion)
+<Uau1>2 V
, <Uaui>2 -
N 1+ 04 =0

A1
gravity ]




Physical model of interlacing

[Barriers repel eig}.




Examples




Ex1: All weight omi,




Ex1: All weight omi,




Ex1: All weight omi,




Ex1: All weight omi,




Ex2: Equal weight ou, ,u,




Ex2: Equal weight ou, ,u,




Ex2: Equal weight ou, ,u,




Ex3: Equal weight on all, u,,
O U,




Ex3: Equal weight on all, u,,
O U,




Adding a balanced vector




Consider a random vector

|f
D e ’Ue’Ug =

For every w; : o (ve, u;)? =

1.



Consider a random vector

|f
D e ’Ue’Ug =

For every u; : Ze<ve,ui)2 = 1.

OEOO A OOAT AT i 6 OAAOIT
projection ineverydirectioni :

________________________




|deal proof




|deal proof

_________________________




|deal proof

________________________




ldeal proof

U4 A
|7 | Befveu)? =1/m
uij _______________________ I
o—0

A(Q) — A(l) + vyl



ldeal proof

U4 A
+ |7 | Eefvew) =1/m
ujjl' _______________________ :
—@-0-4

A(3) — A(Q) + vyl
(3 = (@) _ (2



ldeal proof

4 u; R
_|_ // i <I"€<f067?«l)@>2 — ]./m :
\_ / uj/" _______________________ :
—0-00-0

AC+1) — A(2) —|—’U’UT



ldeal proof

4 u; N\
+ |7 | Eefvew) =1/m
ujjl' _______________________ :
—00

AC+1) — A(2) —|—’U’UT



ldeal proof

4 u; N\
+ |7 | Eefvew) =1/m
ujjl' _______________________ :
—000

AC+1) — A(2) —|—’U’UT



ldeal proof

4 u; N\
_|_ // : <I"€<f067?«l)@>2 — ]./m :
/ uj/:- _______________________ |




ldeal proof

4 u; N\
_|_ // : <I"€<f067?«l)@>2 — ]./m :
/ uj/:- _______________________ |




ldeal proof

4 u; N\
_|_ // : <I"€<f067?«l)@>2 — ]./m :
/ uj/:- _______________________ |




|deal proof

_________________________

PG+ = (@) _ ()



|deal proof

4 w; )
Uy T 5 .,
_|_ R i le(Ve,ug)c = 1/m
jjl_ _______________________ '
-0-0-0- OO
A(Z_I_]-) — A(Z) —|—’U‘UT ........

PG+ = (@) _ ()



|deal proof

______________

Ali+1) — A@) + vl

—————————————————

_-—a o - o O - o o o e e e e s ol



Punch Line

________________________

! / ________________________




Punch Line

________________________

A(+1) —

»(1) = Laguerre(®

1) TGy

 An(A) 1'2_';

.

In dn steps: i”l”gﬁ% < ‘jﬁ; \/_V

J

—————————————————



find actual vectors\

PunCh Line that realize this
Ideal behavior.
y,
2=1/m |
________________________ .
(z) — (7)
AG+1) — — Laguerre
(rp(i_l_]-) :m/ : )\n(A) < 1 ’2_';
)\n(A) d+2+/d—
\ In dn steps: Al(A)—d 2\/— )




Step 3: Actual Proof

(for 6n vectors, -&pprox)



Broad outline: moving barriers
A=0

@
-n 0 N













Step 1
A =

0 looser constrain
tighter

constraint T

\% v € {ve}

+1/3 +2
A vvl a
0

"o
0

-n+1/3 n+2



A(2)

Step I+1













Step I+1

AW AG+1)  A>+2)




Step I+1

A@ A+ A>+2)

+1/3m +2m
+-o1-+—1—
0

—|—VVT



Step I+1

A AG+1)  AG+2)  AG+3)

00— -



Step I+1

AW AG+1)  A@+2) AG+3)

to—n "}



Step I+1

AW AG+1)  A@+2) AG+3)




Step I+1

AW AG+1)  A@+2) AG+3)

- -}



Step 6n

A@ A+ AG+2) AG+3) - A(6n)




Step 6n

A@ A+ AG+2) AG+3) - A(6n)

- O S S S S BN SN S SN BN EEE BN EEE SN B BEE B SEE EEE B BEE B S e B aae e e s el



Problem

-

need to show that an appropriate

’Uefug

always exists.

~




Problem

4 )
need to show that an appropriate

’Uefug

always exists.

<\ <1

IS not strong enough to do the induction.



Problem

(- need to show that an appropriate W
need a better way to measure
\_ qguality of eigenvalues.

<\ <1

IS not strong enough to do the induction.



The Upper Barrier

PU(A) = Tr(ul — A~ =3, 7

J

—uT_




The Upper Barrier

PU(A) = Tr(ul — A~ =3, 7

J

—uT_

PU(A) <1 = Admax(A) <€ u




The Upper Barrier

PU(A) = Tr(ul — A~ =3, 7

Nol ; within dist. 1
No 21| ; within dist. 2
No 31| ; within dist. 3
u'

Nok | iwit.hin dist. k
PU(A) <1 = Amax(A) € u




4 = e A s~ < ~N N v s A ;A
O41 OAl OAPOI QEIT 1. =

0
physical model I balrier

PU(A) = Tr(ul —A) ™t =7
Nol ; within dist. 1

No 21| ; within dist. 2
No 31| ; within dist. 3

. | U
Nok | ; within dist. k

PU(A) <1 = Amax(A) € u



The Lower Barrier

Pp(A) =Tr(A—)"t =3, /\il_g

.

B —

Pp(A) < 1= Aqin(A) > ¢




The Beginning
A=J

0



The Beginning
A=J




Step I+1

A@ A+ A>+2)

J

TLQ-O—O —-
0

DU(A) < 1
dp(A) < 1.



Step I+1

A@ A+ A>+2)
+1/3

N

4 . )

Lemma.

can always choose{- svvy cpu( A) <1
so that potentials do not increase CDg(A) S 1

&

)




Step I+1

A AG+1)  AG+2)  AG+3)

T—Lo-o o0 oJ—T
0

DU(A) < 1
dp(A) < 1.



Step I+1

AW AG+1)  A@+2) AG+3)

_J

fLo—u "}
0

DU(A) < 1
dp(A) < 1.



Step I+1

AW AG+1)  A@+2) AG+3)

TLO—O 0 0{1
0
PU(A) < 1

dp(A) < 1.



Step I+1

AW AG+1)  A@+2) AG+3)

TL 00-“—#
0
PU(A) < 1

dp(A) < 1.



Step 6n

A@ A+ AG+2) AG+3) - A(6n)

\_ J

——n—t

O 8 n 13n

DU(A) < 1
dp(A) < 1.



Step 6n

A@ A+ AG+2) AG+3) - A(6n)

- O S S S S BN SN S SN BN EEE BN EEE SN B BEE B SEE EEE B BEE B S e B aae e e s el



Goal

-

Lemma.
can always choose4- gyy

o

that both potentials do not increase.

PU(A) <1
d,(A) <1

~

)

+1/3

N

~+svv

+2

T

q



The Right Question

O7TEEAE OAAOTI O OET OlI



The Right Question




—I—svv

Upper Barrier UpdatE

Add svv! &setu’ «— u 4 2.



—I—svv

Upper Barrier UpdatE

Add svv! &setu’ «— u 4 2.

CDu,(A -+ SVVT)
= Tr(v'I — A — svvl)™1



—I—svv

Upper Barrier UpdatE

Add svv! &setu’ «— u 4 2.

CD“,(A + svv!)
= Tr(v'I— A —svvl)™}!

N
_|_
-
c
.
L
[
N

ShermanMorrisson




—I—svv

Upper Barrier UpdatE

Add svv! &setu’ «— u 4 2.

CD'“’,(A + svv')
= Tr(v'I— A —svvl)™}!

vi(W'l — A) 2y
1/s —vi(u/I—A)~1lv

— % (A) A



—I—svv

Upper Barrier UpdatE

Add svv! &setu’ «— u 4 2.

CD“,(A + svv')
= Tr(v'I— A —svvl)™}!

vi(W'l — A) 2y
1/s —vi(u'I - A)~1lv
[want < CD'“’(A).]

— % (A) A




How much ofvv!  can we add?

Rearranging:
DU (A + svvl) < dU(A)

<

T (W'l — A)~2 |
v (cpu(A) ~ou(A)

1
= >
o2

(u'I — A)_l) \%



How much ofvv!  can we add?

Rearranging:
DU (A + svvl) < dU(A)




The Lower Barrier

Similarly:
P (A + svvl) < ®y(A)




Goal

Show that we can always add some vector while
respectingbothbarriers.
4 )

+1/3 +2

N q >

_ —|—SVVT Y




Both Barriers

-~

\_

There Is always a vector with

UonngLonv

1

~

J




[ canadd JBoth Barrier

\_

N is always a v

UonngLonv




[ canadd JBoth Barrier

N is always a v

UonngLonv
\_ Y,

Then, can squeeze scaling factor in between:

1

UAQVVT§%§LA0VV



Taking Averages

EV,UAOVVTSLAQVVT
Z UAOVV —UAO(Z?J@’U )
VE{Ue}
= Upeol

= Tr(Uy,).



Taking Averages




BoundingTr(U,)

_2 B
Tr(w =A% | - 4yt

PU(A) — PW(A)



BoundingTr(U,)

Tr(w'I — A)~2

PU(A) — PW(A) :

PU (A)




BoundingTr(U,)

Tr(w'I — A)~2

PU(A) — PW(A) :

< PU(A)




BoundingTr(U,)

Tr(w'I — A)~2

, | < 1
DU(A) — DU (A) f

Induction
\_




BoundingTr(U,)

/
2, U (A)

dU(A) — DY (A)

<1

Induction
\_




