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1 Introduction

One of the major goals in information theory, classical or quantum, is to make optimal use of the
communication resources. The capacity of a channel thus reflects the best rate of transmission of
bits/qubits that can be achieved, with negligible error, for many uses of the channel [1, 2]. While
capacities are well known in the classical case, finding capacities of quantum channels is believed to
be hard [2]. Alternatively, one can characterize quantum channels through the notion of fidelity [11],
which measures, on an average, how close the output state is to the input state.

The concepts of quantum channel capacity or fidelity aim to capture, in a physically meaninful
way, the channel’s inherent ability to transmit quantum information. Nevertheless, their usefulness is
limited because in most cases they are difficult to compute. On the other hand, quantum channels can
also be used to share entanglement [3] between two remote observers. This is particularly important
in the context of quantum information theory, where shared entanglement is a critical resource of
quantum information tasks, especially quantum teleportation [4]. Thus the problem of how well a
quantum channel can trasnmit a quantum state can also be posed as how well a quantum channel can
serve as a resource for quantum information processing tasks (e.g. teleportation). It is in this spirit we
ask the following question: Given a quantum channel, what is the maximum fidelity (singlet fraction)
of an entangled state that we can possibly prepare by means of trace preserving local operations (TP
LOCC), where the maximum is taken over all such preparations? Noting that there is a direct relation
between the teleportation fidelity and singlet fraction of any bipartite density matrix [11], the answer
to the above question immediately gives us the optimal teleportation fidelity for a quantum channel.
While the answer is known for channels such as depolarizing [11] and amplitude damping [12], it
remains open for a generic qubit channel. In this paper we give a complete answer to the above
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question for qubit channels and present an explicit protocol to achieve the optimal value. We also
prove definite results on whether or not the optimal value is achieved by sending maximally entangled
states in a general setting for sharing entanglement.

To define the optimal fidelity for a qubit channel we proceed as follows. First, Alice prepares a
two qubit pure state |ψ〉 and sends part of it to Bob using the qubit channel Λ they share. This results
in a mixed entangled state ρψ,Λ, purity of which is measured by its fidelity of fully entangled fraction
[7, 9, 11]

F
(
ρψ,Λ

)
= max

|Φ〉
〈Φ|ρψ,Λ|Φ〉, (1)

where |Φ〉 is a maximally entangled state. The notion of fidelity is of considerable interest in quantum
information theory as it quantifies how close the state ρψ,Λ is to a maximally entangled state as well
as how useful the state is for quantum teleportation [11] and entanglement distillation [11, 7, 9].

Next, Alice and Bob apply local trace preseving operations (TP-LOCC) on their respective qubits
to increase the fidelity [14, 15, 16]. Thus the maximum achievable fidelity for a given ρψ,Λ is defined
as[16]

F∗
(
ρψ,Λ

)
= max

TP-LOCC
F

(
ρψ,Λ

)
(2)

Note that unlike fidelity, the maximum achievable fidelity is an entanglement monotone [16] and
thus cannot be increased on an average by local operations and classical communication (LOCC) and
moreover, it can be exactly computed by solving a convex semi-definite program for any given two-
qubit density matrix [16]. The optimal fidelity of the qubit channel Λ is now obtained by maximizing
F∗ over all transmitted pure states |ψ〉:

F (Λ) = max
|ψ〉

F∗
(
ρψ,Λ

)
(3)

It is clear that for any transmitted pure state |ψ〉, the following inequalities hold:

F (Λ)≥ F∗
(
ρψ,Λ

)
≥ F

(
ρψ,Λ

)
(4)

Now noting that the optimal teleportation fidelity f (σ) of any two qubit density matrix σ is related to
its fidelity via the following relation [11]:

f (σ) =
2F (σ)+1

3
. (5)

we immediately get the optimal teleportation fidelity for the channel Λ

f (Λ) =
2F (Λ)+1

3
. (6)
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2 Statement of results

In this paper we consider only qubit channels, that is, quantum channels that allow transmission of
qubits. Our first result concerns the maximum attainable fidelity for a qubit channel Λ.

Theorem 1. Let |ψ0〉 be the eigenvector of the largest eigenvalue of the density matrix ρ
Φ+,Λ̂. Then

the optimal fidelity of the channel Λ is given by

F (Λ) = F∗
(
ρψ0,Λ

)
= F

(
ρψ0,Λ

)
= λmax

(
ρφ+,Λ

)
, (7)

where |Φ+〉= 1√
2
(|00〉+ |11〉) and λmax

(
ρΦ+,Λ

)
is the maximum eigenvalue of ρΦ+,Λ.

.
Thus the optimal fidelity is given by the maximum eigenvalue of the density matrix ρΦ+,Λ – the

state obtained by sending half of the maximally entangled state |Φ+〉 through the channel. The above
result also tells us explicitly how to attain this optimal value: one simply needs to transmit part of
a suitable two qubit pure state |ψ0〉 through the channel; the fidelity of the resulting state ρψ0,Λ thus
obtained is optimal and requires no further local post-processing. This optimal state |ψ0〉 is given by
the eigenvector corresponding to the maximum eigenvalue of ρ

Φ+,Λ̂ – the state obtained by sending
half of the state |Φ+〉 through the dual channel Λ̂.

What can we say about |ψ0〉? Evidences so far are mixed: |ψ0〉 could be either maximally entan-
gled (e.g., depolarizing channel [11]) or nonmaximally entangled (e.g., amplitude damping [12]), but
the answer for a generic qubit channel is not known. The following result characterizes the channels
for which |ψ0〉 is maximally entangled and for which it is not.

Theorem 2. The state |ψ0〉 is maximally entangled if and only if the channel Λ is unital, where |ψ0〉
is the eigenvector corresponding to the largest eigenvalue of ρ

Φ+,Λ̂.

Theorem 2 tells us that following the prescription of Theorem 1, the optimal fidelity cannot be
obtained by sending part of a maximally entangled state if the channel is nonunital. We note that an
instance of this result has been previously observed in the case of amplitude damping channel [12],
which is known to be nonunital. On the other hand if we know that the optimal value is attained by
sending part of a maximally entangled state, then we can certainly conclude that the channel is unital.

It is important to recognize that the above results, especially Theorem 1 only prescribes a method
to attain the optimal fidelity. It does not, however, rule out the possibility that the optimal fidelity may
still be attained by sending a maximally entangled followed by local post-processing. As it turns out
this would not be the case as the next result shows.

Theorem 3. For a nonunital channel Λ,

F∗
(
ρΦ+,Λ

)
< F (Λ) (8)

Thus for a nonunital channel the optimal fidelity is achieved only by sending nonmaximally en-
tangled states through the channel.
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