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Abstract. We show a scheme to universally implement a projective measurement in the energy eigenbasis
on a system evolving by an unknown Hamiltonian based on the phase estimation algorithm. To apply the
phase estimation algorithms for unknown Hamiltonian systems, two new algorithms are introduced. One
is for asymptotically but universally implementing a controlled-unitary operation of a unitary operation of
Hamiltonian evolution. Another is a new deterministic quantum computation with one pure qubit (DQC1)
algorithm for evaluating the absolute value of the unitary operation.
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1 Motivation

The postulates of quantum measurement assert that
any Hermitian operator is associated to an observable
and its projective measurement is possible. On the other
hand, another postulate dictates that systems evolve ac-
cording to some Hamiltonian. Thus the projective
measurement of energy should be possible on a system
evolving according to its Hamiltonian. Implementation
of the energy eigenbasis projective measurement requires
manipulation from the outside of the system evolving by
the Hamiltonian. This is possible if there is another sys-
tem on which we can implement any quantum map at our
will coupling to the system. A system with such high
controllability is a quantum computer. We assume that
the quantum computer can operate in a time scale much
faster then the Hamiltonian dynamics of the system.
To perform an energy eigenbasis measurement on a

system evolving by an unknown Hamiltonian, we can use
the following brute-force method. First, we estimate the
Hamiltonian by process tomography [1] to find a descrip-
tion of the Hamiltonian. Then we compute the eigenvec-
tors of the Hamiltonian and perform a unitary opera-
tion on the system that maps the energy eigenbasis to
the computational basis. We perform a projective mea-
surement in the computational basis. The time required
to perform this method depends on the dimension of the
system that is exponential in terms of the system size.
The phase estimation algorithm [2] provides the better

implementation of the energy eigenbasis measurement [3].
Its running time does not depend on the dimension of
the system but on the required accuracy. This algorithm
works if a controlled version of Hamiltonian dynamics is
provided. One proposal to obtain the controlled version
of the dynamics from the Hamiltonian dynamics [4] as-
sumes that the input is encoded in a particular subspace
and that there is another subspace on which the Hamil-
tonian acts as the identity operator. These assumptions
are satisfied in particular setups such as in linear optical
quantum computation using photon qubits, but cannot
be generally applied to other settings.
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In this talk, we propose an efficient and universal al-
gorithm that implements the controlled version of Hamil-
tonian dynamics to perform the phase estimation algo-
rithm for general systems evolving by unknown Hamil-
tonian. This algorithm works approximately. We also
propose a new DQC1 algorithm that evaluates the effi-
ciency of the approximation.

2 Phase estimation algorithm

The phase estimation algorithm is a quantum algo-
rithm to estimate the phase factor 0 ≤ θi < 2π of
the eigenvalue eiθi of a unitary operation U , when an
eigenstate |θi⟩ is given as an input state. The algorithm

uses controlled-unitary operations of U,U2, U22 , · · · , U2N

where N denotes the number of control qubits. A
controlled-unitary operation CU of an unitary operation
U is defined by

CU := |0⟩⟨0| ⊗ I+ |1⟩⟨1| ⊗ U (1)

onHc⊗Ht where the Hilbert spaces of the control system
and the target system are represented by Hc = C2 and
Ht = Cd, respectively. As a map on density matrices,
we denote this unitary evolution by CU(t/m).
As N increases, the probability to obtain an outcome

outside a fixed range of an eigenvalue decreases exponen-
tially in terms of N , whereas the total calling time of U
increases exponentially. If we apply the phase estima-
tion algorithm to an arbitrarily superposed input state
|ϕ⟩ =

∑
i αi|θi⟩ ∈ Ht where

∑
i |αi|2 = 1, the algorithm

implements a projective measurement {|θi⟩⟨θi|} on Ht as
N → ∞.

3 Universal controllization

We propose an algorithm that asymptotically and uni-
versally implements a controlled unitary operation when
the unitary operation is given as U(t) = e−iHt for an
unknown Hamiltonian H.
The algorithm is the following. We add an ancilla sys-

tem where its Hilbert space is represented by Ha = Cd

and its initial state is prepared in a maximally mixed
state I/d. We divide the time evolution U(t) on Ht into
m iterations of U( t

m ) = e−iH t
m , and insert Fredkin gates
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Figure 1: (a) A quantum circuit representation of the
algorithm approximately implementing CU(t). The two
generalized Pauli operations σi in a sequence are identi-
cal, but they have to be chosen randomly for each itera-
tion. (b) A quantum circuit representation of the pseudo
controllization gate WU(t/m).

and randomly chosen general Pauli operations before and
after each U( t

m ) as shown in Fig. 1. Due to the dynam-
ical decoupling theorem [5], the effects of the two ran-
dom Pauli operations in each iteration lead the ancilla
state to I/d and the ancilla system is decoupled from
the other systems. Thus m iterations of this procedure
implement a map Γm

U(t/m) that is an approximation of
CeiφCU(t), where Ceiφ := CeiφI is originated in the global
phase of U(t/m) and is inevitably added in the control-
lization process. The effect of this additional Ceiφ can
be ignored in the energy eigenbasis measurement since it
results in the base-point shift of the energy eigenvalues.
The difference between the maps CeiφCU(t) and Γm

U(t/m)

can be evaluated in terms of the diamond norm by∣∣∣∣∣∣CeiφCU(t) − Γm
U(t/m)

∣∣∣∣∣∣
⋄
= 1− (aU(t/m))

m (2)

where

aU(t/m) := |Tr[U(t/m)]/d|. (3)

We call (aU(t/m))
m as a coherence factor. The coherence

factor can be evaluated by

(aU(t/m))
m = O[((TrH)2 − TrH2)t2/(d2m)]

≤ 1 +O[(∆max)
2t2/m], (4)

where Ei = −θim/t is an eigenvalue of H correspond-
ing to the eigenstate |θi⟩ and ∆max is the maximum en-
ergy difference (the largest eigenvalue minus the smallest
eigenvalue) of H. Thus the right hand side of Eq. (2) can
be bounded by [(∆max)

2t2/m].

4 Algorithm evaluating coherence factor

The coherence factor (aU(t/m))
m can be evaluated in

the following manner. Consider the following random
unitary operation,

V ′
U(t/m)(ρ) :=

1

D2

∑
i,j

V
(i,j)
U(t/m)ρ(V

(i,j)
U(t/m))

†, (5)

where

V
(i,j)
U(t/m) = (I⊗ σi ⊗ σj)WU(t/m)(I⊗ σi ⊗ σj). (6)
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Figure 2: Algorithm for evaluating factor (aU(t/m))
m.

We perform dynamical decoupling which separates the
control system from the target and the ancilla system.

The algorithm depicted in Fig. 2 applies V ′
U(t/m) for m

times. By the dynamical decoupling effect similarly
used in the controllization algorithm, the resulting state
after the Hadamard gate is given by ρ̃⊗ I/d⊗ I/d, where

ρ̃ =
I+ a2mU(t/m)σz

2
. (7)

The coherence factor can be calculated from the probabil-
ity of obtaining 0 or 1 in the last measurement according
to Tr[ρ̃σz] = (aU(t/m))

2m.

Acknowledgments: The authors thanks T. Sugiyama
for suggesting the use of Bernstein’s inequality and H.
Nishimura for pointing out the Robinson-Schensted cor-
respondence. This work is supported by the Project for
Developing Innovation Systems of MEXT, Japan, the
Global COE Program of MEXT Japan, and JSPS KAK-
ENHI (Grant No. 23540463, and No. 23240001). The
authors also gratefully acknowledge to the ELC project
(Grant-in-Aid for Scientific Research on Innovative Areas
MEXT KAKENHI (Grant No. 24106009)) for encourag-
ing the research presented in this paper.

References

[1] I.L.Chuang and M.A. Nielsen. “Prescription for ex-
perimental determination of the dynamics of a quan-
tum black box”, J. Mod. Phys., 44:2455, (1997)

[2] P. W. Shor, “Polynomial-Time Algorithms for Prime
Factorization and Discrete Logarithms on a Quantum
Computer”, arXiv :9508027 (1996)

[3] K. Temme, T.J. Osborne, K.G. Vollbrecht, D. Poulin,
F. Verstraete, “Quantum Metropolis Sampling”, Na-
ture 471, 87 (2011).

[4] X.-Q. Zhou, T.C. Ralph, P. Kalasuwan, M. Zhang,
A. Peruzzo, B.P. Lanyon and J.L. O’Brien “Adding
control to arbitrary unknown quantum operations”,
Nat. Comm. 413 (2011).

[5] L. Viola, E. Knill, and S. Lloyd, “Dynamical Decou-
pling of Open Quantum Systems”, Phys. Rev. Lett.
82, 2417–2421 (1999).


