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Abstract. Thermal entanglement of a two-qubit Ising chain subjected to an external magnetic field and
Dzialoshinski-Moriya (DM) interaction is examined. The effect of magnetic field, strength of DM interaction
and temperature are analyzed by adopting negativity of partial transpose as the measure of entanglement.
It is shown that when the DM interaction along the Ising axis is considerable, thermal entanglement can
be sustained for higher temperature. The usefulness of longitudinal DM interaction over the one that is
perpendicular to the Ising axis, in the manipulation and control of entanglement at a feasible temperature,
is illustrated.
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1 Introduction

The study of thermal entanglement in quantum spin
chains of solid state systems is known to provide a bridge
between quantum information processing and condensed
matter physics [1]–[12]. The usefulness of entangled spin
chains in thermal equilibrium to the future realization
of quantum computers [13] has necessitated this poten-
tially rich area of study. The study of thermal entan-
glement in Ising spin chains subjected to external trans-
verse magnetic field has been carried out quite exten-
sively [9, 10, 11, 12].
Dzialoshinski-Moriya (DM) interaction [14, 15], an

anisotropic and antisymmetric exchange interaction, aris-
ing due to spin orbit coupling is seen to enhance the
thermal and ground state entanglement of Heisenberg
spin chains [7, 8]. The anisotropy and antisymmetry of

the interaction is evident through its form
→

D .[
→

S1 ×

→

S2]
[14, 15]. Thermal entanglement of a two-qutrit Ising sys-
tem subjected to a magnetic field and DM interaction,
both along the direction of Ising axis, is studied by C.
Akyüz et. al. [12]. Here we examine the combined ef-
fect of external magnetic field and DM interaction, both
in the longitudinal as well as transverse directions, on
the thermal entanglement of a two-qubit Ising chain [16].
We adopt negativity of partial transpose N(ρ) [17] as the
measure of entanglement for its unambiguous determina-
tion.

2 Thermal entanglement of an Ising

chain with longitudinal magnetic field

and DM interaction

The two-qubit Ising chain subjected to magnetic field
B and DM interaction [14] both along the direction of
the Ising axis is modelled by the Hamiltonian

Ĥ = 2J(σ̂1z · σ̂2z)+B(σ̂1z+ σ̂2z)+d(σ̂1x · σ̂2y− σ̂1y · σ̂2x).
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Here J , d denote Ising coupling constant and DM inter-
action parameter respectively. The thermal state ρ(T )

of the Ising chain is given by ρ(T ) = e
−

H

kT

Z
where

Z = Tr
[

e−
H

kT

]

is the partition function and k is Boltz-

mann’s constant. We explicitly evaluate the negativity
of partial transpose N(ρ) of the state ρ(T ) and present
a graphical analysis of its variation with respect to the
parameters T , B and d.
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Figure 1: Two dimensional plots showing the effect of
magnetic field on N(ρ). (J = 1.)
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Figure 2: Variation of N(ρ) with magnetic field for fixed
d and T (J = 1.)

It is readily seen that higher DM interaction and
smaller longitudinal magnetic field are beneficial in sus-
taining the thermal entanglement for a larger range of
temperature.



3 Thermal entanglement in the Ising

chain with transverse magnetic field

and DM interaction

Instead of the longitudinal magnetic field, if we con-
sider a transverse external magnetic field and the DM
interaction perpendicular to the Ising interaction, the
Hamiltonian of the system is given by

Ĥ = 2J(σ̂1x · σ̂2x)+B(σ̂1z+ σ̂2z)+d(σ̂1x · σ̂2y− σ̂1y · σ̂2x).

Here Ising axis is chosen to be x-axis and the magnetic
field, DM interaction along z-axis. If NT (ρ) denotes the
negativity of partial transpose of the corresponding ther-
mal state, its variation with the parameters T , B and d

are as shown below.
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Figure 3: Two dimensional plots showing the effect of
transverse magnetic field on NT (ρ). (J = 1.)
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Figure 4: Variation of NT (ρ) with transverse magnetic
field for fixed d and T (J = 1.)

An interesting feature in the case of transverse mag-
netic field, transverse DM interaction is the vanishing
and recovery of entanglement at a particular value of
magnetic field, that depends both on temperature and
strength of DM interaction (See Figs. 4(A) and 4(B)).
In particular, at T = 0, NT (ρ) suddenly drops to zero
from its maximum value at B = d. For T > 0, this phe-
nomenon occurs at B ≈ d + T . But in all these cases
the value of NT (ρ) that is recovered after vanishing is
considerably smaller than its value at B = 0 (See Figs.
4(A) and 4(B)).
On comparing Figs. 3 and 4 with the corresponding

Figs. 1 and 2 one can conclude that “there is a consid-
erable reduction in the range of temperature over which
the thermal entanglement is non-zero, at any fixed value
of d and transverse magnetic field B in comparison with
the same situation with longitudinal magnetic field, DM
interaction.” The supremacy of an Ising chain with DM
interaction along its axis over an Ising chain with trans-
verse DM interaction, in retaining thermal entanglement
at not-so-low temperatures, is thus evident.

4 Concluding Remarks

We have evaluated thermal entanglement in the two-
qubit Ising model with longitudinal magnetic field, DM
interaction and compared the results with that of a trans-
verse Ising model in the presence of transverse DM inter-
action [16]. We show that a pure DM interaction (with-
out magnetic field) along the Ising axis can give rise to
thermal entanglement and its value as well as the range
of temperature over which it is non-zero increases with
the increase in the DM interaction [16]. The thermal en-
tanglement in the case of transverse DM interaction is
seen to last for a smaller temperature range in compari-
son with that in the case of longitudinal DM interaction.
The usefulness of longitudinal DM interaction over the
one that is perpendicular to the Ising axis, in the manip-
ulation and control of entanglement at a feasible temper-
ature, is thus illustrated [16]. We conjecture that these
results are applicable to the pariwise entanglement in an
N -qubit Ising chain in the presence of DM interaction.

References

[1] M. C. Arnesen, S. Bose, V. Vedral, Phys. Rev. Lett.
87(1):017901, 2001.

[2] X. Wang, Phys. Rev. A. 64:012313, 2001.

[3] X. Wang, Phys.Rev. A., 66:034302, 2002.

[4] G. L. Kamata and A.F. Starace, Phys. Rev. Lett.
88(10):107901, 2002.

[5] L. Zhou, H. S. Song, Y. Q. Guo and C. Li, Phys. Rev.
A. 68:024301, 2003.

[6] X. Wang, Phys. Lett. A. 281:101–104, 2001.

[7] Da-Chuang Li, Xian-Ping Wang, Zhuo-Liangn Cao,
J. Phys.: Condens. matter. 20:325229, 2008.

[8] X. S. Ma, Opt. Commun. 281:484–488, 2008.

[9] D. Gunlycke, V. M. Kendon, V. Vedral and S. Bose,
Phys. Rev A. 64:042302, 2001.

[10] P. Stelmachovic and V. Buzek, Phys. Rev. A.
70:032313, 2001.
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