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Abstract 
 Recently, Agarwal [New J. Phys., 13, 073008(2011)] proposed the generation of a 

non-Gaussian two-mode quantum vortex state of a system by subtracting a photon from a 

squeezed vacuum. In the present paper, we study the dynamics of this state under thermal 

environment. We find strong violation of Bell-CHSH inequality by this state and study the 

effect of thermal environment on it. 
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1. Introduction 
 Non-Gaussian states are important resource 

in quantum information and communication because 

some quantum-information tasks are unlikely to be 

implemented only by using Gaussian operations. 

Quantized vortex state is an important example of the 

two-mode non-Gaussian state. Optical vortex is a 

beam of light the phase of which varies in a 

corkscrew-like manner along the beam's direction of 

propagation. Agarwal et al. [1] studied the generation 

of a circularly symmetric quantum vortex. Very 

recently, Agarwal [2] proposed that a ‘two-mode 

quantized vortex state (TMQVS)’ may be prepared 

by subtracting a photon (a non-Gaussian operation) 

from a two-mode squeezed vacuum state  
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where ϕ=ξ ire  is a complex squeezing parameter, r is 

the degree of squeezing, a and b are two modes of 

field with commutation relations 1]b̂,b̂[]â,â[ †† == , 

0]b̂,â[ † = , etc. After subtracting a photon from two-

mode squeezed state from idler mode b via a beam 

splitter with low reflectivity and detection of one 

photon, resulting TMQVS [2] of the output field is  
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where, rsinh1N = .  Wigner function of TMQVS is 
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where ϕβ−α=α i* ersinhrcosh~  and 

rcoshersinh
~ i* β+α−=β ϕ− , with αθα=α i

e  and 

βθ
β=β

i
e . Study of the decoherence (i.e., loss of 

coherence of states of quantum systems due to the 

interaction with the environment) of quantum states 

is a key step in building quantum information 

processors. Hence, in the present paper, we 

investigate the dynamics of TMQVS under thermal 

environment. Study of violation of Bell-CHSH 

inequality is used to demonstrate the nonlocal nature 

of the quantum mechanics. We examine the possible 

violation of Bell-CHSH inequality and its dynamics 

under thermal environment by the TMQVS. 

2. Dynamics of TMQVS under thermal 

environment 
 The Fokker-Planck equation (in Born-

Markov approximation) describing the time evolution 

of the Wigner function of a quantum state under 

thermal environment can be written as [3] 
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Here γ  is the dissipative coefficient and n  is the 

average thermal photon number of the environment. 

By solving this equation, the Wigner function of 

TMQVS in thermal environment at time τ is the 

convolution of the Wigner function of the initial state 

( )0,,(W),(W )s(
ab

)s(
ab =τβα≡βα ) and that of the 

thermal environment [4]: 
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where 
γτ−−=τ e1)(s  , 

γτ−=τ e)(t , and 

( ))n21(2exp)))n21((2()(W
2th +ζ−+π=ζ . Time 

evolution of TMQVS in thermal environment,  
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and 222 )(t)n21())(t2)(s)n21(2(a τ+τ+τ+= . With 

this result we can examine the effect of squeezing (r), 
number of thermal photons ( n ) and intensity of 

either mode ( J
22

=β=α ) on time evolution of 

TMQVS. We find different conditions where the 

Wigner function, ),,(W
)s(

ab τβα , of the TMQVS is 

negative which is an indicator of the nonclassicality 
[5] of the state. For example, for J = 0.02, r = 0.2, and 

n =0.1, the negativity of ),,(W
)s(

ab τβα  decreases as 

time )(s τ  increases. Further, if we increase n , the 

negativity vanishes more rapidly as )(s τ  increases. 

3. Violations of Bell-CHSH inequality and its 

dynamics under thermal environment 

      Two-mode Wigner function for the state ψ  can 

be given in terms of a correlated parity measurement 

by the following POVM operators [6]: 

 )(D̂k2k2)(D̂)(ˆ †

0k

α∑α=α∏
∞

=

+ ,                (7) 

 )(D̂1k21k2)(D̂)(ˆ †

0k

α∑ ++α=α∏
∞

=

− ,      (8) 

where )ââexp()(D̂ *† α−α=α is the displacement 

operator. Corresponding operator for the correlated 

measurement of the parity on modes ‘a’ and ‘b’ of 

two parties, say Alice and Bob, is defined as 
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The outcome of the measurements is either +1 or -1. 

Then the Bell-CHSH inequality is 
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where ),(B βα is the Bell-CHSH function. Wigner 

function of the two-mode state abρ̂ is proportional to 

the mean of abΠ̂  such that =βα ),(W )s(
ab  
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2 βαΠρπ . Time evolution of ),(B βα  

can be written in terms of the Wigner functions at 

different phase-space points, 
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Violation of this inequality 2),,(B ≤τβα  confirms 

the local realistic theory. With Eqs. (3) & (11), we 

find strong violations of the inequality for 0=τ . For 

example, for the variation of )0,,(B =τβα  with J and 

φ , we find strong violations ( )0,,(B =τβα = -2.204) 

at r = 0.8, J = 0.02 and φ  = 3.016. Further, to 

investigate the dynamics of Bell-CHSH inequality for 

TMQVS under thermal environment, we use Eqs. (6) 

& (11). For example, for r = 0.2, n  = 0.1, and J = 

0.02, variation of ),,(B τβα with )( βα θ−θ−φ  and 

)(s τ  shows that as time )(s τ  increases, violation of 

Bell-CHSH inequality vanishes whatever be the 

value of r, n  and J.  

 In summary, it is found that the transition of 

the Wigner function of TMQVS from negative 

(nonclassicality) to completely positive definite 

depend not only on the average number ( n ) of 

thermal environment, but also on the average number 

of the TMQVS (J) and squeezing parameter (r). We 

have studied the dynamical behavior of the 

nonlocality for TMQVS in the thermal environment 

and found different situations under which TMQVS 

violate the Bell-CHSH inequality strongly.  
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