Quantum discord plays no distinguished role in characterization of
complete positivity : Robustness of the traditional scheme
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Abstract. The traditional scheme for realizing open-system quantum dynamics takes the initial state
of the system-bath composite as a simple product. Currently, however, the issue of system-bath initial
correlations possibly affecting the reduced dynamics of the system has been attracting considerable interest.
The influential work of Shabani and Lidar [PRL 102, 100402 (2009)] famously related this issue to quantum
discord, a concept which has in recent years occupied the centre-stage of quantum information theory and
has led to several interesting results. They have claimed that reduced dynamics is completely positive if
and only if the initial system-bath correlations have vanishing quantum discord. Here we show that there
is, within the Shabani-Lidar framework, no scope for any distinguished role for quantum discord in respect
of complete positivity of reduced dynamics. Since most applications of quantum theory to real systems
rests on the traditional scheme, its robustness demonstrated here could be of far-reaching significance.
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Every physical system is in interaction with its environ-
ment, the bath, to a smaller or larger degree of strength.
As a consequence, unitary Schrodinger evolutions of the
composite, the system plus the bath, manifests as dissipa-
tive non-unitary evolutions when restricted to the system
of interest. The folklore scheme for realizing such open
system dynamics is to elevate the system states pg to
the (tensor) products ps ® pid, for a fived fiducial bath
state pgd, then to evolve these uncorrelated system-bath
states under a joint unitary Ugp(t), and finally to trace
out the bath degrees of freedom to obtain the evolved
states pg(t) of the system:

ps — ps @ pp’ = Usp(t) ps @ pp* Usp(t)’
— ps(t) = Trp [Uss(t) ps @ pa Us(t)'] . (1)

The resulting quantum dynamical process (QDP) ps —
ps(t), parametrized by pid and Uggp(t), is provably com-
pletely positive (CP).

While every CP map can be thus realized with uncor-
related initial states of the composite, a suspicion that
more general realizations of CP maps could be possible
has always been lurking beneath the surface. A specific,
carefully detailed, and precise formulation of the issue of
initial system-bath correlations possibly influencing the
reduced dynamics was presented not long ago by Shabani
and Lidar (SL) [1]. In this formulation, the distinguished
bath state pfid is replaced by a collection of (possibly cor-
related) system-bath initial states Q%2 € B(Hs @ Hp),
where Hg, Hp are the Hilbert spaces of the system and
bath, the dimensions being dg, dp respectively. The dy-
namics gets defined through a joint unitary Usp(t):

psp(0) = psp(t) = Usp(t) psp(0) Usp(t)',
Y psp(0) € Q5. (2)

This composite dynamics induces on the system the QDP

ps(0) = ps(t), (3)

with pg(0) and pg(t) defined through this natural imag-
ing from Q5P to the system state space Ag:

ps(0) = Tre pse(0), ps(t) = Trepss(t).

It is evident that the folklore scheme, the Stinespring
dilation, obtains as the special case Q°F = {ps ®
pE [ pit = fixed }.

This generalized formulation of QDP allows SL to tran-
scribe the fundamental issue to this question: What are
the necessary and sufficient conditions on the collection
Q5B o0 that the induced QDP pg(0) — pg(t) in Eq. (3)
is guaranteed to be CP for all joint unitaries Ugp(t)?
Motivated by the work of Rodriguez-Rosario et al.[2],
and indeed highlighting it as ‘a recent breakthrough’, SL
advance the following resolution to this issue:

Theorem 1 (SL): The QDP in Eq.(3) is CP for all
joint unitaries Ugsp(t) if and only if the quantum dis-
cord vanishes for all psp € Qgp, i.e., if and only if the
initial system-bath correlations are purely classical.

Obviously, in order that the QDP in Eq. (3) be well
defined in the first place, the set Q%8 should necessarily
satisfy the following two properties:

Property 1: No state ps(0) can have two (or
more) pre-images in Q5B.  If a state pg(0) has
two pre-images psp(0) # pgp(0) with Trgpsp(0) =
Trpgp(0), there exists certainly some Usp(t) such
that ps(t) = Trg [Us(t)pse(0)Uss(t)!] # pi(t) =
Trg [Usg(t)pdp(0)Usp(t)T], making one and the same
system state pg(0) evolve into two distinct states pg(?)
and pé(t), and thus rendering the QDP in Eq. (3) one-
to-many, and hence ill-defined.

Property 2: While every system state pgs(0) need not
have a pre-image actually enumerated in Q%8 the set of
ps(0)’s having pre-image should be ‘large enough that the
QDP in FEq.(3) can be extended by linearity to all states
of the system’[2]. If Q5B fails this property, then the
very issue of CP would make no sense. For, in carry-
ing out verification of CP property, the QDP would be



required to act, as is well known, on the operator basis
{17)(k|} for j, k = 1,2, --- dg; i.e., on generic complex
ds-dimensional square matrices, and not just on posi-
tive or hermitian matrices alone. Since the basic issue
on hand is to check if the QDP as a map on B(Hg) is
CP or not, it is essential that it be well defined (at least
by linear extension) on the entire complex linear space
B(Hs).

Our entire analysis rests on these two innocent-looking
and nearly-obvious minimal requirements on the set Qgp.
We ‘assume’, to begin with, that every pure state [i))
of the system has a pre-image in Q°F. It is evident
that, for every pure state |¢), the pre-image in QP has
to necessarily assume the (uncorrelated) product form
[¥) (Y] ® pp, pp being a state of the bath which could
possibly depend on the system state [¢)). While this is
self-evident and is actually independent of SL, it may be
viewed as a consequence of the necessary condition part
of SL theorem.

Now, let {|1)}45 | be an orthonormal basis in Hg and
let {|¢a)}%, be another orthonormal basis related to the
former through a complex Hadamard unitary matrix U.
Recall that a unitary U is Hadamard if |Uka| = 1/V/dg,
independent of k,«. For instance, the characters of the
cyclic group of order dg written out as a dg X dg matrix
is Hadamard. The fact that the {|ix)} basis and the
{|¢«)} basis are related by a Hadamard means that the
magnitude of the inner product (¥|¢,) is independent
of both k and «, and hence equals 1/v/dg uniformly. We
may refer to such a pair as relatively unbiased bases.

Let |¢x) (1] ® Oy be the pre-image of |1x)(¢x| and
|pa)(Pal ® O be that of |pa)(dal, kya = 1,2, ds.
Possible dependence of the bath states Oy on |i) and
O, on |$a) has not been ruled out as yet. Since the maxi-
mally mixed system state can be expressed in two equiva-

lent ways as (dg) =t >, V) (k| = (ds) 71 Y, |Pa) (Pal,

uniqueness of its pre-image in Q%2 (Property 1) demands

ds dS
> k) (k| ® Ok = |6a) ($al ® Oa.
k=1 a=1

Taking projection of both sides on [¢;)(¢;|, and using
|(¥5]pa)? = (ds) ~t, we have
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while projection on |¢g)(¢s| leads to
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These 2dg constraints together imply that O; = 55 uni-
formly for all j, 8. Thus the pre-image of |[¢y) (| is
k) (Vk| @ pf* and that of |¢a)(ba] is [da) (el @ pf?, for
all k, a, for some fized bath state pgd. And, perhaps more
importantly, the pre-image of the maximally mixed state
(ds) ~'1 necessarily equals the product (dg) 'l ® pfd.

Taking another pair of relatively unbiased bases
{0}, {|¢o)} one similarly concludes that the pure
states \77/1,;><1/)IL|, 16.,)(¢e| too have pre-images |1/1,;><1/1,;\ ®
phd |6/ ) (6) |©pf9 respectively, with the same fixed fidu-
cial bath state p};{d. This is so, since the maximally mixed
state is common to both sets.

Considering in this manner enough number of pure
states or projections [¢)(1| sufficient to span—Dby
linearity—the entire system state space Ag, and hence
B(Hs), one readily concludes that every element of Q%P
necessarily needs to be of the product form pg(0) ® pgd,
for some fized bath state pid. But this is exactly the
folklore or Stinespring realization of non-unitary dissipa-
tive dynamics given in Eq. (1), to surpass which was the
primary goal of the SL scheme. We have thus proved our
principal result :

Theorem 2 : No initial correlations—even classical
ones—are permissible within the SL scheme.

While our proof above was under an assumption, it can
be shown that the conclusion is valid even without this
assumption [3]. It is worth emphasising that our en-
tire analysis is based only on the two nearly-obvious
and innocent-looking minimal requirements on Q%2 mo-
tivated above.

Since the SL theorem has influenced an enormous num-
ber of authors, it is possible that some results of those
authors need recalibration in the light of our result, par-
ticularly if those results made essential use of the suffi-
ciency part of the SL theorem. The SL theorem has come
to be regarded among the more important recent results
of quantum information theory, and several authors have
paraded it as one of the major achievements of quantum
discord. Our analysis conclusively proves that character-
ization of complete positivity of QDP is not an item that
can enter the resumé of quantum discord.

But there is another, possibly much deeper, implica-
tion of our finding. Our analysis-strictly staying within
the SL framework has shown that this framework brings
one exactly back to the folklore scheme itself, as if it were
a fixed point. This is not at all a negative result: the fact
that the folklore product-scheme survives attack under
this well-defined, powerful, and fairly general framework
of attack demonstrates its, perhaps unsuspected, robust-
ness. ‘Stinespring Regained’, if one likes.
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