Unextendible Mutually Unbiased Bases from Pauli Classes
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Abstract. We provide a construction of sets of d/2 4+ 1 mutually unbiased bases (MUBS? in dimensions
d = 4,8 using maximal commuting classes of Pauli operators. We show that these incomplete sets cannot
be extended further using the operators of the Pauli group. What is more, specific examples of sets of
MUBs obtained using our construction are shown to be strongly unextendible; that is, there does not exist
another vector that is unbiased with respect to the elements in the set. We conjecture the existence of
such unextendible sets in higher dimensions d = 2"(n > 3) as well.

Furthermore, we prove an interesting connection between these unextendible sets and state-independent
proofs of the Kochen-Specker (KS) theorem for two-qubit systems. Our construction also leads to a proof
Olf the tigh(;cneséf of an Hy entropic uncertainty relation for any set of three MUBs constructed from Pauli
classes in d = 4.
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Two orthonormal bases A = {|a;),7 = 1,...,d} and
B ={lb;),j =1,...,d} of a d-dimensional Hilbert space
C? are said to be mutually unbiased if for all basis
vectors |a;) € A and |b;) € B,

1
a;|b;)| = —=,Vi,j=1,...,d. 1
[(ailb;)] 77" (1)
A set of orthonormal bases {Bi,Bs,...,B,,} in C? is

called a set of mutually unbiased bases (MUBs) if ev-
ery pair of bases in the set is mutually unbiased. Such
bases play an important role in our understanding of com-
plementarity and are central to quantum cryptographic
tasks such as quantum key distribution [7]. MUBs cor-
respond to measurement bases that are most ‘incompat-
ible’, as quantified by uncertainty relations [6], and the
security of these cryptographic tasks relies on this prop-
erty of MUBs. MUBs also form a minimal and optimal
set of orthogonal measurements for quantum state to-
mography [1, 2].

The maximum number of MUBs that can exist in a
d-dimensional Hilbert space is d + 1 and explicit con-
structions of such complete sets are known when d is a
prime power [2, 3, 4]. However, in composite dimensions,
whether a complete set of MUBs exists, still remains an
open problem. Related to the question of finding com-
plete sets of MUBs is the important concept of unex-
tendible sets of MUBs.

A set of MUBs {B1,Bs,...,B,,} in C¢ is said to be
unextendible if there does not exist another basis in
C? that is unbiased with respect to all the bases Bj,j =
1,...,m. While examples of such unextendible sets are
known [5, 10], we provide a systematic construction of
such unextendible sets of MUBSs for systems of n-qubits.
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Specifically, let P, \ {I} denote the set of n-qubit Pauli
operators in d = 2" dimensions, excluding the identity
operator I. Our construction involves forming a col-
lection of mutually disjoint maximal commuting classes,
that is, subsets {C1,Ca,...,CLIC; C Pp \ {I}} of size
|C;| = d—1 such that (a) the elements of C; commute for
all1 <j < Land (b) C;NC;, = 0 for all j # k. The com-
mon eigenbases of L such disjoint maximal commuting
classes form a set of L mutually unbiased bases [3].

The set P, \ {I} can always be partitioned into such a
set of d+ 1 maximal commuting classes in d = 2™ dimen-
sions, their common eigenbases forming a complete set of
d+1MUBs [3, 4]. Here, we show that there exist smaller
sets of k < d + 1 commuting classes {C1,Ca,...,Ci} in
d = 2" that are unextendible in the following sense—no
more maximal commuting classes can be formed out of
the remaining n-qubit Pauli operators that are not con-
tained in C; UCs ... UCy. The eigenbases of {Cy,...,C}
thus constitute a set of & MUBs which cannot be ex-
tended using joint eigenvectors of maximal sets of com-
muting Paulis. We call such sets weakly unextendible.

We merely summarize our results here, and refer to the
arxiv preprint [11] for further details and proofs.

Result 1 Given three Pauli classes S1, S2, S3 that be-
long to a complete set of classes in d = 4, there exists
exactly one more maximal commuting class of Pauli op-
erators S (distinct from Sy, Sz, S3) that can be formed
using the operators in S U S U Ss.

The class S along with the remaining two classes Sy
and Ss (in the complete set) form an unextendible set of
Pauli classes, whose common eigenbases form a weakly
unextendible set of three MUBs.



For example, the following set of three Pauli classes

Ci = {YeVYIeYY®I}
Co = {Y®Z,ZX,X®Y},
C; = {(XI,LI®Z X®Z}, (2)

is an unextendible set obtained using our construction.
Correspondingly, the common eigenbases of C;,Cs and Cs
form a set of weakly unextendible MUBs.

Result 2 Given five mazimal commuting Pauli classes
Ci,..., Cs that belong to a complete set of classes in
dimension d = 8, there exists exactly one more maxi-
mal commuting class that can be constructed using the
elements of Cy U ... UCs. Denoting this new class as
S, {Cs,C7,Cs,Co,S} is a set of five unextendible Pauli
classes, the common eigenbases of which form a set of
weakly unextendible MUBs in d = 8.

In fact, we show that the number of MUBs in a weakly
unextendible set is exactly three in d = 4 dimensions and
five in d = 8 dimensions; no more, no fewer. We also
present examples of sets obtained from our construction,
that are in fact strongly unextendible [11].

Properties of Unextendible Sets in d = 4: Our
construction of unextendible sets of classes in dimensions
where a complete set of such classes exist, offers new
insight into the structure of MUBs in these dimensions.
We now discuss potential applications of such smaller sets
of MUBs for quantum foundations and for cryptographic
tasks.

(a) State-independent Proofs of the KS theo-
rem: Consider the set of three MUBs in d = 4 in (2).
There exists an alternate partitioning of the nine oper-
ators that constitute the set, leading to another set of
three commuting classes, namely,

Ci = {YeY,ZeoX,X®Z},
C, = {I®Y,XQY,X®I},
C; = {YRLY®ZI®Z}. (3)

The new classes C are formed by picking one commuting
element each from each of C;,Cy and C3. Each of the 9
Pauli operators in (2) is a part of two maximal commut-
ing classes — C; and C]. The partitions in (2) and (3)
provide two separate contexts for each of these 9 Pauli
operators, thus leading to a state-independent proof of
the Kochen-Specker (KS) Theorem in d = 4 similar to
the proof by Mermin [9)].

We show here that the existence of two such contexts
for the same set of nine operators is a property unique to
unextendible sets of classes in d = 4; this is not possible
for an arbitrary triple of commuting classes that we may
pick out of the complete set of five classes that exist in
d = 4. Our construction thus provides a systematic way
to construct Mermin-like proofs in d = 4 and could po-
tentially lead to stronger tests of contextuality (see, for
example [12, 13]).

(b) Tightness of H, EUR: MUBs correspond
to measurement bases that are most “incompatible”,

where the degree of incompatibility is quantified by en-
tropic uncertainty relations (EURs). Here we will fo-
cus on the collision entropy Hs of the distribution ob-
tained by measuring state |¢) in the measurement ba-
sis B; = {|bY),j = 1,...,d}, defined as, Hy(Bi||¢))) =
—log, Zj:1(|<bz('])|¢>|2)2- For L MUBSs in d dimensions,
the collision entropy satisfies the following uncertainty
relation [6]:

L
Py w2 s (F) . @

However, it is not known if this EUR is tight in general.
Here, we show that this uncertainty relation is in fact
tight for any three MUBs in d = 4, whether they be (a)
part of a complete set of MUBs, or (b) a set of weakly
unextendible MUBs.

Conclusions: We have explored the question of
whether there exist smaller, unextendible sets of mu-
tually unbiased bases in dimensions d = 2". We show
by explicit construction the existence of sets of d/2 + 1
MUBs in dimensions d = 4,8 from Pauli classes, that
are unextendible using common eigenbases of operator
classes from the Pauli group. In the case of two-qubit
systems we prove that unextendible sets of Pauli classes
lead to state-independent proofs of the Kochen-Specker
Theorem. We also show that the tightness of the Hs
EUR for any set of three MUBs in d = 4 follows as an
important consequence of our construction.
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