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Spaces and Symmetry

Galileo Galois Jordan Lie Klein Einstein

Most physical (or mathematical) theories have two essential
ingredients:

1. A space X

2. A symmetry group G

The theory concerns quantities which are invariant under the
symmetry group.
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Relative position

Definition
Two pairs of points of X have the same relative position if G can
transform one pair to the other:

(x , y) and (x ′, y ′) have the same relative position if there
exists g ∈ G such that x ′ = g · x and y ′ = g · y.

Simplest example

When X = R and G = R (acting by translations), the relative
position of two points is determined by their difference:

(x , y) and (x ′, y ′) have the same relative position if and
only if y − x = y ′ − x ′.
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Example: Euclidean Geometry

I X = Rn

I G = Rn o SO(n)

Relative position in Euclidean geometry

The relative position of a pair of points in Euclidean geometry is
determined by the distance between them:

The pairs (x , y) and (x ′, y ′) have the same relative
position if and only if d(x , y) = d(x ′, y ′).

Thus, the fundamental invariant of Euclidean geometry, namely
distance, is a complete invariant of relative position.
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Points in a finite abelian group

I X is a finite abelian group

I G = X o Aut(X )

In this case, the relative positions are combinatorial:

Dutta and Prasad, 2011
We constructed a finite distributive lattice Λ and a function
w : A× A → Λ such that (x , y) and (x ′, y ′) have the same relative
position if and only if w(x , y) = w(x ′, y ′).

I Λ depends on A only through the combinatorial invariants of
its structure (and not the specific primes dividing its order)
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Subspaces in a vector space

I X = the set of k-dimensional subspaces of Rn

(Grassmannian space)

I G = GL(n,R), the group of invertible matrices

The relative position of a pair of subspaces is determined by the
dimension of their intersection.

The pairs (V ,W ) and (V ′,W ′) have the same relative
position if and only if dim(V ∩ V ′) = dim(W ∩W ′).
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This can be visualized as follows:

Rn
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Sugroups of a finite abelian group

Let A be a finite abelian group and B be a subgroup.

I X = set of subgroups of A which are isomorphic to B

I G = Aut(A)

If pairs of subgroups (V ,W ) and (V ′,W ′) have the same relative
position, then V ∩W and V ′ ∩W ′ are isomorphic.
Unlike the case of subspaces of a vector space, the converse is not
true.
Even if V ∩W is isomorphic to V ′ ∩W ′, an isomorphism
V ∩W → V ′ ∩W ′ may not extend to an isomorphism V → V ′ or
W → W ′.
In general, this problem is known to be a wild classification
problem.
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Nested families of subspaces in a vector space

I X = {V0 ⊂ V1 ⊂ · · · ⊂ Vn ⊂ Rn| dim(Vi ) = i}(Flag space)

I G = GL(n,R), the group of invertible matrices

Suppose V = (V0 ⊂ · · · ⊂ Vn) and W = (W0 ⊂ · · · ⊂ Wn) is a
pair of flags.
In analogy with the Grassmannian space, we can compute
dimensions of intersections:

dij = dim(Vi ∩Wj)

The relative position of two flags is determined by the matrix (dij).
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The process of extending isomorphisms (as in the case of
Grassmannian space) can be visualized as follows:

Take n = 3 and consider a pair of flags of subspaces:

V1 ⊂ V2 ⊂ V3 ⊂ V4 and W1 ⊂ W2 ⊂ W3 ⊂ W4
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Organising the dij

Each space Wj/Wj−1 is one dimensional and

0 =
V0 ∩Wj

V0 ∩Wj−1
⊂

V1 ∩Wj

V1 ∩Wj−1
⊂ · · · ⊂

Vn ∩Wj

Vn ∩Wj−1
=

Wj

Wj−1

is a nested sequence of subspaces.
The dimension of successive subquotients is:

wij := dim

(
(Vi ∩Wj)/(Vi ∩Wj−1)

(Vi−1 ∩Wj)/(Vi−1 ∩Wj−1)

)
= dij−di−1,j−di ,j−1+di−1,j−1

Therefore, for each j , there exists unique i such that wij = 1 (for
all other values of i , wij = 0.
Similarly, for each i , there is a unique j such that wij = 1.
Thus w = (wij) is a permutation matrix.
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Bruhat Decomposition Theorem

Relative positions of flags

The relative position of (V ,W ) is completely determined by w ,
where

wij = dij − di−1,j − di ,j−1 + di−1,j−1,

which ranges over the set of n! permutation matrices.

This decomposition

I Plays a key role in the representation theory of general linear
groups

I Algebraic geometry and cohomology theory of flag spaces

I The theory of symmetric polynomials

I Combinatorial identities involving Gaussian binomial
coefficients
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Beyond the Bruhat decomposition

Let R = Z/pkZ.

Consider

I X = {V0 ⊂ V1 ⊂ · · · ⊂ Vn ⊂ Rn | Vi
∼= R i}

I G = GL(n,R), the group of invertible matrices

Given a pair of flags

V = (V0 ⊂ · · · ⊂ Vn) and W = (W0 ⊂ · · · ⊂ Wn),

we may try to measure their relative position by considering the
isomorphism classes of the subgroups Vi ∩Wj of Rn.
This fails to determine relative position.
The strategy of systematically extending isomorphisms of
subspaces fails because even if two finite abelian groups are
isomorphic, not every isomorphism of subgroups extends to an
isomorphism of the groups.
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Intersection matrices

We still have

0 =
V0 ∩Wj

V0 ∩Wj−1
⊂

V1 ∩Wj

V1 ∩Wj−1
⊂ · · · ⊂

Vn ∩Wj

Vn ∩Wj−1
=

Wj

Wj−1

is a nested sequence of subspaces of Wi/Wi−1
∼= R.

But now, R = Z/pkZ has subgroups, so several of the inclusions
can be strict.
All we know is that if dij = logp |Vi ∩Wj |, then

wij := dij − di−1,j − di ,j−1 + di−1,j−1

is a matrix with non-negative integer entries whose row and
column sums are k.
This is called the matrix of intersection numbers (Onn, Prasad
and Vaserstein, 2006)
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Research problems

I Determine which integer matrices with row and column sums
equal to k can occur as intersection numbers

I How many relative positions can have the same intersection
numbers (growth relative to p)

I Study intersection numbers in the context of the rich
combinatorial theory of integer matrices (Stanley’s solution to
ADG conjecture, RSK correspondence, etc.)

I Make the connections with the representation theory of
GLn(R)
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