
HOMEWORK V

LOCALLY COMPACT ABELIAN GROUPS

(1) Let H denote the Heisenberg group associated to a discrete abelian group
A:

H = {e2πitTxMχ : t ∈ T, x ∈ A, χ ∈ Â} ⊂ U(L2(A))

Show that the centre of H ({z ∈ H : zh = hz for all h ∈ H}) is the
subgroup {e2πit : t ∈ T}.

(2) Let A be a discrete abelian group. Show that the map T × A × Â →
U(L2(A)) defined by

(t, x, χ) 7→ e2πitTxMχ

is a homeomorphism onto its image (T×A×Â is given the product topology,
and U(L2(A)) is given the strong operator topology).

(3) Let G = Â, where A is a discrete abelian group. Let HA be the Heisenberg
group associated to A, as in class, and let HG be the subgroup of U(L2(A))
consisting of operators of the form e2πitTxMχ where Txf(u) = f(u − x)
for x ∈ G and Mχf(u) = χ(u)f(u) for χ ∈ A. Show that HA and HG are
isomorphic as topological groups.

(4) Let A and G be as in the previous problem. Let K = A × G. Show that
∇ : K → K̂ defined by

∇(x, χ)(y, λ) = χ(y)− λ(x) for x, y ∈ A χ, λ ∈ G

is an isomorphism of topological groups.
(5) Let A be a finite abelian group. Let G = Â and K = A × G. For each

k = (x, λ) ∈ K, let Wk denote the Weyl operator

Wk = TxMχ.

Show that Trace(Wk) = 0 unless k = 0.
(6) With the notation of the previous problem, show that {Wk : k ∈ K} is an

orthonormal basis of EndC L2(A), where the Hermitian inner product on
EndC L2(A) is given by

〈A,B〉 = Trace(A∗B).

(7) Let N be the group of unipotent upper-triangular 3 × 3 matrices over a
finite field. Fix any non-trivial character χ of its centre. Show that there is
a unique (up to isomorphism) irreducible representation of N with central
character χ.

Date: due on Tuesday, September 9, 2009 (before class).
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