HOMEWORK V

FUNCTIONAL ANALYSIS

(1) I (,): X x X — K satisfies (az,y) = a(z,y), (r+y,2) = (x,2) + (y, 2),
(y,2) = (z,y) and (x,z) = ||z||?, for all z,y € X and a € K, where ||z|
is a norm, then the norm satisfies the parallelogram identity (i.e., X is a
pre-Hilbert space).

(2) Let © C R™ be an open domain, and suppose that f,, : @ — R is a sequence
of C! functions such that f; — f uniformly on Q. Show that f is also a C!
function and that D'f,, — D®f uniformly on Q.

(3) Show that C*(Q) is complete for k < oo (recall that this space of smooth

functions has the topology of uniform convergence on compact sets).

) Show that D(£2) is complete.

) Show that L°°(S,9B,m) is complete.

) Show that, for an open domain 2 C R", for every positive integer k, the

space H*(€) of C* functions z on © such that

||| == /Q ( > /Q ]D%(t)]g)mds < o0

la| <k

is not complete when its topology is given by the norm ||z|| defined above.
(7) Give R™ the L* norm for each n. Compute the operator norm of the linear
operator R” — R™ which is given by the matrix ((@i;))mxn-
(8) Show that the operators LP(R) — LP(R) defined by

Tof(y) = fly —x), Mef(y) =™ f(y)

are continuous for every z € R and £ € R and 1 < p < co. Show that T},
and M do not commute if 2§ # 0.

(9) Let X and Y be normed linear spaces and T': X — Y be a linear operator.
Show that T" admits a continuous inverse if and only if there exists a positive
constant 7 such that

(|Tz|| > ~||x| for every z € X.

(10) Suppose X and Y are normed linear spaces such that X is infinite dimen-
sional and Y # {0}. Show that there is a discontinuous linear operator
X =Y.

Date: due on Monday, February 11, 2008 (before class).
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