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Summary

Studying finite cutoff CF'T holds much importance in both Condensed Matter Physics and
AdS/CFT conjecture. As lattice systems always have an inherent scale, it is important to
devise a theory that will be valid for all energy scales. On the other hand, the scheme of
Holographic RG requires the study of ERG in boundary CFT.

In this thesis, we apply Exact RG to study a fixed point action and composite operators
in finite cutoff O(N) model. In Exact RG the higher energy modes of a theory are integrated
out with help of an analytic function resulting in no loss of information as one flows down to
the lower energy. This method gives us the most general expression of an action or composite
operators which is/are valid at all energy scales.

The main component of our work is Polchinski’s ERG equation. In the first part of our
work, we have constructed Wilson action at Wilson-Fisher(WF) fixed point in 4 — ¢ dimensions
for ¢* interaction. This has been done upto the subleading order. At this order, 6-pt vertex
appears in the action, which contributes to subleading order terms in 2 and 4-pt vertex. The
terms in the action have interpretations in terms of the Feynman diagram which eases the
procedure of calculation.

When one has a fixed point action at hand, it is important to find the corresponding irrele-
vant and relevant operators. Because irrelevant operators define a critical surface, and relevant
direction defines directions away from the critical surface. From the AdS/CFT perspective
also studying perturbations around the boundary CFT is important, because they give rise to
different bulk dual fields.

In the second part of our work we have constructed two important composite operators
near the WF fixed point-¢? and ¢*. In continuum theory, the composite operators mix with
the same dimension operators. Here expressions are more general, composite operators mixes

with all operators which are allowed in the theory. As we are nearby the fixed point, we have



calculated the anomalous dimensions of these operators too. In continuum limit our result
matches with results found from the Dimensional Regularization. Also our method of finding
composite operators is independent of choice of cutoff functions. This makes it useful for the
Holographic RG purpose. However, to find the anomalous dimensions of these operators we

have used a specific cutoff function for ease of calculation.
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Chapter 1

Introduction

The Renormalization Group technique was constructed to solve two different problems in
physics. One, to understand renormalization which is required to remove the UV divergences
in the correlators. Two, in Statistical Mechanics to study critical phenomena. In the first case,
why the process of cancelling divergences by adding counterterms in the Lagrangian results in
a renormalizable theory was difficult to understand initially. But when one tries to apply RG
techniques to the systems of large but finite number of degrees of freedom, a more physical pic-
ture emerges. This insight has led to better understanding of renormalization and the problem
of UV divergences.

Critical phenomena is observed during second order phase transition where correlation
lengths of different order parameters of the system diverges but nearby the phase transition
point their behavior is universal. Kadanoff came with his famous block spin formalism to ex-
plain the critical point in ferromagnetism [1]. The main idea is to divide the whole system into
blocks of a certain size and replace the spins in one block with an effective spin. In next step
one has to repeat the same procedure with the new effective spins. This process is continued
until the size of block becomes the size of correlation length. In this way one can explain both
diverging thermodynamic quantities such as specific heat at the critical point and the universal
character of the critical exponents|13] [15].

This opens up a new way of looking at RG- as a process of change of scale of a theory.
The bare theory has scale of Ay, and when we integrate out the momenta from Ay to A, an
effective theory of lower energy A emerges. If one want the continuum theory one can simply

take Ag — oo. In taking Ay — oo, it is important to tune a finite number of parameters to



special values. This is idea of renormalizability of a theory.

The Exact Renormalization Group is just a smart way of performing the job of integrating
out the higher energy modes. Instead of sharply cutting the momentum at higher energies,
one can take resort to a smooth analytic function, so that no nonlocal interactions appear in
the new effective action in position space [14]. Added benefit to that is the new low energy
correlator can always give back the old bare correlator, hence no loss of physics [52]. Using
ERG one can show that the theory at the fixed point does not depend on the bare theory
chosen, hence the universality of critical exponents arises. In QFT side also this paves a way
for proof of perturabtive renormalizability. It was shown for ¢* theory in 4 dimensions, that the
irrelavant terms in an action gets supressed in continuum limit, hence resulting in a correlator
which can be tuned with finite number of renormalizable parameters [16].

On the other hand, study of Conformal Field Theory has become of much importance in the
last few decades. It was argued long back that the theories at the critical point are conformally
invariant [3] [58]. The idea of bootstrap was also introduced soon after, which allowed further
non perturbative constraints to be placed on the system [4]. Particularly in two dimensions
these ideas have been very fruitful [5] and have applications in the world sheet description of
string theory. Reviews of later developments and references are given in [6}[7].

The AdS/CFT correpondence (8] 9] 10l [11] or “holography” between a boundary CFT and
a bulk gravity theory gives strong motivation for studying CFT’s|'| There is a large amount
of literature on this. See, for example, [12] for a review.

ERG allows us to deal with a CFT with finite UV cutoff. In condensed matter systems
there is always an underlying lattice structure that provides a natural ultraviolet cutoff. At
the critical point the correlation length being much larger than the lattice spacing, one can
for many purposes treat it as a continuum theory, much as is done in high energy physics.
Nonetheless one shoule be able to construct a theory which is valid at every energy scale . So
it is important to understand CFTs with a finite Cutoffﬂ

Another motivation for studying finite cutoff CFT using ERG comes from AdS/CFT conjec-

ture. According to this conjecture the radial coordinate of AdS can be interpreted as momentum

Tt also opens up the amazing possibility of rewriting quantum gravity as a quantum field theory in flat
space.

2If one speculates as for instance in [61] that space time itself in string theory is dicrete, then that is additional
motivation for studying such theories.



scale of the boundary CFT. This scheme comes under the name of ‘Holographic RG’. In order
to understand this Holographic RG in details it is necesary to study the structure and proper-
ties of a fixed point theory in the presence of a finite cutoff, because the cutoff represents the
radial coordinate of the (asymptotically) AdS space and one needs to know what the theory

looks like as it evolves under RG flow in the radial direction.

Recently it has been shown that one can obtain the Holographic RG equation starting
from a ERG equation of the boundary theory[40} [41]. Further evidence for this has been
obtained by studying the O(N) model at it’s fixed points in [39] where the RG flow of a scalar
composite operator was studied. If one starts with a conformally invariant fixed point action in
D dimensions and perturbs it, then an ERG describes the evolution of these perturbations. It
was shown in [37/[38][39] that the evolution operator of this ERG can be written as a functional
integral of a field theory in AdSp,; space. The boundary values of these fields are typically
sources for the perturbing operators, though other interpretations are also possible. It has also
been shown recently that gauge fields and metric perturbations in AdS can be obtained from

ERG in the boundary[51].

This motivated us to study O(N) model using ERG. O(N) model is a much explored model
(see [68][69] for nice review) in the field theory. From Holographic RG side also, the bulk dual
of O(N) model has been found in many forms |63} (64 [65].

In our work, as a first step, we construct a fixed-point Wilson action for this theory to order
€. Tt is at this order that the anomalous dimension first shows up. The action is obtained
by solving the fixed-point ERG equation perturbatively. The fixed-point equation imposes the
constraint of scale invariance. This theory is also conformally invariant. This follows from
the tracelessness of the energy momentum tensor [46) (47 48] [58]. However in our work it has
been shown that the EM tensor at zero momentum satisfies traceless condition [43]. Traceless
condition of zero momentum EM tensor denotes the theory is scale invariant. In order to

prove conformal invaraince one have to find EM tensor at general external momentum which

is beyond scope of this thesis.

Next we concentrated on the construction of the “composite” operators in ERG. In contin-
uum field theory these operators have to be renormalized so that Green’s functions involving

these are finite. This is an interesting problem in its own right. This is described in many



textbooks such as [45]. The renormalization of these operators in ¢* theory in four dimensions
is described in detail in [48] 49]. Analogous study of ¢* theory in six dimensions has also been
done [50]. In presence of interactions, an operator mixes with other operators of the same
dimension or less even in continuum field theory. In finite cutoff, one can expect this to mix

with higher dimension operators such as [ ¢*, [ ¢%,....

We are interested in those composite operators that maintain their form as they evolve.
They should obey the usual properties of operators with definite scaling dimension in a CFT.
The eigenvector equation, which is the ERG equation, can be solved perturbatively in powers
of A the coupling constant. This is also related to e since A &= O(e). It involves making a fairly
general (momentum dependent) ansatz for the eigen operators and solving for the momentum
dependence order by order. We do this up to O(A\?) . For the simplest case which is the leading
order relevant operator, we construct the local operator i.e. ¢*(x) or in momentum space ¢?(q)
with ¢ # 0. In all other cases, for reasons of computational simplicity, especially at second
order, we have focused on the integrated operators [ ¢*(z) and | ¢*(x). This amounts to
imposing » . p; = ¢ = 0. The unintegrated operator can be extracted from this modulo total
derivative terms. The scaling dimensions are also calculated and agree with the literature to this
order. It is worthy to note that the expression of action or composite opetaors do not depend
on the form of the cutoff function, hence our method of calculation can be accommodated in
Holographic RG works mentioned above [37,[38][39] . But to obtain the anomalous dimension

we have used a specific form of cutoff function for ease of calculation.

Construction of the local operators enables us to do other analysis. Important one among
them is to find whether these composite operators are primary or not. This has to be done by
checking whether the correponding correlation function satisfy the Conformal Ward Identity.

However, we did not pursue that in this thesis.
The plan of the thesis as follows:

Chapter [2] gives some background regarding our work. Here we will explain basic procedure
of ERG, then state the ERG equation and it’s modification in order to find the fixed point
action. Then We will talk about the composite operators in continuum theory and ERG.
Chapter (3| gives the construction of the Wilson Action for the O(N) model at the Wilson-

Fisher fixed point. Chapter |4] gives the construction of two composite operators. Chapter

4



and [4| constitute the work done for the thesis. Finally, Chapter gives some conclusions and

outlook of our work.






Chapter 2

Background

In this chapter, we will provide the necessary background for our work. First, we will talk about
the basic procedure of ERG. Next, we will state the ERG equation which governs the change
of effective action w.r.t scale of the theory. Then we will customize the equation to facilitate

the calculation of the IR limit of a critical theory or fixed point theory. This is material for the
chapter

To provide background for the chapter |4, next we have elaborated about the composite
operators. First we have given details about composite operator in continuum theory. After
giving some simple explanation of the meaning of composite operator in Wilsonian RG or ERG,
we have stated the definitions and boundary conditions. In the end, we have demonstrated two

simple examples of calculating comsposite operators using ERG.

The discussion in this chapter is mainly based on [52} [53].

2.1 Exact Renormalization Group

Renormalization means essentially going from a scale Ag to a lower scale A, where the initial
scale A is typically called a bare scale. One will want to see how physics changes with scale.
What do we mean by physics at Ay? It means our theory will not be sensitive to momentum

p > Ag. This can be done by following the procedure below:

7



The partition function of the full theory is given by

Z = / D el

where

/ ¢(p p) + Si¢]

To make it a partition function at scale Ag we will try to suppress the kinetic energy term for
Ay < p < 0. To execute this we will put a smooth cutoff in the kinetic energy term to obtain

the bare action

A%Mzélﬁgé%®¢+&ﬂw (2.11)

and the bare partition function

Zp = /que—SBW (2.1.2)

We will choose the cutoff function to follow the condition K (0) = 1 and K(oo) = 0. In
general cutoff functions satisfy stronger properties , but that will not affect the fixed point

values of the couplings [62].

Now we want to go to a lower scale A. For that, observe the following identity

/D¢6Xp l——/¢ (p>¢(P) - 517B[¢]1

/Dmmwmygéza¢<>mm—§é§$@em@@—&ﬂ@+m

Where a multiplicative constant has been ignored on RHS. Using this we can write

_ N B N N S
n(=p)on(p) — S1.8ld1 + Cbh]}

1 / p?
2 J, K(p*/A§) — K(p*/A?)
We can effectively call ¢;(¢y) as low(high) energy field as it is propagated by low(high) mo-

8



mentum propagator A;(Ay) defined below

A, — K(p;/AQ), A, — K(pQ/Aﬁ)p—ZK(pQ/AZ) (2.1.3)

So we can write

2= [ Dorep |- [aarian] [Dovesn |5 [ 01850, Suslor+ o

:/quz exp l—%/@Afldnl exp{—Sra[p]}
p

where

eXp{_SI,A[¢l]} = /D(bh exp{ - %/(bhAhl(bh — SI,B[¢I + ¢h]} (214)

St.a is the interaction part of an effective low energy field theory with a UV cutoff A.

Let

Salo] = %/¢1All¢z + Sralo] (2.1.5)

be the whole action so that

Zg = /D¢l e Sale] (2.1.6)

Using , we obtain

o—5al6] _ /Dgo exp [—SB[go] +%/p#;xo)so(p)¢(—p) - %/pK(ZQ/A)sb(p)szﬁ(—p)

() (o) — ¢<—p>>] (2.1.7)

1 p?
3 / K(p/Aa) — K(p/h) P

where we have written ¢; as ¢ and ¢, as ¢ — ¢. This will be useful later. It is to be noted
that one can always go back to the bare partition function. For this reason, this scheme is

called “exact”, i.e. we lose no physical information by varying the scale. It is easy to see this



explicitly. Using (2.1.7), we can calculate the generating functional of Sp using S as

[ 26 exo (=i - / 196t

~ exp E [rw1n {K<p/Ao> - K/ - ()} K - K(p/m)}]

< [Poeo (—sms] - / 1) ¢<p>) (2.18)

We observe that the correlation functions of Sg are the same as those of Sy up to the trivial
(short-distance) contribution to the two-point function and up to the momentum-dependent
rescaling of the field by Kp / AO)) [53]. If we ignore the small corrections to the two-point functions

(which are disconnected pieces proportional to d(p; + p;)), we can write

n

[ e, 7 @) g m @00 6)s, (219

=1 =1

2.2 How to find the fixed point action?

When one flow along the energy scale we may hit a fixed point (more on this in next chapter)
i.e. a point where S, does not change with scale. It is scale invariant in the sense that there is
only one scale in the theory at that point, that is given by RG scale A. So at the fixed point
if one writes every quantity in dimensionless variables. Those dimensionless variables will be
unchanged even if you change the scale. In addition to this one also needs to adjust the scaling
dimension of the field in order to keep the standard form of kinetic energy term.

So to find the fixed point action one needs to find how an action Sy changes with scale
A. This is given by Polchinski’s equation (see next subsection). Then one has to modify it as

stated above. After all these steps if one puts —Ag—i = 0, one obtains the fixed point action.

2.2.1 Polchinski’s ERG equation

We have given an integral formula (2.1.4) for Sy and (2.1.7) for Sy. It is easy to derive
differential equations from these. From (2.1.4), we obtain Polchinski’'s ERG equation

L\ 0Smalé] [, \dK(p/A) [ 6S1alé] 6S1ald] | 6°Spalg)
Ao /p” dp? ( 56 () 5¢<—p>+5¢<p>5¢<—p>)

10
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for Sy . From we obtain

_ 6SA[¢] . _ lenK(p/A) (55’/\ dK(p/A) _ 55/\ (551\ (SQSA
AoA ‘/[ g Wt e ( 50(p) 5¢<_p>+5¢<p>5¢<_p>)]
(2.2.2)

for the entire Wilson action.
The limit A — 0+

In the limit A — 0+ we expect Sy[¢] approaches something related to the partition function.

If we substitute

lim K(p/A) = 2.9.
Jim K (p/A) =0 (2.2.3)
into (2.1.7), we get

lim e=SA O+ S, T dwon) _ ji o Siald

A—0+ A—0+

—e 2 h K<P/A0J¢ /Dcp exp[ Sgle /K /Ao o ( p)] (2.2.4)

Hence, rewriting ¢(p) by %J (p), we obtain the generating functional of the bare theory

as the A — 04 limit of St :

[ Do v | -salel - / o))

e RO o [K(@/Ao)
=e Aanqur exp | —Sra pe J(p) (2.2.5)

Zp|J]

IR limit of a critical theory

For the bare theory at criticality, we expect that the correlation functions

(p(p1) -+ o(pa)) g E/Dw(pl)mw(pn) e 95l (2.2.6)

to become scale invariant in the IR limit, i.e., for small momenta compared to Ag. To be more

precise, we can define the limit

C(p1,--+ .pn) = tlgglo 2 (ZDFINE (57t - - o(pne™)) 5 (2.2.7)

11



where 7 is the anomalous dimension.

What does this mean for Sy in the limit A — 047 As we have seen above, the interaction
part Sra becomes the generating functional of the bare theory in this limit. Since the IR limit
of the correlation functions are scale invariant, only the low momentum part of limp_,o+ Sr.a

corresponds to the scale invariant theory defined by the IR limit (2.2.7).

To understand the IR limit better, we follow Wilson [13] and reformulate the ERG trans-

formation in two steps:

1. Introduction of an anomalous dimension (section |2.2.1) — the anomalous dimension is

an important ingredient of the IR limit. We need to introduce an anomalous dimension

of the field within ERG.

2. Introduction of a dimensionless framework (section[2.2.1) — each time we lower the cutoff
A we have to rescale space-time to restore the same momentum cutoff. This is necessary

to realize scale invariance within ERG.

Anomalous dimension in ERG

The cutoff dependent Wilson action Sy [¢] has two parts:

50101 = 5 | ooy PPOD) + Siale (225)

The first term is not the only kinetic term; part of the interaction quadratic in ¢’s also contains
the kinetic term. The normalization of ¢ has no physical meaning, and it is natural to normalize

the field so that S7 A contains no kinetic term.

To do this, we modify the ERG differential equation (2.2.2)) by adding a number operator

1521 [62]:
, d 55 d 625 05y 0Sa
—AO\Sal¢] = /p (—217 a2 M E /) o(p) 56(p) a2 KW/ {5gb(p)5q5(—p) - 30(p) 0(—p)
—%ANAM (2.2.9)

12
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where the number operator Ny [¢] is defined by

_ 5Sy | K(p/M)(1—K(p/N) [ 88y 85y 08
NAM}‘/JWP)W)* = {5¢<p>5¢<—p> 6¢<p>6¢<—p>H (2:2.10)

This counts the number of fields:

(Nalgl (1) -+ d(pn))s, = n(D(p1) -~ G(pn)) s, (2.2.11)

(Again we are ignoring small corrections to the two-point functions as mentioned before (2.1.9).)
Under (2.2.9) the correlation function changes as

n

H K(pli/A) (p(p1) - - (b(pn»s,\ = (5;:/) H m (o(pyr) - ¢<pn)>sA, (2.2.12)

=1

where Z, is the solution of

0
—N—Zy=mp 2 2.2.13
SA 2N =M Za ( )
satisfying the initial condition
Zn, =1 (2.2.14)

We can choose 74 so that Sj has the same kinetic term independent of A. For (2.2.9)), the
integral formula (2.1.7) must be changed to [53],

NG / Dy 50l

1 p? ep) () e(=p)  ¢(=p)
e [‘2/p1—K<p/A>_1—K<p/Ao> <K<p/Ao> \/Z—Amp/A)) <K<p/Ao> \/Z—AK(p/A>>

ZaK(p/N) K(p/Ao)

(2.2.15)

This reduces to (2.1.7) for Zy = 1.

Dimensionless framework

To reach the IR limit (2.2.7) we must look at smaller and smaller momenta as we lower the
cutoff A. We can do this by measuring the momenta in units of the cutoff A. At the same

time, we render all the dimensionful quantities such as ¢(p) dimensionless by using appropriate
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powers of A.

We introduce a dimensionless parameter ¢ by
A=pe (2.2.16)

where 1 is an arbitary fixed momentum scale. We then define the dimensionless field with

dimensionless momentum by

o(p) = A7 6(pA) (2.2.17)

and define a Wilson action parametrized by ¢:

Stl¢] = Sald] (2.2.18)

We can now rewrite (2.2.9) for S;:

atgt[¢]=/( 2p ian( )+p-0, +w> ¢(p).55t[¢_5]

dp? 2

L #5085, 85\ -
~ [0 s ) P a2

where we have replaced 7, by 7, and

5st[¢] K@) O-K@) (75 55 oS,
/ Sy / (695@)695(—19) 5<z‘s<p>5q3<—p>> (2:2.20)

is the number operator for S,.

Rewriting (2.2.12) in terms of dimensionless fields, we obtain

1
A 1K(Pi)

. (¢ b (t—t' z —(t—t
<Zt/> . )H Kpie 00) <¢(p16 ) dpne” ))>S (2.2.21)

=

(6(p1) - d(pn))s,

-
Il

where Z; satisfies

8,5Zt =N Zt (2222)

(The corrections to the two-point functions are ignored.) Comparing (2.2.21) with (2.2.7), the

14



existence of the IR limit implies that

tlim n=n (2.2.23)
and
o= 1 - _
}L%lo L1 i (p)) <¢(p1) e ¢>gt =C(p1, s pn) (2.2.24)

=1

In other words S; approaches a limit as ¢t — +o00:

lim S; = S, (2.2.25)

t—+o0

We call S, a fixed point because the right-hand side of (2.2.19)) vanishes for it:

(25 S5
4 625, B 0S5, 05 o -
+ gk T sy P (22.26)

Fixed-point equation

Instead of choosing 1 dependent on ¢, we may choose 1 as a constant so that there is a non-
trivial fixed-point solution S, for which the right-hand side of (2.2.19) vanishes. With a

constant anomalous dimension, the dimensionless ERG equation is given by,

0:Si9] = / (—2p2dipgln K(p) + ? - g 8p> ¢(p) i—t([ﬁ)]
o4 K@) (A-K(@)\ 1/ &S[g]  3S¢] 3Si[9]
+/p< Zap p? ) 2 <5¢(p)5_(—p) 0(p) 5&(—19))
(2.2.27)
For the O(N) model with N fields ¢* (i = 1,--- , N), the ERG equation becomes
&St[(ﬂ = / (—QPQdipzan(p) + ? — g +p- ap) (Ez<p) ) %
oy K@) (A—K(@)\1( 5S¢l  9Si[¢] Si[9]
[ (2 - ) (rmsin ~ 500 o)
(2.2.28)
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where the repeated indices ¢ are summed over.

This is the equation that we will solve in chapter [3]

2.3 Composite Operators

Composite operator in the field theory is simply a product of two or more operators in the
same or different space-time points. Let us consider two local operators O(x;) and O(z3). In
general, this product has singularity as x — y. In free scalar field theory just by subtracting

the vacuum expectation value, a well-defined operator product can be constructed i.e.

: 0%(z) := im{O(2)O(y) — (O()O(y))}

T—Y

Things become complex when one adds interaction. Wilson made a hypothesis to deal with

this by writing the product in a series of the following form:-

O1(z +§)0z(z = §) = Z E;(§)0;(x)

Singularity of the product of operators as & — 0 is captured by coefficients of F;(¢). The
above scheme is called Operator Product Expansion. How to define composite operators at
the same space-time point? Those operators themselves will be divergent when put inside a
Green’s function. E.g. consider the following 2-pt Green’s function with a composite operator

¢*(x) in ¢* interaction in 4 — e dimensions.

(0% (2)8(y)o(2))

In free theory all that needs to be done is to reproduce ¢? by : ¢?(x) : . But in an interacting

theory, one needs to make it finite at every order of perturbation.

At tree level,
9 i1
(0 (k)o(p)e(q)) = 2. —
P q
The 1-PI one-loop correction to this is,

16



(2.3.1)

Where A is a function of external momenta. For on-shell condition, one can add a suitable
counterterm in the Lagrangian to cancel this divergent 1-loop contribution. That results in an

anomalous dimension of the value

In general the process of adding counterterms can be encapsulated in the following expres-

sion,

Og(p) = Zo(A, D)[O](p) (2.3.2)

Where Og(p) and [O](p) denote bare and renormalized composite operators respectively.

Define an insertion of a composite operator at momentum % in a renormalized Green’s

function.

G(p1, P2, P k) = (d(p1)9(p2)..-d(pn) [O](K))

which is related to Green’s function of the bare theory by

G(p1, D2y s k) = Z7PPZ5H b (1) d(p2)....0(pn) O(K)) (2.3.3)

Where Z is the usual wavefunction renormalization factor comes with a fundamental field.

From the above expression, one finds that Green’s functions with a composite operator obey

17



the Callen-Symanzik equation

0 0

Where 5(A),7(\),70 are the beta function, anomalous dimension of the fundamental field, and
dimension of the operator O respectively. p is the arbitrary scale of the theory. ~ and o is

defined as

1 0

= —pu—1log Z
V= gk, o

0
Yo = tig- log Zo
L

In a theory where there exists several operators with the same engineering dimension, the

relation 1) becomes

=730’ (2.3.4)

So the anomalous dimension function in the Callen-Symanzik equation also gets generalized

to a matrix

Renormalization of composite operators in continuum theory is described in many field
theory textbooks (for eg [45]). A careful analysis of the composite operators is described in
[481[49] for ¢* theory in four dimensions using dimensional regularization , in [45] for ¢* theory in
six dimensions. In particular, the composite energy- momentum tensor operator is constructed
there. A similar analysis has been done recently for the ¢? theory in six dimensions [50].

In contrast, in the Wilsonian RG, one studies the evolution of an operator as longer and
longer wavelength modes are integrated out. This is done by requiring that AS obey the
Wilsonian RG equation linearized about a fixed point. This leads to the definition of a composite

operator in ERG given below. In this thesis, we will calculate the composite operators using

ERG.
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2.4 Composite operator in ERG

2.4.1 Toy example

In free field theory, at D = 4, the scalar field ¢ has engineering dimension one. The composite
¢™ thus has dimension n. Thus we consider a term in the action AS, = 1 [ m?¢*. Let the UV

cutoff be A. We write this action in terms of dimensionless fields and coordinates. Define

= &

6= Ad, z-

Then

1 m? - 1 -
AS, = = iy == i3 rd?
S Q/d:cAzqﬁ Q/dxrgb

Here r is dimensionless. On coarse graining, A decreases, so for fixed m?2, r increases. Thus if

t we see that

we write A = Age™
dAS,

=d,,AS; =2AS
7t 2 2

and we call it relevant. d,, is the overall length scaling dimension of ASy (not counting the
parameter m?, which is included to make the whole thing have dimension zero).

If we add a term

ASy = / d*z ug?
one immediately sees that u is already dimensionless and

dAS,
dt

= dmAS4 =0

and we call it marginal.

But this is not the whole story even in a free theory. The operation d/dt refers not to just
changing A that was introduced here to make things dimensionless, but it refers to the whole
process of integrating out modes between A and A(1—dt). This physical coarse graining process
fixes the A dependence of the action. It introduces an extra A dependence over and above what
is required for writing everything in terms of dimensionless variables.

We illustrate this with a simple calculation. Write ¢ = ¢, + ¢;. We assume that ¢, are
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modes between A, Ay and are integrated out. Thus
o' = 0 + 667}, + b
Integrating out ¢; in the second term gives

A3
/fﬁ 1(/ dpp~ = G[M—Aﬂ/#
T (471-)2 A2 p2 (47T)2 T

If we take A and A(1 — dt) instead of Ay and A we get

dAS4 . 6u 2 2
T = 2 / & (2.4.1)

Thus we see that AS; # 0 even in a free theory. One must add AS, with ro = —(467“)2. So

in dimensionless variables

1 o, 1 _

AS = d%u&+§/&wm& (2.4.2)
satisfies AS = 0 and has d,, = 0. This is the usual ”quadratic” divergence in scalar field theory
in another guise.

The simple calculation above is in the spirit of the Wilsonian RG and is described further in
the next section below. The above simple calculation also indicates the need to renormalize the

operators when taking the continuum limit. In the interacting case, the A dependence will be

more complicated. There will in general be mixing among all operators of a given dimension.

2.4.2 Formal definition

Composite Operators of definite scaling dimension using the ERG were discussed in [13]. A
good discussion of composite operators is given in [52] and some of it is summarized in this
section below. Many other aspects of composite operators in ¢* field theory are discussed
in [54] [55] 56] [57]. In particular, few works on energy-momentum tensor and corresponding
correlators have been done [59] [60].

A Composite operator in ERG is defined as the operator obtained by the evolution of a

bare operator under ERG flow. Consider an operator Op in the bare theory. Define the low
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energy propagator as

where K (p) is a smooth momentum cutoff function. For eg.

2

K(p) =e
and
Ko(p) =¢ ™
We also define
K - K
An(p) = o(p)p2 (p)

the high energy propagator. It propagates modes mainly between Ay, A. The full propagator
of the bare theory is A = A; + Ay,.

Define the Wilson Action Sj and the interacting part of the Wilson Action S7x by

/D¢h653[¢z+¢h] _ /nghe%f@Alld’l%f¢hAh1¢hSI,B[¢l+¢h] _ e%fqﬁlAfld)l*SI,A[@] — 5

(2.4.3)

where S; p is the interacting part of the bare action. The first equality in this can be proved

[52]. The rest are definitions. This defines an ERG flow from Ag to A.

Sp is a theory where A is a UV cutoff. It may be obtained as above by integrating out
modes in a bare theory defined at a higher scale. From the point of view of this bare theory,
A is an IR cutoff during the integration process. Nevertheless, a fixed point Wilson action Sy
defined as a stationary solution of the ERG equation has an existence in its own right without
reference to a bare theory from which it is derived. In this viewpoint, A is indeed a UV cutoff.

We take this viewpoint in this paper.
We give below some equivalent ways of defining a composite operator in ERG:

Definition I

The composite operator of this operator at scale A, O, is defined as:
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/D¢hOB (1 + ¢h]€_% [ ény  dn—S1 Blo1+én] _ OA[¢Z]€—51,A[¢5]

The composite operator defined as above has the useful property: [52]

n

(O5(P)o1)6(p2)-Hp))n = [ |

=1

iﬁgqoh@wwnmmy¢@am

Definition II

A useful way to think about composite operators in ERG is in terms of evolution operators.

Define an ERG evolution operator U(f,4) from theory of scale A; to Ay by
e—SA[¢f] — U(ﬁ i)e_SB[¢i]

Then

OA[gbf]U(f, i)e*SB [¢i] _ U(f7 Z)OB [(bi]eiSB [#4]

Thus formally one can write this as

Oalgs] = U(f,1)Osle[U(f. )] (2.4.4)

Definition II1

We can also think of perturbing Sp with a term of order € and calculate the change in Sy

to order e:

/nghe—éf¢hAh1¢h—SB,I[¢1+¢h}+EOB[¢z+¢h] — ¢ S1.Ald]+e0A[¢1] (2.4.5)

This definition leads to a functional differential equation and is also a convenient way of
defining O,. In this thesis, we use this approach. This equation is in fact the linearized ERG
equation for a perturbation AS obtained from ([2.2.1)).
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IAS o 8AS 5S 0AS . K 6AS
gee K _ _
o /{< R T R L R T
Y Y Y
K@) - K@), PAS 65 6AS | —n,  6AS }
TS e s san) T 2 W)
F[(1 - )N, + D~ NJAS (2:4.6)
where t = — log AAO and all the variables are dimensionless.

This equation defines the A or ¢ dependence, given some starting operator at the initial

time. Eigen-operators are defined by the property that

OAS OAS
o = AnAS BN (2.4.7)

i.e. under RG evolution at a fixed point they just scale as e?"! where d,, is the (length)
scaling dimension.The second term S()) is zero at the fixed point. Actually this is true for
operators integrated over all space. In most places in our work AS is chosen to be of the form
Ji fx O'(x), i.e. integrated over space and thus correspond to some coupling constant in the
action. From the integrated form one can determine O(x) up to total derivatives. Thus O(x)
and O(x) +0,0"(x) will give the same AS. To determine O(z) unambiguously one would have
to make g;(x) space dependent. This complicates the (already involved) algebra, especially at

two loops and is not attempted in our work.

2.4.3 Boundary Conditions on Composite Operators:

In the first two definitions, it is evident that there is a boundary condition for O,[¢], namely
that at A = A it becomes equal to Op[¢]. Similarly, while solving the eigenvalue equation at

the Wisher-Fisher fixed point in our work we put the initial condition that at A = Ay Ox[¢]

1 Just as an illustration, the leading order result for the relevant unintegrated operator ¢? is given in Section
3.1

23



reduces to Op[¢]. We choose Op as in the Gaussian theory, namely

Oy =¢* at A=A (2.4.8a)

Oy=¢* at A=A (2.4.8b)

Correction to this will be evaluated in a perturbation series as powers of A\. Thus AS(A = 0)
will be equal to corresponding operator in Gaussian theory ( which is given in subsection
). The corrections will be chosen to be in terms of the high energy propagator,which vanishes
when A = Ag. All the correction terms thus vanish at A = Ay. This implements the required
boundary condition. In continuum limit one may have to add further counterterms in order to

keep the operators finite which will modify the corresponding boundary conditions.

Many aspects of these local operators are discussed in [54] [55] [56} [57]. Some scaling prop-
erties are described in Appendix[B.1]
It is to be noted that the concept of scaling dimension makes sense only if the theory has

scale invariance. Thus S must correspond to a fixed point action that obeys

25

E—O

But in general, one can solve a more general equation by putting

oS S
= = zijﬁm)mi

where \; and (3;()\;) are the various coupling constants and the beta functions of the theory.
In fact, the expression of action which is a solution of this equation is easier to write down |43,

hence we will be using this action in our work.

2.4.4 Simple examples

In our work, we will use definition III, so here to give a feeling of how to calculate a composite

operator using the other two definitions we will give two instances.
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Calculation of [¢(p)]

We start with insertion of ¢(p) in bare theory,

/D¢ ¢ 6753[¢}+J¢)

Then decompose ¢ as ¢; + ¢5 to obtain,

/ngze_é@ild)ﬁm/pﬂ (Cbl+¢h)€_%¢hAih(ﬁh_s}ﬂwlwh%wh

e—%qﬁl A%(bl-h]dn

Keeping aside part

:/D(ph (qsl+¢h)€—%¢hﬁ¢h—sz,3[¢z+¢h}+J¢h
/D¢h le )6 2¢)hAh¢h S1,Blo1+on]+JIdn

Redefining ¢’ = ¢, — Ay J we get

/ D' (¢ + —)e — 30/ 2= ¢/ = S1,p[o1+¢/ + AT+ T AL

J 1
(¢l + _) =S alpr+ApJ+5JART
0J

So we can write,

/D¢¢GSB[¢}+J¢ |J—O: /ngle—%@&ltﬁriﬁ(ﬁl((ﬁl . Ahd(?IA) —Sraldi+ AR+ 5IART o
) o -

Hence from the definition I we get,

551/\

(9] = ¢ — S

where Ay (p?) = Ko(pQ)gK(pz).

p

Note that if one considers \¢* theory,

¢! = (¢ + dn)' = & + 4ond} +
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So,

6] = &1 + Mdndn) b (2.4.9)

Diagram wise it looks like

1= 4 &, 5,

Calculation of N (p)

We will use definition IT in order to find N'(p), i.e. composite operator corresponding to number
operator g—g. We need the evolution operator U(f,i) of Polchinski’s equation. For simplicity
let’s consider a field theory in zero dimension. The zero-dimensional field is denoted by z. Note
that in zero dimensional system both fundamental field x and cut-off function K depends on
only scale t as there is no momenta. The Polchinski’s equation in zero dimension (from (2.2.2))

stands as

where ¢(z,t) = e, t = —log .
Let’s change variable (x,t) — (y,7). Where y(t) = % and 7 = t. After that define
g(17) = —log K(7). Finally we get,

oy 1[0% o
dg 2| 0y? dy
So evolution operator U(f,4) corresponding to the change from initial scale ¢; to final scale
tf iS,
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22 )
2

9 goi[2% 0
U:efgidQQ[ay oy

2
] _ e(g—gi)é%ﬁﬂg—gi)%y%

where g, = g; = — log K(19) = — log K.

(2.4.10)

From definition II the composite operator N is to be found from the following expression

eNU(f,i) = U(f,i)eo=

It can be shown

1%}

GN

K(Kg=K) &°

Kq ox2

+a:8%]

(2.4.11)

Note that in higher dimensional QFT z gets replaced by ¢(p), hence taking the form of

(2.2.10) which has been used in Polchinski’s

This finishes our discussion about the background of both the next two chapters.

equation.
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Chapter 3

Wilson action for O(IN) model

95t — 0 in (2.2.28). As we will work

We will find the fixed-point Wilson action by putting %;

mostly with dimensionless variables we will remove the bar sign from the dimensionless variables
unless otherwise mentioned. Also t dependence of actions and fields being readily implied, the

subscript t will be omitted too. We give the fixed point action S in the following form:

S = Sy + 84+ Se

where S, and Sy are given by

d”p Lor o1
5= [ bt 38" 006! () (30.)
5= 5 11 [ Gappthtommivsp g 006 )30 00’00 802

where p; + p2 + p3 + p4 = 0 is implied. Instead of putting an explicit delta function and
integrating over ps we will simply impose momentum conservation at every stage. Accordingly

Se is given by

5 dD ;
So = %H | G Voton.pripa. i a0 30/ (0000 () 507 )6 01) 5" ()" )

(3.0.3)
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3.1 Result

The main result of this section is Wilson action at Wilson-Fisher fixed point which is stated

below. (we have put D=4 for O(€?) terms),

p? N + 2 dPp . ~
U. = — K’ U 3.1.1
2(P) K (p?) 5 (2m)D (p”) + U2(p) (3.1.1)
The expression for Us(p) is given as
- A2 (N +2)? (N +2)2 X
U. = — h _
2(p1) (1672)2 4 (p1) 4 (1672)2
L (7 f i { — XV + 2)(-K'(¢)F(p+ 0) } — n p?
-l-pl/ (3.1.2)
p?=0 2p*

Us(p1,p2; P3s, pa) =(4 — D)

167 (N—|—2) P
Nrs T 7 2 P

—\? [(N + 4)F(p1 + p2) + 2F(p1 + p3) + 2F(p1 + P4)] (3.1.3)

where

and
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Us(P1, P23 P35 Pa; P5s P6) = —Az{h(pl + p2 + p3) + h(p1 + p2 + pa) + h(p1 + p2 + ps)

+h(p1 + p2 + pPe) + h(p1 + ps + psa) + h(p2 + ps + P4)}

(3.1.4)
and the anomalous dimension is given by
N + 2 1 N +2 €2
Tyt - Y*2 e (3.1.5)
2 4 (1672)2 (N +8)%24

To evaluate the integrals we have put D = 4 and used a specific form of K(p?) = e,

3.2 Details of the calculation

When one puts the ansatz (3.0.1) and (3.0.3) in the eq.(2.2.28) one gets the equations for the

vertices Uy, Uy and Ug. In this section we will state this procedure. As a corollary, we also got
the fixed point value of the coupling constant A\. We have also found the anomalous dimension

of the field by considering U, vertex equation in the subleading order.

3.2.1 Equations for the vertices

Equation for U,

- [ (G )
-0 p? 1 dUs(py)
2

—%2U2(p)U2( )6” (p — pl)} + ( +1-— 2K(p%)K/(p%)> Us(pr) — P o

[4N Us(p1, —p1;p, —p) + 8Us(p1, p; —p1, —p)

| =

(3.2.1)
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Equation for U,

0= [ (30 - 0)

X {GNUg(pl,pz;ps,m;p, —p) + 12Us(p1, p; p2, —D; p3, pa) + 12Us(p1, p2; p3, p; pa, —p)}

I e ) [T

4 2
+ Z (7 -2 p2 K%p?)) §U4<p17p2;p37p4)

4
d
+ [4 - D - Zpldp-] 8U4(p1,p2,p3,p4) (3.2.2)

Here p = po +pp + pn = —(pi + pj + Pm)-

Equation for Ug

2 -n  K(l-K) , 2>
"= 2 - K Z—’_ i+ m U iy Pjs P,y U as yPny —
B, 2 (2 (pi + pj + Dm)?) ((pi + pj +m)”) | Us(Pis Py D, P)Ua(Pas D3 Py —P)

6 perm of (m,n)

K(l1-K 2
+Z (K/<p]2-) - 777%) U2(pg)48U6(p1,p2,p3,p4,p57]96)

J

6 2
-n p 1(, 2
_9 K (p? U 6—2D — 2| —Us(pr, po: ps, pa; ps,
+) (2 7 (pg)>48 6(D1, P2; D3, P4 D5, D6) + [ Zp ] 6(D1, P2; D3, D45 D5, D)

(3.2.3)
3.2.2 Solving the Equations

We know that Uy ~ O(¢) and Us =~ O(€?) and n ~ O(e?), where ¢ = 4 — D.

O(1): Retrieving Gaussian theory

We start with (3.2.1) for U,. Neglecting Uy and 7 and collecting coefficients of ¢* we get

2 dUs(p)
0= K'(p*)Usy(p)U: 1-2-L k() \Us(p) — 2L 3.2.4
(p7)U2(p)Ua(p) + ( R0 (p°) |Ua(p) — p a2 (3.2.4)
Us(p) = #;2) solves this equation. This is expected since the Gaussian theory is expected to

be a fixed point - and this ERG was obtained from Polchinski’s ERG by adding on the kinetic
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term 1 [ (g:)% ¢(p) 7z @(—p)- Thus our solution can be written as

_ P 1) 2
Uz(p) = K (p?) + Uzo( ()p) +0O(€%) (3.2.5)

O(e): Correction to mass term

We go back to (3.2.1) and keep U, which is O(e) but drop 7 which is O(€?).

(5 e

1 1
{§ [4NU4<p1,pz;p, —p) + 8U4(p1, p; —p, —pl)] — §2Uz(p>Uz(p)5D<p — p1)}
2
—1) PT o 1 dUs(py)
119 K _ o 2P
(200t - g0

(3.2.6)

We use (3.2.5) in the above equation and look at the terms of order e. To leading order we set

U, = A, which is O(e). The equation for U2(1) is given by

2 2 AUV
K0) + 2 20 ()G + (1 - 2 ) )0 ) - 22 0
1

0=-A K KD

AN +8 / dPp
8 (2m)P

To leading order this equation is solved by a constant Uz(l) , le.

4N + 8 dPp 1
= -\ K'(p?) + U 2.
Thus
N +2 dPp
Uy / K (2 3.2.8
2 2 (27T)D (p ) ( )
Here

dPp 1 b
/(27T)D - 2D7TD/2F<D/2) /(p ) 2 dp

To get leading results we can set D = 4:

4N +8 1 o 4N +8 1 o
0 A s [ ar ket = AR [ arke) e29)
0

8  (4m)2 Jo 8 (4m)?
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We have used K (0) = 1, K(co) = 0. This gives the fixed point value of the dimensionless mass

parameter:

N+2 1 >

(1) 2 2 2

Uy’ = = — K 2.1

5 ms A 5 (47?)2/0 dp“ K (p”) (3.2.10)

To evaluate the integral explicitly we need a specific form for K. We use K (p?) = e ?". Then

the integral is equal to 1.

O(e?): Expression for the six-point vertex

Let us turn to 3) reproduced below:

2 -n K(1-K) . ) )
O:__ — _K 1,+ + m U is 7 M U a 7 iy —
486permzofz(ijm)< 2 (pi + pj + pm)? ((pi +pj +pm)°) |Us(pis 2j; Py ) Us(Pas P; Prs —P)

6
, —nK(1-K - 2 1
+> { (K (p}) — ¥¥>2U2<pj> + (777 R (pi)) }4—8U6(p1,p2;p3,p4;p57p6)

sy pj K<p]2)

+16 —2D — sz ] Us(p1, p2; Ps, P4 Ps, Pe) (3.2.11)

where p = po + po + pn = —(pi + pj + Pm)-

In this equation we keep terms of O(e?). Since 7 is O(e?), and multiplies terms of O(€?), it
contributes only at O(e?) in this equation so it can be dropped here. Furthermore then, if we
use the leading order solution for Us; = ( 2), the second and third terms cancel each other. So

we are left with

2
0=—2 2. K@i+ +pn)*)Us(pi 55 Pr 2)Us(pas i P —p)

6 perm (i,j, m)

l 6—2D - Zp’ , ] 6(D1, P23 P3, D4 D5, Pe) (3.2.12)

Since U, = A to this order, we obtain

2
0= )‘2_ Z K’ ((pz+p]+pm l6 2D— sz ] U6 p17p27p3>p47p57p6) (3213)
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The solution for one permutation is

K((p1 +p2+p3)*) — K(0)
(p1 + p2 + ps3)?

Us(p1, p2; D3, Da; D5, Ps) = N

The full solution is given by

Us(p1, p2; p3, pa; D5, Pe) = — N {h(p1 + p2 + ps) + h(p1 + p2 + ps) + h(p1 + p2 + ps)

+h(pr+ P2+ pe) + h(p1 + s+ pa) + h(p2 +ps+pa)} (3.2.14)

where h(z) = KO-K@)

2

Fixed Point value of \: Solution for U, at O(¢)

The U, equation is given by (3.2.2). In this equation, 7 can be neglected as —n &= O(€?) . Also,
we put the value of U, up to order of € found above. There is a cancellation between the second

and third terms on the R.H.S and we obtain

4
d A N+2]|1
dp> — ZQK’(;D?)WT §U4(p17p2;p37p4)

4

dPp 1
=/ <2W)DK’(p2)4—8{GNUﬁ(pl,pz;ps,m;p, —p) +12U6(p1,p;p2,—p;p3,p4)+12U6(p1,p2;p3,p;p4,—p)}

(3.2.15)

The solution is given in the Appendix (A.1.1). The fixed point value A* given below solves the

above equation:
167>

A =U-DRs

(3.2.16)

3.2.3 Determining Anomalous Dimension
U, equation at O(e?)

o= [{oms (30500 [ ~ o) )

2

n p 12 05 c
+{ 957 QK(pz)K (p )}Qb(p)m + GaiS2
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where we plug in:

Us(pr,p2ips,pa) = A+ Ua(pr, pa; ps, pa)

o)
2 D
p N—i'_ 2 d p !/ 2 nd
— L\ K 21
Us(p) e 5 /<27T)D (p?) + Ua(p) (3.2.17)
O(e2?)

and keep only O(€?) terms in the above equation to get

e )

{é [4NU4(p1, —p1;p, —p) + 8Us(p1. p; —p, —pl)] - %2Uz(p)Uz(p)5D(p — pl)]}

2
-1 b1 12 2d62(p1)
— +1-2 — 2.1
—l—( 5 + (p%)K (p1)>112(p1) Pi 0 (3.2.18)

On simplification it gives

(1 —K dP 3 .
_7?7( K >p?_/ (2wa l4NU4(p1,—plsp,—p)+8U4(p17p1;—Pa—p1) +K' () V2 (p1)Us (p1)

1
K/ 2 -
(p>8

—npt - dU.
ST () — 3 2<fl>
dpi

+2K

=0 (3.2.19)

In the L.H.S the third term will cancel with part of the second term (shown in|A.1.3). Also

the raison d’etre for introducing 7 is to ensure that U, = p* + O(p*). So we let Uy = O(p*). So

The anomalous dimension is given by
n d dPp

1 ~ ~
2= " (27T)DK'(p2)§ ANU"(p1, —p1; P, —p) + 8U  (p1, p; —p1, —p)}
1

pi=0

(3.2.20)

Here the superscript 11 is explained in Appendix A and refers to a class of Feynman diagrams.

U, is determined by solving (3:2.15). So using (3.2.20) and (A.1.19) one can determine n.
This is done in the Appendix (A.1.4). The result is of course well known [13]:

77_)\2]\7+2 1 N+2 €

2 4 (16722 (N+8)24

(3.2.21)
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Chapter 4

Composite Operator

In chapter we have studied the definitions and simple computations of composite operators.
We will choose ¢* and ¢? operators in a bare O(1) theory with quartic interaction at 4-¢
dimensions and calculate the corresponding composite operators at the Wilson-Fisher fixed

point. Then we will calculate those operators with their scaling dimension up to O(e?).

4.1 Operators near fixed point

The velocities of the RG trajectories at the critical surface is non-zero everywhere except at
the fixed point. So any theory on the critical surface ends up in the fixed point (point P,
in Fig. . Hence it is important to study the basis of the critical surface. This surface is
spanned by irrelevant or marginally irrelevant operators. Irrelevant operators are the negative
mass dimension operators, hence as expected will get suppressed by negative powers of AAO A
typical example of irrelevant operators in ¢ theory is ¢%, ¢°,.... etc(curve E in Fig. . A
dimension zero operator in bare theory can become irrelevant near the fixed point for example

here it is ¢* operator ( section |4.3).

On the other hand, as velocity is zero at the fixed point, the way out of the critical surface
to high temperature fixed point (point P, in Fig. can be only through the fixed point P..
These directions are described by the positive mass dimension or relevant operators. Studying
these directions is also important because critical exponents bear proof of universality. ¢*

theory has only one relevant direction that is ¢? (curve G in Fig. .
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Figure 4.1: Curves nearby the critical surface and fixed point intersecting surfaces of different
correlation lengths £. Curve G is the only route to be out from the critical surface. Any point
E on the critical surface ends up at P,,. The curve D spends an infinite amount of time near
the fixed point. Trajectories with finite £ end up at F.

4.2 Problem

We want to find the anomalous dimension of two important composite operators upto O(€?)
at the Wilson-Fisher fixed point of O(1) model with quartic interaction -1) Relevant operator
®? whose dimension is always positive, 2)Marginally Irrelevant operator ¢* whose dimension is
zero at the bare theory but becomes negative near the fixed point. The same dimensions in
leading order have been found out in [13|. We find agreement with our result. For subleading
order, the expected value of the anomalous dimension using dimensional regularization has been
stated. In limit Ay — oo, we recover them from our ERG analysis. So, using , and
the W-F action found in the previous chapter we set to find the anomalous dimension of the
above bare operators at the W-F fixed point of the O(1) model. In this process, the respective

composite operators automatically come out.

The Action

We give the action S in the form:

S =Sy + 54+ Se

Sy and Sy are given by

5= [ st 5¢ e () (1.21)
Sy = %H/éﬂ%w(m,pz;ps,p4)%¢1(p1)¢1(p2)%cﬁ‘](psw‘](m) (4.2.2)

1=1
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where p; + p2 + p3 + p4 = 0 is implied. Instead of putting an explicit delta function and
integrating over p, we will simply impose momentum conservation at every stage. Accordingly,

we write

5
Se = %H/%Ue’(m,m;ps,p4;ps,p6>%¢1<p1>¢[(p2)%Cb‘](ps)(b‘](m)%¢K(p5)¢K(p6)
(4.2.3)
The expression of the action which satisfies is given in section. But note that
the value of 2-pt vertex Us(p) at O(e?) is complicated. Hence we solve a more general equation
where the LHS of is not set to zero but to % = 5]%. The parameters can be chosen
so that the beta functions are zero. This has the effect that the equations are modifed at each
order by terms of higher order. The advantage is that the solutions are easier to write down.

The vertices in this set-up have been found in[43],

Us(p) = —A(N + 2)vz — A% (3(N + 2)G(p) + (N + 2)% (v2)* h(p))
(4.2.4a)

Us(p1,P2; P3s Pa) = — A ((N + 4)F(p1 + p2) + 2F (p1 + ps) + 2F (p1 + pa)

—(N +2)vz Y h(p:) > (4.2.4b)

=1
Us(p1, P2; P3s Pa; Pss Ps) = —A? (h(p1 + p2 + ps) + h(p1 + p2 + ps) + h(p1 + P2 + Ps)

+h(p1 + p2 + ps) + h(ps + Pa + p1) + h(ps + Ps + p2))
(4.2.4c¢)

where

and
11 dPp
2—€2) (2m)P

V2

f(p) (4.2.5)

If we take the limit € — 0 and K (p?) = e ?* we get



F(p) = %/ (;lwa h(q) [h(p +4q) — h(q)

The coupling constant A is given, to order ¢ =4 — D, as

€ 41)?
A= o = (4m) € (4.2.6)
—BN N + 8
The anomalous dimension is given, to order €2, as
N + 2
= T2 o (4.2.7)
2(N + 8)2

4.2.1 Anomalous Dimension-what to expect

As we will calculate the anomalous dimension of the composite operators at the Wilson-Fisher
fixed point, let us do some simple calculation to understand what to expect as the anomalous

dimensions. Consider a bare action at scale Ay and evolve to A which is close to Ag.

¢4

o (4.2.8)

1 1
Sh, = / b&“qﬁ@“qﬁ + §m3¢2 + Ao

The operator (Z—? is the marginal operator of the bare theory. Later it will turn out to be

irrelavnt operator for D < 4 when one will consider higher order contributions. If one see the

term ¢* as perturbation, the bare operator ¢* can be interpreted as a composite operator at

scale Ag (see (2.4.5)) and can be defined as:-

0Sh 0L o

=8 _ f ZZho [ 7 4.2.

Do / Dy ), d (42.9)
Similarly, the relevant operator 3¢? is defined as

oS oL @?

= [ G- / ¢ (4.2.10)

Sy is obtained by evolving down from Ag to A i.e. by integrating modes A < p < Ay.
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If we apply Definition III ((2.4.5))) of the composite operators given in the previous chapter,

gi" is a composite operator and defines in fact what we call [¢?]/4!.
95y ["]a
— = 4.2.11
0o /z 4! ( )

We can expect Sj to look like the following:

$a.= [100-62()30,600 + S+ ma(t)67 + O + SN0y

T

+O(1/A)]  (4.2.12)

Here 67 is the correction to the kinetic term coming from the two loop diagram at O(\?),
dmZ ~ O(A\) and )\ =~ O()\?) are the corrections starting at one loop.

Adding and subtracting terms we can write Sy as:

1 1 4
= (500070 + 50m + Gma(t)? + 5ZmE)? + (o + Shalt) + 26200) T+ O(1/A)]
’ So(t)
¢4
_5Z[ D, 0" P + m0¢ +2Xo 4']

The beta function is defined by

o =~ B( o)t (4.2.13)
and

n
Z~—=
o 2t
with
N1

- = — 4.2.14

2~ (1672)2 12 ( )
The mass anomalous dimension is defined by,

dmo(t) = Yt (4.2.15)

We write %(’Lgf)@“gﬁ = ——¢D¢ and then use
1 4 1,468
_5Z[ 0,00" 9 + m()(b +2)\0¢ | = 5Z2 7
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% is called as the equation of motion operator.
) 0S
= — [ Ke™r —([¢]ae™) ~ /gb—
[ Ko Sohe ™~ [ o

¢4

&:/@WW%&W%WMm&<%ﬂm@>+OWM

5¢( )
According to (4.2.11))
¢4 287m()\0) 1

9 1o
t)4!+m0 e t2¢ + -

19n(\o)

%:AM:(HM 3 g N+ O1/A)

So,

19n(\o)
2 0o

9 (o' 0B(No), ¢ 2 07m(Ao) 1 2
E/ 4!A_( X ) 20t

From chapter 11 of [67} 69 we get 3(\g) in our convention as,

117,

1
Ao) = A€ — ——3Xg + ———— -\
F0) = dole = {5530 + a3 M)

(4.2.16)

(4.2.17)

(4.2.18)

(4.2.19)

(4.2.20)

In the critical theory, we can set m3 = 0. So if we collect the coefficient of ¢* we get what we

have defined above as d,,, in the ERG evolution. We denote anomalous dimension of irrelevant

operator as d4 and that of relevant operator as ds.

1 1 4 2N
di=€— ——6) + ———= 17T\ +
T om0 T e O T e 12
1 1 53\3
— e~ — 6o+ 0

1672 0" (1672)2 3

(4.2.21)

More correctly at higher orders it should include the change in measure and becomes the “number operator”.

Here [¢] is the “composite operator” corresponding to ¢ and is defined by [52]

Ko— K 6Sy
P2 0¢o(—p)

K
(612 (p) = 2 6(p) +
2The coupling constants in the relevant equations in these two books differ by a factor of 2
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For the relevant operator ¢?, analogously one can define it as

ISy [ [#%a
o? _/x 5 (4.2.22)
So applying this to (4.2.17))
0 [[¢°la [$%]a
8?5/95 a _%/x—Q (4.2.23)

From [67] 69 we get for the two-loop anomalous dimension

Ao 1 5,
- 1671'2 - (]_671'2)2 6)\0 (4224)

Tm

So length scaling dimension ds (in our notation) of the relevant operator fm ¢? is given by,

Ao 1 5.,
= 2= o5+ e (4.2.25)

Note that the results of [67,[69] are obtained using the mass-independent dimensional renor-
malization scheme or “minimal subtraction”. The scheme used in this paper is also mass in-
dependent. In mass-independent schemes the first two orders in the power series expansion of

the beta function are well known to be scheme independent. The proof is given below:

Let
d\
A) = = = b A2 + b3 \®
B(A) i oA + b3
Let
N =+ a)?
and
AV dX / /2 / \/3 / 2\2 / 2\3 /2 / / 3
But also
d)\/ 2 3 2 3 2 3

3There is a factor of two in the definition of d,,
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Comparing, we see that by = b, and bs = bj.

Thus, upto and including O(A?), the beta functions in the ERG calculation and in dimen-
sional regularization MS scheme are identical. This also means that at the fixed point (given
by vanishing of beta function) the expresions relating € and A\ are scheme independent to the
same order. Now, at the fixed point, the dimensions of operators expressed in terms of € are
eigenvalues of the dilatation operator of the CET and thus universal (to any order in €). These
universal expressions in powers of ¢, when re-expressed in terms of A, will thus have to match
to the lowest two orders in any mass-independent scheme. Thus the expressions obtained for
do, d4 in the ERG scheme must agree with the expressions given above. These expectations will

be confirmed in this chapter.
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4.2.2 Result

Leading Order

The anomalous dimension at the leading order we get as,

dy =2 — AF (4.2.262)

dy =¢ — 6F\ (4.2.26b)

The corresponding eigenvectors are given by,

Oula) =5 [ 8(p1+ 12— )L+ N (bl — ) + iz = 0) + 7F(0)] S(p1)opa)
- l; /p1 - 8(p1+ P2+ s+ pa— QN D h(pi — 0)d(p1)d(p2)d(ps)d(pa)

) i=1

(4.2.27a)
1
0.0) =5 | ST N+ s+ ()6 es)0 1) 05 )
* Y P1,P2,P3,P4,P5 10 perm (Z',j,k)
4
1
o STOFM(p) = Y 2AF i+ )| 6m)o(p)(ps)o(p)
P1,P2,P3 | ;=1 3 perm (i,5)
1 F
— 4.2.28
v5 | g ogene) (4.2280)
Subleading order
The anomalous dimensions in subleading order are found to be as,
dy = %)\2}«” (4.2.29a)
dy = ng? (4.2.29b)

The corresponding eigenoperators are given by,
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Ou0) = [ Gomolp)olpa)olp)o(pm)o(pa) () ps)

> > B h(pi+p; + p)h(pi + pj+ Pr+ P+ )

28 perm (i,j,k) 10 perm (m,n)

i / %wplw( 2)6(ps)6(p1)(p5) (o)

(3 DS / {hp: + s + P [h(pa + ps + P)h(p) — h()H(D)]}

10 perm (3,5,k) 3 perm (a,)

_3F —3F
T Z hpi + pj + pe)h(pi + pj + i) + 5 Z Z h(p))h(pi + pj + pr)

10 perm (3,7,k) =1 10 perm (i,j,k)

/ > > ){h(pi+pj + p)h(pi + pj + pa + ps +p)h(p)}>

P15 perm (i,5) 6 perm (.8

n / W(plm( p2)(ps)$(ps)

(-%Z{h(m)} > ]:(Pi+Pj)—3)\22F > Hs(pi+py)

3 perm (i,5) 3 perm (i, ])

3A2F? 3N
+= A?F?Z{hpl ()} + =5 D (e () +—Zh

i7]

Z h(p:)

3\?
+T Z {14(]%+pj;pi)+]4(pi+pj§pj)}

6 perm (i,5)

—128 3 [ (it o+ O+ Q@) — MDA + O+ )

3 perm (i,5) ¥ P4

+6A7 Y / {1(pi +p; + @)h(p + @) h(@)h(p) = M(@)h(p + a)h(@)h(p)}

3 perm (i,5)
62 Z / {h(ps + p; + P)h(p + Dh(@)h(p) — h(p)h(p + @)h(9)h(p)}
+A2 th, Fy(ps +3>\22h pi /f +3A23 > )F(pz+pg)f(pi+pj)
AN’
Z pih(p) + 9FN* > +q)n(q) —h(g)h(q)
3 perm (zy)/ / { ( > }>
3 [ (25 - 2000~ [ sana - a )¢<p>¢<—p> (1.2.300)
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0u(0) =57 [ 6lp)olp2)olen)o(pm)o(p)o(rn)

6
+( Z h(pi + pj + pe)h(pi + p; + pi) + Z h(p; + pj + pr) Zh )
=1

10 perm (i,7,k) 10 perm (i,7,k)
)\2
+ a0 P(p1)P(p2)d(p3)d(p4)
© Y p1,p2,p3
B 4 4
( Z HB(pi+pj)+Zh(pl) > Flpi+py) F{ > h(pi)h(p;) ZW}%)})
3 perm ( =1 3 perm (i,5) i#] =1

/ op
< 3 /k {h(p+q+ E)h(p)h(@)h(k) — h(q)h(q + k)h(k) }
B %2 /k {h(p + q + k)h(q)h(q)h(k) — h(g + k)h(q)h(q)h(k)}

A 3

~ N2F2h(p) + 62 h(p) + TF2N2(p) — N*h / f(q Qp%(p)> (4.2.31a)
€

Where all the functions have been defined in Appendix . As mentioned in the previous

section here also we did not find the 2-pt vertex to second order. The leading order 2-pt vertex

is enough to find the next order anomalous diemsnion.

4.3 Details of Calculation

The procedure of calculation is straightforward. We need to solve the eigenvalue equation
(2.4.7)) for two composite operators ¢ and ¢*. We need to use a suitable ansatz consistent with
the boundary condition mentioned above in 1j As a warm-up calculation, we perform this

calculation for the Gaussian fixed point action.

4.3.1 Gaussian Theory ERG

As mentioned above, one fixed point action is the free scalar field theory in four (or any other)
dimensions. As a warm-up exercise let us solve the eigenvalue equation (2.4.7) for the two bare
operators, ¢ and ¢*.

As discussed in subsection (2.4.3) the composite operators found here will be the A — 0
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limit of the composite operators at the Wilson-Fisher fixed point.

The action we take to be

1 [ dPp P’
5= 5 [ Grpow) o (131)

It obeys Polchinski equation:

0S o 528 oS 08 P’ K’ 0S
el I Y _ _
% = LK N e~ s~ R K s
D
+[(1 - 5)N¢ + D — N,|S (4.3.2)
and is also a fixed point solution, i.e.
oS
5, =0 (4.3.3)

(Anomalous dimension #, beta function $(A) has been set to zero since it is a Gaussian

fixed point.)
Let AS(q) be a local composite operator of momentum ¢ with definite dimension - added

to the action. So as a composite operator it obeys the linearized equation

8AS(q)_ g2 52A5(q) B 0S 5AS(q) B pZK’ 5A5(q)
o /p{ P so—p) 5o salp) > K " o)

(1= )Ne = N AS() = (dn + 0 )AS(a) (13.4)

. 7

~~
c
gdil

Here d,, is the length dimension.
The expression N, in G, in (4.3.4) stands for Zip@-aip.
Take

85w =5 [ [ Aipaomno) (135)

The second and third terms in (4.3.4) cancel (and the first term is field-independent), so we

get
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(set D=4 —¢)

0

d 2
i=1 v

1. From (B.1.4) we see that

A(p1,p2,q) = 6(p1 +p2 — q)

satisfies this equation. Note that d% = £ — 1 so d,, = —2d% + D = 2. This is the (length)

dimension of fp o(p)o(q — p) as mentioned earlier.

2. Take A(p1,p2,q) = p1.p2 6(p1 +p2 — q). We get

d )
(dn+ 42 )Alprp2:q) = (2= D = Zpia—p)z‘l(pl,pz, 9) (4.3.7)
i=1 v

From (B.1.7) and the subsequent discussion we see that d,, = 0.

3. Now we consider higher-dimensional operators:

Take

AS(q) = l,/ B(p1, p2, 03, P4, )0 (P1) 0 (p2) & (p3) H(pa)

w5 ][ A oot (13.5)

Assume once again that this operator has definite momentum q. We get
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d
d. 4+ q—
( +qdq)

X {l,/ B(p1, p2, p3, P4, 0) (1) o (p2) p(p3) b (pa)

4
= Alpr s )00 |

= ——/K’ /pl N B(p1, pa, 0, —p, 0)9(p1)(p2)
1—— 2—szapz /p1 /pQ (p1, 12, 0) (1) (p2))

(-2 zpzﬁ G Bupamp 0om)o)omo)

Pp1,p2,P3,P4

We see that a quartic term cannot be an eigen-operator by itself - need a quadratic piece.

For simplicity, we take

B(p1,p2,03,04,9) = 0(p1 + D2+ p3 +Pps — q)

A(pr, p2, @) = Ad(p1 + p2 — q)
we find (D =4 — ¢€) using (B.1.6) and its generalization:
4 PR
sz ZP; = =D3(3_p; —a) + 550> _pi =)
Di j=1 Jj=1
from the ¢* term:

dpy—(4—2D)+D =0 = d,, =¢ (4.3.9)

This operator is relevant in the Gaussian theory in D < 4 as is also obvious from simple

dimensional analysis.

From the quadratic term, we get an equation for A

5(ij—q)[%F+(2—D)§ p2 +q——<5 ij = €+qdiq)§5(2pj—q) (4.3.10)
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where

1
_ K (n2)) —
Since d,, =€, A = —%. Thus our operator is
1
As= 3 [ so0owootp — -t a) - 5 [o0ieta-p) (31)
© Y P1,p2,P3

which agrees with (2.4.2) if we take u = £ for ¢ =0 and € = 0.

4.3.2 Wilson-Fisher fixed point theory at leading order

In this section we will construct, for the Wilson-Fisher fixed point theory for O(1) model, the
two lowest dimension composite operators that were studied in the last section for the Gausian
fixed point theory namely ¢? and ¢*. ¢? is a relevant operator at both fixed points. ¢*, which
was relevant at the Gaussian fixed point in D = 4 — € (and marginal in D = 4) turns out to be
irrelevant at the W-F fixed point. We use perturbation theory in A. In principle one can also
do perturbation in €. At the W-F fixed point A & € and there is not much difference. However
even in the Gaussian theory in D = 4 — ¢, we have seen that e shows up in the dimension so it is
clear that the two expansions are in principle different. The relevant and irrelevant operator for
W-F fixed point is denoted by Os(q) and O4(q). Though for simplicity we have taken external
momentum ¢ = 0 for all the calculation except while finding (’)él)(q). In this calculation, in
principle one can put the fixed point condition right in the begining itself to interpret O(\")
terms as O(€"), but there is a subtlety there - ideally all the momentum integrations are to be
done in D = 4 — € dimensions. So there are implicit factors of € hidden in there. It therefore
makes sense to keep track of € and A separately and to take the fixed point condition A = O(e)
in the end. Our expressions are in general true for general D = 4 — ¢, but while calculating
the anomalous dimension, in order to compare with known results for ¢* in D = 4 [67,[69] that
have been obtained using dimensional regularization, we have performed the final integrals in

four dimensions.
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The Ansatz We make the following general ansatz for both Oy(q) and O4(q) as :

AS(g) =L / / Alpr, p2)d(p1)6(p2)

+% B<p17p?vp37p4)¢(p1)¢<p2)¢(p3)¢(p4)
*‘é% D(p1, -, p6)9(p1)-0(ps)  +  O(¢%)  + ... (4.3.12)

We will assume an ansatz of the form:

A(pr,p2) = 6(pr+p2— Q)[A(O) + A(l)(phpz, q) + ...]
B(p17p27p37p4> = 5(p1 +p2 +p3 +p4 - Q)[B(O) + B(1)<p17p27p37p47Q) + ]

D(p1,p2,p3,P4,P5.06) = 0(p1+ D2+ D3+ pa+ s+ ps — q)[D(l)(pl,pz,pg,p4,p5,p6, q)+ ..

(4.3.13)

Further, we will write each term as a sum of several terms with different momentum struc-

tures. For instance, B will turn out to be:

4
1
BW (p1, pa, ps, pa q) = AZ Bi(pi,q) + >\§ Z Br(pi+pjq) + - (4.3.14)
i=1 1,j=1,2,3,4
Nl
6 perm

For the irrelevant operator, O,(q), our starting approximation will be to take BO) = 1.

Thus

B(p1,...,p1) = 0(p1 + p2+ ps + ps — q)[1 + O(N)] (4.3.15)

Since even in the Gaussian theory this is accompanied by a ¢? term it is clear that A also

starts at O(1). Thus

A(p1,p2) = 0(p1 + p2 — q)[% + O] (4.3.16)

Everything else is O(\) or higher.
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On the other hand for the relevant operator , Os(q) we start with

A(p1,p2) = 0(p1 +p2 — @)[1 + O(N)] (4.3.17)

and everything else is higher order in A.

The strategy will be to take these as the starting inputs and solve the linearized ERG
equation (4.3.18) order by order in A. Typically, at each order the coefficient of a new higher

dimensional irrelevant operator enters the equation.

The Wilson-Fisher action We write the WF fixed point action upto O(¢) as given in section

(4-2).

s-1 / (% i U2<p>) SP)D) + / RO CCALRE TS

Pa= —P1 — P2 —P3

Pe = —pP1— ... — D5
1
Uy = —)‘2 —€ /p(_Kl<p2)) +O(\?)
——

F

Vo=—X" > hipi+p;+ps)

10 perm 1,5,k

1 - K(p?)

h(p) = pe

U4 ~ O()\Q)

We number the Polchinski’s equation (the terms with the anomalous dimension is not re-

quired at this order since n &~ O()\?)) in the following way:
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DAS(q) Y N 5S SAS . K GAS D
= [ - K — — — —)Ng+ D — N,] AS
i Sswan) owap) - K Vo) TN P
(1) @) ®) G5~ (4a)
_ (d,, +qj JAS(q) (4.3.18)

The second equality is the requirement that A(q) be a scaling operator of length dimension

d,,. Note that we donot have to include the term B(A)252 in this order. We have calculated

X
different parts of (4.3.18) in Appendix

The Relevant Operator

We start with A =1 and d, ~ 2.

Alpr,p2) = 6(p1+pa— Q1+ AV (p1,pa,q) + ...
4

1 1 1
B(p1,p2.ps3,ps) = 5(]?1+p2+p3+p4—Q)[ZB§)(pz‘>Q)+§ Z B()(prf-Pg, q)--]

i=1 6 perm (i)

D(p1, D2, D3, pas D5, D6) = O(p1 + P2+ b3+ pa+ ps + pe — @) [PV (p1, P2y D3, Pas D5, D6 @) + -]
dy = 2+d +

(4.3.19)

It turns out that in the leading order we can set Bﬁ) (pr+pj,q) = DY (p1, pa, p3, pa, Ps, D6, q) = 0.

O()\) Equation for ¢*

4
—% - 60> pi—q) + —((4— D) +q 50> pi—q) ZB(”pz,

=1

4
—%&Zm—q)(;pz d ;Bl Pirq d2+q 60> pi—q ZB}”(M,Q))

i=1

Canceling terms and dropping O(e)) or O(\?) terms we get

CONK(pi — 0)?) — <Zpia% + qdiqw?)(pz-, 0) = 2B (pi,q)

1
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This is solved by

B (pi,q) = —Mh(p; — q) (4.3.20)
The ¢? terms in the equation are:
F 1 1/ 2
55(191 +p2 — q)(Bi(p1,q) + Br(p2,q)) + 5 (=K' (p*))(Br(p,q) + Bi(=p,q))d(p1 + p2 — q)
p

AF 9
Q_GZ_K (p;)d(p1 +p2 —q)

i

_|_

1 d 1 o d
Yo @ _ (1) 2 _ . LAWISY
+5(2 D+D+qdq)5(p1+pz Q) (1+AM (p1, 2, 9)) =50 (1+ps q)(% pzapiJrqdq)A (1,12, 9)

d 1
= (do + qd—q)5(p1 +p2— )51+ A (py,pa, q))
O(1)

The O(1) part of this equation (after canceling terms) gives
dV =2 (4.3.21)

o))

We substitute (4.3.20) in the O()\) part to get

1k —a) = b =) 5 [ KOG = 0) ~ b+ o)

AF ,
to K (1 = 0)*) = K'((2 = 0)*)]
1 0 d
+AW (p1, pa, q) — §(Zpia—p + qd—q)A(”(pl,pz, q)

1
= dgl)§ + A(l) (p17p27 q)

The second term of the first line can be rewritten as

3 [ @A)~ hp = a) + ()~ b+ )]+ ) [ (K G-2000)] (4322

95



The g independent term evaluates to —F' and we thus get

[ @”:—Aﬁws—g ] (4.3.23)

The first term in (4.3.22) which is independent of p; can be canceled by choosing
1
AW (p1.p2.q) = SAF (@) + F(=q)) = AF(q) (4.3.24)

F(q) is defined in Appendix F. Note that F(0) = 0.

The remaining equation is satisfied by setting

AF

AW (p1, p2, @) = = (hlpr = @) + h(p2 = ) (4.3.25)

A (p) looks like first diagram in Fi

This gives dgl) = —AF = —<. The value of dgl) is coming from the second diagram in

5
Fig. . As expected the origin of the anomalous dimension is the logarithmically divergent

diagram.

Thus the relevant eigen-operator and its dimension are given as:

(o]

omnzé/ 5@rﬂm—@U+A§W@rﬂn+Mm—QD+kﬂw]mewﬁ

¢*(q)
¢*(q) h(q — p) {—K'(p)}
o(p) S hlp—q) é(qg—0p) o(p) ¢(q —p)

Figure 4.2: The left diagram is for the the relevant operator AM(p). The right one is the
diagrammatic representation of the term contributing to the anomalous dimension dgl). Note
that the right diagram is a loagarithmically divergent diagram made finite by replacing the
propagator h(p) by —K'(p?). It is the ¢ independent part that gives dg).
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_% S(pr+ P2+ s+ pa— XD h(pi — )(p1)d(p2) D (p3) d(pa)

© J'p1,p2,P3 i=1

Note that the value of the anomalous dimension agrees with (4.2.25) to this order.

The Irrelevant Operator
For simplicity we set ¢ = 0. The ansatz simplifies to (momentum conservation is implicit, i.e.
>_ipi=0):

Alp) = AQ + AW (p) + ...

1 2
B(p17p27p37p4) = B(O)(p17p27p37p4) + B§ )(p17p27p37p4) + B}I)(p17p27p37p4)

4 4
=Y B+ B+ Y Bi i+
=1

i=1 3 perm (,5)

D(p1, pa, D3, Pay Pss Pe) = DM (p1, D2, p3, Das Ps, D6)

dy=dV + ..

Below we are writing ¢?, ¢*, and ¢% terms separately to obtain different quantities.

Equation for ¢? : O(1)

Different parts of (4.3.18) gives,

(1)
JH-K @} BO@ + B @) + FIBO®) + BYp) + 5 FABu(0)
—% /qK'(qQ)A[Bn(p +q) + Br(p —q)]
(2)+(3)
—2(=K'(p))Ua(p) A (p)
(4a)
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A0 _ 2 4 40

dp2
Collecting terms of O(1):
o d 1 A (p)
AO(p) — p*—— A© ~F(4B=1)=d
()~ P AV + 3 FUB = 1) = 4

Assuming that A (p) is a constant and O(1) we obtain (neglecting O()\) terms)

F 1
~—=F (4.3.26)

AO® — ~
dy — 2 2

dy is expected to be of O(e) since ¢* is marginal in D = 4.

Equation for ¢% O(\)

Now we turn to the ¢° equation:

. K/ ((pe 1y + mfIANAB = 1Do(p).. )

é (6 —2D — QZQP?C[;;) Z D(l)(pi +pj + i) o(p1)--- 9 (ps)

P1---P5 i i 10 perm
dm

~ 6 Z DY (p; + p; + pr)¢(p1).--d(ps)
© Y P1:-P5 10 perm

At order \ the equation is

D0 () = 20K (1)

1 2
(+pdp

considering (B.6.1) we see that

[ DW(p) = —2\h(p) ] (4.3.27)
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Equation for ¢*

Now we turn to the ¢* equation:

(1)

%/{—K’(pz)} (DY (p1) + DW(po) + DW(ps) + DY (py)] ¢(p1)..d(ps) ( “type 17)

1
+E /{—K’@z)} [D(l)(p +p1+p2) + D(l)(p +p1+p3) + D(l)(p + p1 + pa)
. p P1,P2,P3

+DW(p—pi — p2) + DY (p — p1 — p3) + DV (p — pr — pa)]d(p1)...0(pa)  (“type 27)

We have written the expression in the first line as type 1 because we will see below that
quadratically divergent 4-pt vertex will be obtained from these expressions, while from type 2
expressions logarithmically divergent 4-pt vertex will be obtained. We will see the contribution
from type 1 diagram will be canceled and those from the type 2 diagram will contribute to the

anomalous dimension.

(2)+(3)

7

(-2 [% [ SR GAGIA g [ KGRI+ ]| olpn)0r

(4a)
1 d .
T (=D =23 plo+ > Bl )+ 3 B (pitpi)lo(e)-o(p)
" /P1p2.p3 i i i=1 3 perm(i,j)

Collect type 1 terms and (2)+(3) part above, we get,

/{—K’(p2)}[D(”(p1)+D(”(p2)+D“)(p3)+D(”(m)]+2[Z(K’(p?))z4(pz‘)]AH[Z(K’@?))Uz(M)]

(2 7
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4

d 4
HA=D =23 pi )+ B )l = di > B )
i i i=1

=1

Ignoring O(eA) or O(A\?) terms from (B.6.1) we get,

BW(p) = AFh(p) (4.3.28)

Where h(p) = %. It looks like first diagram in Fig|4.3

The leftover terms on LHS is

(4— D) —d, Z By (p;)

We will keep a record of all leftover terms in LHS as we need those in sub-leading order

calculation.

Now we collect type 2 terms and the rest of the equation, we have put D(p) = —2\h(p).

4>‘/K/<p2)[h(p +p1+p2) +h(p+p1+p3) + h(p+p1 + p4)]
p
4

d
+(4—D~ sz.d—mnB}? (p1 + p2) + B (01 + ps) + BY (91 + pa)] = da
=1

Considering (B.6.2), if we add and subtract 6\ as momentum independent term we get,

¢
P ¢*(0)
h(ps)
¢ P2 y2 ¢
b3
¢

Figure 4.3: The left diagram represents Type-I diagram corresponding to Bj(p), while the
right one represents type-1I diagram representing Byr(p; +p;). Anomalous dimension is coming
from the process of making the latter diagram zero at zero external momenta. Note that the
Byi(pi + p;) is nothing but the usual logarithmic divergent diagram made finite by adding a
counterterm.
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Bi} (p) = —2)\F(p) (4.3.29)

which looks like second diagram in Fig|4.3| Here F(p) = %fq {h(p + q)h(q) — h(q)h(q)}, it

is defined in in Appendix

While the Leftover terms in the L.H.S are:

4

(4= D)= d 3" BY(p) — 6FA

=1

Keeping only A! and e! terms and equating with R.H.S we get,

4
4—D—6Fx=d; Y B(p)

=1

so we get the anomalous dimension at the leading order as,

d\) = — 6F\ (4.3.30)

in agreement with (4.2.21) at this order.

At FA = £ we get,

dfll) = —¢

It is to be noted the origin of the anomalous dimension is the Type-II diagram (second

diagram in Fig4.3). It is expected as anomalous dimension should come from the process of

logarithmic divergent digram finite as it happens in the continuum field theory.

So the irrelevant eigen-operator and its anomalous dimension are given as:

[ dy =€—6F\ ]

0.0) = [ ST 2+ s+ PROE)O(P2) 0 (ps) (1) (5) 6 )

* Y P1,P2,P3,P4,P5 10 perm (’L',j,k)
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4

i |
4 o o

i=

3 perm (1,5)

FAW(p:) = ) 20 F(pi+p;) | 6(p1)d(p2)d(ps)d(pa)

1 F
T3 /p1 s — 2¢(p1)¢(172)

1

Where F' = z=. Thus at the fixed point, we get a composite operator with a dimension

—e which is (just a little) irrelevant in contrast with the Gaussian case. ﬂ

Wilson-Fisher Composite operator at the subleading order

The Polchinski’s equation Now we turn to find the irrelevant and relevant operators with

their respective anomalous dimensions at the order €. We set ¢ = 0 for simplicity. At this

order we have to include anomalous dimension 3 in Polchinski’s equation i.e.

= [ E D e~ o) 2 Wi + 0

D
)Ny + D — N,JAS

ot p)sd(—p) 0 (p) 6o (—p) K dp(p) 2
B QK(pQ)(l — K(p?) 52AS . 05 0AS - SAS _ O0AS
oot S R} 2Py = S + 50,
(4.3.31)
The action S up to O(e?) as given in section ,
5= [{ 522 - 3060 + 5 =50 bowrot-n)
1 2 FA2 &
g T ) 4 T )+ T+ S0 oot
to () S Rt b+ 2B (a)S(s) S B(s)bo)

© Y P1,P2,P3,P4,P5,P6 10 perm (i,j,k)

Where

4This also agrees with Kogut and Wilson (page 109)[13] to this order.
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Where

and
F(pi+pj) = %/{h(pi +p; +q)h(q) — h(q)h(q)}
F(p) is defined by eq.,

Koy— K

o flq) = —2K'(q)

h(p) =

B =ed+ 810N BN = 3PN

The Irrelevant Operator, (9512) (0) The form of the irrelevant operator in the subleading
order is given below. Note that at this order, we need to include 8-pt vertex which is of O(€?).

We have just given the expressions of O4(0) in this section. Equations to find them are given

in Appendix

O4(0) = ASy + AS; + ASs + AS;
-5/ { i A<l><p>}¢<p>¢<—p>

2! dy —2
) 4
o1 L FAS hp) <A | (1(pi + s + W)R(E) = B (7))
4l P1,P2,P: k 0, J
1,P2,03 =1 3 perm (i,5)

+ B (py, s, p3, pa) }¢(P1)¢(p2)¢(103)¢(?4)

. 6

i o { — 92\ Z h(p; + p; + pr) + D(z)(p17p27p37p47p57p6)}¢(p1)¢(p2)¢<p3>¢(p4)¢(p5)
v p1,p2,P3,P4,P5 10 perm (i,5,k)

4 é E® (py,pa, p3. pa. ps, Ps, 01, 03) S (p1)d(p2) D (p3) b (p4) S (p5) 0 (p6) b (p7) (ps)

© Y P1,P2,P3,P4:P5:P6,P7
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with

dy=e—6FA+dP + ...

¢® equation-Determination of ASéQ)

The 8-pt vertex is found by solving the ¢® equation at O(A\?). The ¢® equation is obtained as:

-2 [ RD] 5o oo(eolmn) |

3¢ (p) 4!
) DD (p, A
{ DD it *pk)d»(pl>¢><p2>¢<p3>¢<p4>¢<p5>¢<p6>} (4.3.32)
Qb( p) 10perm(i,j,k) )
5 1
2 [R5 3 BP0l | <
i=1
0 VE (pi + pj + i) }
{ 5o(—p) s A d(p1)(p2)P(P3)d(pa)D(ps)D(ps)
1 . d
+§{8 —3D — ;pzd_pz }E(Q)(p1,p2,p3,p47p57p6,p7,ps) =0
(4.3.33)
The solution is given by:
E® (p1,p2, ps, pa, ps, e, b1 ) = D > 3N hip; +pj + pe)h(pi + pj + Pr + P + D)
28 perm (i,j,k) 10 perm (m,n)
(4.3.34)

Pi s sa(0) Pm
Dby \% h<p2 +pj + pk) pﬁ(pa + py + pc) papb
Pk

De

Figure 4.4: The diagl"am for E(Q) <p17p27p37p47p57p67p77p8>
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¢°® equation - Determination of ASéQ)

Solving ¢° equation we get four kinds of solutions for 6-pt vertex at order O(\?) based on their

tensor structure (see for details)

DP(p1,paeipe) =30 Y > /{h pi + pi + o) [h(pa + ps + p)A(p) — h(p)h(p)]}
10 perm (3,5,k) 3 perm (a,f)
(4.3.35a)
) —3\’F
Dy (P12 ps: Pas 5. Do) = — Y. hpi+p;+p)h(pi+p; + i) (4.3.35b)
10 perm (3,5,k)
) —3>\2F
Dy (p1, p2, p3; pas Ps, Pe) Z Z h(pi)h(p; + p; + pr) (4.3.35¢)
=1 10 perm (i,j,k)
)\2
DS (p1, P2, p3. 1, D5, Ps) = 7/ > > {h(pi +pj +p)h(pi +pj + pa +pp +p)h(p)}
P15 perm (4,5) 6 perm (,8)
(4.3.35d)

#? equation at O(e): Determination of A™(p)

0AS

The ¢* equation at order A' is given below (Note that we do not have to consider 5(\)252 part
because we want to find A(p) at order €' or A! only):
!/ 1 1 !
[ER @B @+ FB @)+ 5FBYO) - 5 [ KB 0+ 0+ B e o)
q q
1 d AW
- A=K (DU (PAp) + AV) — 5p. A0 () = P (4.3.36)

Solving the ¢? equation we found the A(®)(p) and three kinds of 2-pt vertices based on their

tensor structure.

AW (p) = 2F_2 2 (4.3.37a)
ADG) = -2 Fp) A [ Flah(o) (43370)
A (p) = —FTAh(p) (4.3.37¢)



From (4.3.26) we get,
F Fe

A0 — _
4

Where F3(p) = [, h(p + g+ k)h(@)h(k), Fs(p) = Fa(p) — F3(0) = [ 2h(q) [F(p +q) — F(q)].
They are defined by and .
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#* equation-Determination of B® (py,ps, ps, ps)

Solving the ¢* equation we get total of nine kinds of 4-pt vertices based on their tensor structure

(see Appendix for more details).

1 62 F

4,3( '(p1, 2. 3. 1) ———Z{ P} Z F(pi + ;) (4.3.38a)
3 perm (1,5)
L e 1 3)\2F _
3351)(]?17192,]937174) BT Z B Hs(p:i + pj) (4.3.38b)
3 perm (i,5)
1 3)\2F2 322
ZBIH<plap2>p3 2 =17 Z {h(p)h(p)} + gT;h(pl)h(pj) (4.3.38¢)
F)\e 3F2)\2
B (p1,p23 1) Z h(pi) Z h(pi) (4.3.38d)
1 1 3)\2
4'3( (D1, P2, 3, 0a) = 11 Z - {Is(p;i + pj;pi) + Li(pi + pjipj) } (4.3.38¢)
6 perm (i,5)
1
EB(VQ}(pl,pz,p&m)
)\2
== 2. {h(p: +p; + p+ Oh(p+ Oh(g)h(p) — h(@)h(p)h(p + )hlp + )}
3 perm (i,5) ¥ P4
(4.3.38f)
)\2
o > / {h(pi + pj + Oh(p + @)h(a)h(p) — h(@)h(p + q)h(q)h(p)}
3 perm (i,5)
/\2
+ > / {h(pi + p; + p)h(p + @)h(q)h(p) — h(p)h(p + q)h(q)h(p)}
3 perm (1,5)
1
EBVH(pl P2, D3, P4)
1 1
= 4_B\(/21)I<p17p27p37p4)|1 + 4_B\(/21)I<p17p27p37p4)‘2
1 \2 9
RTInY Zh pi)F5(pi) + 0 3)\ Zh pi) f (4.3.38g)
I @ 3\2
EBwU(ppr,p&m) = Z F(pi +pj)F(pi + pj) (4.3.38h)
3 perm (4,5)
1 1 7
EBIX(IH D2, D3, Pa) = Tl Z 5P pih(p (4.3.38i)
1 P1 P2 D3 P4 9F)\2 / / Pi o N\ o
_B(2) rFl P2 P3 P4 _j .
B ) T 3 Z + 5 T a)h(@) = k(@) ()
perm (
(4.3.38j)
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Where Fy(p) = [, h(p+q+k)h(q)h(k), F3(p) = F3(p) = J,2Ma) [F(p + ) — F(9)].
They are defined by (B.6.3) and (B.6.4] .

Also

(o) = [ by + Qhlohlo

q

and

Li(pi + pjipi) =Li(pi + pj; pi) — 14(0;0)

- Z /{hpz+pg+qh(p+Q+Pz)h(p)h(Q)—h(p+9)h(p)h(9)h(9)}

6 perm (

(4.3.39)

Hj(p) and Iy(p; + p;; p;) are defined by (B.6.5) and (B.6.6) respectively.

Equation for B\ (py,ps, ps, ps) and By (py, pa, ps, ps)

We will show one sample calculation here to explain how we have used the Feynman diagram

as a guide in the calculations.

Taking (B.3.8b)), (B.3.11b)) and (B.3.11c), we get

/{ K'(p) } Z {h(pi +p; + D)+ q +p;) + h(p + g+ pi) = 2h(q)]h(q) }

6 perm (i,5)

//{ K@)} > Abpi+pi+a)bp+a+p)+hp+q+p)h(a)}

6perm(z])
//{ K'(p }Z Z {hpl+p+q (pl+pl+pj+p+q)h(q)}
=1 3 perm (
+{4-D- sz (D1, D2, p3,pa) = 0
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Figure 4.5: Application of A% on the diagram at the bottom gives the two diagrams at the
top

We aim to solve

3)\2/ {—K'(p Z(‘ .)h(pi+pj +p){[h(p+q+p;) + h(p+ g+ p)h(q) — 2h(p + q)h(q) }
5 [ [ RE S h a0 g+ )+ Al g+ ) — 2000+ ()
6 perm (i,j)

//{ K'(p }Z > h(p+p+ Qhlp+pi+pj +p+ Q)h(q)

=1 3 perm (i,5)

/{K’ )} Y h(p+@)h(pi+p;+p+ Q)h(q)

3 perm (4,7)

+ { —2(4-D) sz pl P2,D3,pa) =0 (4.3.40)

To solve this equation first note that the second and third term on the LHS are equal. The

first and second term is represented by the first and second diagram respectively on the top of

Fig|4.3.40, Now observe we are basically trying to find AS such that —A%AS x AS, so if we

write A explicitly i.e. p; — B we get,
d d
jo— = —A— 4.3.41
P o (4.3.41)

Now if we consider the third diagram at the bottom of Fig|4.3.40| and apply AdiA we get back

69



terms corresponding to the other two diagrams i.e.

Lo () e ) () (D)
= R () (PR () ()
(1) () (1) (g

We can expect Bry(pi1, p2, p3,ps) to be of the form f%% h (W) h(2)h(B=PE) b (4). So
we use (B.6.6)) and get the solution as:

1
4,B§V)(P17P2>p3 p4)

13
=01 Y {hpi+pi+9) Y h(p+a+pa)h(p)h(q) — 2h(p+ )h(p)h(q)h(q) }
P96 perm (4,9) a=1,j
1 3)\2
04 Z u(pi + pj; 0i) + La(pi + pj; )] (4.3.42)
6 perm (i,j)

In the L.H.S of (B.3.7) we are left with

1
4—3(4 - D)Bgi/)(plup%pi%p‘l)

ke Y h(pi+pj+p>{h<p+q>h<q>—h<q>h<q>}

3 perm (i,5)

{ K'(®p)} Y. hpi+pj+@hlp+ q)h(q)

3 perm (i,5)

+%{—K’ )} D hpi+pi+p+ )+ a)h(g) (4.3.43)

3 perm (1,5)

70



Ignoring O(e?) term and aiming to solve the following equation from the left over terms:

+)\;{—K’ )b > [hpi+p+p){h(p+ )h(q) (9)} — h(p){n(p + q)h(q) — h(q)h(q)}]

3 perm (i,5)

+ %2{ —K'®)} Y [hpi+ i+ @)hlp+ @)h(q) — ha)h(p + 9)h(q)]

3 perm (1,5)

+ %{ —K'(p)} Y [Mpi+p+p+ Qh(p+ g)hlq) — h(p+ @)h(p + q)h(q)]

3 perm (i,5)

+{ sz } (b1, p2,p3, ps) = 0 (4.3.44)

We can write a solution symmetric in variables p and q.

LB wupapsn) = Y (ot ry o+ )bl + Oh@h(E) — A+ )h(p+ o))
3 perm (1,5)
t /\ZQ > A{hlpi +p; + Qh(p + @)h(g)h(p) — h(q)h(p + q)h(q)h(p)}
3 perm (i,5)
+ AZZ > {h(pi+p; +p)h(p + @)hlg)h(p) — h(p)h(p + ¢)h(g)h(p)} (4.3.45)
3 perm (i,5)

And on LHS of (B.3.7) we are left with

1
Eg<4 D)B( )<p17p27p37p4)

-/ {3_”@« )}h(p) (1o + @)h(a) — ha)h(a)] + X{K'(p) }h(a)h(p + q)h(q)

+ /\;{K’(p?)}h(wQ)h(p+Q)h(Q)} (4.3.46)

Following this procedure, we can solve all the equations given in to get the 4-point

composite operator vertices given above.
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Calculation of Anomalous Dimension

To get the anomalous dimension we collect the leftover terms which remain unused- (4.3.46|)and

(B.3.14) in the LHS. All other left over terms are either cancelled or of O(eA?) or O(€?).
3\2 , 5 (
== K0 1) [h(p + )hla) = h(@)h(@)] + N*{ = K (") }r(@)h(p + 9)h(q)
p.q

412

+5 { K'(p*) }h(p + ¢)h((p + ¢)h( }——Q BO(p;) = Z—T{ZB@(@)} (4.3.47)

The first three terms on the LHS can be written as:

3—A2 U { = K'(p*) }n(p)h(p + @)h(q) + { = K'(p*) } (@) h(p + q) (q>]
A [ (-~ KO}
_ _33%2/\8% /A h (%) h (%) h (1%) h (%) + 3%2 /M {K'(p) }h(p)h(9)h(q)

>

(4.3.48)

Where in the second line we have rewritten the integral in terms of dimensionful momenta
and written A explicitly. This gives a convenient way of doing the integrals. It also reveals
the relation with log divergences in Feynman diagrams. While evaluating the integral we have

taken h(p/A) as w instead of % We keep Aq finite initially to make all the

integrals finite and well defined and take Ag — oo at the end.

Now we note the Feynman diagrams of the above terms. The first(second)term in the first
line of (4.3.48) represent the first(second) diagram at the top of Figl4.3.40| (if we make all
external momenta as zero). Similarly, the first term on the second line represents the diagram

at the bottom of the same figure. As written above we will find this integral of the second line

of (4.3.48) and then apply — A a to get our desired integral (see Appendix [B.4).

The value of the integrals in the limit of Ag — oo is listed below.

a. /[{ K'(p*) }h(p)h(p + )h(q) + { = K'(p*) } (@) h(p + a)h(q)]

)

1 1 A2
= F*? (5 —log2 + 3 log A—g) (4.3.49)
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and similarly one can calculate using method shown in Appendix

1 1 1 1
b. / {K'(pQ)}h(p)h(q)h(q) = —F? {— log 2 + = log A3 + = log A* + log (—2 + —2> }
v 2 2 A AR

(4.3.50)

So in (4.3.47) we use B(O)(pi) = ?i’ combine (4.3.49)) and (4.3.50) to get the anomalous

dimension. Note that the logarithmic divergences gets exactly cancelled so the (4.3.50) is in

fact originated from a counterterm.

1 3 4n 153
—dy = =X2F2— —— = —— )?F?
417y 412 413

Where 2 = % at the fixed point and F = 16%. This value matches with (4.2.21)).

The Relevant Operator, Oéz)(O) The form of the relevant composite operator Oy(0) in the

subleading order is assumed as.

02(0) = ASy; + AS, + AS;

. {1 + Am(}?)}@b(p)cb(—p)

T2,
4
* % {1 —A Z h(p) + B (pl,pg,pg,,p4)}¢(p1)¢(p2)¢(p3)¢(p4)
© v p1,p2,P3 =1
+ é {D(Z) (plap27p3>p47p57p6)}¢(P1)¢(p2)¢(p3)¢(p4)¢(p5)¢(p6)

with

dy =2 — FA+dY

In this section, we have written the final expressions of AS. The details are given in Appendix
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Determination of D® (py, ps, p3, ps, ps, ps) from ¢ equation

There are two kinds of 6-pt vertices distinguished according to their tensor structure (see

for details).

D (p1,p2,ps.pa s, ps) = X hlpi +p; + pi)h(pi + p; + i) (4.3.51a)
10 perm (3,7,k)

6
DS (pr,p2.p3 0 ps6) = N> h(pi+pi i) Y hip (4.3.51b)
=1

10 perm (3,5,k)
Determination of B® (py, py, ps, ps) from ¢* equation

Similarly there are 3 kinds of 4-pt vertices (see for details).

B?) (P1, P2, p3, pa) = N° Z Hs(pi + p;) (4.3.52a)
3 perm (i,5)
4
B§§) <p17p27p3>p4) - )\2 Z h(pl) Z J—'-(pz +p]) (4352b)
= 3 perm (
4
B (p1,p2y D3 pa) = —FA2{ > h(p)h(p;) + > ()} (4.3.52¢)
1#£] =1

Hj(p) and F(p) is defined in (B.6.5) and (B.6.2)) respectively.

Determination of A" (p) from ¢? equation

This ¢? equation is solved by six kinds of A®s according to different tensor structures (see

for details).
AP(p) = —%2 /q b+ a+ DRER@AE) = hoh(a+ DR} (4.3.53a)
A (p) = —%2 | b+ a DR@M@IE) g+ DRI} (43.53)
Af(p) = —A2F27h< )+ Shp) (4.3.53¢)
AR (p) = zF A1 (p) (4.3.53d)
AP (p) = —)\Qh(P)/qf(Q)JT(Q) (4.3.53¢)
APN(p) = Zp%(m (4.3.53¢)
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Anomalous dimension

We collect the unused leftover terms as we did in the previous subsection to get the anomalous

dimension:

¥ /k [ K'(q)Yh(q + K)h(k)A(k) + X2 /k [~ K'(@h(@)} {hiq + B)h(k) — h(k)h(k)}

+ % /qK’(q)hQ(q) + A% /k h(k)h(k)h(k) — gA@(p) = dQ%Am) (p) (4.3.54)

Like we have seen in the calculation of anomalous dimension of the irrelevant operator here also
the anomalous dimension is coming from a diagram as shown in Fig which is logarithmically
divergent but made finite by adding a counterterm.

Evaluation of Integrals
a. /K’(q)hQ(q) = 2log2 — log 3
q

b. /h(k)h(k)h(k) = 3log3 — 6log2

So the third and fourth terms on LHS of (4.3.54) cancels among each other. The rest of the
integrals in the LHS we know from the previous subsection. So in the limit of Ay — oo we

obtain the anomalous dimension as,

N2F? 5
:2 _u = 2F2
a2 ( 2 2> 6

Where F = # and § = % This agrees with (4.2.25)).

h(p/A+q/A)

Figure 4.6: Diagram contributing to d§2) for the relevant operator
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Chapter 5

Conclusion

In this thesis, we have studied some aspects of the O(N) model using the Exact RG formalism.

We have done two things:

1) We have constructed the Wilson action for the O(/N) model at the Wilson-Fisher fixed
point in 4 — e dimensions up to order €2. This is done by solving the fixed point equation, order
by order in e.

2) Using the above action we have also constructed two composite operators in the ¢? scalar

field theory at the Wilson-Fisher fixed point in D = 4 — ¢ dimension. The composite operators

and their anomalous dimensions are listed in (4.2.26),(4.2), (4.3), (4.2.29), (4.2.30) and (4.6).

Dimension of an operator is a well-defined concept only if the underlying theory is scale-
invariant (at least in some approximation). The fixed point condition of the ERG equation is
a condition for scale invariance of the action. This was solved to O(e?) in [43]. The energy-
momentum tensor was also shown to be traceless, thus verifying that this theory is also con-
formal invariant - as expected on general grounds. Thus the operators constructed in this
theory should correspond to primary operators of this CFT. However this needs to be verified
by checking the Conformal Ward Identities, which requires a local operator, i.e. Oz(q), O4(q)

with ¢ # 0. We leave this for the future.

As mentioned in the introduction, one of the motivations for this construction is to use the
ideas in [40} [41] and construct the AdS action corresponding to this CFT. A related problem
is to construct the AdS action for sources for composite operators such as ¢‘¢’. Even more

interesting would be to study the massless spin 2 field that would be the source for the energy-
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momentum tensor. This would give dynamical gravity in the bulk as a consequence of Exact
RG in the boundary by a direct change of variables similar to what was done for the scalar
field in |40} [41].

The main point of our work is that the UV cutoff is kept finite throughout. Thus both the
fixed point action and the composite operators constructed here are valid at all length scales.
In particular, scale and conformal invariance of the action is not an approximate statement
valid at energies p << A but is valid for all p. In the same way, the expressions for the
composite operators in terms of fundamental fields are valid even when the internal momentum
circulating is arbitrarily large. (Note that because of the analytic form of the cutoff function,
loop momenta are not restricted to be less than A.)

CFTs and more generally field theories with a finite UV cutoff are conceptually interesting
and generalize the notion of scale invariance in the presence of a UV cutoff. These could have
applications in condensed matter physics and critical phenomena because these systems always
have an underlying short distance cutoff.

The results of our work are also relevant for a better understanding of holography. The bulk
AdS dual of the O(N) model has been studied. The connection between ERG and Holographic
RG has also been studied recently and in these approaches, a finite cutoff plays a crucial role
1400 1411 142]. In fact, as we have used a very general cut-off in our work, the cutoff functions
used in [40] [41][42] can be accommodated.

There are several other open questions. One is to understand the precise role of the irrelevant
terms in the Wilson Action when constructing the bulk AdS-dual. It would also be interesting
to have more examples of such constructions in other CFTs and in other dimensions where a
Lagrangian description is available, for eg., Wess-Zumino-Witten models and O(/N) models in
3 dimensions.

Finally and perhaps most important is the inclusion of gravity in these theories and the
connection with string theory. If one were to speculate (as for instance in [61]) that underlying
space-time in string theory is not a continuum then it may also be necessary to understand

properties of theories with finite cutoff where the underlying “lattice” is dynamical.
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Appendix A

Wilson Action

A.1 Fixed point action

A.1.1 Evaluation of U,

We need to solve

4 4

d ) 1

[(4_ D— E pidp) + E 2K (p?)Uél)(pj)l §U4(p17p2;p37p4)
i=1 t j=1

dP 1
=/ P K’(pQ))—{GNUes(pl,pz;pg,m;n —p) + 12Us(p1, p; 2, —D; D3, Pa) +12U6(p17pz;p3,p;p47—p)}

(2m)P 48
:/ <;Z7T§9DK/(])2)){ _ <N; 2) <h(p1) + h(pa) + h(ps) + h(p4))
_(V+4)
4

(h(p +p1+p2) + 2h(p +p1 +p3) + 2h(p+p1 + p4)> } (A1)

where

/ (;i:fD K/(p2>){ - (N; 2 (h(m) + h(p2) + h(ps) + h(m)) } (A.1.2)

corresponds to the kind of diagrams shown in Here the external loop does not involve

momenta p; + p;. We will call it type I diagrams. Considering only leading order terms in p?

the contribution from type I diagram in (A.1.1)) is

N+2 )N
8 1672

J
p;=0
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Now consider the second term in L.H.S of (A.1.1). In the limit of small external momenta after

putting the value of Uz(l)(p) = -2 (as we are considering terms of O(e?) we have put

D=4 to find Uz(l)) we get

A N+21

R /S .
pj—>0167r2 2 8 4(p1; P23 P3, a)

A2 N +2
=i (A.1.4)
pj*)O

4
=2 2K))
j=1

= — 4K'(p;)

This cancels exactly with (A.1.3).
Similarly in (A.1.1) the term

/ (;%UD K/(p2){ _ (NZ 4) (h(p +p1+ p2) + 2h(p+ p1 + p3) + 2h(p + —|—p4)> } (A.1.5)

corresponds to the kind of diagram shown in We will call it Type II diagram. In the

limit p; — 0 the above term becomes

2 (NZ—S) 1617T2 /OO<> dp2K,(p2) (K(pz) _ K(O))

:,\Q(NIS) 1617T2 /Ooodﬁ{%dg;) —K(O)K/(pQ)}

Using K (c0) = 0 and K(0) = 1, this integral gives 1. Equating this contribution with €2 from

L.H.S of (A.1.1) we obtain

1 N+8 N
“(4—D)x=——
5 ) 8 (4nm)?
gbl
D1
p b
qbl D2 D4 ng
D3
¢J

Figure A.1: Type I diagram
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b2 Y2
¢K ¢J

Figure A.2: Type II diagram

Thus in addition to the trivial fixed point A = 0, we have a non trivial fixed point:

1672

A=@-DIgTs

(A.1.6)

A.1.2 Solving for U,

U, will have contribution from both type I and II diagram explained above. We write
U, =U+U"

according to contributions from type I(IT) diagrams.

(We shall set D = 4 while evaluating integrations in those terms that are already of O(e?).)

Type I diagram In 1} the first term on the LHS and the first terms on the RHS (Type

I) cancel only in leading order. In general, their difference is

o N +2 1 X a2 i) (2
R e de<p>[Z - K

J

Taylor expanding we find

N +2 1 1
A2 g % ()2 /dsz/(pQ)K”(O)§ E pj=c g v
J J

This is a contribution to Uy(p1, pa; ps, pa) that we can call AUL (py, pa; ps, pa). Consider a type I

graph where the line at one end has p; and lines with momenta ps, p3, p4 are at the other end.
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This corresponds to the term

N +2 1 1
)\2 X d QK/ K// O —p 2 = 2
% T | RGOt =
when contracted in a loop in order to contribute to Us, so that say p; = —p4, we have py = —py.

It contributes to Uy(p?) an amount
1 1
/dPQK/(pQ)ﬁﬁUi(pl,—pbp, —p) = /dsz/(pg)f(p?) = [C/dpQK/(pQ)]p? = Apj

This is just a simple wave function renormalization that does not depend on p;. There is no
contribution to the mass. The same argument applies to all the other permutations of the type
I terms. A simple wave function renormalization ¢? = (1+ A)¢? can ensure the normalization
of the kinetic term. They do not affect the physics or contribute to . However, type I term

contributes to sub-leading order term of m? or Us.

U I satisfies the following equation:

d Lo N+2 1 - )
_sz pl p27p37p4> = A ] X (47_(_)2/0‘ dp K/(p )[Z 2 _Kl(pj)

J
The solution is

(N+2) 1 ZK(p?);K(O)

2 1672 ‘= p;

Ui (p1,p2; ps, pa) = — N (A.1.7a)

LN 1
=\ T@Zh(m) (A.1.7b)

where K (p) = e is assumed.

Type Il Diagram In (A.1.1) if we keep terms upto O(e?),

lZmd ] (P1, P25 P3; Pa)

A2 dPp
T4 (2m)P

K’( ){(N + 4)h(p+p1 +p2) + 2h(p+p1 +p3) + 2h(p+p1 +p4) — (N + 8)h(p)}

(A.1.8)
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where h(p) = w. It is to be noted in the momentum independent part —e% we have

written € in terms of A\ using the fixed-point value of \.

The solution at O(e?), analytic at zero external momenta, is given by

U (p1, pa; p3, pa)

_ )‘; (g:th(p) [(N + D h(py + p2 +p) + 2h(p + p1 + p3) + 2h(p + p1 + ps) — (N + 8)h(p)}
(A.1.9a)
=—\? [(N +4)F(p1 + p2) +2F (p1 + p3) + 2F (p +p4)] (A.1.9b)

where F(q) = § [ 2= h(p) (h(p + a) = h(p)).

A.1.3 Equation for Uy
From we get

0 :/ (;l:fD (- K@)

1 3 3 3 3
{g [4NU41(p1, —p1;p, —p) + 4NU  (p1, —p1; p, —p) + 8U{ (p1,p; —p1, —p) + 8U" (p1, p; —p1, —p)

- dU.
.WQ@meW@—mﬁ—gﬁ+m@n—ﬁ—%?z (A.1.10)
1
From(A.1.7a)
1 T Tl
51 4NUi(py, —prsp, —p) + 8UL (pr, 9 =, —p1)
—1(N+2)2 AN h(p) + h(p:) (A.1.11)
9 1672 | T o
and from lj
1 - ~
§{4NU4”(171, —p1; p, —p) + 8U (p1, p; —, —pl)}
32
= =N+ 2) [ L) [RO+ prtp) = A (A112)

If we decompose Us in two parts namely 021 and UQI I respectively, in the following way,
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Us (p1) —p%w;—gl) = / (ir—)%K’(pg)%(N%—Q)ngﬂzh(pl) — (UMK (p?)  (A113)
which gives
Uap1) = _<1$Wz)z & Z 2 h(p1) (A.1.14)
2.
— 205" (p1) + 2p?—d0§;<zpl)
=—6X(N +2) / (gﬁfp (= K'0") F(p +p) + (N +2)° 1;2 / (;iwa ( - K’(pQ))h(p) —n
(A.1.15)

which gives

o} Pa L 6N (N +2)(—K'(¢2)F —n p? Y
W= ot [ ! {6+ (K (@)Fp+a)} —nr*  (viop

—~

20 2pt 4 (16m2)2
(A.1.16)
The second term in the expression of U}! is evaluated using K (p) = e 7".
Hence The full expression of Us(p;) is given by
~ A2 (N +2)?
U. = — h
2(p1> (167T2)2 4 (pl)
N 2/zo% . . élw—)qD{ — 6N (N +2)(=K"(¢*)) F(p + Q)} —NP (N42? N (ALY
Pr) ™ 2pt 4 (16r22 T

A.1.4 Expression for 7

Only Type II diagrams contribute to n. Because we need the external momentum to flow
through the loop - to get a momentum dependence in U,. This can happen only in Type
IT terms and that too for certain contractions. (Calculation of this section requires us to

go back to bar denoted variable as a dimensionless variable. So p’s from the last section are
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replaced with p). From (3.2.20) we have

1 d ~ ~
T2 / K'(¢*){ ANU;! (¢, —q; 7, —7) + 8U ' (q, 73 7, —q) (A.1.18)
2 8dr* J; -
We can convert differentiation w.r.t p; into that w.r.t A, i.e.
4
d d
_ 5o A
;p] dp; dA
So (A.1.8) gives following expression for Ul
11,01 P2 P3 P4
sSUT L A A )
Az A b1 | P2 p1 | DPs b1 | P4
== din A [ K'(P°)|(N +4)h(p+ =+ =)+ 2h(p+ = + =) +2h(p+ — + ) — (N +8)h(p
a0 o+ B R on B+ B bt B B - V90
(A.1.19)
Hence
1 Il (= = = = Il (= = = =
é 4NU4 (qa —-q;T, _T) + 8[]4 (qa r,—=r, _Q>
A2 ind / 17 =2 _ q r _ q r _
=— dln A K'(p")4 (12N +48)h(p+ — + ) + (12N +48)h(p + — — ) — 24(N + 2)h(p)
4 J, o A A A A
(A.1.20)

So we need to find the coefficient of 7 in [h(ﬁ LAY+ h(p+ L — X—l,)} which is calculated

as

Lrery 2

B q ,r,/ B q T,/
éAa%@ﬁV@+N+N“*@+N—Nﬂ_O
P K@) -1
-~ ddredr, T |
r:p+%
=P K" (5 + %)2) (A.1.21)

where we have used the facts: in 4 dimensions (ﬁé) = 6*(p) and K(0) = 1.
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From (A.1.18),(A.1.20) and (A.1.21) we get

InA
g: 3A2(N+2)/K/(q2)/ dln A’ ( /K’ ()K" ((p A,) ) (A.1.22)
q 0

Evaluation of integral: Let us use ¢ = §; and A’ as variables of integration, rather than

g = % and A’. So change variables:

@Z@’%’; =7 A,)2; /d‘*‘z/d“q(%’f

to get
e [ [ () w3 [ e
2 0 7 VA A5 A
Using K'(q?) = %5{;}; = —2/;—;2% we get

77 2 ! / 1!
— = —3)\(N 2 dA K K
5 3N (N + /0 dA,/Qq,Q/ (p+7)?)

Since ¢ is an independent variable we can write this as

/ (ijkf 1 ! 1
_—3/\2N+2// N =53 _,2/K VK" ((p+7)°)

The integral over p is a function of ¢ and not A’. So we can do the A’ integral easily. Using

K (o0) =0 we get

1
(1672)2

32
g:_7N+2 / K(q?) /2/}(’ K”((p+q)):1)\2(N+2)

J

Vv
N
6(27)8

The integral underbraced above is calculated to give —6(’5—;)8 for K(z) = e™®. But it can be

shown to give identical result for any smooth K(z) [66]. Using A\ = ]1\?126 we can write the

anomalous dimension as:

1 ~ N+2 €
(1672)2 (N +8)2 4

(A.1.23)



A.2 Asymptotic behaviors of F(p) and G(p)

The function F(p) is defined by

(p-0p+¢€F /f h(q+p) — h(f])) (A.2.1)

For large p, we obtain an equation satisfied by the asymptotic form Fjgymp(p):

(p- 0y +€) Fasymp(p /f ) + O(e) (A.2.2)

This implies
Fasymp(P) = ——/f q) + Cr(e)p™ (A.2.3)

where Cp(¢) is independent of p. Since F(p) is finite in the limit ¢ — 04, we must find

1 1
= - . A.2.4
CF(6> B (47’(‘)2 + ( )
Hence, expanding in €, we obtain
Fasymp(D) = (47?) Inp + const + O(e) (A.2.5)
We next consider G(p) satisfying
(p-8p—2+2¢)G(p) = /f(Q)F(q +p) + 20, /f(Q)h(Q) +n?p? (A.2.6)
q q
where
1
— ) A.2.7
e L FOF@)| = i 00 (A27)
The asymptotic form Gsymp(p) satisfies
(D 0 — 2+ 2€) Gasyup (p) = 7Vp’ (A.2.8)
This gives
1
Gasymp<p) - _77(2)p2 + CG(E)]P?QG (A29)

2¢
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Since G(p) is finite as € — 0+, we obtain
(A.2.10)

Hence,

1
_ 2
Gasymp(P) =P (6(477)4 Inp + const) + O(e) (A.2.11)
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Appendix B

Composite Operators

B.1 Local Operators

Under a scale transformation

=X p:% (B.1.1)

3(p) = A\ %o (p)

Here d%, is the scaling dimension of any operator O(z) and df, = d% — D is the scaling dimension
of O(p). Let A =e¢"" and p = pe’.
ope') = "6 (p)

e~ g(pe') = $(p)
We hold p fixed and change ¢:

20— (- )0

and more generally for any operator with mass scaling dimension d?:

90(p)

22— (4 p e )Ol) (B.12)

dp

One can also call —dp, the length scaling dimension.
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Let us consider operators of the form

AS = /B(Q)O(Q)

Then the change under scaling can be written as

ag_ts = /B<Q)(_dqo + qd%)O(q)

q

= [ty =D~ 401 B@I0w = [(-d5 - 40 B@I0w)

This gives the action on the coefficient functions in the composite operator.

Thus if we have

0= / / A(pr, p2)6(p1)6(p2)

Then

00 d d
- /pl m[(_pld_pl “Pag - 2dg) A(p1, p2)]9(p1)9(p2)

(B.1.3)

(B.1.4)

The operator acting on the coefficient functions A has been called GJ;, in the literature. The

superscript ¢ denotes that it is the contribution to scaling due to the classical or engineering

dimensions. (see for eg.[18][19]).

Let us consider some simple examples that will be used.

A(p1,p2) =6(p1 +p2 — q)

Then using

d

d d
—— e+ )0 —q)=—Dé -
(g, P2y -+ 0500+ p2 =) (p1+p2—q)

we obtain
00 d
% / / (=245 + D +q=)0(p1 + p2 = )6(p1)6(p2)
pP1 Y P2 q

00 (ay+ qdiq> / | / 31+ 2 = 0 0(p2)

as required.

90

(B.1.5)

(B.1.6)



2. More generally

A(p1,p2) = 0(p1 + p2 — Q) B(p1,p2, q) (B.1.7)

Then going through the same steps one obtains

00 d
 —((~2d2+ D+ q— —¢)B

d d d

[ ] st mig s~ pag = 4By p )60

If B(p1, p2, q) has a well defined scaling dimension it adds to dj. For eg if B(pi,p2,q) =

p1.p2 the operator is just the kinetic term and we get —2dj + D — 2 = 0, which is the

dimension of f {a—p))op)o(q —p).

B.2 Composite operators at the leading order

In this appendix we have calculated different parts of (4.3.18) upto A!. Note that we have
marked different parts as (1), (2),(3) and (4a) respectively. As we have considered only the

leading order terms we remove the superscript (1) from 4 and 6-pt vertices By , By and D.

(1)

, 52AS
/ R S sa )

, 1
= /{—K (P} 8(p1 +ps—q) (B(O) + (B1(p1,q) + Br(p2. q) + Br(p,q) + Bi(—p, q))+
p P1,p2
1
+§[Bn(pl+p27 qQ)+Br1(p1+p, q)+Brr(p1—p, )+ B (p2+p, 9)+Bri(pa—p, ¢)+ B (0, Q)]) o(p1)o(p2)
1 1
o /{—K’(pz)}§ S(p1+p2+p3+ps— @) [(D(p1,q) + D(p2, q) + D(ps, q) + D(ps, q)+
: P P1,P2,P3,P4

+D(p1 + p2 + p3,q) + D(p1 + p2 + pa,q) + D(p1 + p3 + pa,q) + D(p2 + p3 + 1, q))+
+(D(p1+p2tp, @) +D(p1+ps+p, Q)+ D(pr+patp, ) +D(ps+p2+p, ) +D(patpe+p, ) +D(ps+pstp, q))+
+(D(pr+p2—p, @) +D(p1+p3—p, Q)+ D(p1+ps—p, Q)+ D(ps+p2—p, @)+ D(pa+p2—p, ¢)+D(ps+pa—p, q))]

d(p1)P(p2) @ (p3)(pa)
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If we set ¢ = 0 in the above things simplify considerably:

[rei e 5= [erwnE o0+ F [ E@oae-o

SFBu(0) / o)+ 5 [KC (Bt +0)+ Bulp— dlot@)o(-o)

b [ [ D)+ D) + D)+ Dl
+D(p+ps +ps) + D(p+ ps +p2) + D(p + ps + p1)
+D(p — p3 — pa) + D(p — ps — p2) + D(p — ps — p1)]

¢(p1)...¢(p4) Py = —PpP3 —P2— D1

(2)+(3)

0AS 2I(' 0AS
_2/p{ K ”T il Ry el F

[ SR G+ A + AV ol

4
—%)\ / S(pr+potpstpa—a) Y {—K'(ni—a)*)HAO+AD (0i, pj+pitp)](p1) d(p2) 6 (3) 6 (pa)

2
__,/ o(p1+p2tps+pa—q) Z{_K/<p$)}U2(pi) (B(O)+(BI(]91)+Bl(p2)+BI(p3>+BI(p4)
P1,P2,P3,P4 1
+Br1(p1 + p2,q) + Bri(pr + ps, q) + Bri(p1 + pa, @)+

+Br1(p2 + ps,q) + Bri(p2 + pa, q) + Bri(ps + pa, q))>¢(p1)¢(p2)¢(p3)¢(p4)

Once again if we set ¢ = 0 the result is simpler:

2[Rty - [ i = <2 [ =KW Nvmawero-r)

by [ERGIAG) [ O Uippe e p)o(-p)olm2)o)6 (1) 5 p=p2+ s+ pa
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+% / {—K'(p*)}Us(p) / [Br(p)+Br(¢2)+Br(g3)+Br(qa)+Bri(p+a2)+Br1 (p+q3)+Brr (p+a))]

92,93

o0)6(@)0(as)0(a)| —p =@t +a

Rename p— > p; and then symmetrize:

— o / {—K' (")} Ua(p) A(p)$(p) $(—p)

1

+Z (Z{—K/(p?)}A(pi))()\ + Ua(p1, p2, p3, pa))6(1)d(p2) 9 (p3) (pa)

Pp1,p2,P3 ;=1

—/ Z{ K'(p7)}Us(pi))[B1(p)+Bi(q2)+Bi(gs)+Br(as)+Bir(p+a2)+Brr(p+as) +Brr (p+s)]

P1,P2,P3 —1

O0)6()9(a)9(ar)] 3ps = (1 + 2+ 1)

We write the ¢° terms separately (we set ¢ = 0 here since these terms are not required for

the relevant operator at leading order):

-5 ST =K ((pi + 15+ )Y + Ua(p, pis by )]

P1:-P5 10 perm i,j,k

[B1(p) + Br(pa) + Bi(ps) + Bi(pe) + Bri(p + pa) + Brr(p + po) + Brr(p + pe)]d(p1)-..d(ps)

+§ [Z{{—KI(P?)}}Uz(pi)H Z D(pi + pj + pr)]o(p1)----(ps)

tYPL,Ps 10 perm 1,5,k
o [ KGR ATt 060600
p1,. ps i
p=pi +Dj +pr = —(Pa +pp+ D)

(4a)

The general form of the action of G§; is given by

ggil(;(Zpi_q)X(pl?'va) N sz sz_q 7-->pN>
D
=(1-5 )N+D+q sz X(p1, o)
5 _pi—a Zp% X(p1, - pN) (B.2.1)
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When ¢ = 0 we get:

Giry | AW = [(40) 1 25 Ao

gfm% /p1 - [Z{B(O) (pi) + Br(pi)} + (Brr(p1+p2) + Brr(py+ps) + Bri(pi+pa)) |6 (p1) ... ¢(pa) =

i

L [(4—D— sz Z{B (p2)+ B () }+(Bri (pr+p2)+Brr(p1i4+p3)+ Brr(pi+pa))6(p1)-. 6 (pa)

|
4l p1,p2 p3

Gugi [ X Dot p+poon) ()

L-P5 10 perm 14,5,k

1 / d
= a (6 —2D — pi

P = —P1--- — Ps

) Y. Dpi+p+p)opr)-d(po)

v 10 perm 1,5,k

B.3 Irrelevant Operator at subleading order

B.3.1 The ¢° equation

/{ K'(p 5A)§d>(<)) % > K@i+ ) HA+ U 000}

" 10 perm (4,9,k)

{BO(p) + BO(p,) + BO(my) + B (p.) + B (p) + BN (pa) + B (m3) + BV (pe)

+ BW(p+pa) + BY (0 +p) + BY (p+pe)}

(=]

2 2
-1 Z(—K(p?))Uz(l)(pz)D(l)(pl,pz,pg,m,p5,p6)} -5t S (=K @))AQ () Ve (p1, p2. ps. pa. 15, p6) }

6
1 d 1
— I — _ E R 1)) - (1)
+6' {6 2D — p’LdpZ }D <p17p27p37p47p57p6) + 6'(26){D (pl;p27p37p47p57p6)

1 1 0
:@{6 - 6F)\}D(1)(p17P27P37P47P5,p6) + g{'f)\ + Bil)(A)}—D(l)(P17p2,p37p4ap5,pG) (B‘3‘1)

o))

The last term on LHS comes from putting D = 4 — ¢ in (6 — 2D)D™ term. Where

BV(N) = —3F A2
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So the first and 3rd term combined in RHS cancels the last term in LHS.

UEQ) <p7pi?pj7pk)

FA2 &
— :AQ{F(p +pi)+ Flp+p;)+Fp +pk)},+ - Z h(p;) (B.3.2)
(};I =1
vl

Where F(p) = L [, {h(p + k)h(k) — h(k)h(k)}.

52452 (0)

oG, in ¢° equation

§2A5(0)
6 (p)do(—p)
28 x 3\2 6
Y _{ o D hh(pitpi+p)+4 )Y > h(pi+pj+ pr)h(pa + s + D)
' 10 perm (1,5,k) I=1 10 perm (i,5,k) 3 perm (a,B)

6
+56 > h(pitpi )bt pitp) 28> Y h(p)h(pi +pj + pi)

10 perm (i,5,k) =1 10 perm (i,j,k)
+112 Y hpitpi+pe) Y. hpatps+p)
10 perm (i,7,k) 3 perm (o,f)

w56 Yy h(pij+p>h<pz-+pj+pa+p5+p)}¢<p1>¢<p2>¢<p3>¢<p4>¢<p5>¢<p6>

15 perm (i,5) 6 perm (a,B)

(B.3.3)
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Equation for D§2) (p1, P2, P3, P4, s, D)

We take 2nd and 5th term of R.H.S of (B.3.3)), Note that the coefficients e D) terms cancel,

now considering all terms in RHS we get:

{ — 2D — 22:10Z } (P1, D2, P3; P4 P55 P6)

_1_126?\ /p( _ K'(p2)> Z Z h(p; + p; +pk){h(pa +pp+p) — h(p)}

10 perm (i,5,k) 3 perm (o,f3)

4
4
e Z K'(p; + p; +pk)Ui(p,pi’pj7pk)ZB(O)(pl)

10 perm (i,5,k) =1

4
o 2. MK+ +pk>{B§}’(p+pa> + B (p+m) + Bﬁ)(wpc)} =0

10 perm (i,5,k)

(B.3.4)

Equation for Dﬁ)(pl,pz,ps,m,ps,pe) and Dg)l(pl,pmp?,,m,pmpﬁ)

We take 1st, 3rd and 4th term from li and remaining all terms in (B.3.1):

4 . 0 0 ) W
i % (10 OB @)+ 00 + B0 + B 00}

" 10 perm (3,3,k) 1

(R i+ HBO )+ BO )+ Bn) + B0} {40000 + 03,) + 0o} )

N J/
-~

11
U4

{ - Kl( )U(l)( )}{D(l)(plap27p37p47p57p6>}
{ - K/<p12)A(O)(pl)}{‘/6(2)(])17p27p37p4ap57p6>}

3)\2
Y. Fh(p)h(pi+p; +pr)

=1 10 perm (i,j,k)

nt/p(—f(’(pQ))SG—A,2 > {h(pﬂrpj +Pk:)h(Pi+pj+pk)}

" 10 perm (i,5,k)

( —2D — Zp’b ){ II (p17p27p37p47p57p6) +D§I)I(p1 p27p37p47p57p6)} =0

(B.3.5)
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Let’s take collect all terms marked with 71”7 marked and the 6 th term on LHS,

é Z {K’<pz‘+pj +pk)}{)‘}8§1)(p>

" 10 perm (i,5,k)

*% Y AK i+ p+ o) HBO0) + BO(pa) + BO(py) + B <pc>}F7h<p>

" 10 perm (i,5,k)

+/p(— ]{’(]92))36—)\'2 Z {h(pz +pj + pr)h(pi + p; +pk)}

" 10 perm (4,9,k)

—( 6 —2D — sz ) H (p1, D25 P35 P4s 5, P6) = 0

Collecting other terms in li we get equation to solve D?I)](pl, D2, P3, Pds D5 D6)-

Equation for Dg/)<p17p27p37p4>p57p6)

At last, only term remains in (B.3.3) is the 6 th term. So the equation for

2
Dg\/)(plap27p37p4vp5vp6)

3A2
6 > Z /{—K'(pz)}h(pﬂrpj+p)h(pz~+pj+pa+m +p)
15 perm (3,7) 6 perm ( P
+ (6 —2D - d )6|D (plap27p37p47p5>p6) 0 (B36)

B.3.2 The ¢! equation to determine B® (py, py, ps, ps)

Now we will write ¢* contribution in (4.3.31). We recall that while calculating 4-pt ver-
tex of leading order there were two left over terms (4 — D)B§1)(p1, pa2, p3,p4) and 2(4 —

D)Bg) (p1, P2, p3,ps). We have added those terms in LHS of the equation below.
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A

-~

g 5 5
/K'(pQ)— D®(py, p2, ps, pa, ps, Pe)
p

6p(p) 0¢(—p)

B
A\

N

- % > { = K@) HAY w0 + AV @) HA+ UL (01, 9293, p)}

C

r2 4 4 4
— i 2 A K OOHT 00 + U2 0 H DB w) + Y B (0) + By (01,205, 94)}
Ci=1 =1 =1
D

-

4

4
_g{zzlzB } ,Uzp% pl
E

1
+ Z{(‘l - D) — Di 2 (]01,192,193,294)} + 2(4 - D)B§1[)(plap27p37p4) + (4 - D)B§1)(p1,p2,p3,p4)

4
€ —6F\
= Al {B( )(pl,p2,p3>p4) + B§1)<p1,p2;p3,p4) +BY )(pl,pz,p:s,m } + Z
' -1
{ A + B(l)( )} {B (p17p27p37p4> + B}})(p17p27p37p4>} (B37)

Where Bgl)(plap27p37p4) = )\Z?:l h<p’b) and B§})<pl7p27p37p4> = =2 23 perm (i,5) f(pz +p])

BN = —3FA?

U3(p) = —5— U37(p) = =N°G(p) -

Where
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Different parts of (B.3.7)

In the LHS, A. Calculation of WD(Q) (p1, P2, D3, P4, P55 P6)

/{_KI ) 5—2)17(2)(?17PzaPavP4)¢(P1)¢(P2¢(P3)¢(P4)¢(P5)¢(Pe)

/{_ 56(p)od(—p)

DY Z [0+ e+ s+ ) — (o)}

10 perm (i,5,k) 3 perm (a,8) 4

X O(p1)P(p2)P(p3)d(pa)d(ps)d(pes)

_ %?MQF{ Z thl p+pj+q>h<q>—h(q)h(q)}}¢<p1>¢<p2>¢<p3>¢<p4>

3 perm (

e 2

(B.3.8a)

b+ DL W40+ ) = 24 S)00) )00

6 perm (i,5) a=i,j
(B.3.8b)
2
+/(M{ K'Y bpi+p;+p){h(pi +p; + @)hlq) — (@) }o(p1)d(p2)d(p3)d(pa)
g 3 perm (i,5)
(B.3.8¢)

+/~{—Kﬁﬁﬂ%ﬁiijHMm+p+®M®—hmMMHMmM@ﬁde@@(33%)

2.

2

/ {- K/@Z}mm? (p1, P2, D3, P1) D (1) (D20 (D) (1) b(p5) (D)

= [ K s LZE S S phoi+ s + P00 65510000

=1 10 perm (i,j,k)
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gives
_3A F/{ K'(p*) }{2h(p }Z{h 1) }é(p1)d(p2)d(ps) d(pa) (B.3.9a)

_3)\ F/{ K'(p }{Z” (p)h(py) +Zh h(p;) Y (1) d(p2)d(ps)d(ps)  (B.3.9b)

* 3132 /{ K'0) 20} D {hpi+p;+0)}o(01)d(p2)d(ps)d(ps)  (B.3.9¢)

3 perm (i)

—3)\F/{ K'(p }{thz} Z {h(pi +p; + D) }O(1)D(D2) B(3) P (Pa)

3 perm (i,5)

(B.3.9d)

3.

/{ K/ }5¢ 5¢ ) (Pl P2,P3, p4)¢(171)¢(P2¢(P3)¢(P4)¢(P5)¢(P6)

/ (- K0} S LTE S by p )k 4 1+ )66 () o)l

5¢( ) 2 10 perm (i,5,k)
gives
- ‘WFZihpl B (2) P (p) (B.3.10)
/{ K'(p 3A d > h(pi+ i+ p)hpi + pi + P)O(D1)S(p2)(Ps)d(pa)
s b
" (B.3.10b)
4.

/{ K'(p }5¢ 5¢ ) Dy (b1, p2. pg, P1)9(p1) 9 (p2)6 (p3) 6 (2)(p5)(p)

:/ K et
{6' D> Z [h<pi+pj+q>h<pz-+pj+pa+p5+q>h<q>]¢<p1>¢<p2>¢<p3>¢<p4>¢<p5>¢<p6)}

915 perm (i,j) 6 perm (a,B)
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gives

= BZ,F > /{h(p +p; + Q)h(Q)h(q) }d(p1)d(p2)d(p3) d(pa) (B.3.11a)

3 perm (1,5)

//{ K'(p} > Abpi+p+)lbp+q+pi) + h(p+ g+ py)h(@) }(p1)d(p2)d(ps)d(ps)

6 perm (1,5)

(B.3.11b)

//{ K'P}Z > A{nwi+p+h(p+pi+pi+p+ Oh(@) d(p1)d(p2)d(ps)d(pa)

=1 3 perm (1,5)

(B.3.11c)

Z{ K'(p?) H{A (pi) + AW (p )}{A+Ui2)(p1,pg,p3,p4)}

—@;{—K’@?)}({—g}{—v S For) Ffémpi)}+[A<O>+A<”<pim)

3 perm (

Where F(p; + p2) = 3 f {h p1+ p2+ q)h(q) — h(Q)h(Q)}

1 FXZ Z {K'0D)} > /{h(pz- +p; + @)h(q) — h(q)h(q) } (B.3.12a)

3prm(J) 1

1 F2)?2
__—Z{K' p) }Zh pr) (B.3.12b)
T Z {K' ()M A + AV (p) } (B.3.12c)
=1
C
2 e 4
{ = K'GHHU ) + U2 )} D" BO i) + B (b1, p2. 3, pa) + Bi7 (01,92, p3.p4) }
=1 i=1
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=SSR Y (it v+ @)hla) — hla)h(a)}
=1 13 perm (i,5)

- WOH D k)

S RGDH [ ) b+ 0+ b~ hA) — [

- Z
+ Z" prh(pi)
=1

2

Where at the fixed point FA= ¢, 1 — 55 E.

1
4'(

1
+ 12(4 D)B( (p1, P2, D3, Pa)

4 — D)B (p1 P2, D3, Pa)

4,4 D - Zp B()plpzpsm)
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In the RHS

—6F\, —
= {2 B )}
’ i=1

e —6F\
4!
6—6F)\
_|_

1
B§I) (p17p27p37p4)

{B?(p1,p2,p3,14) }

+ %{ ZB(O)(Pi)}

1

1
+€ZB( )(pl,pg,p3,p4)

1
=+ GIB( )(pl P2, D3, D4)

+(=3F)) ,B (p1,p2, 13, pa)

4

+ (= 3F>\)4 BY (p1,p2, ps, pa)

(B.3.17a)

(B.3.17Db)

(B.3.17¢)

(B.3.17d)

(B.3.17¢)
(B.3.17f)
(B.3.17g)

(B.3.17h)

We know all necessary terms to find B (py, ps, ps, ps). We will reorganize the terms and will

make suitable ansatz about B® (py, pa, ps, ps) so that 1} is satisfied and at the end we get

some number proportional to 24 B (p;) in the LHS of so that we can equate that

@)
with 2 { 5™ BO(p;)} in RHS to get the anomalous dimension.

Equation for B§2) (p1, P2, D3, D4)

Taking (]B.3.8a[),(]B.3.9dD,dB.3.12a[) and 1) and adding suitable couterterm,

1 3\’ F

T 2 Z{hpl Hhpi +p; + @)h(q) — h(q)h(q)}

L4 2

3 perm (1,j) l=

—3\2F

3 perm (i,)

+%¥Z{Kf(pg>}{/ S (b + p; + @)hla)

=1 13 perm (i,j)

—FZ{K’(p?)}{/ > (hpi+p; + @)h(q)

13 perm (i,5)

+1 szd 4,} ¥ (p1,p2 p3.pa) = 0
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R AL }Z{hm > {h+np)}+ 5
— h(@)h(q)) }

— h(q)h(q)) }

h(pz)

(B.3.18)



On LHS of (B.3.7) we are left with,

1 1 9)\2
2(4 — D)4 B( )(pl P2, 3, Da) Zh D)

Equation for Bﬁ) (p1, 2, D3, Pa)

Taking (B.3.9¢)),(B.3.10b) and (B.3.11a)) we get,

C3\F ,
o KO} 3 bt b))
3 perm (1,5)
o —3A2F
+/{—K(p2)} 1 Y h(pi+p;+p)hpi+p;+p)
p ) 3 perm (i,5)
3NF
+ > /h(pi +p; + @)h(q)h(q)
" 3 perm (iyj)” 4
+{ sz \? (pr,p2. p3.pa) = 0
On LHS of (B.3.7) we are left with,
1 5
2(4 D)4|B <p17p27p3 p4)
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(B.3.19)

(B.3.20)



Equation for Bﬁ)j (P1, P2, D3, Pa)

Taking (]B 3 9b[),(]B.3.10a[),(]B.3.12bD,(]B.3.13(:[), (]B.3.13h[) we get,(Note that we need to Agﬁ, for

the equation to be satisfied.

—3NF
94 /{ K/ }{thl pl—l—thz p]

i#]

1 —3)\2F2
Z h(pi)h(pr)

. FW{ZK’ (P)h(p:) + D K (0)h(p;)

i#£]

F2)\2 Z { ZK/ pl h(p;) + Z K/(p%)h(pj)}

i#j
1 F2)\2 Z (KGR
] Z {K' ) )25 () sz i 4, B (pr.p2, p3, pa) = 0 (B.3.21)
where A{}) (p) = L2 h(p).
On LHS of we are left with
! (B.3.22)

(4 D)4|BII)I<p17p27p3>p4)
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Equation for Bﬁ/) (p1, P2, D3, pa)

Collecting (B.3.94)),(B.3.13al),(B.3.13g),(B.3.16a)), (B.3.17a)), (B.3.17¢)), (B.3.17g) and the sec-
ond term of (B.3.19)) we get,

o [ K@) S ()}
Far LK)

2)2 L /9
4l Z {K/(p?)}{Q——Qe <§5(1)0é1)> }

+%i{K'(p?)}A{A(O)+A§1)(pi)}+{(4 sz } 1 (p1 D2, ps 1) + %ZAM(@)
4‘2F2)\22h )
¢ _46!“ Z AFh(p;) + (eA — 3FA\)F 24: h(p:)
=1 =1
Where $80 = — [ f(@h(a) =0 —F, o) = =35 [ ~K'(?) =0 5. A =

—Le AP (p) = P2
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Equation for B‘(/?I) (p1, P2, D3, pa)

Taking (B.3.8d), (B.3.13d) and (B.3.13f), we get

/ { - K’(p2)}34—/\!2 > {h(pi +pi + p)h(pa +p + Q)h(g) = h(p + 9)h(q)}

4 perm (i,5,k)
1 A2 ,
24 ), K (p)h(p + q)h(q)

—%%Z{K’ }{/ h(pi + q + k)h(k) — h(q + k)h(k)] }
* Z—? ZK’(p?) /pq { = K'(q)}{h(q + k)h(k) — h(k)h(k)}
+5 Z (s / { = K'(¢)}{h(qg + k)h(k) — h(k)h(k)}

T Z K'(p7) Arr(pi) A

=1

+{-2(4-D) sz—}4,{ 2 (P, D2, s, )| }+{ sz—}4,{ pl,pz,ps,m)l} 0

(B.3.23)

A () = =3 [ [h(pi+p+0)h(p)h(g)—h(p+a)h(p)h(g)] =X [, K'(p){h(p+a)h(q) — h(9)h(q)}.

On LHS of (B.3.7) we are left with

3(4 D)4'Bvl)(plap2ap3 p4>|1 + <4 D)4‘ (2])|2(p17p2ap37p4>|2

(B.3.24)
Equation for B‘(,QI)I (p1, P2, P3, Pa)
Considering ,
[ R0) S 0o+ i)~ )
+{-214-D)- Pi-d—ﬁ}ng)](phpz,pg,m) =0 (B.3.25)
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On LHS of (B.3.7) we are left with

1
3(4 = D) BV (01, 02, s, pa) (B.3.26)

Equation for B\(/QI)II(pl y P2, D3, p4)

Collecting (B.3.13e) and (B.3.15|) we get (because of the expected structure of B‘(,QI)H as 1 we

consider the term e)\agi" from RHS of (B.3.7)),

2 4 2 1 4

= S ARG Y + 0 > ph() + pz 1x (p1, P2, p3, Da)

41 & 2¢ 1 a1
1 3BIX<p1>p2>p3>p4)

={e— 6F)\} BIX(pl P2, D3, D) + 4!6/\ o

We ignore )\BI \ or eB( terms being higher-order and get

4

2 oo L L s 91 1 0By
_IZ{K(Z)Z')}{Q_E}+Zn;pih<pi)+ _Z:pi-a—pi IBIX:ZO\ B (B.3.27)

1=1

And on LHS of (B.3.7) we are left with

1
(e — 6/\F) fo(p1>p27p3 pa) (B.3.28)

Equation for By (p1,p2, ps, pa)

At last we collect the terms (B.3.16b)), (B.3.17b), (B.3.17f) and (B.3.17h) to get,

1
{4-D - sz ) (pr, 2, D3, pa) + 2(4 — D)4|BH(P1 P2 D3, Pa)

= {6—6F/\—|—6—3F)\2} B}I) (p1, P2, D3, Pa) (B.3.29)

We ignore the term e B( (p1, P2, 3, ps) and get the following euqations:

- sz pl,p2,p37p4) — 9F N Z /{h(pi +pj +q)h(q) — h(g)h(g)} =0

3 perm (i,5) 4
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To solve this, we use p = £. In this noatation — 24 L Di. d‘; B¢ )(ﬁl,ﬁg,ﬁ3,}§4) can be written

as,

_Zp pz@@ AL pe (PP ps P
”d‘ "ATATA AN NATATATA

So the solution is given by,

QRN S [Tk -rone]

3 perm (i,5)

In LHS we are left with

1
TS D)BY (p1, p2, 13, pa) (B.3.32)

B.4 Relevant operator at sub-leading operator

B.4.1 The ¢° equation to find D@ (py, ps, ps, ps, ps, s)

#°% equation is given by ( we donot have to consider ﬁ()\)% part because there is no

DM (p1, p2, ps, pa) in this case).

_% Z { — K'(pi +p; +pk)}{/\}{{3(p¢)+B(pj)+B(pk2+{3(pi+pj+pk2}

. . . '
10 perm (i,3,k) 1 )

9 4

6|

{- K'(p?)}iA(pi)}%(2)(p1,pz,p3,p4,p5,p62

7/ 1 TV

3

4
0
+ = <6 —2D - sz‘-a—p)D<2)(P17p2,p37p4,p5ap6)
— 2 _p© B.4.1
(D1, P2, P3; Pas D5, Do) (B.4.1)

d¥ =2



We collect the terms marked "2’ to find first kind of D® (py, p, ps, pa, Ps, P6)-

S Kt OHBG 00}

" 10 perm (i,5,k)

1 L9
—(6-2D-S"p.
+6!( ;paz

p)D(z) (p17p27p37p47p57p6)

d(o)

= FD(Q)(pl,pz,pg,m?ps?pG) (B.4.2)

Similarly collecting the terms marked as "1’ and '3’ we get the following equation,

_ % Yo A=K mi+p+p) HAH{BW) + Blp;) + Bl }

" 10 perm (i j,k)
4

2
Y { K/ pq, }{A pz }V p17p27p37p47p5ap6>
=1
2 @
= @DU (p1, P2, D3, P4, P5s P6) (B.4.3)

B.4.2 The ¢! equation to determine B® (p, ps, p3, ps)

The ¢* equation is given by,

)
/{ - >5¢< )D(Q)(p17p2ap3ap4ap5ap6)

0 Z { = K'(p) H{AO (p) + AV (p) A+ U (p1.p2. 13, pa) }

- 2 = K HUP ) + U 00} 3 BV} + (4 D- zpz

+ (4 — D)BW(py, pa, p3, pa)

)B( ) p17p27p37p4)

dél) d(o) ) " 9
= TB( )(p1, D2, P3, pa) + TB 2 (p1, p2, 3, P1) + Z{eA + B (/\)}53(1)(]91,]92,]93,]94)
(B.4.4)
Where
2 2 FX2 ¢
Us™ (p1, P2, p3:pa) = —A Z Fpi+pj)+ Z h(ps)
. 3 perm (i,5) i=1
Ut Uy’
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Fpitp) = bﬂﬁm+m+@M@ h(k)h(k))

dy) = —F)

Bt )<p1 D2, P3, p4 = —AZh

Calculation of o~ 5¢( ) D(z)(pl,pz,p:),;pz;,ps,m)
D012 D))
52
— m{ . pe%:(i’jﬁk) h(p; + pj + i) }0(p1)P(p2) D (p3) D (pa) d(p5) H(ps)
=30 % { > hp)h(p) } o (1) (p2) b (ps)(pa) (B.4.52)
+60x > {h(pi+p; +D)h(pi + p; + ) }O(01)(p2) 6(ps)d(pa) (B.4.5b)
3 perm (i,5)
@@%%;aDﬁ@bmm&mmmmwwﬁﬂmW@ﬁﬂmW@ddm)
52 0
e pﬁ;(m ) (pi + pj + Dr) ; P2)(P3)d(Pa) d(p5) b (Ps)
= 30 x Z h(p:i)2h(p)d(p1)d(p2)d(p3) B (pa) (B.4.6a)
+30 % 3 hipi) Z h(p;)d(p1)d(p2)d(ps)d(pa) (B.4.6b)
+ 60 x Z h(pi + p; + p){2h(p) }d(p1)$(P2) D (p3) P (Pa) (B.4.6c)
3 perm (i,5)
+60x > h(pi+pi+p) Y h(pe) p2)d(p3)B(ps) (B.4.6d)
3 perm (4,5) k=1
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Equation for B§2) (p1, D2, P3,Pa)

Collecting (B.4.5b) and (B.4.6¢), we get the following equations:

A2/{ —K'(p)}2 > hpitpi+phpitpi+p)+4 D hpi+p+p)h(p)

3 perm (i,5) 3 perm (i,5)
d | L@ 2)
(4 - D) —Pig BY (p1, pa, ps, pa) = 45 B (p1, pa, p3, pa)

(B.4.7)

Equation for Bﬁ) (P1, P2, D3, P4)

We take (A )2 BW term from RHS. Collecting (B.4.6d) and the term with U/ in the second
line of (B.4.4) we get the following equation,

4

22 > h(pipi+0){ =K' ()} ) h(m) —3NF > h(p)

3 perm (1,5) =1 =1

+22K'pz ol -5 [ % [h(pi+pj+k)h(k)—h(k)h(k)]}

3 perm (i,5)

d
+ {(4 - D) — pi.d—p}Bﬁi)(pl,pz,ps,pzl) = dY' B (p1, ps, ps, pa)

Equation for B§?[<p17 P2, D3, p4)

Collecting (B.4.5a), (B.4.6b) and the term containing U}’ we get

JA= KO behie) + > o) S hin,)}

4
+23 K 2 { A0 (p) UL o + AAD (p,) }

i=1
4 4
+ 2 Z K/(Pi)Ug(l)(Pi) Z B(l)(pi)
i=1 j=1

d
+(4-D—p. i, )B§1)1(p1 P2, D3, P4) = d BIII(P17P27P37P4)

(3
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We have,

AF
AO(p) = 1: A (p) = FAWp) :U;" (0) = —5— B (p) = —Ah(p)

So the equation for Bﬁ)j (p1, P2, P3,Pa) becomes,

F{thz (p) + Y h(p)h(py)} + F>  K'(p})h

i) i7#]
d
2FZK/ pz <p] +4FZK/ pz pz + {4 D — Pi-—7— dp }BEI)I(pl p27p3ap4> d BIII<p1>p27p3vp4)
i#£] i=1

(B.4.8)

Cancellation

Note that the last term in LHS and the third term in RHS of (B.4.4) cancels. Also the term

(B.4.6a) cancels with the term dgl)B(l)(pl,pg,p3,p4).

B.4.3 The ¢’ equation to determine A®(p)
¢? equation is given by,

/(_KI(Q))m{3(2)(291,2?2,P3,P4)¢(P1)¢(P2)¢(p3)¢(174)}
+ [A(p) — P*A'(p) — 2{ — K'(p°) } Ua(p)A(p)] 6(p)d(—p)

_ 2 2 )
L K(p D 5000(-0) = 2AO o) = FAG) + 3+ 500 5
(B.4.9)
Uk) =~ U) = —06) - )
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Where

6(r) =5 | S blp a-+ Rh(k) = b6 = 5 [ o+ KAL) — G
+ n2_p2 - 2_12 {;B(” Y + /qf(Q)]:(Q)}
80 = [ flaha) > —Fief! == [ 1@h(@) +n0 5
A
0 )
L. WB (p1, P2, P3, Pa) P (p1)P(p2)P(P3) H(pa)
21
= WZ 3 pegn:(” /{h (pi +p; + k)b (k) o (p1)d(p2)d(p3)d(pa)
— [ {0+ a+ DR®H® (B.4.10)
+ ShRIR(RR(R) (B.4.11)
2. W{Bﬁ)(pl,pz,pg,p4)¢(p1)¢(p2)¢(p3)¢(p4)}
O, pe%j(m (Ao 93+ BACK) = IR} S RO )0l
/ {h(p+ q+ k)h(k) (k) }H{h(p)} (B.4.12)
/ {h(p+q+ k)h(k) (k) }{h(a)} (B.4.13)
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3. /{ - K/(Q)}mBﬁ)z(m,p27p3,p4)¢(p1)¢(p2)¢(p3)¢(p4)

52 1

4!
=2 [ k)
SXPR ()
N F?h(p)

B. 2K (p){UP (p) A (p) + UM AV (p)}

—\F

2

5t 0F@)

115

= /{ - K/(Q)}m@(—m{ ; %h(pi)h(pj) + ; h?(p1) } & (p1)d(p2)d(p3)d(pa)

:/{ —K’(q)}_—F |F % 2{2h‘2(p)+2h2<Q>+8h(p>h(Q>} 16X 2{2h2<p)+2h2(Q)}

(B.4.14)

(B.4.15)

(B.4.16)

(B.4.17)
(B.4.18)
(B.4.19)
(B.4.20)
(B.4.21)

(B.4.22)

(B.4.23)

(B.4.24)

(B.4.25)



Equation for A?) (p)

We collect (B.4.12) and (B.4.19) to write the following equation,

/k{—K’(q)}{h(p+q+k)h(k) hg + MR HA(p))

~ 26 GPA0 ) | [ PP+ g+ 00 - i+ )
2047 ) _ AP (D)
o2 72

+ AP (p) — (B.4.26)

On LHS of we are left with,
/ . { = K'(q) }h(p){ g + k)h(k) — h(k)h(k)} (B.4.27)

Equation for A% (p)

We collect (]B.4.10D and (]B.4.13D to write

) { = K'(¢)}{h(p+ q + k)h(k)h(k) — h(q + k)h(k)h(k)}

+/k{—K’q}{hp+q+k)h() hq+ K)h(k) M (o)}

2)
(2) aAII ( ) (0) A ( )
+ AP (p) — e = dy = (B.4.28)

On LHS of (B.4.9) we are left with

| A= K@+ Dhwme} + [ {= K@ bl + Ak) —hih()} (B4.29)

q,k

Equation for A?I)I (p)

We collect (B.4.17), (B.4.21) and (B.4.16) to get,

, AFe ) L (2 9
— N F?h(p) 4+ 2K'(p*){ — —} 2K'(p )(p)Q_—Qe{gﬁ(l) } + AIII p) - apgAIII( p)
A AW 10A
— g A0y 0y A0 o a1 104 (B.4.30)

Where dgl) = —\F and AY(p) = AFh(p).
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Equation for Ag/)v (p)

Collecting (B.4.18), (B.4.23) and (B.4.15) we get,

3 —\2F? 0
— SN (p) + 2K (07) = —h(p) + 2K (p W) =y AT 0)
A(Q)
= d§°>%(m (B.4.31)

Equation for Ag ) (p)

We collect (B.4.22) and (B.4.11) to get the following equation,

2K () A (p) 55 / fa / [~ K'(q)}h(p){h(g + B)h(k) — h(K)h(k)}

(2)

+AP(p) - p 9y 2 (B.4.32)

Equation for Ag} (p)

We collect 5th term of (4.3.36), (B.4.20) to get the following equation

K(p*)(1 - K@*) p’

n

1 0
= D 2K (A0 () 1 A () — L 5 Vi)
A e 4@
_ 40 vg( >+d(l)%@+€>\%%@ (B.4.33)

B.5 Evaluation of Integrals

0
(p+q)? (9)? (p)? (p)?
We evaluate the integral for K(z) = e .
2 2 2 2
/ ei(pj\rg) — 67(;&73)2 e ZTQ) — 67;1\722 e%g — e% e%(% — e%z
e (g (q)? (p)? (p)?



Now we apply Schwinger parametrization.
2, .2, .2
// —(r+9)%z .~y ,—pu ,—p°v

p,q J T,y v—%

Now we do q inetgral first. We Complete the square on q and change integration varibale q.

After that we do p inetegral. Also we change x,y as r — %, Yy — i At the end we take

A0—>OO.
/ / 1 2€—q26—p(zﬁ’y+u+u)
z,y,u,v J p,q (l’—f—y)
A2 1
= F? ’
xyuv:i {1+ p+q)(u+v)}
2A2 A2 2
= < {10g2}2——{10g A20}2—|—{logA +210g2—610g3+210gA—g
14212A%2140281251513
7 Uogd}” = S{log =7} + {ng} —8log2 +5logh —log 1
1 4A2 2 )
+ {og AQ} ——{10g2} {log4} +4log2 — 6log3 + 5logh
So,
/ { = K'0") }r)h(p + a)h(a) + { = K'(0°) }a()h(p + 9)1(q)]
p,q
1 1 A2
= F? (5 —log2 + 3 log A—g) (B.5.1)

Using same procedure we can find all other integrals of used in this thesis.

B.6 Useful Mathematical identities

In this section, we give various mathematical identities about the functions h(p), F(p), F3(p),

etc which were used in the thesis to find the composite operators.

) = ) ) = 2K
0 h(p) = h B
P (p) = —f(p) + 2h(p) (B.6.1)



(p% +e) Flp) = / F(@) {hp+ q) — hla)) (B.6.2)

(_g% T 1) Bi(p) =6 | J@htp+q+Rhh (B.6.3)
(p% a4 ze) Fip) =3 [ J00M@) o +k4p) —blg+B] (B64)

(p.a% Loy ) Hy(p) = / Fh(p + )+ 2 / F@h(@)h(p+ q) (B.6.5)

Li(pi + pyipi) = Lalpi + pii pi) — 14(0;0)

> / {h(p: + p; + O)h(p + q + pi)h(p)h(q) — h(p + @) h(p)h(q)h(q) }

6 perm (i,5) p.q

d

'd_pl_2€>l4p +pj;p :—2/ f(0) [M(pi + pj +p) + h(pi + pj + O] h(pi +p+ @)h(q)

(B.6.6)
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