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In thie thesis, we study the properties of the space of
complex valued continuous functions on the renl line n with

periocd 1y whose one oided nth differcnce satisfies the Iipschits
condition,

et 0 < oL« nyvhere n ip a positive integer, Lot
A\ ( ol g n) denote the cless of all complex valued continuous

functions £ on the real line R, with periocd 1 such that there
exloto o constant K satisfying the condition

1) ‘&wﬁ)\ét o t
:S?B o 16 | ¢ a8 t— 0

where the one dded nth diflerence ﬂ? £(x) 4o given Wy

A‘.‘E f(x) = £(x + nt) - tﬁu) £(x + nel B) * sassissshesasrsveses
cenene # (1) () £0x + ToF ) + suvee +1) £(x)

We demote by A\ ( oL g 1)y the sub set of /\ (oL 4 1)
consisting of those functions patiefying the relation

A
28) ow .&l:‘?_(_’*"’[_ao a0 & —>0
XCR ==~

Set
igl, = e ||

Ap £ 00
1, " xpteR "LE‘T




and define

N2} = Max {_Hfllm 5 Hfllut,&

fhen n=l, the spnces are demoted by Dip o end 1ip <, reo=
pectively, K. de Ieeuw | 7] discussed this case end specifically
phowed thot Ilp < is canonlonlly icometrically icomorphic to the
second dunl of 1ip « . He also cbteined the extreme polnts of
the unit spheve of the dual of 1ip < . ;

Hotivated by his work, wo have discussed the general case and
ghowed that the propertics proved by de Leeuw arxe sctually valid for
the spaces /\ ( L gn) and A ( L 5 n)s Ao the nth differences
gcour in mony situations porticularly in Appreximations and Intere
polations, we have aloo initleted the problem of lacunary intexpole=-
tion for entive functions,

Chapter 1 1o of prelinminary nature, In Chapter 2, we intioe.
duce the @occn /\ (ol yn) and A ( oy n) end obtain the clee
mentary propertics thereof, In particular, we show that /\ (oL 4 n)
48 o Panach space and A (oL g n) 1o n closed linear sub space of
A L ynde I 0< L <« < my then the inclusion relation

O T W P

1o eatebliched and the relation smong the noms are also obtained,
We have also included a nontrivial example of a function of the
class A (ol 3 2) to exhibit the computational mspect in its verie
fleatdon, In the second part of this Chapter, we discusco contimmie
ously translating sub speces. An element £ in /\ (ol y M) do
sald to translete continuously if the mepping

=—> 2, 8
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4o contimuous frem R 4into the Banach space /\ ( o 4 n). ¥e
prove that the cet ﬁf\(c&.n)ormcmﬁmmtmmhﬁug
functions fn /\ ( oL 4 n) 1o precisely A (£ 4 1)y Ao o consee
quence we deduce that A\ ( oy n) Lo the closed linear spen of
tyigonometric polynomials in A (X ¢ 7).

In Chapter 34 we prove that /\ ( X y n) is cononically Loo-
metrically isomorphic to the second dual of A\ (o y n)s This is
done by o series of auxllexy mesults, In this process, we alwm
obtaln the representation of continuous lineay functionals of ?\(:.( o1
by conatructing an icometsic imbodding of A ( X 4 m) into a space
of contimans functions supplied with sup. nomm,

In Chopter 44 we study the extreme pointe of the umit ephexe
of A (ol y2) when 0 < o < 1, Unlile de Ieeus's resudt, the
problen of finding the extreme points of the unlt sphere of the dual
of A ( o« s n) 15 quite complicated and we have included the
vesult only in the case of A (o 5 2). By the icometrie imbedding
of A ({3 n) into o space of contimous functions supplicd i th
sup, nomm, our considerntion reduces to the corresponding problem
for & linear gpace of continuous fungtions under the sup. nom,

if X 18 a loeally compect topological spece and C, (X)
the space of complex valued continuous functions on + that vanish
at infipity, o closed linear space A of C, (X) 15 a Banach space
under the oup, nom, Givon a point x € Xy o function h in A
io sl to peak ot x relatdve to A if

[h(;)[ s 1 and

{h(ﬁ[ £.3 Y CXy7 F 2

with equality holding only for those ¥y in X that satisfy d ther
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gly) = gx) forall g in A

aly) = egx) forall g in A

After conatructing the pealing functions, 4t is shown that & funce
Monsl P tn () (ol g2 ) 10 an extrome point of the umdt
spheze of ( A\ ( L9 8) ) 4f ond omiy 4f 1t 1o edther of the fom

Dt = C oIy ARy RNy PE B

end € 4o & complex mmbor vith |&) =1 orof the Hm

N
P () = &.ﬁajf*) £ Al

X GCry0< bz i E18 & complox mumber with (&) =1, we
have next discussed the isometries of ,\ ( o« 42), If Bxt, s
denote the set of dll extreme points of the unit ephere of (A (< 43))
we have proved that e function £ in A ( £ 4 2) 48 o constent fune
etion 41f and only if

{CP{IJ ;& CDE Bt -:."}

consists of ntmost two numbers, If T is o linear iscmetyy of
A (¢ 32 1t 1s chown that theze is & complex mumber V] with
"], =1 such that

o, ;
{!431: x{’:n}-{“’y?k::::&n}

In Chapter 5y we have considered a couple of probloms wherein
the nth differences ovour, The firet one io a multiplicr problem,
Let L' [0,1] denote the @ace of perfodic complex valued Lebesgue
meagurable functions on [0,1] emd LT [0,1] consists of those
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functions in L' which are essentially bounded, || . ||, end [\« Il
denote the nomis in L' end 1”7 respectively, lLet U( < yn)
denote the sub clase of L' consisting of those funstions £ whose
nth difference satisfy the integrel Iipechits condition

|
g\ﬂg tm)| @ < B.ST
0O

vhere I 4o a constant depending only on the fumetion £, while
V( Ly n) is o sub class satlisfying the condition

1
glﬂ? 20e)| at = 0¢85

o}

o
The miltiplier class (I. 2 Ay ) ( rempy. (Lﬂﬂ 2 2\ (nd.n.})l'
1o the collection of all those £ in L' such that £ ¢ g C A (< 40
(rempy. A ( <L 4n) for each g@h“ﬁ. ¥e have shown that

(:I'J’Mj s Nt gm) ) = T(L 4 m)

(37 3 Attym) = W ym

Hext 1s the problem of lacunary interpolation of entire functions,
%hile the problem of lacunayy interpolation Hr polynomials and
trigonmetric polyncmlals have dxmwn the attention of meny o mathoe
metician for the peat few decadeny in the case of entlye functions
of expomential types being the natural counterpart for approximents
in the case of infinite intcrval , only the problem of interpolation,
vhere the values of the fumction and the consecutive derivatives

are given at prescribed pointe io go far mown. ¥We shall now inie-
tlate the study of lacunaxy intexpolation for entize functions, The

most elementary case of (0,2) interpolation is being persued at the
moment, the vemsd ning ones being retained for further study.
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G
1s DHE GRACES N(oC g m) AR A (< g m)

Let 0 < oL < n,where n 1o a positive integer, ILet
/A (ol y n) denote the class of contimious compl@x Velued functions
£ on the resl 1ine K vith period 1y ouch that there exists o
constant K > 0 satiofying the condition

(1) s \zf;:m\ £ l.[tf{’ @ t— 0
XER
A
where the one sided nth difference fﬁb io defined by

A A o Ay
(2 Ap2tm) =2(xmt) = () HxBL £) + geee + (<)) £(x)
n
-% ‘-1?(?)!{:*@1’-}
We denote by A\ (< 5 n) the subset of A (ol y n) consisting of

those functions £ which satiasfy the condition

@ sw  |Avs|=o |¢{ ) s t— o
XER _

Set
I\ £ s . | £¢=) |

N
el » 0 e

and define
_@a l\tl\-m{l\rll " \rng{,}

wm £ &N (oL g m)s Then it is eesy to oce that (4)
fAnce a nommon A ( L 4 n).
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THEOREM 1414 A\ (clyn) 49 0 Fonoch space with | - || gnd
AL £ g 8) 48 0 closed linear gub-smace of /\ (L 4 M),

PROOF, It is easy to eec tha.tf’\(wdf,nJ is o vector space
over the field of complex mmbers wi th the usual definition of addle
tion and scalar multiplication of functions aml we have o noymed
linear gpace in /\ (oL, n), ¥e shall only prove the completenass
bhere. Let "Hd,ﬁ@ ., be a Cauchy sequence in A ( yn)e Then

\f =2l > 0 esmp 5 =0 o THe dmplies that (|4, Kplldo
amd (| £, -4pll oV 0 asmp —5 -« . dowgforeach xcH,
we have

[#@) =2, @) <l 20m gyl ,— o

s
po that Eft: uﬁbﬂ is o Cauchy sequence of complcx mumbers and

hence there existe £{x) such that tb(:}—)ftttj a8 P 5 K o
Ve define £ Ly setting
£(x) = 1_11: fb(x}
P
We mow asocrt that £ € A(Lym) end that (£, =20l — o0
88 P — A

(1) simee each t{, has pexiod 1, it £dllows that £ 1is
aleo pericdic and has period 1,

(1) Ve firet observe that every element in /\ (oL 4y n) is
uniformly continuous om R, This is because each clememt in N\ (< ,0)
is a contimuous function vith perlod 1 and evexry contimucus function
- on a clogsed and bounded interval 1o unifommfly continucus, How by
virtue of the urdfom contimuity of £p 9 ¥ have



vihich tonde to mexo a8 p —5 4 o Thus
(5) . Hft,-IH.m"—:"n 08 =7 =
(111) If =xuy C Ry then
|f@ « 2 | 4 (2@ a2 (0| + (£, =2, @)
) v |2, ) -2 |
<82ty * (2, (-2, )
liow glven C — o 3 we can choose an integer py such that
[:1,4-4? |y < &z end using the uniform continuity of £y g wo
can fimd & 0 > g g Such that [xey| <o implies that
]_-t';bz_w-q,ml < 6/; o en for thie & 4 we have by virtue
of (6)
|#20) «2) | < 2 ||2agp(, + \2, ) - £, )
én-&/gq-[‘i}fs s G
Thic proves that £ 4s in fect unifordy continuous,

~ {4v) To oce that £ C A(cly n)y 4t remalng only to show
.mn:n&{m « In fact, by the unifom contimuity again,



v
= sp  ua  |Ap 2, ()
TEn P«

= a2 W |ADf, @)
PS4 XCcBR

I

. £ S
pli; I g, 0,

stnce [2,)) 15 o Cauchy sequence in /\ ( <, n)y there exists
e constant E > 0 ouch that

i fp“ < K forall p

2, (], <liggll <

A a consequencey we hﬂﬁ. by (7}‘
(8) “‘HA < K

(v) ve now cleim that uzb-:n—po as p > « To
thio endy we have by virtue of uniform contimud ty,

o T
£ - AL g
w4, £ Lg, 0 |

1im Alt e A £
:a?fl n—‘a.ﬂ[em" L {TP”

= 1im |AC (= 2} @ |
B> I{LR

< I e

IR AR SR ¥ U
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from which 4t fcllows that

From (S5) and (9), we obtain

(10) Hﬁ,*tl\,—-ﬁﬂ as p —

We have thus proved that /A (.Ly n) 18 a comple %¢ normed
linecar space, It is clear that 4f t&’(: A £y n)y 50 does £

which implies that A\ (< 4 n) 4s a closed lineer pubspace of
A (L g m)s This completes the proof,

THEOREM 148, I@k 0 < ol < <™ « Lemote by | . |
snd |l - Henomedn A (clym amd A (<'yn) zespectively,
Ihen

A\ fcgn) COTrem
g fle B ,,
(a2 (| 2| 2 2 . &1} & &nkL' 5 B

BT, et £ENANLAyn) andlet x C R Swpose
ltké\&%i Then
N - )
Do IR
R (€] Kot mtet
| €| < ”#“pu'&% e FL.HJEH’

(11)

o, .
nmaﬁerhanﬂ.ult‘l 7, y then

(A I v
aTEE 2 el
< H‘g'“.,q =



THCIEC

Stnce | < 2, we may combine (1) and (18) to obtain
= /
as ¢ |1 <2 o o Al
W ok~
stnoe [[£1], < 2 © || 2w conclude wat
: ng,na-b
el <8 = gl

iow £rom equation (11)y we have (- wt)

Ap Rl o 4Nt
%CR EEY

Ietting ¢ — Oywe sec that £ C )\( =Ly m),
THEOREM 1,8, 1L £ & Ay n)y $hen
g A

[Ap 4001 o o [Ag 4001

S0t T e FaTy

PROOE, I8t =2h C R, If | h| > 4y we can find an
integer % osuch that h=ask+h, whexe |[h | < § . Them

lzﬁz}%(xfjl ! l‘;ic— 0" (%) £ G W)
[ 4| = [ef

2o @4 (x+mk+ﬁfv*vq)\

:M
| &

3 S Rea T ]
Ais Pl







| Ay, A |
I'E*'ll- Ay
)
< ‘S:‘\/\*] L 2»%(-:‘\
la(_._(R (].;;_,Eu.“:i‘ l-‘e‘”..'l
fram which we deduce that \
Ay X 08
S A dool S “\I—f‘:—@c—
oy R =7
WER, L&) e Gt
where by the period city of £y we have
Vi
A, 2(x) =0 for every x C %
Since £ has periocd 1, 1t follows that
A,
(16) Sup \&&tm\ = \ﬁs;g(;}\

£ CER 5. x<1

Thus from {1431 (15) and (:ﬂ)’ we conclude that

Aol [ S [ K4
7 xcﬁR e
(L(_"R Di'e"—L

The opposite inequality being trivial, the pxoof of our theorem
io complete,
. HEAME leds If £ CA(oclgm)ythen £C A (< 4 k) for
evexry k > n, In faot

_ BAat

k.
A&f{l} = ﬁ&t .’:\,{;\’ £2(x) )
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so that

h-w | A~
|Ag 260 |
REMARK 1,6, If £ hos 4ts nth derivative contimicus,
then £ C A (vign) anc hence £ C A (L gn) forevery « < n,
e chall now give & nontrivial expmple of o function of the

class A (oLgy 2) %o cxhibit the computational aspect imvolved in
its verification,

THEOREM 1.6 I8t 0 < AU, < % B

s
100 = AL, T:Ezt

lﬂiﬂ#}‘ e

= 2,

Qe G, = A T2

then fhe fumetion P gefined lw

¢, 3, far 0 < X< 2,
Mz) =
E'..?__ fé\-lb‘:' fﬂrmnf £ =1
ey
P(x+l) = M(x)
whoxg Q'I].

o2 Sonatants baleacd.te the Gam /A (2:3),
Inpapticuior FCc A (L8 L2 4 < 2

PROOF, We firet obsexve that both G, and G, are infie
nltely differentiable, nonenegntive and perioddc vd th periods 2x,
and | - 2, wespectivaly., All their soros are of mitiplicity 2.
Stmee G, (=)= G, (B )=0 amd G 0 =0= 9, ()
4% is clear that F 4s well defined, periode with period 1 and
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‘monenegative 4f C, 4 C, o o lowever P ip differentiable

only onoe at 0,2 %, 41 in the periciic intexval. ¥e shall show
that

Sup \a:r(:” = O(%)
S Bl

Without Joss of generslity, we con ascume that h > 0

0 2o |
CASE I« 0 L X <xZX+h <x+t@h=< 28x,

ox
X, < X< x+h< g+ 1

In this case, rll the thryee points lie eilther on the first

guxve or on the sceond gurve, OSimce either comporent of F 18
infindtely differcntiable in those intervels end every ¢ ce contine

wusly differenticble function hno ite second dif:eorence as f}{h1 Js
1t follows that
2 2
‘dgv!llil = 0(h )
GASE II, 0 { x < x+h s 2% =< x+2h 51
Here
2 M
’QL'{”' e, sl{:+m-ﬂﬂtl4 (x+h) +C g, (=)
=20, g, (x+M) «C g (x+ ) +¢, A} g

It 15 well lowowm that Af u_:s-::ag s then



|2
16
g Ax S - B
o / o ol )
AT W (% 2b
g, (x+mm) = A, i ——
/&dﬂiw C'.l"l'-"l'w I M@(ﬁzﬂ\alh}ﬁ
‘.-'Lm + 2h) = ' -——-—-"""'_'I% 1

Bither by using (18) or using the fact that g, amd g, heve
double sercs ot ¢, 4 we osc that

8, (x + 2n) '-ﬁ(ﬂ*‘-'n_cx}ﬂj
glhﬁm -ﬂ(:(:‘l-muﬂl-b):j

xtThedm < (x+) «(x+h) =h

g,(x+ ) =0m")

o

\ﬁ&,m‘ , -.ﬂ{hl]
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GASEZII. 0<% <2, < X+h <x+gh <1
tiore
fﬁvl{x; =08, (xvd) «,g,(x+h) +¢, g, (x
=0, A7 g, =C,5,(+¢ ¢ ®

=t

2K, =% < (X+*h) @ex = h

T
gim-mlﬁﬁ = nmlmﬂ
2

L Mas
o =20 <A
40 A%

i, e
-x__._j_'}(_l_._) -IT r\x"l?fl
g, () = sin T__T_%E: G (= 29)™

i U :.xqj

BIVe 0 < X < 2x+h < T2 <1 <x+8h =1+8,

22X, »Xeh 2 (x+M) «(x+h)=h
s I*“". ft“"m'(‘*m-h
£ 0 :
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liow
2 2
A, 2 26 g (We2C g (x+h) +0, g (z+ @)
Bat then
1_“-_“‘. 17 G-
- _-_-_“_-_-_J-q—xq}' R
EJ (x +h) = mlT'l‘(E"L-PLJ & amlwﬂkj_ilxu)
2
g
<, TTL(?L+4\—1M}L£. 13
i 21 g
and
2 G2 A -1
g, (x +8hel) = asin _T_r__i._x_:_-——-
- I B LI‘EVL
2o bl e
B T ;

CASEV, 0<=x= <2x <x+h <1 < x+2hs1l+82,

ﬂné\l' = C g ®W=8C, g,(x+h)
*+C g (x+2he2)

Since _
x+*2hel -5(:+m)-{::+h)'= h
le(x+h) S(x+2h) «(x+h) = h

wa see that
.sl(;fﬂ;-:u = G(hl} an!
g, (x+h = g,E*+hel+))

= D(x+hel)=00")




19

2x, =x £ (x+h)«x = h; © thot

g, (x) = g (xe2x,)=06(0")
CASE Vie

liow

B,LX < X+h £} s x+Hh <) +8x,

zh:r-al g€.(x) = 20, g, (x+h)
+ ﬂ1 gq.(x*alﬁli
(1) x+hel <(x+2M) =(x+h) = h, so that
g (x+m=1) = Om™)
(41) g, (x)=2¢g,(x+h) = O; g, (x) =g, (x+ 2h)

But
X+Dhel S(x+M) «(x+h) = h i

g,{(x+2m) = g, (x+2hel+1l)
= O(c+ohel) = O )

CASE VII, 2¢x <X < x+h £1<1+2x <x+2h<3
- In this cace

el
M P=C, gx)=»2C, g, (x+h) +C, g, (x+hel)
L B
=0, Ap g, () =C, g,(x+2m)
+C: g, (x+2h - 1)

x4+l S(x+)e(x+h) = hyso that
g (z+2) = g, x*+Me1+1) =20x+man $0m)



€, ﬁ*‘ﬁﬂl} = ‘3(1*&*1}
= b(")

Ag® = €, g, (x) =8¢C, g (x+h)
+C, E;_(:"'ml*'l.)

b i B S1<m*+h L 1l+2x,s x+Sh=< 2

leXx < xXthex = h

nﬁ‘hﬂ

u ‘1{'} g, (x+1eel) = Qr{x-inl} s O{hL}
. Z+*+hel)l TX+hex = h

w got |

':tli'hil} iﬂ{hl]

0 xt+tHhele2x, S T*R)e(x+h)=h

g ,(x+%hel) s g (X+Theltlenx,)
= 0(:*‘&*1*&;)1
.y = O )
OASB IX, 2x < X<l <x+h< x+oh <1+2x,
liow
' .'/_l\i!"ﬂg g,(x) «2C, g (x+hel)+C g (x+2ha)



Becauce
Z+Mel » 22, ¢ (R4 = (x+h) =h
Xthel X (x+h)wx = h
1lex L (E*h)ex = h
we hove
g, (x = g (xel+1) = O(x »1) = Ot )
g (x+hel) = D(x+hel) < OM™)
g, (x+Mal) = g (x+hel+ledk,)
s O(x+heless, ) = O )
CASEXe 3x, < 2 <1 <1+8x <x+h<x+2h=2
liow

18
DAp P = €, g, (x) =2C, g,(x+h 1)
+C, g, (x+2h«1)

As in the earlier casesy we pec that
g, (x) = g (x-1+1)-{3{x-1}l-0(h"1

g,{x*hel) = g, (x+hel+le2x,)

= D(x+helalx,) = Oh )
g, (x+Shel) = O@ershal)" =00 )

In the remaining cases with x <15 h will be > ¢. Thus
we se¢ that
P CE N (22

This completes the proof,




et X demote the real mmbers modulo cne, Suppose F is
some translation inveriant Bamach spece of (complex, periodic,
integrable) functions on X, Then P will De a cubspace of L' [0,1) .
We call F o tramslating cpoce if 4its nomm obeys

1 o
jttz} T < const, (| £1]

foreach £ CPX, mrhamrtmtﬂmtuhmeut\ﬂ F

of all contimwudly transleting functions in Py on £ C F being
sald %o trenslate continucusly 1f the mapping X —>T,f 1s contine
uous from X into the Damach space Py where the translate T, £
1s defined by

Ty 2y) = 2(x+y)

It 48 enough to lmow that this mapping 1s continuous at o single
point x, or that the mmerieal functlon X > (T, 2« £( 18
eontinuous at O, |

We now ccllect below the various proportics of trenslating
spaces,

1. BDBach transglation exzaamwmmzmr_;r.
(95 Lemza 3.1]

2, Te set G F of all contimwously tymelating £ C F
s & closed subspace of P, [9, Lemoa 5,8 , Also see [18)

8, There exists on equivalont momm on G F that makes all
‘tmneletions isometric, |9, Lemw 3,3] , Aleo see [16)
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4, The nom on a tmmlating space F must satisfy

| £ || 3, Consts f;lt{ﬁk &
[0y Cors 8.8
S Iet F De o tranglation invariont spece of (pexicdic,
integmble) functions, Then among all noms || £ || larger than L!
nomm, thexe exists at most one (upto equivalence) that will meke ¥
complo ta. | Oy Core 546

Gs The continuously translating subspace C F 45 precisely
the clooure in F of P NP wvhore P 4o the set of d 1 trigonoe
metric polyncmiale. |9y Lemsa 3,8 | 4 Aloo see | 15

¥e shell now chow that the continuously translating subspace
G ALLyn) 18 Q) (X gn)e

PROPOSITICH 2,1 Jgt £ C )\ (< g n)s Then the mavping
,':'t—i.%f!'a« £ 4o contimcoup fxam % inte N (L n)e
' PRODP, We have to prove that |1wi}r-rn~%n as ¥y — 0,
By the dofird tion of nom 1% is enough to show that

B || e 22 —>0 asy-—0
‘and
(1) I E-TI-!HQ{:—'-} 0 as y— 0

Since £ 4o uniformly contimious on Ry (1) is triviel, To
(11) 4 let

D= [0a]x (04| onddefine o fumction F by
W %

Pz e = A, 400

| =

(2y 8) CD
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Since £ C A\(oLgn) we soe that

iin P(zy8) = 0 forall =x.
8>0

Hence P 4o e continuous function vaniching at infinlty on

the locally compect Hewsdorff space D end hence 1t ie unifommly
continuous on D. Glven [ > o ¢ theve exist thexefore 0 > o
such that for all (X, 8)y (x'y 68Y) CDy | X =2 & 4 |8« 8¥<f
{oply

1!{::. 8) = B(x', a'}l < &
In o réiouiary thio gives for all (2, 8) € Dy
\Bt:-ry,a}-l(:,n)\{ €

it \_3\.«;8-. This 18 the same eas saying that

o I~ A~
|08 2060 = Az | - |2y A2 - ASE|

Iﬁ.ﬁul x and ® 1if | yl{.( + This glves

H!la,f-!]\pz—'ﬂo as ¥y —> O

~ which 18 (11). o
PROPOSITION 2.8, || A &_’P|LQ: o(5”) &

PHROOF. Since every triponmetric polynomial is infinitely
differcntinble and a fortiori has 4ts nth derivative continucus,
4t follows that

|| 5?? |= ots )
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and since o < N 4 our result follows,
THROIEE 2,3, The gont
ANCcgmn) &8 > (< 1),
PRocY, By Propoodtion 2,1, N (< gn) C C/\{a-d, s 1),
By the property G stated above,

RO 0 YA

C!\h{.,n} a PN Al <Lgm) S0 N\ (A yn)

But by Proposition 2.2, € C A\( < yn) and sdnce N ( < 4 n)
is closed, we have

P c Alx gy m)
Hence

E!\{G{r'!ﬂ = Pﬁf\{o{,’n; = Fc?t{u{,.n)

This complotes the proof.

REHARE 844, \ (L 4 n) is the closed linear span o trigonoe
. metrlc poiynomials in A ( oL, 1),
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| Qur cbjcet now 1s % obtain the representation of a bounded
‘1ineer functionsl on the space A (< g B)s This 1s dome ly identi~
fyins A (o g n) with o closed linear subespace of the space of
contimous functions which vanish at infinity on a locally compact
Housdorff spece, Firet we introluce evaluation functicnels and some
. DEFIMITION 3,1, For esch x C R, the gvalugtion functional
iihﬂm#lw

PROPOSITION 3.2. ZRon.each integer n and gadh = ¢ Ry melave

.‘. C'%L_rw' CP‘}L "
~ PROOF., This follows immediately from the definitlion, since

gach f in A (o ¢ m) has pericd 1.
PROPOSITION 3,3, Eoreagh * ¢ Ry <p, Lo bounded lincox

PROOF, I% is easy to see that <0, 1s o linear functional on
A Cxgmn)s If £, 42, c A (L gn) ond ¢ 15 a complex

p (2, +2,) = (2 +2, ) (0 =L ) +L
_ ap (%) + (£)
A .ch ) =08 = Cn)
" 8 iﬂ_{!}
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Further, 42 £ C A( oLy )y then

\pto| = Lz < 1) 2, <2l

[y 1)< 3

GPINITION S¢de If L) gL, 5 aes I'b ase lineay functionals
| &'lm‘hrm E md C) 9Cyyp anee ﬂb are pealars, then the

. 2
w o Cc Bo 10 defined ly

rli.

(E.;,“c“u)m & E_l% L.(8) fc&B

PROPOSITION 8.5, Roreamgh %, ¢t & R, mwe hove
" v

sy
PROOF, Foreach £ (C A ( oLy n) we havey by definition
L, St ()

=£ “%*W*(T}ftl*;l t;'hti“'{“-'lJ% fm

3 ) " T{H
W= 0 (%) Bomst) B =] actoo) < (180 1EL

"_.;}L ANz



)
face (2) holds for every £ € A (oL y n)y we conclude thet

e D e
I D) Py vl = L
: =0

hﬂ is (1),

‘ DEPINITION 3,6, The gupl mwoce 1° of a mommed linear spece
B 15 the spece of 2ll bounded linear functionsls on E, ¥For each
. functional P 4n the dual opace ( )\ (2 s 1) ) of (A (< ) )’

™

48 asoociated o function I on R defined ly

B = 2

M&'?. There is a natuyal imbedding of any nomed linear
Spoce © 4n Lto second dual B glven by

L2 — ‘\hor £C B
h..p -.
& ‘\(aff (2) = D) nCE

| ilr'!-#-i-h(aﬂ---a end ¥y 1o 1ts image unfer the cononical
gof A (L gm) dn A (L ,m*" ; then the function

*u"\

:; hthimaa £

PROPOSI TION a.a. I£ ? 4g8 Qunetional in ( )\ (< 5 2))*%,
fhen the functlon P Relonma to A (L, n) pud

[ #11 <1 =0

PROOF, Lot P & (N (Lgn) )™ . Since <p € (A(x )"
for each x C R, F(x) 15 woll defined, loreover F(x4) = 5 Pra1)
=8 (P ) =3x by Poposition 3,2 foreach x C R wilch
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roves that P 1 perlodic with perdod 1, Purther mere

(B0 | = [BBO| < 1B WUFsll < N2
Wepy||2) by roposition 3,3, This glves
i, < et

1f x,t € Ry then

\AET ﬁﬂ‘ - | !{éfbl-i-"n.k‘, » ‘T) !‘dF'H._-tu‘\;_:‘.L") aeen
"oe "'{-I-}N ﬂ‘ﬂ_)l

= | E 0. (V) Bkl
< V2 l\%ﬂt-&i’. {5 ) ﬁF’umb“

<2l s 'E1™ by Pmpod tion 3.5

ining (3) and (4), we get
WEN < 0he

Q*MQHMMHMHMM ; is contine
g, To this end, we sec by drtue of (4)y becouse < > 0

'\A:;(:l&\————fg; . o lEH = @

8) Bx +nt) = (V) Bz nedl 1) + seee + (1) 4 B(2)



—5 0 @bl >0 foren x

atag the selstion :
.1 t':'-" I

¥ f...:__l'ﬁ"ﬁr)* {‘-?{."'"n_r_ur *{dr-{l-i;\' 20

we obtain fyom (), letting L - o through posk:ve and negative

Plx) = P (x+0)

M, LY

(8 P(zx) = P (zxe0)
and 00

' " A
Plx) = P(xe0) = 2 (x+0)
M X © Ry mmeaﬁt P 1o continuous, We have
wuv F 15 o contimuous period e function on R with
d 1 saticlying (4) and hence belongse %0 7\ (<« 4 n)s Since

m, the propod tion is um-w proved,




| ¥ie now identily the contimicus linear functionals of A (« 4n)
by conotructing lcometric imbedddng of A (L sn) into a apace of
-eontinuous functlons wdth sup nom,

Let

. U -{ren :-:I.fsvf:o}

¥ = {i,t)@:ﬁll u:&-:a:.,u-ctiik

/ .

U 7
— - I .:.sz’.rj-r, -f-f -, {..r’ f”f',"{ >
—\ 52 l :

™e a1 joint unfon U vV 4o denoted by ¥ ond 4t 4s o locally
L. -

compact Hausdoxff spaces Let C, (W) denote the Doxach space of
comple £ velued continuous functlons on % wiich vanigh at infind ¢y

with the nom

| E 0o (W

el 'tﬁg' | g€ | g0, (m

|_ mmﬂﬂM. For ‘&‘?\‘a&.n};dﬁﬁﬂ jf‘?
where T 1o defined by

Ty = £(W L)

" ?w) = £ (35 %) U =(at) cV




e . BROPOSITION 4,2, J ig.a lineor dgomotxy of A\ (L 5 m)
with the nono [\

|| dnte €, (¥) with the aap noxm || - /|, en ¥
PECOE,

By the pxoperties of functions in 2 (.« 3 n) it s
‘@lear that £ C C_ (W) foreach £ C)N(x yn)and J§ 4is thus a

mapping 6f A\ (g n) into C, (WM. It is easy to vexdfy that J

48 & lineer mappings If £ C A (oL yn)y then £ has period 1§ =

) [ £l = swy | 2| 1 wer] =prp [ l2n)] o
W e
By theorem 1,3 we have
¢ ot AL %)l
@ [ 2], MELTL_(:T-‘T Byt C R
A
.w{lé%f_' © (e C VY

h (1) and (2) we conclude that

I AT IR H (e

DHEOREM 4.8, Rorevexy <PE() (<X ym )* tere is g

gouze @8 ¥ guch Wt
W P = | £apm

'. -

i 4

£f & A (ol yn)
@y [Pl = tot, vax, [\ = 4] ()

PROOF, Iet © C (A (<L ym) )% Since D\ (< 4m) is
complete 1ts iscmetric imbedding | . )\ ( <Ly m) 18 o closed lineer
ice of C, (W). Treating <p as & functiomsl on [ X\ (X 1),
the Hehne-Bannch theorem gives the existence of an extension

€, (N* such thas [| Pl| = || || . By the Riess - repre-

tation theorem, there io & crresponding remular Borel m/«



N}
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8 AC Ly m) A THE SECOND AL OF A (. 4 1)

6 H(U) dencte the space of reguler Dorel mgasuzes on U,

® the cets U, V, V are defined in the previoms seotion, [vexry
‘ '_ anabnmedumrtmtm CP/L\NMM
.“,_fioc’,.,nﬂ} defined by

/1,\“? = Stu/u\ £ & A< yn)

| _:'I'-.CP%m | = lie Y. ]Nw) 20g 11 L@

Let us now define two spacos & () (< 5 m) )"s Let

:1-{“?/,\ € Mym)® 1+ Coum )

3 -'[cp}\cmtﬂc.n)é ¢ € i(U)y hos finite mﬂ}
c{atx&,,mq)n = Pe P, for some scataxe
kN - - Pkmm X| g%y eees Ty a

SUOREM 6,1, B, Acsemdonedn (A 5 m)* .
PROOR. Let <D E(A(=<,m)" . Let L be a measuse on



P = S?’a/ﬁ £ EAL< g 1)
Wy
to prove that

o
(11) Py, € Eq, ®reach r
2 CA(y ) 4 then
(=) )| = . d -Hn; I el a e, )
R | e e
=g 1. WieNey)

o - < FARCAE!

Ja 1o comtably adcitive and W = i' v 3 te et
(1) tends to s @3 T —> 4 o Hence

| P~ Pll—0 a8 2 — =

oves (1).



m. 5 (=) ﬂ/l«(l!)* J ttﬂ“-—)cﬂ/« 'tl'{:,
(RN N,

i integral in (2) aanhwl.ttunu

A )
Y t{-,H.a/l,\{a,L)- S {le.‘i d\);(&f:)

NVaWy

-

= WJ A (48

\.r'nlw,, LB
= EL:‘!) (-ﬂg) S %—/d}n(ﬂﬂ.)
i \thv

S

1o bounded awey from sexo on VA W, , we cec that

l g AEEICE ~-B0) d/l-\fl-.[:‘}(:’f: const, (| £ (),

R Vol b=l

L
, 2 R £)
£~F‘~>v§wﬂ_trﬁu* Gl

! lineay functional on C(U), the space of contimucus
ons cn U with sup, nom, ond hence there exlsts o mossure
‘L, € K(U) ouch that

-g L (A+nRE)

H-:H e.}t-\(u,L—-} = S £{s). @ Uy (a)

\J

VAW
B a"l'giﬁtt n,
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ining the equalities (2), (3) end (4), we obteln

Y 0 = SU £(s)s d L (o)

CLJ 'l/!/\* F::Z_— hl.)-(p\)bk
8 P € E, . ™icls (1), Tie comlotes the pmor.

' %
PHECREE So2. . o nomn demeg dn (A (& 5 ).
~ PROOF, htq)&-{'f\(o{, s 1))* and cuppose C >o 4s glven.
By thooren 5,1y we can choose & | € H(U) uch that

< - ¥ | < &

“ evexy £ C (A (<X l’i})* 9 we have

GREREL

e
I\l denote the nomm of /~  @s on element of C(0)* emd

8= Jere=J yrentiamy 2 5 )

he unit bell of A (L4 m). Since § %o on equicontimims

¥ of bounded functions on U, S 4s cond tionally compact in the
0@y of unifom convergence, Choose & fimte set T:[9),3, - Sl
otions 4n 5 such thet the ophore R34 ”}ﬂ.ﬁ) cover
# B (9, 5= {:es t|g=g,(|<5] o+ Te closed

| % ﬁ}

=), {ﬁl_&_cm‘ 8 Ml e i)




By Evelneiilmann theorem, E}\tumum
£ the comvex hull of its extreme points, which eve easily

Bt () = | CUpl. P, 1 xeo, le) =1}
with finite support are weok* dense in =, ., The
fighbourhood H (), o &, .sl'unst;@fq} contains o
’\‘LCZ}\ ﬂwmwmn.umu

m LN < pi

1195 o & ﬁt &l
an | 59, GUE\ - Jaedn] < %

WL = .Z PL‘ CP e

| o

te by Py the functional given by

j (£ = S £a 8 £ C oy

nesfder g € S. Choose . & T ouch that

T ~ iy

L - P W] =|§ 93-Sy
C<f Sodp- S e fap- I
+\§j‘%cd%—§?‘“ﬁ\
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NIV Ak

T Gl 2 S e
£ EXLomyvith [\ 21| < 1, we set e=2/,

.l

%
Ak

|ta=sp @) = [(@ep0 @] < %

= e | < NP =pll +1Fall <€

o8 € 45 arldtrery, we concinde that EE is nom dense in

.-’.:_J;‘ w' . This completes the prooi.

i . q
COROLLARY 5,3, The mepping P —5 7 0f (A (L y 1))** into
ALl n) 40 e to ope.

oLy
1 Sl.m the mapping is linear, it is enough to consider
DML 5 m0)°* such that D=0, If P o the gero fumcton,
yandches on the set of point evaluations <P, ond hence on
nmm t?\tod..n}). But then F 4is the sero
"?_~ Thuo the mapping ¥ —> P 1is one to one,
HROR 5.4, Tenmepving F—> P @€ (A< 5 m)** fnto
L g M) do.onio and nowm preserving,
007, 7o prove that the mapping 45 onto, let £ & A (< 5 D)
sten P in (A(ol, n))** ocuch that P =g, For

g with the Fejer's kemel

ol A, M+ H X
IA e
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- @nvalution L(.-..,jﬁa, is the mth (C,) ) partial
 the fourder cerlcs of g and these converge uniformly t0 g.

Ea® g = ax)

.
= S En (6) o glz=b)at

- |
B te |l 2 || el Sﬁim( Bleat =l g (], <1\ gl
-I. A

A Ry * @) (0 = K, * AL otn

= gﬂ Epfx w1, é‘t gl(l) . au

i ce]| < 1) all, < llel

and (11) together yleld

| 2. *ell <1 &l

hows hat Ev, "8 € AN(X ygn)e How K\ * g beinga



| 4l
petrie polyncmial, we hove

o ;_l,-ﬁ;.&-“w @ @| =o0¢lH)

41~ » v deduce that

w | ALkt D@L, b
" [E=

(ghows that K, + g C )\ ( <y n)., Ve chall denote by Py,

0 fun in ()\(Z 3 0))** corresponiing to K4 ¢ g

fier the canonfonl imbedding of A (L ym) fa (A (X 5 u))** .,
.

0

2, () = P(ELs B @ PEA yu)°

the imbedding of )\ (4 3 n) 4in its second dual io en isomotyy,

2l = | Be 6 <l e 0

By, = E,,* €y we have proved that {E“"\B isa
¢ of functions in r}\ta-.{ s n) auch that

b

B 5

W || &n || <

) Um g, (x) exists for each x CR
-0

er P, 15 camonicel fmege of g, in (DX(o yn))** . e
iow that 4f < € (A(oL g n))%, then 2, (<P ) 48 a Cauchy
' of camplex mmbers, To prove our assertion, let
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) [| 8u| o8a 26t C >0 Do glven, Swpose PE(AC )

.f“' CLl, such that l\CF-"{?P['.é €y + Ten
F’ P for come complex mmbers [, B, - - [v
| _-'_r[_il-_-;_’ sene X C© R If k& and m are two positive
_:'“_ﬂnmlinn

|

R ) =2 (D] = (Pl =ew)]
<|@-Fp B3| +| Pp G dud|
< la ~Fpl 13 Il +| Z z f’v!}‘(w—g’“‘mﬂl

Iv 5_Q_1H+(‘5”3 i W\%bw ~ P O
A M
@ an integer 5 ouch that kym 7 0 imply

=, &

®1y85.0s *. Thon € Lk, m > N we have

l*hﬁ‘@"!ﬂkt‘?}\ E+,1%. 5 &

_L. is arbltrary, {?Mﬁtd{v}j is e Cauchy sequence of
pumbers Hx each b C (X 5 m))* o Define

(D) = 1iim F )
L b O &




Al
®]] = un swil 7. = un sw( e, <&
B o i

i fl=e -

P (N 3 n))™ & On the other hand, dnce ®r each
v

P lx) = ¥ £ '-1—"-; 0 Fattd -l}‘g i iy

=4

'i ng. We have thus proved that the mgpping e E
by From (14) 1t follows that || 2 || <[\ P|| . 7hus to

lete the proof, 1t remaine to show that || P|| < || 21| . Bor
¥ € Ry we have

B | =l2cwal <hehalig,n < 02

hell, <=y

for %yt & R 4 we have

|ac2 | = | P @)« (V) Pums 0l

e
2 hEhe 1|2, ) o (9 oyt
<\ w . LE

and (16), 1t follows that



0 the proot, |
£ 580 ( AColy )™ 1o dsometaically dsomomiic to

PROOP, If ¥ e o functional in (A (L 5 n))** , then the
fon P balongs o A\ (Lyn) by Propodition 3,8, By

lary 5.3 and Theorem 5,4y the mapping P -> P o (A (< m))"*
A CoLym 1e lineery one to omey onto and nom preserving
ence 1o a» isometric isomorphism,
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6, FETRAME POINTS II ( N\ (2 5 2))°
‘¥e ghall now icentify the extreme points of the unit sphere
$he Gual 6f A (oL 3 2) yWen 0 < L < 1. < 4o on extrome
& convex pet 4f it is not the mid point of any segaent
ying in the set. Iy propositian 4.2 1t is enough to consider the
gresponding problenm for a linear space of @ ntinucus funciions
dex the sup, nom,
PROPOSITION 6,1, gt X
il o (0

, X CX et P in A" be defined by
- R = £2(x) ST

T

PROOF, This is lemme V,8,6 of Dunford and Schwarts [4] .
e of thls remlt was proved by De Lecuw [7) . Pivet we
ge the notlon of pealdng functions.

IETION G.8, Let x beapointof X . we say that a

hmhmxmauhtz}-lm
Mﬂl YEX, y# x

uelity holding only for those ¥y in X that satisfy e ther
() = glx) all g G A



= wp(x) all g C A,

POSITION 6,8, [m Lecuw. ma.ap.m[ﬂ] . 6%

= glx) g8 CA

hie s gmhere of 4* « IS (7| =1, shen

la Al SR LTRN FFERayr

1 now establish the existence of peeldng functions for

HFOFOSITION Guds L8% © < X < 1. @lvam X, & (0, 1),
Alnoddon € CA(xy 1) guch that e(x) > 0 B
elx) =0 only of thopolnty =, + k 4 phege k ic

iefine o contimums function g on f_ﬂ,ﬂ by
7
f}ln ﬂﬁ:‘:“._ :u.

I Z.<®% =<1

[o,ﬂ s 6x) =0 only at x ., and () = g(l)=1.
it 1o clear that pg(x) 7, 0s EBExtend g Ly perdedid ty to
le of By that 1o define

(z+1) = glx) ,

itisclear §(x) >, 0 Drell = and glz) =0 only




=7

DELFR & Wo shall mow chow that g C A\(-L 5 1)« It is
pxove that g GA (1, 1),

it Xy x +h be any pointo of R, Assume h > 0.

xth both lie in the seme line segment, then

| A
gz +h) - glx) | = =5

+h) =glx) = glx+hel) = agx)

e b ) e O
it =B b

e (=) + 4 0Ce-D
(=% +H 0
%o (1 %)

A (| —%0)
s - e e
%+ h) - gx) | % =70

R
< A b U
X U-%) U~
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-_-ga;-.xu end 1l < xh S 1+x, . Chooseany =x
S99 1] o« Using (2) ana (3) above we con Pind constants
27 0 ouch that

I

|glx + ) = g(x))| < ¢|x+h= I:]

'FI ]r‘,*‘ﬂ\ < Gl\lph:.
I.:I1 #![E-h and l:-l-h.:‘!:ih' These mve

 etmem ce | < (et em eatx )| ¢ | etx)) - ete) |

]

[

C | |lz=*hex| + ¢, %, =x|

()8

C,h+C,h = (¢, +C,)h

lﬁ XS x, end l+x < x+h<3,
..::?1.:.:.';‘ easey wo choose reel mmbers x, end x , ouch that

'_"I’I q[:u,:l.] X, C |-_1.1+xu] « By (1), (2),; (3) proved
6y we con £ind comstants €| 5 C, y C, such that

Is{:-rh) -glx, )| < ¢, lx*-h-:;[
|&€=,) s 6tx, ) [ < €5 |% x|
|tz ) wet®) | < ¢; |x «x|
wing the inoqunlities

'. ‘l“"h':l’ﬁ Iy l:l .I,r:ﬁ. hy l"f -r:i < h




|etz + 1) » gtm) | < |\a(x+h) epty )| + | glx,) =alx,)]
+ | etz ) - al=|
S, +C,*C; ) h
6) Iet x < X111 +x < xth s 8,

Choose any X l.nr_l,l*-:@} « Then

| 8= + B) = @lx) | < |&tx + ) = atx )| + |alx, ) = alx) |
e\ \x+hex |+C, X »x|
L6 h+C,h = (C, +C,)n

Finolly lot x C [k, 1] and =z € [km, kmtl) where

gx+h) «glx) = gx+hekaen) «glxelk

inee zthekenm and x-k loth belong %o [0, 1] by wirte
&€ (1) and (2) we can find & constant ¢ wsuch that

|gtx+liokaen) egxek)|<C|hen|zC
eince hem X 1, But

h 7/ k¢ttex 7 k+tnekel snel 21
Henece

|etx + 1) = @tx)| < ©, <
we have thus proved that

|glx +h) wglx)| < C.| h|



for all =xzh C Ry vhich shows that g belongs to A (l,1). This
completen the prool,

PROPOSITION 6.5, Glven ooy %, gugh that 0 < x,< 1, there
sxiate o functlon € cA(w ,m) guch that a(x) > 0 foxrall =
and e(x) =0 gmivat the points =, + ky whexe k 1s pn integer.

PROOF, The function P defined Ly

Mx) = 1+gdn27 =

is periodic with pericd 1 and infinitely differentiable and hence
belongs %0 A ( ny n) for each posl tive inteper n. Moreover
F(x) 7,0 for pl1 x and P(x) =0 only at the points k+§-_+ ’
vhere k 1is an integer. Sct

8x) = Fxex, += )

3
3
Then g esatisfles our rejuirements,

CORDLIAKY CoCs 1@k O < x < 1. There exioto o function
8 CA(L gm) (X< n) gugh that e(x) > 0 forall x md
a(x) =0 gy at the vointy x ., *+ I, phere k Ls an intesez.

PROOF. This follows from the fact that if . - n, then by
virtue of Theorem 1,2, we have N\ (ny n) C Al 5 0))e

THEOREM C.7. Zox esch point =, 4in U, there is o function
£ i3 N(om muchithat ¥ peskaat x_ xzelative to

g-':a{ﬂ{-in):
PROOF, Sinee x ¢ Upwe have =1 < x,< 0. By the
invariance of )\ (< s n) and || . || under translation, we may

suppose that «1 < X,< 0, Let g be a fumetlon in A (< 4 n)
such that 0 Sglx) <1 yformll xCUyp(x,) =0 and g(x) £#0
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for xfx, o« Then || g H,af““” and Hsllb{ Llel
Set
T

TR g, iy

Then (1) 0 < £(x) < 1 forall xcU (i1) £2(x) =1 if and only

12 x=x, and (110) | £, < 1. Thus £ CN(X ym) ama ¥
penks at x , relative hd_..}\{_a{ s B)s

FROPODITION GeBs Ig% O0< x, < # . Supposg 0 < o < 1.
Then there cxlote o function P belonging %0 )\ (< 5 2) gatise
Lrng the condd tiong
|®m | < =°
A;“P{u)ﬂ x
and
e
[ﬂmﬂﬂ)l Fd :&
fxal = # x,
PRUOP, Jefine e continumio function F on [0,1] by

ole =)
o 0<x = X

—_—

2L
oL -]
Mx) = ?LT“ (%~ 2% X < X< Bx,

0
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ey
Xy

He.) a = 5

and I 1s linear in each of the intervals [:u,:n] and [:ﬂ o2 :n]
with 20) =®8=x, )=0, Sxtend P to R by periodieity m
that

Mx+1l) = Mx)

forall = C Re I is cloar that

o
| 2¢x) | =8 A ="

end that F G A(l; 1) and hence € A ( ¢ 4 2) since

ACpl) T A (L) C Al 92

2
Ax0) = P(2x,) «2Xx,) +2(0)

ol
= X,

Ve now assert that if x #x, , then
.
\A;Hﬂ}l < R

r B
CASE I, et 0 % x < Xo , them A, ¥(0) =0 and the required
inequality is olwicus,
CASE Ils o ¢ X< %, - 1ot x= A x, o Thenef < Xs 1
and



I
Ay B(0) = M2 x) - 20(x) + F(0)

odr =)
= - ?La Y_Bl:-ﬁc +E:]

2

2. ol
L = e (EEl ., 28 )
I i Bt s
0 2-~] =
< 2&}:1 - T

CASE III. If x 7y =, 5 then z“‘{‘?:;“ go that

[Axeo)| = |mam - asco) |
4| Bax) » Px)| + | PGx) |

_'f_*ﬂ-“!“pdﬁ I:-L.{;:vi

PROPOSITION 0,9, guppooe 0 < <X < 1., Then thexe axista
afuctlon F CA (L 42) satlsfying the conditiong
| )| < {ﬁ)d' I
Armty) = @
ond
ﬁir{ﬁ)[ <%

Bx =F 4

FROOF, The vequiped funmction is defined by




oo
L( () (xez)
RO s

Ml P
tn
7

Bl )

P(x) = P(x +1)

for all x ¢ H, Tho vest of the proof 1s as in Propocition G.8
and hence oml ttad,

THEOREM Co10, Ig% 0 < < < 1. For each poing (x, A.)evV

there oo Sunction £ 48 ) (< 2) such.that ¢ pasks at(x. &)
masive e |- ) (L4 9.

PROOE, (1) Det ¥y, = (X, gh,)CV vith 0<x,<1
0< h,<% .+ By the imvarience of A ( « 5 2) and the nomm miler
translation we may suppose that 2, 20, Let £ De the function

glven by Propod tion 6.8, Then £ hes the fdllowing propertles

|2 < =™

A o=

-[ﬂ;:{m]c x for x#R,

and £ s perlodic whth perdod 1, which s lincar in each of the
intexvale Lo,hﬂ] M ]:hn'ahu] and serc on [ahﬂtl] .
Tet y be thepofnt (1,1 +h, ) CV, Then £ (y_ ) = £(y) =1,

(o)) <2 42 s Cv npyyapy, am T ) =W

forall g c A(Ly2) o0 £ peaks at 7, rzelatlve to
L« Akely B N
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(1) et y, = (x, yh,)y3 0<%, <1 gh, =¢, By the
invariance of (.. 4 2) and nomm under tranclation, we mey suprose
that (x, 9 h,) =(L s %) Tet £ be the function In 1 (o 42)
glven by Propod tion 6,9, Then ? eatisfies our requirements and
1% peako at y_ wrelative to J. 2 (.. 5 2).

OQuyresul t on extreme po;.nta can be statel oo follows,

THUORMI 6,11, A functlonal P 4n (A (L 5 2))° shexe
0 < L < 1 48.on extreme point of the unlt sphexe of (A (<4 2))°

(1) <P = L2(F) £CcAle 92
MEHRM%WI}\HI @_of the fom

.
(2) cp{r}a/l-\._étb_;_’;c% £CAlyB)

Lx s CR g 0<% m/amwmw-l
PROOF, Sotting X =v end A =] F12CA(L 4 2)} we cee that

by Poposition G.l,y every cextreme point of the unit¢ sphere of
d. AL 92)* 418 given by

» @ = 7 & Fade (A (g 2n)®

forapoint x in ¥ and ™ a complex mmber with (7] =1,
This gives the representation (1) and (2) according @8 x belonws
o U or x belonge to V as W 10 the éisjoint union of U and W,
On the other hand, Theorems G,7 and G,10 show that for each
point x C W, there 4s a functlon £ C A( L 42) such that £



peaks at x xelative %0 J. A (< 5 2)s Then by Proposition 6.3
mcpﬁmwta}inmmwm:x the unit ophere of
(?\(:«t,a}}‘. This completes the proof of the theorem,
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7. LSOMBTRLES OF A(oly 2)
Ve shall now obtain some properties of the icometries on
the space )\ (oly 2) when 0 < o < 1. The most obvious Lecoe
metries of the space )\ (o« 2) have the following fomm,

Let ¢ ham&.mhram"z a complex mmber with absoe
lute value one. Concider the mep ping

Ty V s A (L 398) — Aflty2)

civen by

(1) U£ix) =" 2(f +x) X CR
and

() V() =" £2(f=x % CR

It is easy to verify that U, V are linear movpings of (L §2)
onto itself and also patiasfy the relations

@ ol = [ g |l £y 8)
and
@ llvell = | £ £ EXN(2y B)

Thus U end V are lincar iscmetrdes of A (oly 2) onto itself,

We shall now establish some resulte commected vith iometd es,
Let Ixt,8* denote the set of all extreme points of the unit sphere
of (Ao, 2))%. Binee T 18 a linear isometry of A (L 4 2)
onto itaelf, 41t follows that the adjoint operator T 15 alm a
lincar faometsy of (A(cly 2))* leaving Ext.5* invariamt, That is



&8
(8) T* Exu(5%) = Ext.s® .

PROPOSITION 7.1 I&t £ bea fwetiondn ) (s 2)s ZheR

FiOOFe If £ 40 o conatanty i% io evident from the represen-
tation of extreme points given by Theorem G,11 that the set (6)
consists of atmost two elements, To prove the comverse, let us
suppose that (0) conslsts of atmoct two clemenis, DBecause £
belonge 0 ) (L9 3)y 1% foliows that 0 48 in the closure of

i&i#m : Zh C Ry znloj
| 4|
-mmmelmntadm.mwma.u. Hence 0 must
belong to the set (G). If there is no other element in (G), then by
Theorem 6,11 £(x) =0 for all x C B which implies that £ is
the gero function, On the other hand suppose that the set (G) is
given by (0g § )y where § % 0, BSince £ EA(A{ 4 2) by definition,
there exists C 7 0 ouch that
(&HMJ\ .9
‘?_\.-«L

i2 |h| < € and for all s C R, Because the set (6) 18 (0, f ),
by virtue of 'heovem G,1ly we conclude that each mmber
| Ap 4 )

&%




op
taﬂmud.thunwf « Thus

o
ﬂ&ﬂl} s 0

foroll s 42 |nl < § , 7his implies that the second diffce
mnce of £ i ldenticnlly sero, Hence £ muot be a linear funce
tion, By perioideity £ must be a constent, This completes the

ymoof,

PROPOSITION 7.2, Ie% T be o limear dsometey of ) (< 5 2).
there 40 & conplax nambe q,l wi {ﬁu =1 gugh that

™ Ima. zen] ="l P+ mcR]

PROOF, 10t g be 2 constant function, then Ly Proposition 7.1

{]cp(s}| : e E:t.ﬁt}
conaists of two mmbers, Iow
{loptta}[ : cp&ma*}
= {\v-c{b{s)l b cp e Bxt8® |
{|p@| +cpem mtse]

{Iqbtsll ¢ PE metosr |
by virtue of (8). Hence

{('CP(E D] s qbem.a*}

consists of atmost twe numbers end by Propodiion 7.1, Teg must be a
constont function, Let

gl =N XER



w-'w{q:;)L s x cR}
= 7o .[af: t P CExt,5%y (T @) -”1}
s {1 p1 pCmtty plee =]
=P o1 Mo C a1 (0) = *L}
"{Q’r' ¥ CExtSty \(e) w"’L}
=[P rEen]
which 15 (7). Since T 4s an iscmetry, (7 |= 1,

PROPOSITION 7.8. 3I£ 85 ¢ C R gnd (%8| < % fhen
| Fpae™ > Fore * Bl = L1

FiOOFs We have already proved that
15 RS
|\ dﬁ“ﬁ-l& 1::%31_&4— Toll = L

It is therefore enough %o prove the opposite inequality. Suppose

that | B| < #. By the inverfonce of )\ (< y 2) and the nom under
translation, we may suppose that e = 0and O<h< ¢, Let £ be

the function glven by Propodition 6,8, Then

h2() =1

2
lCF;G—Hﬁ.L—(:} =2 Py LB + F ) | = [A_2ta |
e \t'l"{-



Gl

+ Ci' “ 7y Il[d:ldw
= fa]
(8) H Eﬂ+iic: i

£ |%| < 4. The Proposition 8.9 establlshes the inequality (8)
vhen € = ¢, This completes the pyoof.
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8. & MULSIPLEIER PROTLIS
Iet L' = 1% [0,1] be the opace of pericdie somplex valued
Lebesgue measurable functions on [o. 1] and xfﬂ 2z’ (042) consists
of those L' « functions which are essentially bounded, || . ], ena
i lu} denotes the nomms in L' and L‘d respectively.
Iet U( o y n) dencte the sub class of L? consiating of those

functions f whose nth difference satiafy the integral Iipschits
condition
|

o
) Ylﬂg £0e) | at < B,

o

gn-i.

where B is a constant depending only on the fumction £y while
V(g m) 18 the sub class satisfying the condition

@

We shall now identify U( ./ , n) and V(<4 n) vith certain
multipiler classes. Let us yecall that 4f £ and £ are any two

L' « functionsy then their convolution product £ ¢ g is defined by
I
(£opg) (@) = g £(t)sp(x=t) a1
i)

o
ﬂgﬂtﬂ at = of § )

and £s g ic an L'efmction, The multiplder class (874 A (< 4 )

(reapy, (fﬁ » Aoy m))) 15 the collection of all those ¢ in L!

such that £¢ g C A(oy n) (zespy. X\ (o¢y 1)) for each g c L° .
THROREM 8,1,

W (37, Aty m) = U=y n)

(1) (17 5, A (e m) = WLy m



Pi00P, We chall prove only (1), The proof of (ii) 1s
anelogoun,

Juppose firet that £ 15 in U(xy n) 0 that (1) holds and
let g beany T° function, Then

lﬂ?hgml = U:zs? £(xet). g(t). at |
< el f:l AT 2t | Jat
<hel,« s 5%
Tus £« gCA (X m) and Wy m) C @7y A (oL y W)

Suppooe Mttbnlmgatn(nm.ﬁ{ﬂ{;n))- We have sesn
that /\ («y n) 15 o Banoch spoce when equipped with the nom

| nll= sup {|nt:;| ' [gf;f.«ﬁf(x,)]%
il [§1%

We assoclate with £ a contimuous 1linear operator ? fum o Benach

mhﬁ % the Bamach gace N\ ({y n) by putting

Te =2 =g gin:fc' .

The fact that T is contimume is an immeddate consequence of the
closed graph theorem, In foct if 6, 8 in fﬁ and Tg. —> h
in A (Xyn) then foreach x in [0,1] ; we have
[2e® Bx)| < |[£ogm) =2eg, ()
+ | e, (2 = nx) |
SNEN « 1l e=g, |l
*|| Tg, =h |
—5 0 a8 n——> A
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Thus Tg =h o that T is continuous. Hence there is a constant
(| || such that

2 N <0®2le | & |4

The definition of Tg in A (.. y n) implies that Hr any pelr b &

of points in (0,1] we have
2S

'r e
§ A c2(x=t), g(%).a% ( sf2l e || & [La' §
o

we take

E(t} =m.£ -1 . arg A?f(n—t)?

to obtain |
ol
A . -
Sl&g £(:-t}|d.t' =Rl . g
(o]
This proves that £ & U( oy n). This completes the proof of (1).



While the problem of lacumary interpolation for polynomicls
end trigonametric polynomiels have drawn the attention of many a
mathenaticlan for the pest fow decades, 068 £Or 6eg. |19246,12+14,10)
in the case of entire function of exponential type, being the natue
mml counterpart for approximants in the casse of infinite interval,
only the pxoblem of interpolaticny where the values of the function
and the consecutlve derivatives are glven at proscribed points, is
s0 far Imown, We shall now initiate the study of lacunary interpoe
lation ibr entive functions, The most elementary case of (0,3)
interpolation is being persued at the momenty the remalning ones
being retained for future stuly, For properties of cntire functions
of exponential type ome refexs |[3,5] .

We first notice that a trigonumetric polynumial o« order n
is en entire function of exponential type n. Our (0;2) lacunary
interpolation problem can be atated as follows.

Given the dletinct pointe

@ R e bt teae )
o

where O 1is a glven positive mmber and arbitrery sequence of

mmbers
: K=+ k= +d
k=w o k=acd

it is %0 be ded ded whether or not there exists an entire function
£ (x) of exponential type 2 o 4 satisfying the condl tions



CR“l = a, am 2200y,

£ -

The natural questions that wuld arlse are
(1) Ives there exist suchan £ at all?
(11) If thore ls much an £ _ 4 18 1% wiquely deteminedy
(111) 1£ £ existes and 15 unique, can it bo represented in a
sul table fom?
and (1v) aseuming thet a,'A are the values of a glven funcd on
£(x) defined on the yeal line I at the set of points %, what
are the conditions unier which f (x) converges to f(x) unle
fomly as o — 0 ¢
Since the given points are in aritimetic progresaicn, it 1s
easlly seen that if U(x) 1s an entire function of exponepilel type:o
taldng the value 1 at x = 0 and O( KL RT) go equal to 0 Br k aiffee
vent fron 0 end U ( RT) 1o equal %o 0 for a1l Ik, then U(xe BT )
™1l toke the velue 1 ot &0 end will be sero at other pointe,
Hor eover the second derlvative vanidies ot d 1 pointe of the sequence
(1), Similaxly 4f V(x) 49 an entive function, 0 at all points

a2 ¥7(0) =1 vhtle Vo RT) =0 for k # 0, then V(xe ET ) hes

the cane properties except that it takes the value 1 et BT instead
of 0y If we sald that

L A

(8 ®x) = 2 a U{:-EJ_T } e = ﬂ'k V(e RT )
Sy o — X =

then P(x) satisfics the conditions

@ BRD) aa, swkD)=ly,

So the required function will be of the fom (2) provided 4% is an



67
entire functlon of exponentiel type 2 o= . This autmatically
implies that the serles on the H.H.8 of (2) wiil have %o be convere
gent and sulteble conditions on a,'~ and Dbp' o are necessaxy,
Our problem firet reduces to the problem of finding the entire funce
tions U and V as mentioned above,

THEOREM 9. I8t o 7o De dyen, I

2= BRI xao,

= ll ; al (12388 T

U, and V. gof exponential type

(4) U, H{0) =1, Ug—{*t%i_?) =20 k=2l %2 eeasce

(5) U« b~“) =0 for K=0y21y %2y eesees
() Yo —-b:all:‘) =0 E=203£1) %8y cannes
(m V'@ =1, V. (R') =0 gog kx=21y23; cenee

K/:iu,,'r{’ g GU:.%
— o k>




PROOF, TLet us first obtain the explicit fomm of the fumce
tion U(x). Because of condition (4) imposed on Uy U has the fom
Ao, T &8
Uz, = ._—-%_—_k =2

where <°(x) 1s on even entive fumction of exponentiel type O
v th dF(O} =], Rﬂumﬁsﬁm tﬂ.eﬂ we get

U= = @'”“‘ﬁ_’“)ﬂif‘m + 2 g’gcp(;} +:3wﬁ“m¢P €9

@-"MGF?’L - g Cas o - AL TR
SRy g

JAS G'“?L = ‘r;_/&,\,,gw_ 2 1 Gy o + 2 Aot
gLl

& S = R

The values of _/:l__*u_:.ﬂ, @%qu) m(ﬁ“"’ﬂ““‘

atx=0amnd = = __b::.f—?. for k=% 1y & 3, «ee axe obtained below,
Atx=0

a

Bt ST A S &y
< & o
e Oy b R B ATy
< A X6 s
) O o



. _ - 3
(smrx) BN Moo 1 [l e = ok )
ST e 2 >0 S X 3
— 2aa % (4= t:"l‘xL-;.--.‘)
2
3 !
.:: i ]:—G'3+ Z'E_E = :eL«::u—‘3
=2 j._! -E_T
S 1 ﬂ-—l ¥
Atze o 2
= :
(gi:wq‘x v TR S
o R kT
: P
2 o) QT Coa T — Sim RTT
SEANAEAr ST o WA
o C =g
l=
= &= (=12
Iz TT
] i
5:::’::‘) RN ST = 2o BT eg kT 28 kT
T R i 38

o 12 3. TT”]//':’_E

= 2
= —:-f_-t) '(E
R T

Since U:_{D} = 0y we have
0se Z RO+l GO == o P (0)
20 that

pl0) = o
3 0

On the other honi, by virtee of condltiwn (6) we have U__ U"-E—

o

so thet




70
R 2 =
0= (1) . (= ) (LD,

o =
t2a1) s (=) @ (BT

RNt _ i (ET) - o
If we set
Hx) = xﬁP](ﬂ-CPt:)
we sae that
P0) = =1, rt%ﬁ‘.} = 0

Since P(x) s en even entime funciion of exponential type o~ we
wmrm--_ﬂfwr_ﬂ}} « Hemoe <p eotisfies the differene
#Wal equation

\ = }auﬂ_l
(0) = © (w) = (0 = =
7o solve theequation (10), we make the substitution

ox) = Plo) =1
oo that
g0) = 0 and g'x) = < (x)

Then (10) becomes

RAui, R ~ T X
5 Ul

X g x) =g(x) = -



7

Integrating, 1@*« s :rt
: e S e i3 L
R e

Since <0 is eveny ® is g and hemce the constant of integration
C becomes sero, Then

o 2
A cb-aC  Jp
a(x) "":Su ok
a0 that Y 4 ~
AL eesg s b
PG - | —?‘*Sa o G2 it
Therefore i: L
a il
This glves (B) .

We shell proceed %o find V, We meall the conditions (6)
and (7) oo

F{%E}lﬁ E=203 21y 228y sesa

o) = 31, U h'lﬁ)'ﬂ KE=2tl, 85 anese
Because of condition (G), we can assume
(A1) ¥Wx) = sin o x '} (x)

where - (z) is en odd entive function of expomential type °©7 .
NMfferentiating twice, we obtain



7e

V(x) = = U—Lﬂnﬂ'x\fdm*ﬂ S o8 o I\pr{l}
+8in O :.\{-”{IJ

1 = ¥0)
-aﬁ"““}!{ﬂl
and
0 = ym( h—;}‘;} Lor K=21lgt 2y aone
= ad‘mh-ﬁ -\JC%:E)
That 18

lto) = — (k)
o = — am (D) =0
Because of the above conditions, we can tale

v gl
g Ymae - AT

Doy ot &
Integrating " :
Al sC  dr
i M

the constent of integration being smero because L (x) 1s odd,
Hence

e o g
. Au,ox AT | gt
\fd'“tt} b By SEJ dﬂt

This gives (9).

It is clear that the integronds given in (8) and (9) are
entire functions and so the fumetions U -y V- glven in the
# mulee (8) and (9) are actually entire, We shall now prove
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that U, and Vo are unique, We shall prove the uniqueness
of U, only, the proof being similer in the case of V. .

Suppose U | 1s amother entire funetion of exponentiel type
2 ¢ 4 satisfying the conditions

u {01 = 1, u‘ {KFTEJ'Q (k‘:l,:a| gy |
‘h‘} = 0 (k'ﬂixlizafiiill)
Let

o) = U, (s) = U, (8)

2T Lo 2 ey = 0

for all k, And F is an entire funetion of type 2  , Simee an
entire function of exponential type o , vanlohing at the points

R -
__ﬁ_?‘_ (=20 51y 2 sanee)
ic glven Wy

Co tinoc =
[ see 17, 2.280) 4 by the condt tion on #(s), we bave
() ¥(s) = C, oln o 5. g(s)

vhere @(z) is en odd entire fumetion of exponential type o .
The condition

r-(."l;‘i"} = 0 forall k



%
dmplien

g*{_t?s;} = 0 forall k
and hence
g'(z) = C), sino g

which iu on odd function, This contradicts the fact that g(s) is
odd, Hence C of the equation (A) must be sexs. So

Mg) = 0
which means
U, (2) =1, (=)

This completes the proof of Theorem 9.1.
Let us now procéed to find the bounds of | U,(x)| amd
| v
THEOAIM 0u2. U(x) gnd V(x) of Thoorem 9.1 have the follewine
koundg '
(e

PROOF, TFrom (8)

Rinox _ Asgw (TAct-oby
o __-_-G_'J fa) o &3

U (x) =







76

Heving obtained the bounds of | U, (x)| 4 let us now get
the bounds of |Vo-(x)| . #zm (12) we sec that
A, oK

\I-] Gy = T_L}' SRS

go thaty because \; (0) is oddy we have

X 4o ok
~ | A, %  dk
I\FCL) i gﬂ ok
. =ig RS A
T a2 Sﬁ T'Cu—

I 0<x <N/, 4 then \

0 Ad® ol < [ ok <{ b = Ty

D =3 ; h,

8o that
|5 Rsbar| < Ty

I£ x> "o | A
g E L g SRS A go
Sn % dk = S“ € Ou:_}-g‘{pz.

we have alyenly ccen that
iy,
A e

Talking up the second integrel, we sec thet
Mo e s X N LA
5 —,Cth-LH b|\+g‘ c=
M, ,
i 't &
_ Lot 4 | C‘—Ef)_ A
" W

[



It is ensy to cboexve that
\_E.c:”.)'i_\ 2
- i)

(11)

Bat
W
X et dt| < L e R

(111) \ Sﬂfﬂ_—{;;- W,
[ 1
S
mw
Comblning (ﬂgﬂiilﬂiul}:ﬁﬂbﬂn -
Wi 3 l&;l;
[ S AL ] < |1 e g gt
= 2, L
BT
B
S
= 2 &+ T
R e e 0 e
As we lmwow £rom (11)
vd_(x) s pinox \} (%)
we get
E“i—TTL = §+1TL

ap \VeOol| 2V Tpn SN

Thus the proof of the theorem 15 complete.

THEOREM 9.3, I {a), } 3 | bu] nxe two sequences of




(18) ®, . (x, ) = a;, 3} R';-(:EJ = by

PROCE, That the conditions (18) are satiefied from the
representation (17) is olwious and it is encufhr to prove that R, (x)

& es reprepent an entire function of exponential type 20 ., Setting
=8

Bt = > a, BaebtD
P
end
= =
B.(a) = s b, Va=%2")
= Rx--2 = =

we chall chow that P, and 7, are entire functions of exponential
tyre 2 — , Liow
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Since
w = 0({}_)

g k>

for large ¢, 1t follows that <P (8) 1o bounded ﬁzﬁlh Since

<> (s) has the some oxder and type as MG;E:%_BFE s We conclude

that <> (2) 48 an entire function of exponential type o0 bounded
on the real mxis. Hence there exists a constant M such that
m

asy | P Gatem| s

How
.}
B () = HE’ a u{gr-b-“')

) — ..—.-.

2 .Awﬂv% )
= )
S apt F @( =)

f
g Ao 'ﬁ: =D Ap - ARV G} R
= QDFE?CP&)*-—-& o1 - kT =)

How glven %, we cen chooso hn such that \T%]&m .
P

Then for | k| ?;[kt,\,mhaw lﬂ\i‘m = lm'jﬁ

L=

so that | : |
I : = ——
logRw| ~ \Ri-w|I- TE = jorr[1- 1)
(20) | 5.

—

ST T T




Since \sdno 2| < -qﬂm o using (20), (29) and (15) we

conclude thet P (s) does represent an entire function of expo-
nentlal type 2 o, becauce of condition (15),

Since V(x) is bounded on the real exis and 1s an entire
funotion of exporential type 2. 5 condltion (16) implies that
P, (2) is alem an ecatire Lunction of exponential type 2 o »

Thus R _(s) 1o an entive function of exponential type 2o
satiofying (1€). This completes the proof of Theorem 9,3,

Having esteblished the boumis for |U_(x)| and v _ [ ,
we will tvy Yo estabiish the conditions for the convergence of
R (x). Before we proceed to establish the converzemce let us
introduce the class W introduced by Wiener (18] of continuous funce
tlons on (= 00 3 o ) sotdefying the condition

=

= max  |feexm| 2 o

R=—0= DS ¢ )

Set

o
H2llw = < max | 20k + =) |

R==t2 bz |

mcmuarwemtmtimhaahunmmmdnmw
Goldberg [11] .
Define the tranalation TH by

!Laft:) = t(:"'?}
and the one slded eecond difference &1 by

A2 = 20+ B) =8 2 + 1) + £2).



It io easy to see that

‘ﬂlrw = 0 £(x) «22, £(x) £

= ('.I.'lg_t-m £+2£) (x

3
If %y c R and £ c ¥y then both t%mﬂ £ arve in ¥ end

(@) 2y 2l, < 21 21

It 1o aleo well lmown thet the mepping y — Tﬁt is contimious
from R fnto ¥, That is

(22) l[r.ﬁt-tllw—} C as y— O

DEFINITION 9.4, If e function f£(x) is bounded on R the
k>1 4is defined by

k,
Wty t) = We(n) = sw 14y 2y
|hls®

where

2 R’ k- R,
A, 8(x) = = (#=1) s ko3 Bhwmech)
= 0

% .
The following properties of the mpdulus of sumcothness are used in
this section,
(1) If the function f£(x) hae o boundied derivative of the
Tfﬁwﬂr [z anintnm:[ on ® then for any integer
k>0

. il tr)
We (858 <8 wWr(2 39




a2

(2) If n 7 0 is en integer, then
k.

Wea$) £ 8a Sp(8)

The proof is exnctly similer to the ones given by Timen [17) .
The constant 2 appears in the i,l.5, of (1) and {(2) because the
translation operator on W has o noym bounded Wy 2 Ly (21).

THEOREE 9,5, Let 7 Dbe o function of the class ¥, whdch
has o contimuoug dexivative onR. Suppoge

(2 g~ o = (2T ‘f’""“fl’)

I Al
e QO_U., T r’z..)

i

(25) ®, (x) = Svagtrm [8 2(x + ©) = 2(x + 2t)] ab

= =2

A G _(n=t), £(%) .4t
M faa o=

sherg
(26) 6_(n) = Bg, (W) etg (5)

en
Q) || #2802 € (2 3L

@ NP0 s o, e (20 h)

shexg C, 5 C, guc conatonts.
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FROCZ: If £cL' ani g c Wy then £ « g belongs to W.

() = F_(x) = M—L [ e t0. 2.

= az J_eo0 [Eerneeam] et

= S s {ﬁ- ﬂi twc dt
which gives
ten || 22, < *;';‘f” g (e A 2|, at

y 2= <
= m__"'a_ J‘ Ed"(t) H 'ﬁt £ 1[ w @t

—u=

I
/
8<%

ed tt). Lk}.l {f‘ t} dat

How using the property that
(28) (o, (85 A ) < a{?n-;f o WL 3 ®)
wvhere - >0, we sec thot

W ke 38 S2(ote) wo(E5 L)

By virtue of (28), (27) becomes
2
| ge2_ |, < Mir _Lsrjf;mltt; L)(se+1) at
S LI o
= 29 w,(fp L) [j g (8. (8 +) dat

—m.

* }r g (0. (t+ L) at]

=3 ]
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> e
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y friesaeyta
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% H'w
gb‘ﬁ(/&dfft-ﬁdm
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|
@ = o~ { e, x=-. 2900
=

ISR e
R _S 2g_(x=1t) £(u)at

i

3‘“ £1(e)at
;4 o L 2—) £%(%)

$ - gi_(t}.t'(z-t}d.t
=

| fé
e 2 { gﬂ}{t}.tltx - 2%),4%
3 A

= o e [Paevenen) a

o, e '
o L. (g () [£9m28) = 29(x + 20)) as
LW o

D

I !“;(lk = -——S le, )|« (| A 24l at

=
A
|
1%T§u lﬂ.;r (&) » || Ascgt(. at

e

=4

2/ 'iL;Snl g5 (] Loy (' ) as

= ~—’~—fﬂ[ g, ()| Lo (2 -5) o (t+L) at
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\
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With these preliminaries, we are in a positicn to otate and prove

the theoram on the convergence of the sequence of cntire function
1R (x5 0

THEOREM 9,6, Lot f£(x) &Wmiu

P —— {H - t:j p—
=4 =0
Rolm £ = 2 fxy) Umexy) + = Ly vme )

= o2
gonverge to f(x) if
1)Lu{r';ﬂ—,) — 0 nar—‘:.c—ﬂ
n)g (| = 0o )

PROOPF: Intvoducing P (x) £yom (25), which hao been astos
bliched to be an entire function of exponential type 2 o 4 we write

By (x) = 260) = Ro(m) = 2, (0) + 2, () = £(x)

=d
= B -0 ¢ T (g0, )00xem )
¢ Lp Vasxy) |
[E P (lh‘}lﬂﬂb‘] i % E 5ol8 {xh)?{mh)]
[r {::}-ﬂx}] + ‘Z [ﬂ:g-r (=, )) Ulmex ;)
";E bk“"’h.’ F__E B () Vixex) )
o

Ry (0t = (2, (et + Elf&gl*’u—(ﬂm)l | Uiz )
+5 |22 €xp, )| | VCxey, )| *“Ekm | Viatmaz , ) |



Ve Jmow fxom Piman [17] that for eny function £(x) bounded snd
unifomly continuous on the vhole of the real axis, there exists
a sequence of integral funciions TL’W{‘)} of degree G, such
that

Sup |20 =g, @) — 0 88 o > e

— Ge < W £ 4o

using the above theoremy, we chsewe that
() |2 @ef=)| — 0 88 o — o

odnce £(xz) 1o bounded and is uifomly continucus,
But 42 x, = ’Q_T s then

b 15’3
0z, ) =% (x,) = L(x =2 (2, )
T ' ] d __Q.;., xEELd f_1|+ I’l) T k ,
& -pa['?; 'xrzfr, a-r]t“x’ql {”1

-[;’E‘F] Ht,-rﬁ. Hw

sz |l 2o |,
< % Ce “-3:.“!51?}

using (31).
From the property (1) of the modulus of mmoothness, we find

kB b S ey L)




€9

=)
h%ﬂal“"fu" - oy )| Eﬁ% Co oo w2y L)
B0 u’(lr(f';;j;—i

Hence

A
(B) I{S | 8xp) = 2, (20 | | OCmez )|
= -2
i
S EHRR 0wy ey )

—> 0 a8 o >0 frum (1)

I,
< e .“_'-L’H(J'J{J-J

'i‘l ‘:ﬂ—“ ”\N = “+ &
2 | R ()= [F) N8
Rz—=on

Prom (30) we £ind

1N

S |
= e o o2 ‘”1('31‘;)]?)
2+
S+ T
lvﬁ‘("'xh}l = Amo
Henca
Pa) 2
C f il ; L
©) hzﬂi e | | V)| < S

= Cq . Lo, (£ L

—> 0 a8 054 fyom (1) agein

Frem (14) agnin
A ) oD
—— or elie ol A
taf.;l g I i A-To & h_:rgal ,L]

—> 0 as ¢ 5 A




since we have assumed

= 2
{7'_:%:& \hn_‘ ® 0(o) &n (A1)

conblning (A) 5 (B), (C) and (D)y we find that

|Rotxs ) = £(x) | — 0 a8 o5 4

This campleten the proof of the Theorem 9.6,
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