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PRSIV Nieg

This thoois procents scmo recont developmonts in the otudy
of Gomoralised G14f%umd Algobras (0,C.A%8)y thotr nasoegated
steuctures and tholr niyatcal applicationa; These Lrwostigatiors
ape extonalorn of tho rescareh progreme initiatod by Alledd
Qemaldshnen with the dovelopmont of Lellatriz Thoory decling vith
the Oramuar of Dirce Motvices and thoir pensralisetions, Allodl
Bcnniaichnan wnd his collaborators have corried out extensive arcly-
sis of G.,C.A's and thelr mpplications to phypical probtloms, Hosulio
of those Liwestigations are found 4n tho book 'Lellatrix Thoody or
sy of Dizoe Hateioss' by Alladd Sanekrishnarn®,

The new Govelormonts prosented in thds thesis incluics

1, Introfuction of oconvepts 'commutation motrices® and
topoduet toansfoms'® and the formulation of Alladl
Ancalaiohnan®s  'tonon and mortico cownling method’
of representotion of G,C,A's in tormo of them.

41, Gonoraligation of a 'moteiz docompesition theorem' duo
to A11adf Runglzrishnan and discussion of his 'nev
apnrosch to matrin theory! in ralation to tho work of
Hormann Veyl, liigner amd Schwinger,

114, Discussion of camonical transformations in cuantaus
mochardes using C and D natrices of GSeh,

tv, Fomwmlatlon of new group structures ealled ‘Gomeralisoed
Ciifford Gromps' (G,0,0%) and discussion of thedr

: significance 4n the study of the probtlem of Hloch
mmwwm&”'ﬁﬂ-




Ve & camplote, simple amd emplicit solution to the
problen of projoctive representotions of finite

abolian groupd,

vis Proposal of a negative encrgy relativistic wave
aquation as o comterpart of Direc's positive encrgy
rolativistic vavo oqmtion®,

vil, Discusoion of ‘ecmting quaternion algodbras® of
01100008 and Leidl,trix Thoory and ‘Rasevsidi's
mm'uummwmmmm
to G,C.A%, :

CHAPIEA Y prescnts o summary of mala posulto of Allodd
Remalerishnon and s coliaborators in Leliateix thoory whieh aro
cssontial to tho Lwestigations in later Chepters, How concants
Womutation Matrdces' and Product Tronsforms® are introduced
aml 150 Besplorshnen's *Tenon and lortice Goupling lottod® of
roprocentations of Clifford algobras 48 roformlatod in tormus of
product tronsfomms,

Sl o, stulifos o “Hotrix Decomposition Thoovems® Sue to
A11cd4 Remciirdshnan and its goneralisntions, Significance of
these thooroms in relation to quantum kinometics 4o discusced ond
~eanonical tramsfommations of conjugato variables, capecially affine
canenical trancfornotions, are stulicd usiag tho basic gomerating
elements of G,Uell,

SHAPL 2 anl g stuly some growp theoretical aspects of
GeCode by formdloting nov growp cteuctures called Comsraliced
C11f%ard Crouns (GuC,0'0), ALl the irreducitle and inmequivolent
poprosentations are capiledtly comstructed ond studded in detall,
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CIAPREA §, dotormines emplicitly cll the imoquivaloent
fevoducitle roprosentations of all 0,C,A's assoclated with the
fintte Abelien wow Zp B - O Lm,, o s provides o
mmmMummutmtam
tion of all tho imocufvelent irrcduciblo projoctive roprosantstions
of finito Abelian groupse

SIGPREL A stwiles the prollom of Dloch electrons in hoeoe-
genoous magmotic 1612 in the 1ight of above imwestigations using
the isouerphisn of G,C,0% and Hagnotie tronclation growps and
aerive at a now and sfmplo vorsion of socalled mognetie Dloch fmee
tion comvoniont for playing the role of Dlweh fmetion in study oolid
stoto phosouonn in proconce of an external hemogenscus nagnetic
f1eld, ' -

CLAPTIR 7 prososes amd studfes a mogative energy relotivistic
wave oquation oo a comborepart to Mrec's positive encrgy relati-
vistic vovo equation,

CUAPILS € emd © avo mathamatical appenifces, the fimot doading
with G11fford's ‘Commting quatcrnion ol gebras' vicwed in terms of
| helatrix Thooty, and sccond dosding with Rasevalii's epprosch to
Clirford slgobra and 4ts gonmeralisation to GeCeA's,

#




Ledintrix thodey wus initiated by Alladi Ranciishnan with
o objective of wderctoniing tho mathanctical peecodure of obtalne
ing Pirne moterdcds frem the booie Poulli sofe Thds 108 to o dotedlod
study by hin ond his collnberators, of the mothenaticsl otruete® -
"too fandopental to be umoticod, too consiotent to be ignored aml
mueh Seo pretty to bo without congecuence' “e a8 a eamvon basis of
 unlorstanding various branches of thoovotieal physies, Ledlatetx
theory stuifon CLIfford Algobra, 1% gomeralisations and thels
physical spnliications using czplieit matriz ropresentations,

Pricfly the cource of major developmento in Laliatrizn thoory
can bo slntehod oo follows, Alladl Nemel-efohnon Govolopod 4n o
sories of definitive papors thid view polnt of Meae Umdltosdon as
nmuaummemmmanm
ot mombers of & hMerarchy of olgemniues, flio devaloped furifier
the connoetion of theoo hororehy of motrlces - Lalitricos « €0

quaternionn, pRopagators omd Certen spiners, In ecllaboration
uith Vasuleven, Zuangomathan, Santhonem onl Chandresoldopran, M0 ote
tondod tids opproach to Gomcralined C1ifferd clpobran and thdso

. 300 to the dovecopmont of meprosentotions of Hemmer Algoben, parne
 Fami ringn, cortain polymomial alzebecs and Unitary groups from

~ tho clamonts of G4Ced,




With tho realisation of a sholl structure in L-liat®icos
he otulled veal: intercetion Hemiltonion in this approsch, Followe
ing the mathematdcol logic behinmd the symmotries sssotlated with
the vooto of tho Unit mateix as o gulde to physical thought he
intosprotod tho imbormal cuantun mmbers of quarks in torms of
roots of wity with an exefting gonmaralization of Golleiannelilshijinma
volation, Losving those imboposting aspects to the reference of his
book 'Lelintriz Thowy o Cramer of Direc Hatricos' let us consider
in tids cheptor the mathemstical founfations of Lellatriz theory
cosentlal for our lmvestigations in latter chaptoms.

C1400ord Algebra originatod in the paper of ¥.5,014ffend
*Agplieations of Opassmann's Bxtonsive Algebra' (fmcze Jo Hathe 1,
2804258, 1878) in vidch he gemoralised lamilton's ‘(uateenion
wgotra'® vith thweo gonerators to higher dimencions, He called the
resulting algedwa with n gencrators as 'neuny gemmetsic algebra'y duo
%o %5 relation to Gpemsmonn's clgebra of polymectors in nedinersional
Buelddonn space™™, C11fford algebra bocame the basis for spin ree
presentations of orthogonal groups, The spin represontation of the
gnecial orthogonel group by moans of Clifford olpobra was diccovercd
by Lipschits™l and then forgotten, B.Cartard® guwe the theary of
opinors cnd Captan's thecry voo developed by Promer amd Yoyl .
o firet appjieation of spinors to physies was by Padt™ who

intooduced his famous spin matrices, The fully relativistie thoory




| - 6
of the aloctron spin was (iseovered by Pirae™® yho by his famous

limear rolotivistic wwo cquation showod tho cormoetion botucen
spinors and the Lovents group, Fromdonthal ® pedtgoevered the
rosults of Lipoehits and develowed thew using the theory of charace
tors, Hothometleal aspects and physical applications of opinows
wore later dovoloped by van der Waesden'y Flerss, Davgmonn amd
um”mm"’.

C1ifferd algetea and its gomoralisaticns can bo stuiiod
algobraieally from the poird of view of projoctive ropresentations
of fimdte Abelian greups, The problem of finiing the projective
(ray) roprosontations of firdto crowps was stated and 'zenoral'
methods of finding the irredueible reprosentations were given by
mmnmdmmm". In mathometical litorae
ture Generalized CLifford Algobteras (0,C,A%') wore introducod and

. stulded in dotatl by licrinags and Nomo o while linearising meth
ovder partial 4ifferentisl oquations for © > 2 Yumazall™ 4ne
troduced G,0.A% in dealing with projective reprosentations and
ring extenoions of finite grows and Morris®® stuifed theoe algobras
in explicis dotadl, Posovicl and Purtol™ otudled those algobea in
~ relotion to gemeralizations of spinor oteuctures., lomoo: amd Herrls™
deterained axplieifdy the projective sepresontotdons of € = 4 @.H5) 7,

i An coplon) y for sond fostor oystems, Dut oo for no theory oxists

- providing an omplicit construction tecimique for determination of

 all the projeetive roprosentations of on arbitrary finite Abelisn

'I‘pn ¢= S.l@,...@rhu. (For o detailed atscussion of the

| subject of projective mepresentations of fimite grewps of, Horwis™),

 Recont achiovemont 4n $ids direction 18 due to Backhouse and




'M,mmwwmmmmm
Mmomaton of deprosentotion sssoclated vAth o given foctar syobos
hu« Tids thosio solvos this problem ecsplotely in o simple
manmer using the toclniguen of Lellntriz theory,

In phyotes 2iterature i Weyl®’ dlscussed tho projective
roprosontations of Abelisn grows and interpreted the fundamontal
lavs of quantun hinmotics 4n tomo of thems Sehwinger™ developed
Mo approseh more olaborately in relstion £o measuvoment algobea in
quentun kinomotdes ond omphasized the sigmificonce of those struce
tures, Dut 4n the worl: of both Woeyl and Scihndngor thoso structures

in finite dimonsions cccur as orly intermedinte stops in a limiting

proceas, Only afier the dovelomment of L<llutrix theery by Allsdl

Ramelcriohnan and his collaborators, the physical significance of

‘theso structures in findte dimensions have boen realised and doveloped
extempively, This ticeis presents further applicotions of G,C.A's
| o the problen of Hloch clectrom in megnotic field, Through out
. this thosis ve shall woo mairly the techmiques of Lellatrix thoory
and so first ve shall-sumsarise briefly the main rooults of Lellateis

thecey cooontial to the imvostigations in later choptors,

e e XRrady LFE, PO BAGH et

. ¥ ;mmumaru-mmm
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48 recognized uhamnmam. called
Lemntrdecs, with the property
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A=)
LeCs
(D 2 vopecipn (% A:rf)
& L@"r’:) - (M) L(mﬂ) L (i) ij*l;-‘b
4 .
e <Lijc)) o, T ™ (247)

Firot 1ot n = frel, owoperntion mothod due to Allafi Ramakrishman

obtains 152, fram 28D, e faliows, In 137any ome of the

paraneters Xy, 15 replaced by “E-l-a and the other two paro-

moters are replaced by x, 1 anl X, .0y where I 1o the iden~
| t1ty mateix of the sme Msonsfon as Ligye

D, -

$D . (’h:.! By w) - .(&) (1.0
_ ‘L‘ﬂ-‘lmﬁ ""HOII

- Bazing '{Q'ﬂimmﬂmmmnﬁtwmor

ﬂ‘.&ﬁ...” Mn-m,wmgmwmm,‘g

48 put aual to seros Iy 13 soon that ok sosh step of colog fran
D w0 1D tno atsemsten of L 15 dowdled amd memse

am, 0Dy = (1e8)

A aden ﬂ-t-ﬁt—wt o (1.8




or
am, (4P o o[V (17
m[w] donotes the largest integor part of n/2,

Tho frroducibility of the sbove represemtation 45 goen as
follown, Tho mateices ( l'{gﬂ 9 1= 1,000t Callod 'genorotor

metrdcos' ore seen to be traccless By tho conmstruction forvmla (1.4)
Mtnmwﬁmth*imfﬂm

2y —1 G) e
T (L‘('ﬂ'l"} ('ﬂ.J.,l L((’r’l!t) ) = HE( L (miy)) 14:‘-{.3}
d
Ta (L

yp=hde W

11‘}})

oy conpider tho case n = o, I!wromallws?&apm{hwtauf
all possible pma of t.he L's the o numwhm given by
{‘ gf?) ; ki @ O0gleg i m 1jﬂ.ot]ﬁt} Consldor ore
‘{FI i L
2 (2) (*
of the tama (| G | Lm’tm} It k 22 even
U ol o cC.L;.g

then thie torm anSicommubos vith any of the { ]_ \ﬁ) F = 1,2,....1%’

axl honece by the apgument of (1,8) 1ts troce 48 zoro, If E 48 o
)
Léﬂﬂ) wiich 15 not contained as a foctor in the product

(@

L{I"FU aamm&m Hence all the menbors
1=l ") 2y
J & sot {U(L;‘u} * hl = Opleyg 121,05000s 'ﬂn} are traceloas
Baterices czcept the ldontity matein corresvoniing to tho case all
.1 2 0, Conoider the oquation

\ ( Ri .
Be T ek () (L) =0
Q’._”Rq_---ku:ﬁ,l)
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it follows

T = 0

(1,200
~ amd henco 8po, ¢=ﬂ. Multiviying A on the loft by
i 'm" 2 k
CL”m)“ (L ‘;;W) |
@ @ (R 5 one )
(L u’fim) - ( |— (&'fd)) AZ O“htka'*'h111+( (L,11)

Whare (seese) 18 agonin a otm of troccloss torms, 6o fro;

m{(u:m hvf (LS Af=t o

mm k’."""kaf ¢ This means that all tho 33' elements

{/ L {\z} U) } ki ® Oplgey 1 = 1191#1---% are lincarly inloe

m JMMMmmwma is 2%y this roe
presentation is irrefucible since @ho condition for frredusidility of
a P diginsiomal reproccntation of a sot of oloments is that the
'magmumamwwmmwmmam
possiile powers of them shewdd contein D® 1imvardly intepenient
matrices,

Considering the case of =n = 2r¢ly the product

L ®

> (®
(Y L guy - L O ik e
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) il

ot i
i Q- Q G kS
-'f’L[Hﬁf,L ) QJ L QL) J (1.15)
gl -
Honeo by dchur's larxm
Q3 (1,10)
m,-u goans nrupwmmuw. Gz
) (©) ‘
L 5 | & L (127
(b 2Y+1) WJ (ae2) (e Jr)
widch 19 cbtaimd by sultiplying both stdes of (124) by 142
L Gt o l)
and vsing (230) and (1.9) 4 (B) 4 Hemee in the set of oll pessaible
9 BTl
products of all sivle s of 's out of
st el B TR

slenents thore ave only 2% 1incmly infenoniont olements, Hence

o' dimensional resrosontatdon of L‘ 2 ‘s 1s iproducible,
(22+140)

™he n umumubem[:th“){ @U"L Lid; - za'ﬂ-’vg gemerate
g sot of ﬂnMW%WﬂMupmm ef all nosoible
porvers of theo, :nmm{ t’"’- "* ¥EL-G.1.I‘.IHI.T‘.....~§.
; [MU
mtdwmmmaaﬂmw

.- (Wﬂ-fi.u) )( Lﬁfu)? {( 1[“} J%(W(Lm.”)mwj

{l.18)

n- (klﬁl,}'lndoﬂiki 14 Homee the B:h%mm; +
| “ ¢, 1 »2= 1,*:,....&}({:&'5 o Ty WWM

“he basis
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Sleton callod C18%0md slosles, and-demsted by €5 s Tho basis

ef cg’ contadns o oot of 33' linoorly independent matrices
when réprosonted by T dimensioral matedces ao shown above and
nence cm-nﬂ,m-munnmm:maotumma'

~ over a £101d contadning f. The alosbes ¢!, can bo shown to be
a dircot o of two G‘g'n,mﬂlm cm .Hz'@ua"(m

moro dotails ef, 20).

Cemorclization of Lellaterix hicrvarehy (1,7) to incluwde matyices
oboying

(M) ()
R N T

- (T A) (1,19)
L=

T (W R i

was considered by Alladd Romalriohman, ReVasudovan, li,deilanganathan,
TeSeSaunthanom and P¥,Chondraselthnran as an oxtonsion of the probles
for n = 25 and they showod that omwoperation mothed can be gemeraliosed
to yield the irreduciblo reprosontations of (1,10). These matrices

L Jhlﬂ aro umm ﬂth the so=called ammm

3

w)
= 108 ; aL, .-'. :"J JT"'*
i'w;J»J L (M, H D L(’l‘q}) L (-w,aL) 3
K 4} (1,203
- = I ) -L. =y iy DICE |
U— . L) ’

ore ofm) = exp(ovd/a). If wo enll (1,°) as Clifferd conditions
fhen those are goneralized Clifferd eoniitions since for m = 2, (1,90)
10 the seme as  (1,7). Prem (1,90), (1,10) follows due to the fact



Z L gy i L0, ) L
a’ﬂ(’ ] .{,liga ]Lw_h'lJ 2 YU
el . :
E\ﬂ i X l % L}:I'M: = Ly
sy |
Tabige it o 0 elhourtsl
(24m)

¢ ligre vo asgume thet wo substitube i values of the dufitess L'y o L
in the spmestefe owm combuining W' tagpwt, Pme 18 A= Lg= = lgrt

)
(’h"’" Unu 1: 11"3“"’“1
"-’“1'(L vmeID O‘ ) g

' : (L0
ﬂmaﬁimihthdmmn‘meﬂﬂm

™)
m{,LmL}“-' T ve got o 866 oifm sheseuts {Trgl\_é%,¢b
Rj= Oy v § + Lot u comsidor flxet the Gast o= 27 o Lot us
damte K ¥ oy ) ke { (™) *} Gy
by ‘a»( 1) Fay ) clemeid TI._(L{}“Y}“) Lously
O 0 ) =T
floi et (3e2)

mmmaueam:athmmwmtmmm
Whe 1 alesents {9 (K. Ky, ..,ﬁm}]9<ﬂ€ﬂ* of e type G(Koky, - kn) ~F(L0k bn)
'mvﬁmﬂ{m {M.Mam.mi;mm » fox & paly of
__ ﬂm{m aof [ L] wed femply e velsticmship
R0 k) 40 8) T T o O from the help of (1.20) 1t is ceun to
by Gimt ?(HL-E.,- kn-f)nv o Due Go Seime's lomsa this wuld haspen
there exists wulm?Lf.rTm, it ) 'ﬂthaﬂnmtnﬂ'f?o,

m:nmmm{]_ i-----w% o

 coniition for this is seen to be
(m) —1 2 e,
LL%L 1511‘1} )Lﬂ,'ﬂ‘ih’ = B'(Tu By erra Iwv

VA=) (1,20

(M)

10048 to the eonditi n




00 1k die =il 1 v 14

LN e ) T = I.'EJ
*'l—iﬂ!-"‘ 13 5
I b

RN e Al S (2,28)
e T(71) =(Q]md¢'m-

Whan V- Wy the meteix ¥ 1s imvertidle since
(Y1) tws integer solutions as
() = (9)med-m.

(1.26)
‘shoing that the clembrd 4t T Ty) commtes vith all the generse
ops L02 O-modm =7,

e This shows that really thers =re ro relations
gxdps of the Sype sougit for, Time for any fﬁrl‘r ay - -5 Tyy ) A2

i fo, Vi=|--2 theme exists scme olement L_{w”ﬂth%hlm
—H[

\Jxﬂ[:t and hense

o

5 Yoy oo ¥ :

(i) 40 ) Luw.J wm’ g )
Hengo taiing trcee of bobh aides Sk pmedn >0

o 1;[1(1' Y ) _u{m)"m(gfr ). A3odm >0
Trf(ﬁzl“v--'fw =0

i (2020)
Galy T:(§¢.0-9) £0 4 As beflove comsider thew uotlon

A = Z &h h-{ hg%(‘kn ;kuﬁ =0

TR (1.20)
mmﬁmmnum-m- from 388% by
‘J ":kzv) v 3'{"{]1:_ kf‘[)l-' ) T - h:.*_-;!) (1,20)

by tuking trave of both sides

Q w3 . |
| i Ry V0 ﬂn'mkﬂffﬁm& (1.01)
proves the lincer indeoponfionce of the N  clements

hen N=W+l g det T = 0 ard honee tuore cuists o relati nehip
FEho type prososod, Sinee raslé® » 2,) 4 tharo 19 only one such relae

mzﬁnbunmmmmtmwmnmnmm
mw--mmwmu ’




i5
j(m—-h ﬂ*ﬁb_yws{) AL
(1.29)

ﬁﬂmMmdmm{L@w,LJ]* b -?Vﬁ%hmm
- 88 & produet of powors of othors, Thms $he sot of .11 possible pBodnats
of sl posaible p wers of { E;h)“ =|-- aw}mumonml-
_ of m sets oach cortaining w 1mummcmm.n—mm
, eages of V=Y apd = wflmwmltmtuﬁmm nate
mmmsmmmumzmm.umu gtven b

dim Ly = el (1420)

| memmmwthntm-mm-nzﬂtmm

IVt sutually ©- commting matricesef dimemsion im the semse of esn,
(1,m0),

| !ymormnmwumdmxmma{ m}]uﬂ‘
W{E(LEEL;)E* DERIEMji=1-v] 49 gantly seom %o b tho bastis
ﬂmw.mmu#huud-nmmmh

b ' Jop Y (Re+ 1)
L"ﬂrﬂ| M) 5= W (M)
{ {’I'L:_u.] E[‘WLW&M} 3 o {E L{THJ:J j

L=
A emodemy =—(R,.. h-.)(ﬁ’" )(}1) (1,94
aﬂﬁ-f :
d0bd .0/ \fw _

(hpelo)-mademy < Ryt ya=to-m

1 (1,35
| This {2 the so~valled Gomeralised C1ifford slgebtvs, ome of many

mm of strueturos which we shall study in latter ehawbers, ALl
- thaes clgebr 8 eon be introduesd frem difforent polnts of view as projes
m representations of finite Abellan groups (Ueyl, Yamazaki, Morris)
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Lincerizatton of certaln partiel diffepentiol eg:atlons(liorinags and

~ Boro ) or gemerali.ation of spiner structure (Popoviel an? Turtel ).
~ Now ve shall deseribe the generclised @woparstion method due to Alladi
Remslerdohnan ed his collcberators for finding the irseducidle reproe
portations of this G,Cui,

el
Let 0100
() o) -0
2 = (Clw)y= |~
(3t) e |
6 0« D
('TN’? i
ll-) e g B(’MJ = W ('m) + O
(.?”‘EJJ O Tfr-rl
iCm)

) o 2 e
6 Ly = G o “Blm) iy B

™)
It i verified that { LE&,D[¥='}D} ooy the owcommutation relas

tions ‘
. (m) (m }~ ot (™ (m) ik -;,{’1}3_
i G, L) l—.f?"*}) =2 L(a,glj L_cm:)
L"igv
L"*mi-’ "I'I'Uﬂ_ 1 VL-L =, dy 3, (227
WAl u

¢ u:mmui_“::})m-umm
Loy (e

m ‘M{%A}H - ‘m
Cem™ " o) = wem? o
18 tn the case of (U ve comider fiest
¥ lonceforth whopever ( (w) and ((v) cocur they will refer to Shese
sutriceny and vhon tham 10 wo echamee ol cenfuslon the index 77 will be
ouittod, ]
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-1

Ty
1A L"’[ﬂ*} Z frev) Xz A O -+ WM X3
= . :

(1,%9)

 Tow replaco X4 wl__ ) stnatt Xo et X3 by X, I omt %5 T
pruheore I ummwnmntammm-
h‘“)) Thic zives mow

- L g o @(ZXLL@' ‘”) ML@A@I ¥ L, 01

= z "lL— (5,;»)
L= (1e40)

wl

k- szu@(l m‘(b‘; )M(’L $1 ot

] L=t (1.4

OIJMI chmt E-)frﬁ In genoral

: _(.frru) ( o) 2! ()
M = o =
I L'RVH le-l ) 2 cL (2v+1;»’LJ
| gy % -
A Z Xy ) + X @ X
1 L@; 1) (J,.- ; L (20, 4 ol L 1+ 244 LL’H
(1,490
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aen Ao T = dow (L) % )="nuf4mnmy T

o) ) (e 5 A=4,250 2v-1
tw | (v, L) T L{am ®L(w_dum L
(V) ()
L Ay, W) = e @11’}@) 1, (1,48)
@m} y-1
(e | 5 U
L(w*l, ) T L (3,3 ® I, w

For m = 2, (1,43) pives Direc's procodure of obtaining the antie-
conrbing elemonts (for further dotails of:.Alledd Remelwishnar™),
The above procedure pivap os shown baforo,

: i) (via]
v (L W)= W (1,40
shoving tho Arzoducibdllt y of mmlrwmhm éinco

> Um containo as cihowmn before J‘m! lincarly indepondoent clements
Lum:la

™ M

wmere Voo () 45 tno toton matetx adgeten of atmenston oW
. ever o mKlMg—_w{me vhen m i3 oven), As

) (K) (3445)

Y

Wt
garlier shoun the sot of M all possi wmmdm .
() 7 ¥ () )) ki 0% Rigmr] <
B (
| ”‘m nowars o \_ L‘IJU i ,LJJ ‘! -,_l— (L_ Crvsl A ,_,-,l Rfis }?_II-H -

mﬂtmmmmmwam elements due to the
- pelotion (1,02), This makes thio set split into a direct owm of o



i9

nots umm?*m_, 1inearly indopendart terms, This is
. witing 1%“” in terms of the other 2V elements
(™ W80 BMY ()
e - ™ i
for more dotails 00020 P1%%) Rasavektt® pas given o complete

#i¢ trostzent of Clifford algeta and in Chaptes IX we shall
am#wwummm
mnmmwnunmamunawm“

: Bis s trar '-, v LUl Ty ki i A g
Hevently Alledi Romalwishnan o nd 3 °© imtsoduesd the congepts
mm and product runsfovss umuﬁm

3 Palaticna, W“nnzﬂm
(W) (m) () l'ﬂ*J 4=l 2l
W (1w - '
LL%:LJL{.T‘” k[ / {_AL[T"{)'J (T Al {r ‘w
& 3?; S
» 1ot us mmmzn m & nd v oand sindy domote
LWA}_L MM“quWMmhlm

.
the dntopers Lif mwﬁwmmmu Lotoger matrix

= Llrf)
. - {2.49)
1ed eoczmtation matrix assoeiated with the oystem of oquations (1.47

=} ﬂ L?.U“
/!

(L.42)
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." w—tj )ﬂn intogarsy pooitivo or mogative, Thoy defimo

[ Te— mteds |

U= (& Lﬂ (1450)

pw determining the commtation rolations among L J o got

Lz‘_ %1, | WU \/ T Uy
.J}L4 : (RLLﬂt )(IILY })
(UTT )¢ W SN,
= W(mw) 4<ELLJL)(FLIQ)

TP B

ms tho commutotion matelz T = (%f,) assoctated ﬂﬁﬂum

of matvices is given by

B Tl (2459
ldet .U| = | enon there estots a mimotuder matetz V  suen

Vo U“ 1. : (1.57)

(1.52)



l '—‘-VT*‘:’ (1,59
inplies tho ' :
t:w;m:;m&m:g I__f,é.
Ly
= e
‘E—E d, ¥4 =2 , T )
*flJ,.”:V
¥ 7 (1,56)
mat || 4 have the smo commubtation mateix T, Actually
uriting o
o LT
B -1 (1T ) *
§=1 Sk ’
T
DY L.
H(Lk ) 11 Le
=)
; ‘-'-'L' ‘ ‘ ‘J R
A uL}=L’L~ ook =2 05 TR (1,87

dofimes in o sense en Lwevse teansform to U etransforn,
commtation moteriz assoedatod with (1,20) 4s given by

T o Bl L 38
- _.l'lg\.“ll

ol _ (1,58)
=1 0

! S{UEY =Aa

L= = —l -
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Polloving ecepporation mothod Alladl lomoirishnan fermulatod
for tho represontation of Cliffuml alpgebteas, Bere we roformilate
.wmmammmwmwu
the ecoputotion rolations of the typo
Ve * * * il
I = g ; A=W, oy Y-
—UA L‘M_.' SLi l—i* L u-1 2 (1,80)
By X . * . * s GamiD)ibar )
L' h }_j = L'ELR U&M“Jm "D"'R—hlj !

i -
Relabelling those oo

* B
e S Ha,‘ PeTeaAy tha00)

H';lHLﬂ, = '-&J(Tﬂ-a HQH; Y »L='I.|24;‘”.‘_]uo

il 4 (1ec0)
Halh = BhHp 5 0e) 5 LR=1 2

$he sot of =¥ natricos {HH L'=I-.rﬁl':’ﬂ-".2} form a set of

» pairs, the mombers of euch palr cecommting amons themselves
But penbors of difforent palrs conouting with cach other, To oseh
pate (N |k =12] o tdsd om can be attached

: T |

L L 1l
ueh that tho theee form o complete set of mutually cecamrmting
atricos, Looking at the prollen of the irreducible dimensionality of
presentation the following 45 cloar, If wo consider only tw pairs

pn sinco the second peir commtos with the first one 1f the first
| 42 ropresented irreducibdly Dy m x m matricos tho mambors of the
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ool pedr are to bo multiplos of ldentity matvrdices by Scmw's
but this contradicts the roguirement that tho second palr
8 aloo mutuslly oweommuting palr whose irveducidlo disensien is
BEm, lemco the frrciuciile disoraion has to bo at loast B
By taking all possible products of a1l possible powers of the
monbors of the two pades we get m° limeorly indepenient claments
whose 1inecr inlepemdonce ean be casily proved by argusonts siniler
0 the om given sbove, Thus the isredusttle dmonsion 48 mC ,
In goneral if wve take V  pairs (io set of all possitile products of
211 powors of them, Conofsts of m”” limcarly indepondent elo-
monts thus requiring that the irvedueiblo dimemoion hes to benm”
ummhm!rwttmmm“mm

1..1(7}) @I@ mPIQ - QL

-L’l

-HE:'@ @)I@Bm)@IQQ 01

) B(Y) = W) B ¢ ()
dom Cim) = dide. Bend = dwm. T =, s
on of the tiwee matricos of the same not
ZX H | (1469)
4= 4

5 boon calied ‘'gencralised flolieity Hatrdces® oince in the case
2y V =2, they are called Helielty matrices in quantun mechardcs,
tiow in tormo of these § H | =112y ,», k=123 omm

0 set of matrices
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v
1—4 = H1
Ly = HY

(1,08)
fhose are occon to oboy the epdored wetomsutation rolstions
Lobg = wom) Lyts ) Lo} =lidncndVe e
"‘“{} sl
s “ﬁ“JL#MEﬂWWﬂMW- The
Batricoo obtained by this procedure are cane as those obtained by
feopiration mothod, Comverse of this procedure of obtalning ie
from s has sles Wen consificred in dotafl by Alladd
andl for We 2, WAis procedure of obtaining iepstrices
L, % bas boen corsideod by C1ifford himeedf in 197, Ve
k8 & comparison of both in Chapter VIIX, Now wo shall reformulate
) above mothod by using the product tramsforms, As already uoted in
BB) tho commutation matedx cssoelated wth the system of ordered
mtation relatdono 1s given by ' '
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N !
| ] gt e 0 [hﬁ'ﬂ

2 a A | cE i (1,68)
‘and ono sclution for V camecting T ond T wh

e e S segee ke gy

rﬂ:GOﬂ- 0o {0
ofeio o oo 01

Wiz [0 20 PEE: (1.7)
S9N o 41— I

10, =l b o= i |
R W R

e AP shown in IV, the setefces associated with T can be eonstructod
B those ancoclated with T° by using V as the kermol of the

it tronofornation ao
av o
! * T4
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reproduess the fommuls (1,65) o=

oy e Ek %

.-.:i’{i?u'ﬂ—x: Lavg Labws o Lyo-oe k=l ¥
% —! '4:" - e
L = Lo b Cas o Baowsd

mmnmmtmmmmubmmhh

y norea 1iced suttably %o obey the conditicn L Sl

oniver mis vt 5508 oltaabtan Wit mmmhﬁmmauv in
*"'Mmtmt-wﬁnnm vo0 tr Laber ciplevs. A3k V5 lees fo

S popaepstitetionn 1o the Adgre ense; Thie wil) Leeoms ¢los® in
l'.. Gusspail-ation of the <bove methed to obiafn al)l i ineq mhw

papresasiationg of plgehe.t gomepetsd by Mamests vith an

o cordiation mivix | w111 Bo comsidesed 1n Shmpter ¥ lesding

hwm*w%smtwwdmmm#mmmm

B & L Uik pesjantive megpsssndatioms of eny fimids Abalion geoup,

-f;lu SR m
mmmm%mtmumuamm

Biatnnne s sbold shuly this thecrom and wn ebemcion of (U due So

20004 Sombetanven sod soat? Lo dhe omed Cherdon,

SO An e mateiz M ean Do caponted unteusly os

) K
'Qpi:ﬂ § t‘.ﬂ’
s L) (K) Go dwbammiont by tho velstitong A= S K, vheve
Moo Mg weais Hﬂ,"m,'-i
R/ = N.“ i""l|2r M'Ilﬁ

= M"m-'ﬂ"""l Hm‘f, 0 M'ﬁlm") m-u
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!mum of Sylvester mateiz S

"{ﬂ&._.'.'l —I
o= ] [ N 51 -_~.-.-S-i_
i s sanlyridd
B muﬁqj ut'""}L @ J,’_g N (L7
= W L = "

(S)L}: whg }.L‘*J*-'G:IJ--J'ITU‘i.

£ of thds follows by noting first that M can bo written as a
-
: -~

¥

N
Clm
\ < ) bT + M, Clm)+ o= -+ M ot clm)  +..- 4 M )

W= W)

g _."-Ha A
|' ~b

;@ rmnﬁmd_ (Y] Q L+ By: Mok = 1k

I O Mgy, Wt (M) L=op,-oM=L ey oo

= i gy MU
#l any Gicconal matelx /1\ bo writtan as

d.,DI-I—&.'. ‘B(m)-{- R d”wd‘ ‘B(mfm'ﬂ

-I'L ﬂa GL,L = i QS ‘.)AJ j}JJ 5 J.:-ﬂ:';-‘-.ﬂ'm*i-
wunwatﬂmm

" Lot uo put the formda for (L, ) in the following fora for

(1.7

STl " —PJ)
@M . T;L( MCm) B (A7)
P ‘

il P
Ay = we) =5 (M 8w b.am) i)
my

(1e50)



Bignifiesnce of this Sheorem arison from the fict that 1t exsresses
any matrix (oporstés) in an erthorormal unitsry mateiz (o-erstay) 20

_ miummmmmmmmmum
. fum mochonies ave derived from e fact only, : Geme detalls of eppe
gation of these matrices to undorstend the algebrsie strueturo of
partun binemstfics have besn troated explieitly by Schwingertt sed
¥ shall eonsider these im Chepter BT,

FataTs e oA
T i

Any Generslimed C1ifford Algedra§0,C.ds) hee 2o 1ta busis the
ﬂmmtm"pm-tmmammdnmn-
® obeying tie commutation relitiuss |
|- ¢ Li - Sy b by € 7, {J'*':'”&""J’
LL o, e byl it
e ? =\ (¥ l<f) & VM =M this algebwes bocomes the usua 1 G,C.4,
(. + The antieyumeteie integer mateixm T assoedated with {L,[i=/ )
8 ealled o ‘eomutation matrix's If s ‘profust tPamafirea’ 1 d5fined

LI L:‘ :_."[_T L*'m} { E=R Y N u:'g‘E L.
1 = |

3l mﬂ»aimu mm ansceiatod wikh {L 3

m-T i&ﬂ‘ﬂlﬂ?
1 w T -VTO

. If |mur lm ViV sgoistes + sl by

b=y 1" v + Phis gives || nJTT1l-3, ’;' ¢ Thus Lf any frreducible repe
Bation of {LL3 u}m:mmﬁutm reprocerfation of

LLl.ﬁ can be obbained 4¢ T am U & rv also oxpe
-‘; iy krowns Irreduetbility of tho vespasentation nﬂ}—‘*j tmplica the
seve ity of the pepeecertatisn thws obtsingd, sima S agping

tracsfome is irvertible, The commbstiom rolations anl bewse 1
Guwlun the natrices upts isdet-rminney of mlamt:.an
which ave to be deternized o £I% the requisementa | =TI

8 prefu-t gepagforn crevidos a powerful ool for repraserfatisn theery
BuCots o/ T0 orv aibispuneisic integer suteix |  @ers 20 o unique
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form ﬁﬂ,ﬂﬁl””'-’*" , _of the simpls tye

Z@ Lk, ﬂ Yaaw o ale(G]EreReT

' o

oy hmm I DERE e —

L s )T
LI oo }L?L Jof st (0)=T

ujﬂw ezeily ir-odusidly loodisng to thoe detemninuticon of
WW# {Ly |L i “}Wﬁmm
L,L_ﬁ TT L, YT 4y dus to the possibllity of ex-1ieit - m«-

e uﬂawmm V and V (g, Morrif Newses . )
BRALL s vm €R1S mat or fapther in Chapter ¥,
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" ondo new appreach to Matedx tucory due to Alladf Repakwishnen®

nefsts in viewing on m = ®m matrix 02 o lincar combination of
matrices &E’;F‘&JM: O), ... Tv-\} gemeratod by Saling all
8idle products of all possidle powers of B amd €, Por some

poses this approcch 15 useful as 48 demomstrated in the fallowing

Dl by g b

o W y (21)
-, =1 m=d
£=E’ G T“':’Trv; : (i',_'mr')‘i
4 I (22
¢/
on iavq e i (9ms ) = Wem')
| Wim)" = X @-Wa’-;ﬁ} = E’KF@W ' | (2,2)
3 conoddor tho redations
' | : Iﬂr o
Ly by = .mn':n- Ly L, / (2.9
ey W

polationo are sane ao (1,W) for neon'y, n= 2 oxcopt that
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) hes boon replaced by UJ[TM}L: vhich 43 also a primitivo
roote wmwmmmmmmﬂ( Qm;,,.rsk
wmm-nmmnam{m mtumt ofn') has Fo-
llrtd(mv) « lonee L.,L mmmmw

welonal C and D matrices unn cﬂ{‘mJ-*M('mJ ory
[}

L= G, Ly = Bl (28
4he relatioms (7,1) the firet detormines the structure of tho
upto the uncertainity of a phase factor ani the sccor 10 a
ation condition which shows that the matrices obeying both
gh alvays bo multiplied by mth root of unity, Since the firet

' Goternines the irreducible dimension 1ts oghidvalence with
shous that

S | (20
mtmummﬁmmw

Q%_[L-J: mim}k ;_‘, 2l = m{m} LJJ lk,,ﬁ,:&_,h. . }'m;.-:}
1 (%D

s thoro are m° pospidilitics, Dut all of those are mot ine
ont, 1If two Mepreosentations say,

i

- ik i = 4R
i {d«.,: {J{‘m)k L._. ; LZ:-': W{m) L;b%

65" (78)
{L . w{m L L&wwz’Lﬁ
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alont then there exzists o monsinguler o' x n' meteix

: !
‘) LI 5 — S Lﬂ('ﬂl) "L‘,
LIS = Swm® Ly (24209
' Ry =P :
s = wy sL! - wm™sL,
b g i it A
-1_ S = w(m) SLy = w(m) Sy, (2,11)
hm (1,12) to write -
i ."?'n.{-l
- Z .fh'L g
S &”h,tn.l" A (729)
hIT.:-!U ’
e e g B T D
. C‘-hTLF.hL.«Lj wfm)‘”éz Riee meﬁ |
' Rif=o R/=o |
- | ™-
Rl ;h( A i ;FL T
!LZ QL L. 3* w (m) {2 Q il ng (2e1)
: __.h'-r:a Ri¥=o
: : ) Tﬂ:“f
B ey L':f and sceond by LI:J oo
.‘.'" got
i o e
Z %TL 1 E: L (m) iz Q w(m) UI“L;L"
hfff-a h;f=l:r
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fho uniquoness of the cmnansion of 8 4t follows

by Ly ke
-ﬂ:a.f = uw(m) lﬂJM w(m) = m[%}hz@m w(m)
‘qb ~Lh h"-{'i‘hv
= WMy Gy = W (m) By, O VRO,
{(3,15)

_.J;Ji,m_,f =0 wad. W
fugt LR=o0. Tod: M YR WM Oy 70 o (30),
(216
If thove 4o omly ome  Oup, 4 0 thon immediotoly the sclution
for f, amd b, follows
' o= o

byt A Ln-k)

But 47 move thanom ., 0  then mo solution extsts for P
?&i_ﬂWiﬁMfwuﬂm (b, hz) the 8

jan ordy be o wultiple of any oto of the members of the sot

(2,17

; i’ 'h’,],:b.,h- -..,'m:'-—l.% and cannot be a s of more than ono
wrm be cotabiished by tho folloving arguwmont also. Lot

I i s i

I::Z GL.HL, Ly e« For 6 %o Do 2 oum of moro than
\Ril=o ;
. nenbor of { L_;’Hiﬁ[ R =60y M1 9 those tesus mmst
ﬂE samo cammtytion selatton with L gamtl, o Butis

1 ..-.'--::_f;'*.; e A P

‘H and L'?E Lr; Y R, E} ) #( pv j? " :pm mhm
gtation rolotion with || amd |, (L;h'uzﬁ-). ( L’FL’& ) wust
o with b, ot L, or by Scturd lomsa (L:'h""—!f')ﬂlf e L)n T
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l'#“:t },= 1, econtrary o tho initiel assmption that

R 1) 4 (Ra, L) » Thms 4 can not be a sun of more than ono

r of iL_’RL’ﬂJ‘!JLhE é.rm,-lj‘ . mmm .amjl

o [V ] 0k L 4m55 nave T dterevent commutatton

s with L, umL;U o From (2,17 it 12 scen that for

(v, &) values §, amih. ove difforent amd as (7, R)

values (0.1, -: s Wl —1) amd W(m) ;wtmjh"meamm

Slues of the U1k Peots of unity, Thus all the 1,

_ different
airs given by g
| ST et
rtmt-mi Ly Lz]’l"ﬂ"’“ ”3 (212)
oguivelont , So mu Ilm ml are oguivalont 4£0
hq— hq‘, v L=dy oA f (210)
S E o
fd(m) = “JC“”),FJ
wt’mr) -4 _ ﬂ(‘m.!) (2,20)
or sonc voluo of M=o, -'-":---;‘TT!:LT + o if we start with a
«ation,
Im, 7 ( h’]_ ' . ’E'J /
AT {Lj.'-‘- W lmd ) LA‘= Wim) Ll g ; (2m)
the repregsentations given by
| haly | btk ol 3
;{Lf: W (M) : J-. ) Lﬂu:wf-m; \‘“hk Ol
(2200

11 equivalent, Tims by storting with a perticular sot of
',
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> l'h‘.@ihq__'l.:‘} out of (%7 all those ”ﬁ]j 1! can bo classcie-

Snte o single representation, smother sot.walues for (1, i)
shosen ond all those couivalent to it are classified and in

Wy one arrives at (frm%{ :u) el iroguivalent reprosentations,
Ve procedure leoda to clasnificntion of Pepresentations as

Ay ko : e
i -'-"]-_--"-T Lk}(_'mf.) L Llr , Lm':'- L\J(’ﬂU 4 Li:& . | tl;'lr;-*gd{' ;
- (2,20)

: I"'lg
Pt a ! I.,.1 } _ #* . » ! !m
‘y_ﬁj{mtjﬁ'j il s m.{w},&t"ﬂ“ }: {l, u_{m_))" ; wim')

(2, 26)
g ; <) oSt gm-l aan
» solution for | w Suler-ommat thoorem
Bl ) -1
h= Yo' trod ') (2,02)

B, ooy o)™ = (b oow) oo™ "ig (%™
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Qs = {h wawy, .o wim) MS (5,50)
11 R teag (1:7)1 tnequdvalent reprosontations of (21)
Seponiing o one representation of (2,4), Fov yot vo do not

, those 4° exhowst all posaible ropresentations, duppose
® extsts another roprosontation inequivalent to these {L,,1,}

) v doroto by FL)) Ly$ o The melations (2,1) fmly the

! ! r

w m!
‘""L Lml‘t i L L:‘;:_J_,JLI

'l, = m('ﬂ"uu
b’ | LU i

LIL'«U = w3 m) Lq, Ler ot e T T

(2,31)

L™ em L, comem conuto vith both L amd Ly am

'_ #1th 211 possidlo products of all possible povers of them,

wsm'n lm
L o 1

2,80)
L:m -.-.:.'EI 3 L;JW :‘]’II tﬂm
1) gives
(L7 -5-1 T
f_z'l'ﬂ-!)J’ :1]&'1 =I
" b‘xkg@ﬂ'{h/i)_ = ﬂfd)ii k: S R A=l
1 MH&TDL' td) = wd)

(2,78)
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he followving holds
L™ (M; (230
AT R_y . ' t_
X W) =t wid) =1 i
! - d-R
= m[i‘}& ¢ w A= w(mMm)
b _ K P N sy e
;'-"-’-“"I_-g m{dﬁi W p= m[m)CL ) ki k=0 o=l (2.,28)

.memmmmnof L; 9 Lo ¢ there exist some value of
R ant 2o oueh tant

.(u'{_*nu)ﬂl'.‘h L'. ),.m__f= |

)

-k
Gotm® "La) =]
4ok d=c ) 2
futnd ™ L, wm™La§ obey (2@ As Fomo™ and

R, & <d. S

have ohown the Felatfons (0,1) have only one imequivalont
peitio roprosentations Thmp thero oxists oscme 8, osuch that
L".um L;Ji’:lmk and £

h}{_mng L S = ’S.LI

m{mr} L WG s Li (2,40)
=¥ "Iﬂr-t-h Y T ; A 3
-5. L S = w(m) oLLI = wim) wmd L,
Sl mtt-d
5 j__g'ﬁ = wim) L_;: u{m)u'wmjﬂL_;:
A:’U:-Qm,’
T4 <d.

(2e41)




30

W (h-R)=Adtr ned

fm,__(-ul,_&) = d +u w<d (2,47
dons and then oot

5 f\mci.-'!m’:ﬁr

v modm' = 4 -

$he argmonts cven cbove thore oxists a U such that

) b g
wm) L,’= L v

(2,49
T =y
W) Ly = ULy U
= | " TLF
Rt Ly U = wimy
!
LSU)_! L:: SU = m(m}u]_;h : D&y, U sl (2,45

) 4t Pollous thet any oprosentation {L,"JL '} 15 oquivalont
by
y one of the @® sropresontations {w(m) L, wim L ,ﬂﬁlul'fd“;?

{L,,ng b the migue (uto oquivalenee) reprosentation
)e Horc we have acgumed tho result of Nome® and Morris®

g that (1) has 4 = (L) = W dnoquivalent seprosentations
> atoonston D = T )—fm" o Latar in Chapter IIZ « V we
prove this result o priori in a more guneral waye The rosult
tho relstilons
I [_}_ £ m{m:)LL

} M

o
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R ————
ho work: of Horeom Hoyl® who waod theso meprosent tions to
it the quantum operators for position ond momentwm aro given

ingor roprosentation
position ¢ _.  gx =$}
mm --. .&- = b. :
f - L-Ea-ﬁf 4 (2,47

.:, aelt's constant, Thus the uniguencns of ropresentati
b)) opliocs the wniluencos of dehrodinger reprosentation quantun

Usanlly voyl's fom of carcniesl commtation rule is written
' ﬁmfiy !

E (2,48)
% ) g - .
- R A 1

(2.20)
Wyyw= ) (- PV g
| (2,59)

proved the uniquenoss of Sehredingor reprosentation
By %47 wto unitory equivalence ond stnce then many othor
€ hove boon glven, For more pensral discussions on those

. 0 mfmmennum?ha,
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L

it o3l LY OTneE giatriimeisn sS1IEmetian

Following tho stotemont of Woyl? that vo ean undopotand the
fons cxisting 4n (4ibert spaco by analogy with or as limiting
¢ those cxisting in opaces of o finite mmbor of dimonslons,
& 1 understand the mathematical cspects of “eyl corrooe
@ fron tho oatrin Jecomposition thoorom,

How 1ot = 1 V+! and lot us talie our gemerator notrices

—
B i W(ahH) g e
4} o r % w (A H) O
14
2| WA+
T 0 O h}[p_ﬂ-]-n\j
| (2.81)
# 4s choose the basis olements as
: -Lh@ R : 3 i L A s y
W (YA W+ matedx 10 writton wiquely as
Y
LH
_ kR_§
M = Z &m m{w.ﬂ}:‘ B (.80
H!'B.:uy --LR.']. Q -h
By = W i CH
0y :mn-yh(n (2p#) )
%
X= [ bo any(A) +/) dimonsi omal veetor, The affect of




-
ok
Ol

on it aro given by

HC ")&)L =¥ (B.E'K) 1 = m(w%ﬂykxj} ;LJJ =)y b,
(2.80)

to this fintte dinensionnl case conglder the function

» integrohio) whore now W is rogorded & Gth co-

Itﬂn o (monfommeorably) dimencional vector ¥ . Iow

*ﬁu conafdor tho rolations,

e

o oo™
(c @) = Yy+80) (@)W =L " §9)
=P(W+o) -wm (2,58)
s analoguos of (5,50) for V>o humﬂmwm

q M ) ant k ave also coutinmous, So CL MB

jom paramoter contimous grows as L. K vary ord hence bty
4 m MMMW wm:.y

.y .

|
g Ueyl, dy returning to the infinitosimel transfornationy
fte tronsforuations £ end § are sdentiffed es .mummcar
jation of mosentu: and position operators nomoly - -.JLE?V
sospoctively (taktng k= {. ) uith ¢hds tdentificae
4n tho case of infinitost dimensionnl (non=demmorably)

the analogouo of (7.50) beconmes for any oporotor




tho fact
: .'z:.r‘lj L'T-:V L:u-',; L‘(LSL,+ r/ﬁ) (2.50)
s L & ¢ € = €
A ~ Sk 1
o H (2,50)
+ @ 3
cTy + Lo
M:SSMTJ?E hedt (260)
~&

o < LA LR L e Vg H
U
(2,61)
I use carofulliy the language of Dirae delta funetion
_ ite this mmxamzﬁnnmrqagmmﬂftmtmﬁ foance

. In position reprecontation. ¢~ U 48 @lagomal simce

; L'-L'ﬂy'f'g {

2"V Siqoy) =@ (2462)

Y -v')

Grlet gy =Y Sly=y")

() e Rly 7= SLYS 90 = <yl e
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g uoual to write o a8 {y'-i¢| ¥+7c7 So we shall

bo (2,G1) 2o _ om0

] =l T - o p —l.*tq; l
4 Me e

‘UTJ ' {y'|

JL&"T -H’i"]ﬂ -L'DV
:H“*v [49" @My 7 <" lg,* lv'7

€

1l

= inlar (- gl mleteg reve 4

R (7 66)
B samo rolosion can Do odtained directly by Selxing tho 1liadt
lation (1,74 for a'hL

-1
by, = %{g Joe Rt (2460
CL eIl Zm-h.Tm--F\'lR -
lﬂ"f‘ i H+L
) izl ot kA
= 1 Z_ L R(T.f !Ll)ﬂ“"[,'f-f:l- = r Z L .R/r: ,2 TI‘l‘E
I‘l‘{—" . W!'\F i -1? __i
{267
s bocomos +®
| ! _LT I [ -
g = & Sdty V- | Mlv'+§7
i QJTF-JJ
(28)

B (2,65, Thus we have shown that the cxpamslon (R,60) of
atorn (Albart-scinidt operators to be procise) on o Hilbert
9 of oinglo variable con bo understood 6o o limiting case of
e Rapoipichnan theoren (2,80) fer findto dimemniors,
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In clasodecd mechanles cath ebscrvable attribute of o

gsdcal oyatom 1s represented by a fumctlon on the phaoe spoco

$ho oysten voy1? suggested the following mothed of obtaining

'_ mechanical operaters correcponding to clasoically oboore.
_mmymlﬂm In (2,50) 412 wo rogard ‘1/ andl }a
feal canopical varighles Y amd p  them Mig,p) 48 a Punce
38 phase opaca and (T, o) ave Pourior Coeffietonts of M(9))
,|' by 1D ——l:'f.ﬁfuh‘fr
are) = ) M. p) ¢ dy 4p

'Y

(2.60)

Mmmtwmmm{ 2e80) o With the replocement 9> 4
: 1,, p &3 the quantun mochaniecal oparator corrcaponding to the
vable represented classically by the phase cpace function
fsfPost” hos given o well Sefinod meaning to ts cmpression (7&)
) M_u reculte of measure thoory, the theory of (igilbort opocos
f': mcnite snalysis,
B ow taling the hormitian conjugate of (2,62)
+ il
wy O‘:ﬂ: m_{ml}mlk_ic_EB_h

kl=-y .
v ~ Sy

= 5 L, WRsD @@ B¢
1Ry
Ril=-v

0o L |
Z CL wiay) P C (2. 00)
T
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8l then this shows

kl_-—{l/ hj_ﬁﬂj (2,%)

Ih- (Opy) bo o vost matedz (K f= -V +V) thon dorine
Mo Foumler teamforms

" s ok+ Tl
ﬁ'ﬂ?t = Z EL.M W)
k,ﬂ:*‘\]
(2,70)
): i —oR-Tk r
VTS Z- Ok‘himwmi) = Lo
i P
(27
hu‘lﬂ:
| foT 0.
p M Z & weae® B0C
= (2.7

. It 10 this property of this axpansion that to evesy
; "- A thare 45 associcted & unique Hermition matrin -

v y =Tl "FTB::-CI
Z Z o u{n’ﬂ
G & l_,_.u

(7?9
h 15 the basds of Weyd correspondence, The clcmemts of e real
= A cogocdatod with o llermition meteiz Ny 1,0, the Lrworse
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i ==A4 4s glven by tho formula

T L

ﬁ[’ﬁﬂ“HS dey’ i 7 Mo+ G 7} A Tdr ¢

—

L

LTwHLap

Cop Cly-v"
= [drfdy fin <d-gimv'egs e T P

| \ TP |
_ (aefdy =g Imly gy e 8-y

':Sd.r{’.irr <‘7/-%— ‘M{[l’—k%?

(2,79
-.Mmmmdmmwn- a(p)y ) 4s the

._'. obecrvable corrooponding to the ouantum mochanden) onorator
S0 42 1 1o loredtion A 45 vea), This fommila can also b

@otood o tho Limiting ease of dmvorse forwuls of (2,70, Ve

1 not treot thds point ony more in detall, Tho Wigner gunole
bablitty disteibution fumetlon ¢ (v,p)  Bobtained by taing
Noyd tromeform of M= [g><Y! 9 the density mateiz by
tuting 4n (270 M- \y><p|  we got the familler fom of
fumetion

: Lop %
v = g‘*"'g P\l’ - g WI+%) (2.70)

y dotailed censiderotion of these refort),

I- ldhdaul’ devoloped further the apuroach of eyl to comnidor
dgobradic structure of quantun idnmmaties a9 o limiting case of




strueture menifested in finite dinmensien by the 47
wwﬂumnunmﬁmmtam CB=wh(
that the set of m matrtees [ () = "Di@”f_/ﬁjl‘ gRck
rmwmmm basls and therofore togntier
| hﬁmﬂmmmﬂmmm of « physiesl systen
ssing O, otates. Istesproting in terms of me swresment algobra
8y8 that the nroperties of ¢ and B exhibit the maximum degre-
Mompativility and thus are € and B form & Somplonentery palr
Bors, s fenls vt Ehongh the olgehrale protpties of € and
hnkmmultmtmm:rrumm{m, there has beon

ol apprecistion of these cperators o8 gorosaters of o Come
mmuMmunmwmmmm1iu

aed 4n The otiplbuts of complenerdarity, fis elso hes sirte
that ac a priori clossification of a 11 possible types of phye
L degroes of fpoudon cmevyas from thess considorcdiors, ¥Rille
{ further b vesting dodails to the saluverme of Hetwinga®
W peng on fo 2 gemorslissblon of matrly decorposition theoren
i' Al1adt Zamalvishman snd myeelfy whieh fr an ovslielt version
vinger's suggestion of comsmutative favterizet on of the usitary
Basis, previded by G,€.444 for elsssifiecation of soversl

uwuammvzumumwmus.

2 o

g W) £~ oy 4 -

B g b -

Any mx® =atrik exn bs expanted as

. lat by . Ry Q"‘r
= ) Crggy, B Com) @ @50t Cmy
;-'g'a‘:'ﬂ-ﬂhl.;iﬂ- $m; iJ

(57D
"'%m} ami) ws B Ayl © wefirisan af dirmagion m, .
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i = \TT‘M e Iz A 1o tho mateiz of the coofficlents

| in vhich the eloment a’h.ﬁl.w- kel OOCurS 4n
'i'pﬁclﬂunortheulm d!'k. ”'Otkffnr in o moteix
f.-;_i._@---@ Dy |, n; teing any sotetx of dimemston T, with
8 (dyq] <Rl <) o then 48 1o ptven by the preseripe

=

e = bﬁ I (2%70)
f - |

f}d = §| @'"h@ 51;

@ihi)ha =FLOM;) ®0gk L g
(R

is tho roarrangod mateix of My the rearrangonent Leing dono
b stages, firct rearvanging M as an W, XM, partitionsd matrix,
Bl fearronging ocach of tho constituent materices as a partitioned
s of ondor 0, XM, . . - - and ge on ¢111 finally the portle
ing stops at the v i otage, Preof of this proposition follows
fiy roposting the argumonts for the case of T=1 dealt with in

b chatpor, First the matyinz N ecan be deccoposed inteo o
s of mateicon as

{
=7 Kypop, Cow'@---@can)
T
(g {“;m “'I ‘&w
R

‘1(:5 mmlqmﬁnmllnm Then each of thoso

c&m&tmﬂ =w(m) BENOCime) , e tapmy™ =1 Vi
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satrices con be writton oo o linoar scom

Ry

z - . B(fm;{) S B

GES hha*m -

mmmdmmmmt&m proscribes o
ot operation M—= R o [R  comtains the clements of
{y) @8 columnswith lexicographic ordoring from lofids

The docouposition of the type (2,77 stops ot the unloue do-
o T < TH’;. whore ;4 ave distinet princs,
'S

k=
s calls the undowo quantity 2 4L = -L(M) as tho mwider
{=1

for a oyoton poscescing m o tates, Following the samo
Bedure oo w 444 for the case of T=1 ¢ wo can go to the linit
e M —> ob in (2,7)+ In this also es before ono has to
noogssary in-comseguontial chonges of labelling as

Re, A < +VYy with M) = V) +1; ¥izl-r onil miltdpiying oach

".ﬁ-'k"’:C(i.a‘hu'Jr!)ﬂ"" W W) tha « Then following tho

p8 and asgociating the correspondence .
Al e Y
(o) e TR, gny e

V=t

e analoguo of (2,77) beeemos for any operator M
e




o (Fredoeret)
) = [ [Tds; o atwise) ¢
—d i=!
(287

{\mr‘) s ove the motwiz clonemts of M in position

jation, This bocomes amalogously the bosis for the eyl
peveral degroes of frcedome Since the arzwmonts and oteps
Aght forvard wo csdt them,

Lot us conoidor tho so-colled comonfeal ftronsformations of
wnwmmmlnthnnsthmmmmnﬁﬁn
‘_:!_:;. }--L.i These tramoformations 9 —>9 (% p), f—= p' (v, p)

pid to be canonieal if they leave invoriant the commutator i.0,
11 [ f"] ‘:1 Ag seon obove any funetion of 9. p con be
. y+Tp)
_uamummhy{g | 02072 05
jsenbory commitation relation [9,p] = (] tolie the Yoyl form
A A g Gl T e
A R P

3
1 o4
LCS

s ihe transfomuation



By Ry T ol
e then E“P%eiwﬂ“w&wﬁeb“ﬂ* o Tho unique (tyte
nee) of the poprosontetion of wnitory operators oboying
A commutatien relotions twlhntheﬂﬂt@tdnmw;ruam-

L v Y
_ 6 sh Wt 53”“”5 iz % gu Fs -e F‘i?’j-‘:u
s can bo coon 4n the finite cose clse, © and D motricos, as chown

hove c:dy one represontation upto ecuivalence 4if recudred to

(B=wBC, (™.g'2| « Thus any other matrix seprosentations
=1
y aPe Ln turn exprsscible m( > Ar B C’e

k=0
to { end B ol G cll the camoniesl tronoformotions of

M8 , B~F(C,B),C>G(c,8) oboying FG =w GF shewdd do
ore el o0 C ol by wmitary squivalense vhen M=o thi
Bt doplios the cxistones of wnitary equivalenco botieen any

fPstttan) soprosentations of tho confugato palr (4/,P) ebeying
‘;"\':r-]; 'l . These are very woll known faete since the Mrth of
5 mnm'l.ca. e shall use the faect of correspondonce

R Bh, | e aaviig the exylislt form of the nimie

.

ghondd be equle

mzmummmﬂmmmumrmm
§ = k|o+ﬁty L= 'm*}o—k ’ﬂf@y vith the comdition

"Wl—w so trat [{.9]- =41, Bemeo we showld £im the
wur:mafmﬂnl,mmt Lo
5&‘*"”{"5 - a}x("rb%f+w“}ﬂ]

SQJPPS—I A p( o+ hr)



D%
ng tho expressions on the right hand oido

s Doahs L N
er..}u, {an+nmr,) 2 E:(Lf-frh‘ﬂt-‘/%)e[,)unq/et/;wr;

Y (e + kp) o k/z) culy CYRP (2,08

:_' eon toy this problom oo thoe 1limiting ense of finding tho

5!
O3
<
e,
Il
E
™
=
"\,J
S
&

fp"%w LRl
H ¢to Do oven then the feetors W(N) yWN) ore NoCLGe
god to havo the coniition B'H= C'”:I satisfied, S0 wo havo to
the 6 puch that

S_BI'" - wim)lﬁmmBPwCP‘ws

L
L)kl gL vk (7,87
o = BTG e ¥

) — 0,,... v-| » Uriting theso oquations in tomms of matetx

LDL
: Y o H E kl
"L*"““' W kT
Z:L S8 )y = 0w Z(B’u "k 53
(2.00)




S5

P
@"H)agb - wm 2

(2,00)
(c’ ) = Oy gy
| swming m A en both sides wo arrive ot cowled oguations
50113 as
L (ol + Vi/y)
Od,poy = WM S x+Uk @
v+ pr/g ) {n02)
Se,p 0 = i S R—
for these oquations we obtain
Rl el
U (6 L
SD{I,F = ) (D7)

; e tho 1iadtiog easo of N—>o by caparing

H wtwiﬂﬁlﬂk and Etﬁﬁﬁfﬁ:z"‘“efwef H; we have te
UJ(N_)-——E-»@f.. The n d,F; a®o to be interpreted as contle

ent kMM ave aleo any Pesl mubers, Then

Ly %m’#%g?“ iiﬁ)

S(Eﬁ:f,) = : s (2,02)

il
o{uﬂ!P by & amd 9/ to bo mere sugrootive, we got

LR f.2f+1t L &ﬂ
spyayie/p 5l sl
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oo the velleinoun mitary intogs-l trosoformations vhich
‘the transfommation of oporctors 45]“/__-3, %:m%} +fm,(— l%}/)
d 2 %) oueh that | M| =
Qudq})_ﬁwm( H) v =,
tronoforn correoponds the case W=—| 4 b= | Row=0
Vay 9
S(a.w) =¢ (2456)
have ochioved our alm of showing that finite dimonsional € ond
can b0 used a9 o powerful tool in dealing with canonieal
tiono, Also thore has boen an attempt by Santhenom omd
to copatvuct & cunntum mechardcs in finite dinension
g € o) B moteices, |
I wish to axpross my grotituie to Profosoor if,ils tone
discusaions on Veyl's mide ond bringing to oy notice
it roforencen,

n tids chapter ve have shown that tho sot of elememts L., L
' LlLL=MEm]£LLLI}LT=L;W=f wvith Lﬂ,,m:)::i

E@-.( ﬂ,,'m,j;” inoquivelent irrodueitle reprocentations of oome
(™) uﬂmmwm@ammw

} C; Wm) Lﬁ]ﬁ A, AL & UL"'-E( whove | emd L
one oot d(‘“’” )mmma oboying (f= mLm*)EBC

s I
-|. b= %T
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odon of Alladi Ramdirishnan's thooren detormining
M = OpgB'C
Rl=o

pon considerod aml the procodure of dotemuiming esplicitly
: sion®s in the expension

3

L

™

F
I

' Ry b S0 Ry by
M= Z O g by BOM) Clm) ©- - 8 Bl CCmy)

04@;&'%;‘)

;!
i T2 o mo= dmM= []T
g=1

3

Yoyl's mule, Wigner distribation fmeticn o camoadesl
fomsations of conjugete pairs of cperaties sre also dizeussed,
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In this chapter we shall formul:fe and study a growp struce

assoeia ted vith the bazis of the gemewaiiged C14fferd Algebes

‘muwmmm

e »
LL?—ML’WL}LLJLLH; FLAESLETG, e

Li-‘b

Muwm“hmwmﬂm

The basis of Clifford algetws Q[fu}mmummm
eorrospording to the case wmw 2, nomely
e Sl i
L's, = | L=hdy e
of T"'M given by

L e
{WL (h } (2.8)

mummmdwmuma'mmu ===

another olement of the set, @#o this fet of clemeuts do not form
Bat 1t 40 Lomediately seen that 4ff wo add o this sed the

Slezents (0,2) muitisited by 1 thnutotQ,WIMM

(Se)

(244




f ;mMMM“!M!Mmmmbi
peen obudied inhe eontext of Lelatrix theery Ly Alladi Rumedrishe
and Raghaveetaryalus, This group was atudlsd carlier by Jordsn
and ¥ignor”y Pauts®y Losort®, Case®y ant otters. Devries omt ven
gaston studied tho Divee m-t=ix group core Sponiing to n = 4 in
‘on t0 Pleps tramsfornations inteory of wesk irfepsbions in
particle physics, (ef, also Eahon® ) The generalisation

-pmmnw for m > 2 assoclated with s generslised C1iffe
o mﬂ;,m veon noted very bricfly with oud m study of

thet: Mnmwlmwﬂm&ﬂ- In this paper
oy have also moted the 2o erties of whot ve eall preduct transe

psooeiated with coscubation mstrices but its ossentidd power
8 » tocl of represertation theory of generalized ClLifford algebr:s
hat mot been recliseds Bere inthis chopter we stwly the pro-erties
and representations of these group strueturss indl detsile,

ho mmber of conjugste elasses in the growp [i, 18 given by

4y
. (245)
du
on V=) g end
g
% + l
(246)
M= WV +lg

Proof, When =1l The olemexts | s - are chvicusly
ugate olements. Among thw other elecestu eonsider ome element

(2.7
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45 o produet of odd mwm;\{Lllmmwj o
femesto say | - ot cortated inthe produst autiecdmsute
#% Hemee 9 amd L”L = -9 &?0 in the sme class,
9, Gonbaing ummww L then 48
femitos with all 16 factor olewerts |, o Tius dn tais
' ﬂ}l apd - 9 mmmmm fencp the sot ef

H SR
il V) = W |

Sluding the two selfeconjugate dlements + | 4 tho tobdl
¢ of classen in B;JJ 1s given by

_Hg:jk

) 4
.1,+L11 fy =0 A

(3.8)

=W+ y the se1f conjugate elements are given by il

']i where V41

= [k
b=

(2,9)




9
. ) coumxmtos with all L—;: anl honeo all products of 1——1.'135

hor elamonts (2°7 "% o @ 4n mumber are grouwped into
|
88 _ o - oV L2 classes since by the seme arguwsent

dove cech clement g of tids oot 1o ogquivelent %o «g
sl muiber of clogssos in thios case 48 '

: (V" L ea = 2V, g (2,10)
) l&u‘at’mﬁwhtﬂunhwotGMnuuuqtultntm

| mmter of Lrrotuille tnoquivalent Sepresentations, lenco
| of reprcsontations of EI s WWL?/

2 41 whenne gy

','E ‘3111)
2V

= &

o)

¢ hnnes 2Ve 1

ot us constzuct oll theso reprecentntions, hen A{:fm aro
don of the mm-amtatm then by Durmoido's theoron

Niw
Zdi = total mambor of cloments in B lﬂw}(:;_;rg
L=

§ 4t follows from (2,11) and (%,17) that ETUU has 2% av om0

roprosentations and ome ‘&!.rJ d4consional repreosentation

JJ&*H mas 28 % gno dinenedonsl reptesentation snd ©
anoioncl reproscentationse The ¢® om dimensional roprescntoe

b both ne=2) and 2V +ly are given by tho roprosentations
» Abolion groun
hz 7,8 01, (n copies) (2,12)
8 honiemorphie to Bl
'L Deld
/Z& 7 @__ @%l (n esplos) (Sl
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2

B it o soon castly et /[, o the contro of D, am
ﬂ; 16 the centwcol extonsion of 'Z.'L@) ”'@Zi’ﬂm 7131 s
o qﬁﬁmm T all them 2° on dimenstonmal ropresentas
£ o2 iro constructod by taking cach L| =31 imdopendent of
h other,
Sigher dinensionnl ropresentntions are censtructod as follows,
gne=2) . Thon relation (144) or (1.44) 5yb withm = 2 provide
f¢ @inonatonnl ropsesontotions of the 8V antlccmemting sonerntors,
ol (9,21) and (2,17) those canmot exlot eny other reprosentation,
® 2)+l , Then relation (1,4) or (1,44) aybye withnm =

uﬂu dimensionpl roprocentation of the 2 V +1  anticosmmting

roe Lot us novw put
o . :
L-L = _-_Lri.. L=1J;l-'r" 'J'l’}l‘i"; (ﬂfm

ir -
| Ll 11';': WA alse provide an dvredueillo reprosontas
i of theoo 2Vl clemonts, Let wo now prove thet thds reprotonta-
BB 40 fnequivalent to {,L.xlh":hh---}?v”“} o If there two wore
plont thon thore exists o nomsingular mateix & ocuch that

Ay 3

e el g = A Sasl G, Tl
| ’ (2426)
L SLg= —Ly$  ¥d=hd ., 2wl
'mewtdmlmmﬂhmhrl vhen gV +1 MLfa;m
prosentod by e"’ dimoraional matrdcos thare 48 a relotion

R I | (517

ihence (3,1€) would imply
SLy .. Loyyy == ey LW»AS ot 1= -6 e18)
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wiilch 4o abound, lerco those twe reprosontations
. 2 - —_— (B - o r'}
=Lzt avitf o f Ly= ~L om0y | 0=l OF
aro inogudvelont, Thus the tap irscduciblo reprosentations have -

been found and acconiing o (2,18, 2,17} there is no more m;mtn-
tion, The shove fnets are hnowm as Pould‘s t’-'mum that C’(w o

LY ¥
tap only ovo irseluciblo reprosentation of dimemsion > 1 amd C 5,4

has two such Peprosontations of omse dimension > 1.

Compidesing the slgobwe Cf Bemerated by (2,1) the busSs of

tds oleotea 1o piven by o> elaments

7]

. B e
(TTee e ki 1§ (2209
A=)

It 15 cany %o sece that produet of ony two olements of this set is in
| pomornl only o scolar miltiplo of anothor clement of the set os '
given by (1.268), so tint tids oot of claments (%,%0) do mtt fom: o
grow, Dub ao wns dono in tho case of Cp 1% 29 ensy to fem &
gow, The following sot of n™ ' clements

T ;
61-,:].: 5 {WL{bLﬂé mém-fj Lﬂ: I'AJ('H’U)f (3,90)
L=

fote & grow whieh wo shall eall e genoraliced clifford group (G.0.0).
It con be callod oloo o Uomeraliped Dirac Groupe The chodce of 'G.C,0°
will bo mode clear in tho last soction of this Chuptar,




6%
In this Chaptor ve shall study in detall C,C,0e, u:'* only

. for the czgo of n = prine mubor, et us dopote the group G';
'mmapaunuamu being o price mombdor by G'i.

ana 2%
111) Zoopcniion of Gafufie B T

Let us domote

n
j’(hu)h’!r" Jkr‘m): W Ltkj’ (0,11)
=0

Thon product 1o definod by

{b‘ﬁ h’l lpvﬂ.} {}:ﬂ}/‘f"“};ﬁ) ‘
? "—*t{}((‘hﬂj-’rb)ﬂ-m (Rep D1y '?{hﬂ}‘?w] (Se22)
(Ref); modmw = kel d=roem

(3.52)
(ke +2), Mol = Roxfutdy
%b*miw = (M-) L}‘}'L“'J’@)(o ) ;)(ﬂ

00 .-« |

o060 - |
Q8 «-up !

= (-1 )Y ky.

7 (3,00)
| t
The imverse of an olemont 43 given by

Hbots - k)™ = JRS R ki)

(3,26)
vhore

Ri =m—Ki  Fi=l.w

(Ze2%)




'2.5: "ITWDLW: %-—Eﬂ""'K

o)
Fo
K- muwdan =(@m-1) (h.ﬂku'“skn:ﬂ 0.4 L | k’;!
' oo Ye hL
Wik
A B
_ k. ks (929)
= L’mqj% "

liow 1et us dotornine the mm of conjugate classes in 16, It
follows from (2,80 « 2,84) that

A N
Y Jorfie- ) ?rtkhk’q R 39““%'”5‘%3
&U{ kﬂ: Jh*ﬂ-‘ "
LL;F 'Mh‘f{qw = k_ —[—ﬂb

A - A1\ R :Z(jhﬁwfn
fo matbw = (5 pur ) (1 ”jp eyl ™
R

wihero

_b=l=l .ol
B P [0 h_.l-a
Pirot let ne=2) o For a fimed Ry, ¥, 2 Ryy) 2ot 2 be
the grootest common divisiom of all R 4 1 = lyeee®) e Then by the
theory of limcar LW &mntmm, t.ho oguation

UV
2 i
g EME : %Zﬁﬁl’j %;”

(2,29)

hos a solution for U: [1:[.,.;;1;) ofedtting them to hove
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pgotive valuos alse, Sinee

il
.frl ﬂ _I_| - 1"{"I J_l |
1 o b r
?i’i | o-l (!’1 |
.: a _-l .
I ] o o
Yy L s BB (o
._ (3,80
; W= %) 5 uy ) have solution gliven by
iy -1
- p - +H - I
ﬂr.‘l; $1 g =l T J:;’u
e /
5 ,':1-1-1 ) g g :-
[ii‘:) 'H = +I PP TR i }( :

J’L‘v‘) ¢an nov be r%’mod to mﬁ:ﬂ.o He Tho rosulding sot of
{U’; }w)l e, M —-}/ Vi} provide a solution

omition o 1_|. .
b moel = Zh,x {r?a-rzys_:j (24285
A=) = At

A o]
‘j(h»}n - Jan) § (Ra Byoe Raw ) $Upa, oo frov) i
:?(k/:n k’l hl#)

! iod-m-="ky 1k P
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uv H-'! v
A= = el (2,20)
fonco
Y b ﬁ)fﬁ
[ oo T U e By Uonge o o)
=9 (R, R Ryy) thiosd
with p h,
b medm = Ko+ ke (2,40)
o v = TR
R - v = ¥ i)
won = 13 prive R(T) mody & talies all values CylyZyeeesiel
as r takes valucs Cyl,Tyeeebi=ly Thus tids shous that all the
elamonts of the sot
(jlitbo [esonom] e
sor fined (mll---mhw)mmﬁﬁdacm:smcmutlaantmnr
the R{:‘.‘- {0 nonsoro. In case Ry=0 ,"cht': .. YV then 1t ts

obwicus that tho oleomont ‘y(%ﬂw-w s o solf conjugato clomont
. of 4% 10 o claos in ftself, Thuwe ture are m oclf conjugete clenents
corrosnonting to h‘b 2 Uglgese.gi=l in '?(h@;ﬂr--*;ﬁ) e Tho

sot of remaining 9" ten oloments is divided into

(™ = m) =

(3443)
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€lanves cnch contatning n e.tmnm of tho form (0,420, Thmn
totadl muibof of cluocos in Gl y 38

;T 9V
" (8,44)
N gy =M —+m

} L
low lot uo consdder the case of (7, o Por an alenont

"[(hu; h'l b”'ni) to be 26df conjugate the comiition 1o free (9,71)

(seas)
0 twd M = ZR {Z?} Z@j
y= 24
(De45)

for all valuos of {{h ) lﬂchém':\?f}. In the case of
=LY , oy the set {h:u}‘?‘t} satisfios tids condition,
But when TV = UJ+| . the following sot of m° clcments

IL ?(hﬂ,m*rww‘fw‘j T m'mrﬂ[n Skpem-r ,08T= W-'E

i (8,48)
satiofy tids ecomdition, Tt In this the cloments with Y=0 are 1
as is direetly ocoon, Denoting

M. MW | -+-h'mf—l)
o e e

(2427

sinee 16 comutos with A1) $E G e 0 3828 /] vy et
leema, It 40 scen that wo can write

=l M=
iy = [ o™y

—17 -1
WL gty 0™

(Do)




gun B¢

HomemtbuanL L'MVH gan be replocod os

as o product of the {L”L f w}

T(m;\%w- W)

I '
(ko ®i-+ Rayoo) (2449)
fd
mmthdeEGwH |

’&fﬂ'(hm 5o Ryy) [0 B <A H":"”"wm} (3,50)

cach elomont 15 o produet powers of only ofm) and the 8) LL_',E
and hence cach olemont othor than colf-conjugate oloments pove riso
to 2 clase of n clements vhich are multinles of it,by

1“{1‘“’}“9{5 s } as por the arguzents presonted in tho case
™
a

of qﬂ}) e Jimp retxmboring that G";UW-I has m" solf-conjugmte
! W

demonts (2446) tho totad mmber of elass 4n (1, v, 4o given by

i Pt / VAR
N o =1 2 T o Sl chaiel)
By (2450)
iv) Reorocsntationa af 0%

/My
By (84249) GHbu has m°’ + (mel) conjugate clesses and homce
it muot have so many irredueidble inmoquivalent ropresontation, It
¢an be ronlised thot a oehomo of - ¥ l=dimensional ropresentations

ol (mel), B ~dimensfonal veprosemtations £itc the requirement thot

%,(k“ Ry, B, UJ{ E/(ﬂ Ay <M e 1) Jm iE

kﬂhf_
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Aoy
| G| = Ond o U gy = 5 df (380)
1=

vhere diist!mdmﬂ:mndmmﬁ roprecontation emd W 4o

thawmmabwormmmm In o case wo have
‘qu' "I’ﬂJ-'* J.I]J

V U+
R L

Uy

1
(2,59)

a) die disangions) renpossntotions

“hooe roprosontaetions come from the humcmorphism of the gemesne
11ty rclations {3.1) with

) ; L? #L Ly ;"1‘1 (2464)

Lw 1 “P"»L—-I
wtnmmﬂ.trmumamwmmamur G«.f;;&o
\ Zp ¥R 1, (2veoplon)s The kerned of homomorphisn 18 the
mlnhm 10 wem), . wem® %.’_"ZM

;MY

Cﬂw/lw v Ly®- 01y, (W -apins) (o009

Thus to gomarate the one dinonsional roprocentaticns ofmwly oot

h/ !
LL =om) ™ 4=l

| 0< Ry =-1. Ly (880

shere T 1alloes the meprosentation, Thus 7= 1..... M | m
one ]

pepresontations arise fron tho foet oseh/of tho J_L'.zs con tako o

Yaluwos indononiont of othors,

2V




Yo have geon 4n (5,62) thot thore ohould bo (mel), o V -
dicenslonal roprescntutions, Those are recogmised to arise frm
the (nel) fscmorphic 0,C,A%S whooe gencrating relations avo

by oL V.
Lol =wm)”Lyly “'}"‘“ T

LW__ 5 'F"JI" :IJ...}JHJ. (ﬂ.ﬁﬂ

(Lam)=1. Wikl oo TS (3,50)

Lot us demote the G,C.A'%S goncratod by (2,57 L‘J’ {'{;T:)’[LJ,E:I...W—I}
Al tho {Mi'ﬂ‘*lg‘l b=l W-1Y g petmttive nth soots and heneo

a1l C(WLM are dscmosohie, llenee for the srow GLf;: rOnPe
sontaticns of u:ll thneo algotras provide n represontation, Lot us
conslder onc C {L) » ¥o shall use the productetranafornm motihod
in Chaptor 1 for construrtion of irroducible representations, The
cammtation mateix T asooelatod with the cyotem of rolations (2,57

- g A as s i)
0 ﬂ’%’lﬂ, — Al e i
< = =4 O =V :
e TR
= l o / =j=fe=lzz w=l 0 (2.58)




- ()
So the show potmal form of § 48 v

0 0 |
= |
g = ““fﬂ,ﬂg O =1 o1 (]

| (A "._ (2450)
51 :
O =Lp O _f'r.é
and honce the gshovenormal forn of the relations (0,87 s
o L% = )LL*L* Pl
e T e T e e i Gt
oy Foo AWB T
Following the procodure in (1,64) it is casy to construct
A
L, - 1®l8--8l9c; 30 -- B
% e e — 3 A e o =
VL @JHD el
e 5 S
17 - 1918--8I93;8/0---0 | -
with )
C‘LBJL = Wm) B{:c{, {,":|I;L:---'}1’]
(2,07)

Freo {ﬂqm-)it follows that
i 2o
det CiBy = womy? Ay dot ByCy = debcyBy. wm)

. '*J{'””)R)JLz L. (3,62)

where d; = dinension of Lrreiueitle roprosemtation of C;omt 8B,
sinso w(w)’ 48 a prisitive nth soot for axy L=l M-l.

di= M Fi=toay. (9464)




8 Y

From (1.20) 1t 19 casy %0 comotruct the irrdducible reprosonta-
tdonof (jamd B w0

R i '
C{: = C 2 B‘i =B (7.665)

with

R/(M’W} = /k'r. (9,66)
vithout 1008 of generality wo can take 4 =! 7= and hemee

L* 2 10--Bl®cRI®--0
W ——r-'—"é'_L-iDL-“""_"_—‘J (2.6

ligw since IEL and 'EB mmcﬁlutthrunl!%aivnnm
(2,62) and (1,00) roopoctively exeept for a multiplicative foctor
%o o U aml V' mtelcos eve aloo tio same, Homee the oalution
for V in

Ty= VT V (2,68)
is given by (1.7
000 ---lol
0060 . -.-0081
V= ‘_f:,i‘;%’:_'_:t‘:t‘,i i
A=) )=l
BN T O =
donco Ly the produet tromofors method outlinad 4in Clentar 1,
are reprosonted by IV
‘H—'VL
R
A
=
- -] »*
% * ¥ =k -1
RET L Y
e e ~ * - b R
L L ]_:lF L % «L:'_Q}"L
LY- w = W Y=R) 2L
LY-) -3 U W~k - —
W= L



= L s

L - il et 900 (8188

il %I ‘R?ft V- R

¥ a0
L = " atec™se . @ V8" pp1e--8
k=1 %

(271

Those olso sotiofy tho comdition os can be acon casily |
L‘W:I "i"{:'._;!-.---_;i;'lr'- t:‘wj

L
vl
Tino the dinomsion of tiwoe roprocontations 48 W Corersosondiing

to each velue of L =1,.-) W-|. vo get the representations of nil
the selations (2,57, csch of tham Doing of édmersion n/ o These
are olwiously inoquaivolont sinee thoy hove Aifferent alpebecic
relations apd cguivaloncs trancforoations cannot altor algobraie
relations cmong o cot of given nutricos, Thus wo m obtalmed
all tho (s-1)y =’ dimonodomal reproventations of ' G, in temo
of the genrators obaying (3,67,

™.
410 Renseacntatloza of G, .

[ T Y !
We can guess from (2, 51 ) that Glzj]]+l phould have WV

ono dimoreioral Scpresontations ond mimel), uu «diremsional roe

prosontations pineoe this schemo £its the rosulrement (0,82) as

.'IJ"'*H o —) Il-’H 2 wzlf-rﬁ;
Z 1 + Z('TW = + ML W'*M = et 1
- l (f’ U+l

(Da®)







4

_ VTV (2,72)

T o
_|f|,|r|:.' g 'jf;:'r?
Cerponrenling 5o 'rf o ooy nosmol form of the pelation (2,79 1s
ol
() L'.U;ﬂl L.u = Ld{w} L L—u | R TR
¥
(kg = Ty s

b L Loyn = Saa by ¥A=0 W

The rolationn (0,80a) ore tho ocamo 08 thooe ccerwring 4n the caso of
(;f::; and hente by tho arguments given above their reprocontation
!n glvon by the some n dinomodonndl mtrices oo 4n (0, %( Je ALYl these
L «zateicos ore coon %o pemaroteo 2 oot of 9y, g dincarly mﬂe-
nan:!ent matrices by folloving the arpmmonts of Chopter 1. So LQJJ—H
has to bo Tepresentod by a sealer which can be taken as | § without
2088 of gerorality, ilense cerresponding to the product tronofomm

vith V mtﬂ.mg the ropsosontations of Lﬂ!- ore given by
Vel ) g
L L



o

Jmp those nfowido o ropoesontotion of (8,79 for o valwo of L,
- Q'__-;;-L;. '...__. iy £ i : .-_-,_:-_ s 30 \.'_“ Cb’h’j (‘1)
'1Jl-'+l

el e o

’ N ey N ey Tk oyl - L S . 1.‘}
— Sy

300 [_Lis PC WOGe 0 2oetod 40 (Ues)
{m [m]q'TLL‘ |4 =1y wuvsl i
{w{mjﬂftﬂhl} LII {;:,,_....Luﬂi (iam) |

Tﬂ) - 1'. L I | W L ; . ¢
g m(m)q’TL{- " mm“ﬁu L{S V"L':J...* VH.

o thore oristo o
SLp =w(w LS Vhste av4l (3450
bl 4emifon et th off 2V oy &0d _:{LLL.L.”, L—irw_,JS% |
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reduced modulo m takes all vales Oglyeeeii«l a8 2 tales values
O5lgecegti=ly the m inequivalent representations (2.82) can be
uritton as

) ol | 5oz 0y )piss T =1
{u){Tf‘J l—ﬂulh =1, el 94 =0, % (2,80
The above considerations hold for the case of all veluss of
V#1,85000gmel ant cooh algebra (% (V) gives rise to m ine
oquivalont representations as given by (2,86), OWwiously ropresone
tations of Aifferent algobras C“;"ﬁ1kﬁJ are inequivolent, Thus
totally ws got w(mel) inoquivalent irredusible representations of
dimension n’ each, o5 18 voquived, Ineidentally these considerae
tioms prove that C;:LEB) has only m inequivalent irroducidtle
roprosentations of dimension m’ for ecach L when m 1s prine,

Lot us domote by ) the representation of G,":: arising

(L §) ™
fron cT;f[a) m?“"r tho peprosentation of EIWH

arising frem CW”(E{} and corresponding to the phasoe factor mt'?le3
as in (2,80), mrﬂ) donote a one diwensional roprescntation

1 e ' S
5 W vhore 4 8 ‘ﬂxﬂpiﬂlﬂ.’ 63 Uy < mely V) = Leeuel
uidch corrospownis te the cholce

L{ = m{m)g{- Yi=10mW (3,87
lere ve 1l to make on important note about the comstruction of
ropresentations, In comsidering tho growp G 68 an cbutrect group,

the alemont Lu should be interpretod as
iy I Z e
S = TRy S (420

and henco if for cxample L | 5 corrospond to the gencrators of C“:’:}{Jx)
then | - w(m}]’ o In case of l«dimensional representations Lu""{

elvays,




iv) Character Tahlen
We shall {1lwstrete the sbove comsideratioms by a simple
exmmple G{‘” . mﬂdﬁnm-nﬁl 2™ 207, ™o

k
Mmmw{wiﬂgv}hm[-m wlﬁhkm-—“*l} Total
mmber of clasoes are wh + (nel) = 2° ¢ (241) = 11, These avre
¢dven by

o= AL LR=bia] G { ALy k=012

J
= (hen ] = { A LiLal ket 23
G = hlLL\hf“""’”B G M | R=2 2T e
SOy heond g {attn et Y

RS TR R R G= {0
vhere A astanis for tho primitive 2rd root of unity. Funbor of
irreducible inoquivalent reprosentations ere 11, 2, o - dimensional

and © one dimensionsl

The © one dimencional representations ore | ’”, (o

(6 %) o) () L) fln!) (2D qw -
gy ]"(’ i(’ ATl s ﬂ[ in the notation

mmmm mmmmwmuunnmuw
by sotting

AR
PUJ: L’|: (zlﬂf) Lj,-‘-'(nuw’-) L, = ¥(3)
100

100

b auﬂ'u b
]—1{10 2 Ll = (ﬂ‘ff) Ll) = (ﬂ 0 ”) Lg = ‘:-'J(.‘”

' o ®

(3,90)

(2,01)




Let us «:idbis tho charactor talle of % amiicitly L

Zopresentations Charootor

% dmamatmd #@) %€2) X(6) L *E© * < ) M) Xkt

H 0 0 o o0 3 3w 3U

0 0 ] 07 Hr &3 J&Jl 3

Nigheos &JJL W W2 .

| T W g et !

e W | [ e«
b, (o) ‘ ‘“‘:’% A=

LAJE i LI “‘JL I ik
2 CRUITE. R



Uith the help of the charactor tadlo 4t 4o ceny to obtain
the Cleobschelordon sovdes, Uo give here Wrilefly the results
D asg .

@ 308 (™ et T e mtwnd o dinens
sicnal represcutations, Lot EL,'_[T” 4 donote the mmber of
umthruprmﬂttun?m one dimonsional or higher dimene

: T
~ sionaly occurs in the direct product reprosenmtation gy =
“he n

(1) if Codnap +2,

1 for all the n°  onoedinensional

[,Trl'rl]
5 AL roprosentations, (3,07)
€ for c2ll other higher dimensional
L reprosentations,

(41) 4&¢ ﬂﬂuﬁrlﬂrla l"’ for » Hﬂllrl“'fn
(FiTal { corresponding to [’

M -
L 0 for all other representations,
(u) HPL*)M]_' aro tvo one dinmersionnl ropresentae
ttmmrﬂ[”(gr(ﬁ] 1s civen a ore dimensional mnm-
tion given by r(ﬂhﬁ whave  (d+p) ; mudm = o+ By T <(on M

(e) 1Ig Ptﬁhuﬂ M wmwwftm
¢ one dimonaienal represontation then \"‘”’@Pfﬂ) 15 o folthful

reprosentation equivalent to P{ i itsclf,

prosgs |7 cosrosponts to ehotee of L= W(m) mﬁ“(m
correspon’'s to tho one dinmensional reprosontaticn gencrated by the



clotes L =w(w)f5":;,?‘£=!---ﬂﬂ ¢ The direct prod -
uet

b
rgr ) sosees |
i :} _r,g ponis to the oholce of gomerators {/ LJ(WJMLL;{;L}P---EP
Tﬂ (mv) o 7his reprosentation is ecuivalent
[TV 480022 42 wo con 2ind & nonesingular matedx M -
| such that
LLM= Mm(mj[}{» LL . '\j‘{:l_‘,. yu

) iy . {(De04)
M= W L™
{=1
wo havo the condition as e
b14--- 41 &
-l o | g 1 kl = [E;.
TR R 0
i =
Y Pay ”

aely

er' 0~ +I B

: \

Ry /*‘.' it i

L mdw o= |

h, .:r+1_r.._---!

2 \#H — #l - oo D BW/ o
This proves the statemont (c)
9 aslls i

D et [TH‘L J TJ.J h’]
0 denoto the mwmber of tise;the

[ t]
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representation [’ ocours in the direct product representas

t4on T—-{ﬂ,i,}@r. (To, W)

(1) If Omodn=p ¢+ 1, then |"(T“ @F{Twmw
all the =° ome dimensiendl representations which have the el0-
wont glmelgsal) jessfielylesssly mel) Popresonted by ofn)®, sawel n =
b W

(1) 22 Oompdmdn ¢ 2y

\__EEETJ-:P»] nV for rensdmer +0,
v, 6] t midne )ik (2,98

¢ for othor represeontations
(n) mammortwudmmmmmrm
and \_‘(M um.mmmwmump (%x f)
vuh o)y mldm=d +9,

R T T Pam——— L @1—.(3) i
oquivatent toa ") vhere & 4o wniquely dotornined by 1 amt
%, emsats o vepresentatton "0 I, 2] corvesponts to
to the cholce of gemsrators [»“““‘)i P L__LIJ., T ROy mum}

and this 48 equivatent 80 a |70 4f there 49 o monsingular
mutedme matedx M ouch that
m(m}tL}‘M = thmyJ’+Pf L:l,‘

V’}J P R I VL (2490)

V4|
Taking ¥ oo TTI_LM the condition for (3,09) s
A=l .




P My

B, tL-t

A0 g bt

This doos mot adnit & solution for hﬁ; vhen B,jéwﬂ J ere fized

and L 48 arbitrary. Honvo lot us oupnoso h‘.wﬂ =0 o Them
wo have two conlitions
il Rty #iRagy Jom Bapet b=t - el m (2,101)
N E O f+l-€
W IR o S P2
‘ i (24209)

_,1-1_-I...ﬂ

R 3 s hI:II hw ?erbt

From (5,102) wo fimd

(kg hag) = (= Pirpym e+ Ba)
=(Bupy tE-t) by (310D (2,109)

b= (pr-furbsm o —fay * Bupy T4 (3.100)

low with this velue of ¢ pubstitutod in (5,20%) solutien for k4
mhMWuﬁmh(&M. mmm{u).

apmatinmg losylns invarde Zb{ )’I‘W for 2 |
ttummtmw“"} that in the case of C(w

exiinary Clifford algolen | if wve define




|

g]/"ﬁf i LY‘Lh{ ’ ?}h,:h."n;_

then they oatinfy

(3166)

_ Sl s S =z B B
[Spw-Sre) = & Gjp * p 0k TSl
Pl g
whiich is the structurc of the infinitosimal »ing of the (mel) dimene
gloncl rotation growpe Thus the conmection of Clifford elgobea with
the rotation group vhich forms tho basis of the so=-called spin Pow
prosontations of orthogomed groups 4o well knowm, Let us describe
mumntmumm% Lot tho Lellateix

REETS (2420
=|
bo asgocintod with the m=dimensional vector X with coordinates
G e o) o Then after o rotation of the space, let the

coordinates of X=X B0 (y/[;~I-w) 4n the mow framo, Then kt tho

¢corrosponding Lematriz bo
v W

L; = Z }{EL.L = Z

b= b=

where the old and new coordinates are related by thoe orthogonal
transformation &

TR e S
= Z l}/ (I = ) %7{5 .-.Z I{: (2,109)
1’:“! = L=1




o have
M S5 4 Lo gt
s :(Z_h)fz(.;l )I (2420)
= {2,
8ince ” - v
f f 4 f
b it FA BRGLIST AL o
L= ’yll b= J’zf
L‘ers also satisfy ;
A J
'_L L‘ i IR: = n’
i_} Ly Wy } =
Vs .‘1,{_ . LI |
Sy 1=y Vol (3.22)

Dut sinee | ;4 have enly ome represontation in case of W= VYV
and only two iu case of W —2Vi| by Pauli's theorem the feliswing
equations sust have solution for &
fL) At Sril_g Eﬂ-?ﬂ:i‘!”-
g (ad1s)
L) L=, & 5L & w=w+l,
Thus the geoup of meteices § induced by rotations )  of the
space fornm a group homomerphic to the rotation growp wideh has boen
called & CLif0aN grow (of Kahan ' o HPreuenthal and Hedo Vetes )
Dirac grow D:uan#muimM.-ﬂw
ponds to only pormutations and refloctions of the basis vectors,
ligw in the case of gonoralised Clifford elgebra thore exists a similep
comwetion betwoen the proup of limcar transformations leaving ine
vordant the omprecsion

T

. (94214)
. L
(=)




8O
ond tho growp (7, vhieh wo have called o gemcrelised C21ffesd
groupe Thds 1s the reason for ealling {;{":nu.c.c. pather thon
Conoralismed Dirae Growps lNow wo shall deseribo this rolationmship
in dotatl, mmﬁ'a}mmmunaueuﬁ;wm
formations loaving Liwuelant the empression S " for

| 252 40 a finite grow of order ©°n § ond $heso ave civon by
the transfommations

A L
{ () |
?LII () LJJL'TI'!J}‘]LZ O xz,
t | = o p :
I- By =) ' 2
H:.-b O L () i X’_w. (5,110

o (X) = sP(X)

Where P s ay n=n posutation matriz ami OIN = nad

V { ® 1geeen Tov consider wao subgfoup of the above transformations
vith P =1 . sdentity mateln, Consider anslogms o (5,207 the

x, .
LK i (3,116)
vhero i
L¢|'_}, = u’s\{m)E L;;LL‘ (2,117
| 1 amimed
then ( ™)

L(x)mz (Z xfw)I (2,218

e —
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The tranafomation (X) > (X') =o[)is represented by the trans-
formation

[#).= T il —a-ux)..zm{
A= [=|

W
Zx“_{ Z i (w?“LL) (9,119)

Hweal:om“twmmwmumﬁn n 41s oven or
odd, Whenne 2V sinilar to (21100

i [x) S Hﬁl LOYM (3410)

whove M = ﬂ'u tn whten { K[ U=y 0] ase sanes

unicuely by s udhmmh(ﬂl..ﬂm ki, ©an take all o
values Oglge.,mel, In GL num.uumrm-e:us.
Whon n = 2V 4l mmumm{a.m.w we have

L'ey) = \m" LM (2.21)
vhare Wel
Rl
K< mh«mt Eomd = ZGU G
h/.__ (3.,122)
- v i =
and
H: TI-L’:
L= {2,120)

uth{h’[,f .W} being fixed uniquely by S as discussed in
(vete) and (}ch {M-{ o« This set of eloments ¥ form a clazs in
GaCyu iy mamtmummpmmmm
sceatations of tiw orthogomal growp leaving imnveriant the quadratic
oxprossion '{1{' s Ueloly provides m -valued representation of

=
the group proper (czeloding permutations) transformations leaving




wummmdm:u Gy =1 TTL12 )"‘:R <m-i
o & Gonaralised C14fford croup (6,C40s) 1f tho guntrators | L, [£=].w}
obay

L kg —LLL; ) Wiy =l iy -ILLT-L‘;
L‘n}? J’ )/ '&lfﬁih y VJ/--"I T
m-anmumhhnmlm[qﬁ hoo the following wopertles,
T+

Total mumbor of elesenbs - v, ¢ Total mumber of conjusite classes

[F%: hﬂ?& €0 Bl mmber of ir-edueidle mm Pe-posentutiong
8 MUHOv-) whem woa) amd 4 W) vien = Ayl .
All the repp-sentetions cre obtained by asuming the v rious porsltted

vaines ef L. - W‘f{mﬁtlﬁfwj 5 L=o0, [y - sm-l & hhlf.::n., Ww one
dimensiomal popresertetions of (1 wre genoratsd for both the cases
W=  avd =Wt by the Pepresentations of 7, ®-- O Ly

(n g0 ian) vheve Zﬁamwumatmnhmhmu
dB:t,z,-.~{;w—i s there 1z one irrcduetible pepresentation of
Qimession Tv when W= Y o In e case of 1 - ulleash value

ef =12, .., m-1 corresponis S0 ¢ generelived Clifferd oigcive hnﬂu

B ireguivolent irreducible ropresent ti -ns of suse dimersien ’Tn' » This
cinphor detemmines explieltly all the imequivelent irreducible Penrosen-
tat cns and also studies dirwct roduct represemdotions,



In thds choptor we shall stuiy 4in detall the propartics
and zepresentotions of GC,0, @7 whon m 45 any intoger, Tds
emwmmmmmmﬂmmmmr‘.

(D Peeparticaof Galafe O  shon.niasob o oxine msbor.
Ae dofinod 4n tho provious chapter @ 49 o growp of w™*

v
woo {‘H‘L ki, ﬂ‘*k e R
= 2 i 2l A
GW'U e - } (4.2
whare | ;[ 4 oboy tho commtation relations
~l A AN
LL‘LJ" L+ LJ, = LD 3 LJ, | Tu t m
E{J,' &L‘LT‘-J' _ Lﬂ L"J; Ly a4t
LULI'=LL'LU', EJ!;.,*}U; L?'-:‘I',: l'-r:-‘ﬂ':[rr”?w
As bofore deroting Ly
v
. il
plko, bioka) = T L™ (46
{=

the product and Lnwesse of clonents afe given by the came foremiln
G219 Lot uws mow coumnt the mmbor of classes in thds growp.
Pirst ot n= 2) , In this case thero oxists mo relation

of limear depondence among mm{?(“;hw“* J'\:.J)]ﬂé:k—iim “Li

Lot 0= [|=d, <dyc. .. & dy,~mibo the et of all divisses of o
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in asconding order, () Qomotes the mmbor of d iviser of m,
An olament ‘}zy-:f}z{u;j‘/,,.. J,'mi,) obeys

N R I o (440)
A AT

wore AoeD) g am

R e L
Bate Lot 'I’.hj" bo sush that V b j,hdLP 0 modm

Thon

A g L (dp-1)dy
?}%}:iﬁ‘Lh}lki};wa e (4.6)
vhore .
K= e )(:";*_',. o )(;) —h
- oag Yy 8 i
Since LT: i LL( _{ o Homee 12 ﬂ“’J" = 24+l
(};}- i Lj.ﬂta(uﬂyh.a: Lb’{”s‘iy. H e Il
o [Ll;.::uj uT. Lk, (2412 Jfléila-ui},‘
[ ABE: = L, PR Y

Per a glven clement }“’%Ju-;}&g)utmem J};mnmm
sinimm d.ea satlofying (4s4) and (4.8), It 15 easy to sec that
for any clamont g{ﬂ,}h...(ﬂﬂ puch a d-J,'eD exists, Then
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wo have
L}'iﬂ; = | e %t
{ gl %’({}}4 /lj’m =(‘j’n,}}'3’ﬂr) =41 (410)
or
- Ty
%H?'?w Sl ?'3; o ey b b
e Yo=M 50T, & dy—!
e LAY 20&T & a—1,
J o ! (4e19)

m:?vw ?LE &"a;‘)m:l olemonts thon we obBain a sot

{Lﬂk *ch-} videh a¥o 1n o class, If(% happens tmat d.r}' 15
nomprdme then theve 48 a possibility that {[_Z"’Wf } may not contain
211 the iI‘—ﬁ-a Toots of unity which artses when (V) 4;)Ahy =1,

mm‘rh e In that case let Lfbum:mntaatmdlﬂm

or | (1dj)loln} m + Thom the oot Wl contain only w11 iﬁ - th
only 1.
Poots of wmity ant this wowld fmply that ‘}(- FA7)

| dyly
m

with all heﬁﬁ » Y Gelmr's Joama this means that ﬂ(. : ‘B

uhieh 4o in contradiction to the fuct that o, weo the nt _

divisor oW/ natisfying thds eoniition, lonco the set | L:R“”? ??.i

contains a,} distinet elmonts corresponding 80 O <Yp < dr:.

This shows that the sot of m elasents

{%u}”’};f‘“' ) J;w)l'ﬂ_g}‘a_éqw,-:g (4,19)

aro portitionsd !,n‘?_ﬂ_g},}_cmsua sach containing d_?' clenonts ,
-
/
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Bxplieitly tho classes ore given by

{[%L?U r” J}/W)l"f‘.—ﬁ] ‘) J':lﬁ = 0)'.}”':-5?/}'.4'3
(4.17)

Lot Ny be the total mmber of elamonts with 4 =0ebeying
tho rolation (4,4 with d-},uthnn!.mafwn d-cD « Then
tho total mmber of classes in GLI;

T(w)
F Z N( ) (429
J’ <) ~ |
Osvicusly hz-lJ Mw} Z N}E s For others
J/:
M ZN e(3) e
1 écl,
vhero Al doap
1 s
€(8) = 05‘ ] I
L} cl-;,,}"’i‘i,'/' (4,10)
These follow frem the obsorvation that the condition
?' Ay =0 wed-mw A R=lsee, ¥ (417
umwmub *-’-ljﬂlr,‘v‘h,-:l -VY and thma thore
ave d’&’ mmmmmmn. Substdfuting (4,16) in
de14) y wo have
TOm) |
N < Z (—5—){ < ujfecfw} (4e10)

}/.—.I }.(_},



1
In owr pepes™ It was conjectured th:t e

an
,’u’;: =2 (km) =5 0{’,;2,1) o
Y=

=
d‘-fqi iz the greatest coomon dfvisiom of | and m, ihis imiltes

tho idontity

T T VY v m )ﬂﬂ-‘]
= - €8) | = L :
%'(dy’){d} ,g,%; ; } %,( 3 (40 20)

This dentity was firet proved rocontly by Kelshmaswesy Allsdd” .
'mmmummnumummwa
to the unlerlylag mmber theorotic probles s -

liet us damots N, by N, where 4|m. o The suffiz y in )
1s wnecessary sinec all u‘,?';. aro diotinct, Them the defindtion
(4,18) caon be writtaen as

2 Vg =d (4,2)

a(d :
MemﬂLnum and»|4u
lobofus inwersion formmula t6ll uws that 4 an aritimetic funce
tion Ty, 48 defined ly

ij_'ﬂb = | (4,27
then f, 19 uniquely given by
fw :Z 3’(%) M) = Z w(¥) ¥(d) (40

Univers Houth W Sehool of Mathematics, Austealis for o
sidlor of the idombity® . Tho proof of Hr,Krlshnasumyd Allsdd
arplies mmmmMM&mmtm



vhere p(n) 4o tho loboius function 89

Y sl -
Pt {L—\)T Frv=TT0w , it the diofensh prmss
] =l

i hewing .
(<e24)
Applied to (4,f0) tids gives
a‘.);hy ; ] 1r2f”
Ndzf—(a} P = e ) (4e08)
d |4 |4
Lot us now introduce matrices A gndl S puch that
. f
A . [ dfd ; (428
dd' *“Ti#i 1<d.d <x
51)‘-= ¢'S{}/~ 1< L}}Jéua (42D

Asgoclated to any aritimotic function /ﬂf,,u 1ot us introduce a
mateix A gsueh that

AL :EA(@') T J'FIJ“"

R o (2eom)
Then (4,27 can be written as
AF = 0 (4, 7)
wove F, § ove colusn veetors with fy, 28 ¢, @5 clomnts
(4.22) fmplics
F =gt (4,20)

vire g 1s the matrix associanted with Moblus function pln) defined

by (4,29), Prom (4,20) and (&.20) 1t foliows

o™ s [ {4,21)
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Buler's fumetion J(n) uaMummamMm’“

n which are coprimo to n, 1.0,

plv) = 2t ()
(d,x) sl
it choyn the identity A<n
grécat) = v (4e27)
or wing !SOMSJIMM
Pv)= ) 5 % pecd) (4e20)
ﬁ»]'n,
Lot an E,ln « Thon .
¢ 5 = EGL
4(3) = L e > ot (5)
o = ' d’!“" L
J! = Z 4 j:; {'L(I ) |
1:L,I:I

(4,38)
o writing in matrix fors

¢ = sas | (4,20
wiore O 1o the matetx assoctated with Buler fivj Frem (4.22) 4t
is clear that

T

vikre R ummmwumumwm) and D |
LV
13 tho Colum.vostor vith olenents D= 4~ (1< d <o (400stves

AN=mD 1) (1<d< @) (8,27 \

famsaa™ (20 |
lenco B

daumsasty (4.29)

Po=sasyy (4440)

witing in tommo of olements
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o=y
o
o

dL['ru
d‘l'“" 11)‘

d_z 4,( ) =2 Ny (4,42)
@ have fren «{;m definition of ‘,?'J ()

plephes el (o5, 2y (2404

Lduh—)ﬂ {I,TU}= 4

Honce (440) ul‘f"'-‘-ﬂ “" e

= 'rL Y ll/ N

2N 5 e S b

&\n Y=l | 1 (45

With nen this proves the 4dentity (4,70), Incddontally tho peneral
motves of the {dontity (4,41) hos to Do moticed, Any two soguonees

7,0 olotod by (4,97 wlll oboy (4e4l) and the fdentity (4,20) 15 a
spoplal eose of tids, Thws tle total mmber of classos in G1 is

Zu k.
o W+

'Tnthe cose ef (i, thesetof M grow clesests

{‘a’(‘l’vmhu..-, k:.'kr]-'rl)lfhf DS R[!am,_@cun bo witten oo s o of B

E:-'{.h/q, LM - |) {W‘L L;#}LH ﬂéh“:‘__f__ ‘]W__]))......J
(WL'R* ;: \t}éhj smrx)g

_]u:‘.l
L,

e
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< (s b (gt bl ),

(?(hﬂjh,--- Ry, ™[0 <R sme-yi PP

fov o5 wo have seen earliar (ref, l‘Ju-P{E- 1. ) there exists s rolation
chip emong the VV+| gomeeatersy [ | samely

N= o meaymd oy L WS
o

W

andl hence L YV Som ba reploced as o product of powors of other 2V

| LL so that each subsot of {".tlﬂl glven in braclets containe
culy product of powsrn of frhl? LL A s Or % gsot G::H splits
T;u e lionco the
total mumber of clu_sucr:t in G]M_H is n tinos tho mmber of
ekoamsos in G « o domoting by ‘N:; tho mmbor of elasses

in G-‘i:;ﬂ“ ’ m!ma

irto a owm of m oubooets ozch iscoorphic to Cn

M e W
Y=
& ) (247
e L
(19 Soprecemtatiama ol ™
. q_ b
ﬁ:; has T Y eloconto and Z(E,-m;) conjugnte clessas ,

=y




It 1o scon that

. 2 Yid
‘lr‘i'+l_; ] mo \Y ] B g_p_' 4
WSS )r(m” O L

E/: | m]:m__% {‘:i'ﬂn)'

2./
Tino wo can guess that there chould bo for caeh | < E’ £ W @’J ™)

saprosontations of -fimminn(l‘"’_ )y e Ag dome Top G]rm "
(L) ji
should leok fop these repreooontations in the =  ihoouivalent docnorahie

algobean (‘_l"(ﬂ,) : (&«V<m  pomoratod by

I“'LLY = “-’(W)?/LJ,'LL' ; l'?: 3L, - ey L

b5} (2440)
LE“"-_J il 1 1=b =
rosnoe tively,
W Lne dluancionnd, ccopesantaiionn
Thene coivosponip to the case V=" oo V=0 o Thon (4,¢0)
becsewo o =
l_.;i_}‘ = Lyl v bp=lit <2
L™ Vs 8 Ol (<e80)

Those Doing the pomeroting relatd ons of tho Abelion group (0 <Y

| Z.-.«,@ ---Q -lm ( 2V~ coplos) as before theno Pepresontations

s 1 ™ :

erine from the lomomornidon of G'EJU o Zfiw@“@ ZMWth)

Gl::/zm ¢ L,0---QZ, (W-tps) S
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Thus all those ropfecontations totally L%;’IW] = Lmym)=wm ene

dinensionnl roprosentotions arino by pu&_ei.nc
The

Li =Wem) : ugmfz_ av—ty A=l gageny
v
vhoro Jﬁ,laﬂﬂnﬁmruprammt:tmh’ﬂmm. ]__ﬁ:l in

nll thano roprosontations,

Connfdor nov (4,490) for L;?o + Por cach [« b <m-| 24
the reprenontations, Lot
J X
Lll‘ﬂu]:ﬁrb ﬁ%: 118 T§,=—P~: (Y, 13 ) = 1 (2.5
! <
Thon (4yd0) bLocamos
5 A%
LL‘L?I‘ 5 “*‘W{Lj"’—t’ ydafpslisnbdV
e A e 7
mon V=1 the protlom reduces to the one considored in
Chaptor IT «a) « mﬁnwammwm L, ,L 5, oboytng

)
L.L = W{m) L-;'UL| JLL" m ’T (ium) fim J’m

valont drcoducidile roppesontations of dimenaion YW :(I) uhdeh m

mmw{ﬁtﬁ)&»{;]}w{m} ik l{ ool 5 0 <AL Eog d-love

L, maLm mmmmwwammm mprmtuﬂamot

,"ﬁ"*

(4,60

! 1 2
L8 Sy gl RS R L m = =2, ==

Q..’frrb) L
Undouonosg oF Lijmewmmudnmmnt. liow duo to

the above grow thooreticol conoiderotions the wniquomess of L,,Li

1
d-'r



i

stanlo proved oo folows Comstdortay the row (7 for wien 99
Lf fL:u srovide o reprosentation carro:rmn.im te 1 oueh that
(1w )= o there shoudd o oy (¥ m) | vencosentotion of
admonston TV o Tws for L L, thore cannot bo eny othee meore-
sentation,
low ceproaponiing to (4,59) comsider the rolotions
Lily = w) L;L:t y kp = bt a
Lj g =] ¥4 =1y (%_.TL] 1 ndn:
L )
%mﬂ&mmﬂdwﬁnem?mtmm [ﬁ , ond for
thoso thero should be onlly L“p"g_'ﬁ,)"” m.mcnmtm Thus
(4e58) should have only ong Pepresontation, Pased on this fuct
folioving the sme typo of crguments as im Chaptor I1 oy w0 can prove
that (4,60) ove r’fﬂ mnﬂmm of dinmencion QIJ wdeh

. v
are given by { w{m ’[1, =l z,u)y : p,fjﬂsb}‘;ﬁ Fb‘ij

(LL |0 =l 29) potng the wique (wto ccuivalence) Fopresentstions

of (4,60, lors wve shall follov a simpler roccoming to arrive ab
tds pooulte fowrite (4,69 as

: ] Jia A )
o) Libg=oti) Lybe 2=l (qn
o | L
by LW (L fh) i Yo=1l -4V
Frem o) it MIM that L:h I 1'5"‘4»‘:!-»-1_.11 g Commubo '.-.1%:;: ocoth
othop co that theyare ~ 1 o By b) it follown that L{*{' ean
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talxo ang of the ’Pl- ﬁﬁ roots of udty. So
1

L?’L: w[PE EI L aé‘-l: EPE,_I' (457

11!'{

/ !
omse with L= £l whewe [ <! L -y =uy L

e t t
"'t = luJ‘E%# L‘G(.PD,.] : Jﬁikii FL-I U{g: Ld(f'p.) g :u{m‘-]i
08 &y &yl o Toms

tl g .
L= wiw Ly s o=t W
0 s tfr < hhi
Li‘ﬁlmﬁ.na orily ome roprosontation, thoro are mwot any othor foe
presentations nooaille for L—;: .
Far the 2omrooontationn of L!L.f_n, oboying the rolotionn (4,57
we can wie the mothod of product tranoforme detoflod 4n Choptors I

-

ol TII, Tho conmtotion matrix T associated with (4,58) is

(4,60)

ol sl
T: TE = O+ 0 4l
: (4et)
== o ..ol
R B IR

and honeo 460 eanordonl form o

0|

csgotiated with thoe ralationn
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% "‘i‘* b § r 7 3 U
Lo it bias Legis, sl
k ¥ * r* . (C-Gl)
i | ! i = Lf' Ly Olhinwrts€
LTy A
Following tho camo argumento s:n in the ropreosentaticn of (2,67 w
got tho reoprosoantation of [_ as
LV ;
-:-LVL'
¢ o
L= 11 -y v (26

podng thoe sams V¥V 4n (5,00) or explicitly wi.ns the formla (0,7
"fe ! “'E@ @(; 5 QLI &~ ®I

Ll‘“ M
Cpty .. o BB B@L@’”@I

== i (4 )
% h,—r Uk

fnarising tiv roprocentations of L ) obeying (4.50 arc given by

< + ; |
ﬂv(“(m‘}&#i'}_; Ji::f--- 219) }}=|”' ﬁi ;e EJ,‘{"E:'PL*Ij

- (2,00
shere J§ latlos tho mpmsoat.::mm ord LL s are given: by (4,&), Mm
%
Sino there are %otally 15 h(t, }1 iroquivelent sepresentaticss of

mdsmmmn% mjeml’ . L, bas to bo talmn as W)

-

= ““W reosponding to m.w. Thus corrosnonding t0 oath
morw.ﬂ,am;.tmm (L,frnn inoquivelont irceduelible
peprosentotions of dinension ETU/{E;-M] rospectively, Thus w have
got &ha all the roproseatations of qu .




(110 Jecsooomtatiopaof (7 10%
W T g5
in 4o case wo found wo have MV EZ- [EJ'”UJ claaoen,
=1
0 mumbor of ouw clmonts 1o 'm,w"'l' « Lot u wite novw

n W+l [ M LY+
W+ —_—
mo = ZW’“’) ((l,m:)
W Wl s T
-7 e (Y )

=7 "m«(ﬂ.*rru)w [({fﬁ;)ql (400D

V=1

2 1 W+l "
do tolls uo that there chould be [l , W) = {L"""-’J m:s
’

y

soneosert-tdons of dimomodon [ T corvesponding to coeh [
{,L‘I‘TU‘!

febew, -

a)
Thooo corroopend %o the coso of L:"mrur 0., Corroononiing
T . - LlJ..J+_l
to this there phouldd Do Peproasemtotions., Ag in corlior

cnoes 1t s oiwions that thoso arice duo to &hw heoonornidon of
T
l}llljf-i to 71%@ "'@ Zm/ (2V+ 1 conloc ]' s A1l thote rondee
pomtatiens azo obtainod by putting | ;= N(?WJ D& Ty & M-17

+/
- .'}J‘J-{-l vharo 'ﬁ/ 45 the reprecentation indem 4-)- »~mw .

Lﬂ=i in a1l heso ensos,
b} T (2 Trs

A9 gound conalder tho ralotions
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L‘LL? .-mvrm}ﬂ"—?ld. i = Lol

o
'L (4.G0)
L
M4$E$W—| . L“LQH'“U) PE 'mﬂ"lﬁﬁf’mqj—-ﬂj{‘ P_[
()
o ove 'fl . ,
Liby =) Lyle 5 Gy st bl
w2 [ Wt)f’ | VU= Wl (% %)=L taen
l' — —_ 4
Lg%
Lotsing L[ % obay
/
L L-{ : m%ffﬁl_}f.ﬁﬁ Gy sl el
t4y (4462
W )q’ffr_ﬂ_ MU=l Vsl
1 i
[—a,' 5 obeying (4,87 are given tho rosresentation
L= w(mw L=\ 294 0 &8y &Py
{( { ( ) ! . Piy“'l {{_"‘m)
L

following tho o:mo argunonts loading to the pimdler rooult (4,58) in
the caso of W, | s o low the difference Botvoon the two cases
GE] end ;L’H 1ies 4n the fuet thot L:,;'@, have LOOn HOre
than ene renrosontations, While doaling with G’:;H it voo aboun
that the rolstions (2,70) oxeetly ldentical to (4,68) cscept for tho
sonlaconont TL:QJ%‘-_-W s have @ inequivalent irrcducible




!‘ﬁprﬂ:f::at:.'::k::‘.-sl given by S
Yy R

ﬂmt'ﬂu} Li (J,':-\-*-RJ"'-H-H = ﬂrh-..,'mr-!?i

(4e)

"

wl'fu!:?rj ¥ f Il L
: I'_-L Agro glvenn by (ef, 2,7% ond f.81)
V& <0
PR

T
Y:{ tr‘{-lﬂ)

with >
r(0ee. . 007007

B 0e0 - 0400

non:u-H-HE;

[ o]+ ~1A

8141 -- .-t M0 e L
gy | |?-[.1-| et =11 o J

L? A satisfying

* Li- ¥* ., % ;
o) L—U‘U,J_Lu' = W(w) Lag Ly {=1..V
o=

£) L;*L; = L}‘ Lf Al }%L-rdl-zm""mij'{"i- (2. 7)

ond having ronresentations (Vi) J_..A"’_:_'__.,

ek _Tpoh@Lo- O
Lﬁ:’ » I@”@I@Bﬁ@g@,-.@i

¥ _—_I@-*@F-T@"@I :_:I.'MX-B

i Cmlooth - ()
mmmmﬁﬂ; b=7y » 'w"u-:-‘V{ we pot for L . 5 4 'Vf.

o ) -
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Vhero L, % are givem by (4,7) fn wideh the € wnd B matricos
aro %—dmmmqu W is to Yo roplaced by 1,
By conssdoring the group Gufm for whieh (4,68) wuwld genorats

2y
Fopresentations corvospocding to |, o theve shouwld be omly (7,,%) V=% |

reprosentations, mmmuﬂmwnm than
Y, Toprosontations which are given by (4,78), low going back to

(4.00) mumfmhﬂm Y, representations of L{’m
are mmmummmm-u

{
W+ W
%‘PE = 'nvh reprosentations for the relations (4,60), Thus

Y
swarising a1l the 4, Tl vepresentations of (4,60) are given by

Ty v+
I_ 5 B H{%}’ST-{-FF'E ¢ L{‘” _L'«_-; - bIATEY 'I"=|'----10£
Y 0s Ay s Bl 0 A < G-I

I Ed.'m
y belng given by (4,70) amd (Lw):h ,‘i/E:“ﬁ}-qL:? |
Somidering cosh vilms of - | Ml ) e Givespoiing |

(2 GZ "o total mmbor of elemonts X 15 ™ & 64 i the

IR
mbor of classes =X@,11)" = 1’4!‘04’4-4’ = 22, Thore
L= '
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extot (4,0° = 16 omo dimensional represemtations eorresponiing

%0 =L s ¥hiech artoe fvem the represontations of 1, BL, -

These are given by taking L_I = qu)T:.,{:TJ L_L,=,L'a (%, A= ﬂ;hlu.?}}'-u:!
Copvesponiing to e seots () amd ©(4)’ widen are printtive
thore are four dimensional representations for cach wideh are glven
wmumm-mu_

0100 {eo0?

| [1e0i 1 Y Gl L:u: o0 | FBL4)
\ 00aol 0 0w 0
1000 o o o W)
LI:]: llju[-:.' {“m J
and
0100 Ln.ﬂﬂ. 3
| —[o0t0 = (), Ly= AL = B(4)
| " looo) o o wh
l'o o0 2 6 o Wk (4.7
Lo= sy .

rospeetivoly, Corresponiing to the value of | — | , there ave
ts!,da-i, m - % _ J - dimensional reprosentations, these

(Lm) al
m“ﬁmmﬂm&uhm!‘m-(q-#h) by

{LL - wiq)qf-” K=l xs.f'o,slf (4, 7)
?’:F,Lijl} {

| f
vhere L‘p ?Lfb obey
1 ! ! f
L, L:;] = EOLLI-)&/L&,LI - — L; L{
(280)
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or

oty |2 ia)

Li® (M)" m [n—l (4,80
(v Gla- wmam s £ & 266 ard mumbor
of clasces s Lw{zt“r] =88 o, Thore are 4 x4z D° = 6s one

b= N
ammmmum given by the ropresentations of

7,0 1,8 1, « Corscsponiing o cach of the primitive Teots

w{q),m 0y’ thore are 4 inoquivalent reprosentations of

dimension 4, These are given respoctively by s according to
fommta (/- 16)

{LL:_ {,_](ii.}é L{!" -L'=|a1-‘l3. ﬂ._‘;_’-'- 1£ {:3 La:l‘l}[f{-}} (4,80
and

3
6 3. 0% kg3 . Lo =wiy
L= wa Ly l* i } i
vhopo |
il
Li: Ck), Ly =BU), L = C% Bk)
(4,89
ard i 0 3 I -5
L =0, LJJ=B{U , Ly = Cet) Bl
(4.88)

Thare are Ly{aulp‘?’: |6, two dimensional reprosomtations which are
given by, according to formada (4 7¢)

Y
{L.L = Wik) lll_,L:' ’{-.ﬁ P I 5 S ) = ﬂ*'h% (4,00

amd A,
[LL{ = —W) L[_{‘ l L= bd 37 "‘51‘:*‘0:"?5




(1) Dizect product Regrosentations

Horo vo shall make somo gencral observations about direct

e [’lif.] arsd !——.{t}

corraspond to two falthiful reprosentations corresponiing to roots
LJ(-mJLﬂI m{fm«)k respectively then the direct product representa-

tton [ nas generators as L, (0f) = L (VB L L4) ant

hemee tho eommtation rolations are

v+t =
L{(“’*H L;‘ (L) = wW(m) ’ Ljud') Lfd’«-i’) ;:,r:;.,. V-
! ) (4485)
Lot Toned m=Ueb), (4y88) shows that | © “ contat
only l"rH o Since wo have
J ) (H Y, Y
A i = m
Gl i T ((?;Tﬂ-)) x(ﬁt,w) _ |
dim 7D _ m )y (489) |
- [ﬂ?ﬂf}) |

the mmber of times ') 4s contetned s |

ou(T; ) = m / V.

[E’-! h'v}ﬂ{ 'I'.'J‘MJIJ (r,m) v |

)
- wm(nm wlv,my AV o) |
e sl ) |
(Em) (s w) (4,0 (E,m) |
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W

But there are (T, M) inequivelent representations corrasponde

ing %o () () Waich of theso ocewr in thepe (UYL, L) sepvesentae

mummmammuum In the case of
@mmmmttmmuumm

) L

In a aireot approsch to the representation probiom of (..,
by counting the mmber of elasses and gwessing ot the roprosentations
we have Jeen that the analysis of class streeture is a A4fficult
affairelavelving trick® mmber theorotic considerations, Avadding
thio and having a wified approach to both the ceses 7V — LV and
=1+ 48 pessidle wtilising the gomeralized mateix decomposition
thoorens developed in Chapter II, From these wo know $hat any o
dinomsional mateiz can bo represonted as a iinear sws of 4 2

1mummmwwm

Ri b
{C | @ @Ehﬂﬂ}ﬂfékuiéi—} where © oamd B ave
dedivensionnl matedcss obeying (0 - w(d) B '_,L'ia-gd_.!. The

wummmmmwm

of LL{I;J’ = wid)' L}LL ) L{’ivl Vv J/-[ ‘I a8 seme

'R1 E"@”,(@C‘h” !u’ V= L] L= wdB(l , Co{'— Bﬁé- 1§
zcumw{L_dt_ } mmnwﬁ-
process then due to the conlttton |, = | Vi, the
u" diffovent sets {m(*m) L;_]LJ M L=l om- yeg mjll'i

elso represcentations, Mmﬂﬁmwnwuthmm
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zrmummummmwmmm

be o monesingilor natrlz 8 of dineonsion d., eomnseting the

mwqumnm:wmnﬁanmumm
2 e Ps

a8 iincar combinatio: of the d m[ﬁ@(h"ﬁi"f. But

Y 4=
sinco each of these A basis matrices induces different phase

factors on sleflarity transfommation on | LU { two representatiens

will bo oquivolent 4f and only if the sot of phase fuctor Aiffersnves
15 a mesber of the class of i””memmmmmw

those, Honce out of the <, possidle representations theve are

(’\"nuw/ d,w) imoquivalent representations, Whem v — V) there are
"%)w ropresentations and when W= 1Y+ there are 'n-v(ﬂt)lp

Fepresontations as was found earlier, The phase fueters correcponde
mhmmmmmmm-uummmm
wmummmnmmwn;m sets of phase
fuhnlvﬁntdm& mdmtmwm
ummwmmwummm-
m&mha.m#uvmmum.euh
mmwmmmm @ and showing that the ree

tatten |G| = = T4 4 sertetted exstive In the moxt chapter
vo ohall explodn in dotefl tids procedure and use 1t to obtainm all

the inoquivalent projocetive reprosentations of the finite abelian
geoun Z—m@‘"@z'm, .

(vd) Om cortodn Itniting casgs of Gi
mmaﬂhmmmmnmm G‘%
got ralations of the type
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I_L'L*' =L¢.L?‘ L o 4,}/ S
,:;4}}
QA = 1 = (4,01)

M =74

howo . L= 1

w3 ° _
mms [, con take a2 values Ux|{(TME) , vith sattonad 5 [01)
Conoider a particular value of “‘{:.J_'.j(l,'p),zimm
to tis oo w have f

(4,99

o =

trafhivo netrices oboying ] |
Lty =gy Lyby sep =tem
2 . (4,87)
L= bl ¥l =t

mww@“ «dinensional matrdces ond there ave (_’F})“’

#%(%)L memw-;wd?

rospoctively which are glven by

A, L =R SRS VR U
R <

ard

ﬂ'}"p{‘-l- ﬂt

i ()

LL’ L::i‘:'..r]J'f-] 04 ’STL‘Q(I; -‘) )

T::...,(L%)’*”*' e s{}offf (4,99

b o ol
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vhare LL’5 aPe any Peprosentation of

L{P: R Y (4:96)

Since (4,02 45 the limiting case of (4,9%) as 1) > according o

(4,90 end (4,90) there ore infinite representationse In this case
- Ao _

o b wmy (04 8y s

M>% k4
gako on 21 values M@JTFMU [aé_q{%)- Tims the representae

tions of (4,09 are glven Ly

(plamin) L [ 4= b S0 < <%75 o |

-)“wimﬁmanﬂ

'[wra AﬂTL'('“I{'+%) LL"{-: Lo 2V4l 50 £, c:_% L0k k :-.’;F-f}
(4,9%)
gor =) amd =LVt respectively, Thus representations of

%m@@ are piven by (4,07) and (4,08) corresponding to
ooeh value of (Mg-i@) for | .

mmummm

Lily = oplomis)LyLy o =tom

{:*k (4,99)
vhore £ {s any irratiomad <1;>D‘ .
e have
L , i
Li}‘j = WF(Z#T-LTFLQ?L}/ Ly ¢ )

Vb= b a»ﬂ’

PR e— I
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But since "]{W-I)—‘—WE is alwnys mmffw ‘ |
MSoh 9 0o finite m existe such that L}; :I;#ﬂﬁ,mw;. |’
Thuo the grown of clmments gonerated by products of { L, = .aapr,aé:m%),
T T L{tummwu ddocrete growp O omd Af B 4o

any nomal subgrotp of 4t then |H| = as wetd as | G1/p[ = ©

guch growps have been called non-type I grows aond roprosentation
tinory of such grows 15 not welledoveloped, Using the analogy of |
tho relotions (4,100) with the wsual relations of the type (4,00) ,
- wo can dovelope formally o reprocostation talking the besie € and |
B mateleos, out of ubieh | 4 oro Wullt by divect products, e

be now

s 4

(=2 1.2 oxp ATTUE
| Bﬁ-}—_—- s

| %Hm’s |

() =

(4,100 |

It 1o seon ovidently it those are reprosont:tions omly in he |
senoe of a liniting case of CUG:MCW amd Bd:%’m Bm '
L =l MW > |

vhere Cmmﬂgmmnmﬂlnnﬂmmm m 1o

denadnster of o Pational syproximetion to § |
(vitd)

|

do for vo considored onlered cecomoutation melations with "

L_{:]_-Jr.-:.lJL?'LL'jJ-'er\-n% s lhon we hove gonoral ee-tommats [
1<

tion rLlMinm of tho type
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f’.:[' g
i ¥ L o S T Yl WL, (51
LLL’K"‘ By L}’L‘ Y (4109)
anl corregnomiing namrnlisation conditions as
W {
L= e (44202)
The consistoncy of the two reguise
Lot big, My, T R,
S Iy u: UJ(‘TIL}? 1 zlj‘fhi’—l T

(4,204)

For all these relations to be satiofied tho {klpjmc!myj myp=l-nf

should bo rostrictod as follows

*p‘i,k' ’ﬂ _ Yy }(sz:;ﬂi!‘,)::f kg[ﬂ,*?‘ }ﬂg--;tmnmf)
W

Kl..'},' .
o= ().c.om of 4L Kip)
dach type of such rolationshdpe as (4,108107) pgemerate a Gencrelised

curruﬂa alpeben with a basie 5‘ -D:L{R‘I oi_é.‘i;!{ s':l{-i’ i, of
T_\-Tﬂ; clemonts, Thooe besis ala:ﬂ.:-tb;;.rn Joen to form a
‘pay H;'.;-D' le8e Erofipd with multiplication property
L L R R TR b (4,108
Dy ecopleting the bosigy adding more clemonts, ono can readily form
a vooter growp whileh obeys the multiplieation rule J('?: Zs K YsZ€

w E(ﬁ_.p:[ ’?‘11..'3'&{,,- Such a grow structure ¢ would contain
M-

(Wﬂm,;) clemonds which aro given by

- n’b
1= : .
{ ’ Lﬁk“')a.{ﬁh‘émﬁ 10 &Ry gt L= “‘W}
=0 :

Eala=="N
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Ponoting an clcmont {WL -% by ?(kﬂ;’k‘l:---.; hw) tho
Mtnftwmhulman%oia givon by

¥ (Ray B - B Y 1y - 1)

: (4,106)
:}((fﬂ'l'i)aj f.h"-‘J:}p" ) Lk""}’jw)
where ‘ |
(‘kﬁ){mm{: kﬁ-h i A
@H“pw‘w 2 h'“_,-j’ﬂ*"%ﬂ (4,207
vith % |
' iss R k«w 0 £ ‘Jf gr=te In }/
%ﬂ’}?u?{'ﬂl’_ (.hq J q ﬂ”., %fb-rF Eim, ?L
| P 'En-nw :
y 0 0
b 0 0 et =l }’W A
Fren hds wo havo ’
?(}’ﬂ ?lrfk'q-._,) ?Lh@;kr*“ R‘F)B,(]’“k!*-‘yw)
:f}(k‘:’{‘bn'-ﬂ hw] (4,200)
vhero
K ’YWTGLW = ’ﬁa -|-5
Somed v = (Ri--=Ra) 5’%4.1 by-- i | [

,3’, 0 417 - - "!—‘ld‘- J.J'

\
I

Him-tan-tan - -+ 0 \(vkasr10)

liow empored to tho case of .ml‘:%f-bk'{"‘!"n' the counting of
classos boecomos s%11l more ALfficult and a direct amalysis 1o soldom




possible, Dut there aro very intoresting mmber thooretic probiloms
ardoing heve, In the caso of lenmtmzmm
%(R.n)k‘h m)-mﬂﬂl Wth p being mintmm gives |

mu(“) classos and 4f Np is the mmber of such olemonts ‘

f
N,
for o mun \Olﬁmmm s an intorosting idontity PF

Pl
hZ‘ULw) « dctually N}, being the mumber of 2,1 w=twilos
L= (R ""'h?-"**) o hLi.gm;'&E:l--w obeying ki:F = 0 Wed M ;ﬂf:,*"ﬂ"

vith )p a8 cdnimuz 1t 10 tho so cclled Jordan's toticnt fmetion

116 ?

I]‘w-:p) = moe 0of V. tuplos such thet the groatost ecmmon ‘

atvioor of (R----h,; m) = "’; vhdeh 43 o goneralisation of
the Buler fumction J(P) = mosof 1Sk Sm wth (Rw)= ‘.I’gl

In tho above ense when T ¢ are diffcrent for L'=| ---1J as
nmnnrmwmnrem“wmmadmmummm
of Jordan's finmction of the type J(p]—m.ufW-m
(Ri- - Ryg) 5 &Ry ¢ oush that mp—ow-atw Y1 ant o

corrooponding identity should roswlt by equnting the mmber of
classes and musbor of representations (found otheruise, sinee oven
42 o formula i3 obtainad for mmbor of clapses usually 4¢ 15 o oum
over cortain sot of integors vhilch 48 aguin a A8fficult affulr),

In the case of the gromp ¢ gomerctod by (4,100-100) the
cumcutation pmatrdx 40

0 by by-- tin
To= Pl byecba (ae121)

“bin -ty = 0
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ond lot 4ts shew camomical form bho

-
o O
-, 9
il [ Y5 | o
O al':%
- —h 2,
4Ag in the easo of G' mtbarupmmtntlnuorﬂn (h must
)
..r:tsﬂ!!'uat.‘;n = valuut’u' Lo=wim)” 708l S gq

LLLI h,L L [-4, ;‘*Jf =l or these arise frem rolations

aspociatoed ulth Caumtation matrices -[LT[E*D 1 - -;‘m‘—nlj.
Corresponding to | =0 » the one dimensional represcatotions srdse
Which aro obtatngd by putting Lo=! a L= o(m, )b o<y sm

y T S T 1
Thus there are T | My ono dimensiomnl reprosontations, Ag eme
L=

plaimﬂln&amti:mﬂmmmﬂhsw 1<l =m- s

4
m
ﬁ:ﬂre are Em* )/( U (m, Lk;) roprocontations of dimension

5 g

(TT /(m%,)) num.uuuu(

A

Ng = ; {(ij)/ [_ﬂ ?ﬂm)z} ]1.: L)EZ(; TF‘“*“ entations

4 1m0 B0 muny clasces, Wbem 7=, ¥i= -y W have
A=V k=l ¥U=(-oy for both =1 and 1<+ and N _Z(,m!ﬁ)zu
m |
2 =
=W 8 o=n) (m ) bt W= el -
=0

Inthasamuormmtnnmntn-ﬂmm
1mmmmmormmumuhammmm

gencous magnotic filelé ond tide will be considered in detail in
chﬂp”“-
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Contiming the materiz veroion of the lobius imversion (4,70)
lot ws cioerve the folloving intorooting mmber thoorctic roloe
tions, Gemorally 4F an ardtimotic fumetion 1(V) dsfined thwomgh
the Dirtenlot produst

RIICER
JL[-nf
wen 4/(n) and hN) ave kmowny o can writo it in matrix fowm

as
WF)=(W

vhare ¢ 45 the matrix assoefutod to Swnetion gl(n) bWy

‘h o

D [ﬁ.i.\r%-
and () anl (1) ore tho column veotors with claments as £(n)
and Mn) rospectively, loting that € 18 a lower trisngllor
motrdx with Gmm:}fﬂ},v‘w tho cordition for Lmvertibility

of ¢ bocemos ‘JUJ:;EG ¢ lemeo Af T{t]:ﬁa thon wo can find
o2 oml write

F) = &'t

demarkadly @ 4 also o matwix of tho came type as ¢ mavely,
<..{] :_T_ﬂ':larﬂ, .
G( ’TL-GL [ﬁ ;fiqu_,' Thas we epn wite

Flm =2 ¢ (5 )hd)
-4

b 17
where 4 s Withous into the details of proof
TE)= 6 naivee -~
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G (F) = (H)
mnamgwtmmmtmurmmmmmxetm

whare E unmme 1o also, iWritten in toros

"hon as before 4f ?U)—Tﬁﬂ it follows that thore } an imvere
sion for £ umw h and g nmsely

AHm) = Z ?"_(OL) ftdaw)
A=

It w ummmmmmm,
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4]

i
D (00 10 R B S
J«.:[

e SRR

) ftil . (dn) =fw) 5 b=y

Ploding 6™ fyem @ tidoegh dnvolving lengthy computation is

mﬁm:m G has o trimpuior ostreture and henoe the clomonts of
0™ wpte any destred rov can bo obtatned considering only thooo |
clemonts 4n § wupto thet particlar rou, |

Vhon q{m:u lot us call the eritimetic fmetion as singuicr
which doos not have an imvorse in the obove sense, Dut follcwdng
mwamummm
sirgular muterlous conaidored by Mooro, Pemrose amd C,8,820°") « one
ghowld be able to arrive at psoulo=lmwerses of aritimetic fumotdons
and corresponliing imvorsfon fuvmiles for Dirichlot typo products of
arittmetic functioms, Fusthor dovelopments in tids direetden will
be publishod elsowhere,

&xmozy of dneptont, potnig.

AT
The 0,0,0,5 (7, hao tho folloving proportics when m 4is
ony intogor, wwam :%11,-%1 + Totel mmbor of
Y
conjugste classes = ) (l,w) for W=gy oo
M b=
TFUD_{E;'W“‘J for vz Y+l 4 whare {LW) lﬁ.hdﬂfﬂ, el mn,
f= |




™
Just as in the case of G{% » Tor price ny all the reprosantie
L

mmﬁdmhmmpmwodvﬂnnad;\;huw

{wp[m%)luéiw"ii o Corresponiing to | - 0 ave tho o®
ono disensional represcntations, samo as thooe of L ®'““'®ZW
tnoeplu) for both M=) opd 9 =1+ / » m 140 » there ove

rm:(_i m) roprosentatilons of same Admonsion W/(E;m) for

V
T=2yt| el S W= LV thoere are (Lm)l’ foprosantations

of same dircnoion m”ﬂ/(hmj‘). All those inequivelent irpodueidlo
memmﬂwwmmumwm
diroct product roprocontations are stulied, The liniting caco of
M- mg,'"l' 13 stuifed and alge 0,6,0 « type of grow
nwumanmmwwﬁnmmmm

LiLy =b™ Ly L sy = Ll Lo T
aro enalysod,and L mkg,mmm LW" ki g s

Ij’ =.E?'~' H N }"'K'u -4 }-V‘L, -f!h.
LD W}a{?ﬂ"— (m“—mp FEA“ Ky ij :') }/I

M= Eﬁ"‘-‘“{ﬁg«}; L:}n:| A 77

representations smo as thooo of 'E,m,[@ "@Zm%“‘ highor dimenplo ol
mmmﬂmul?WhmﬁtH}md
ShEM |
Ly = WF@’T“%LJf » Por a particulor value of | there are 1'
4 {

(WW )/( {m, k) )1 gi>ve-~—van dam[w%m)

1=
M’t‘:‘:ﬁ MIMOfWMMMﬂT':{H})i
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Hero wo dovelop o simple procedure for omplicitly dotoruine
mmwmmmmmﬂwmmu
finito abolian groups using the comtept of ‘nroduct te-nsfam*
mwwumm}. Thls procodure is o pemeralisation of
‘toronmand nmortice coupling method! of reprosentation of C1ifferd
algebra, stuitod by ANalt Romdristman” during the devolopment,
by him and his collaboraters, of Leliateiz Thoery deoling with n@oe
porties and cpplications of C1ifferd algobra and its goneralisations,

Projoctive reprecontations of grows wore fivst otulied by
setme™¥® 4n o sartes of definttive papers and gomeral methods of
reprosentations were dovoloped, But surprisingly oven for Abelinn imits
mummmmmwmtmwm
mining all tho irredueible imoquivnlent projective representstions,
wmnmmmdwﬂnﬂmm-nm
focter soto cpplicntion of 11tt1e groflp tochniowe of Vigner® e the
sme s callsd infueo! roprosontation technimuo of FrobontusCy
Moskey’ ond C21200me” , toccmos too complicated to hamdle, Ioneo
wmmmma&wmm-wuwmm
of intorost, In this commoction Generalised Clifford algobeos wero
introduced amd stulied in difforent foshioms by Moringe ant liono,
Zemazalt™®, nowrto™ oot Popovies cnd Mrtetd®, By mow it 4s clesr
from thofir wvork that linoar representations of ell G,C.A's aspoelated
vith a fialtc Abelien growp 'Zm_@m@ 2, provide all the
prajective ropresontations of G, Dut oo fur enly eertain spoefal 0,0.4%

have been stuifed emlicitly sinco tho wor: of Hemman Heyll®
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uhe firct uscd basie relations of a G,C.A in interppeting the

fundmmontal lows of quontim Bincmnties co Poy (projective) ree
peogsontotions of abelian growps exd soving tho wnisuwoncos of
Scimodingae ronrosentotion of voolition and momcatin oncraters in
quntm mochonien, Ho boe golved the pfolilen of projective Fopce
Sentaticns of contimmons Abolian rrowss in terns of eanorically
conjugate polrs of cnorotors obeying liefoonborg conmmitation 2o
latlons™, Dut in tho ence of fnite Abedisn sroums &1 rocontdy
Chore 18 5o empidedt procodure, Tho bosie prineiplo of the follove
ing mothod 1o coventinlly tho some os that uded by Moyl in the
cace of contimwmn Zoups, tut a groat differonce arises Aue to the
finite mturo of tho growp bringing in d48¢iemitdos in dotails,
Uniy rotently Dackhouse and Rroﬂlmu havo detormined the dimensions
of rogrecontations for arbitrory chofeo of factor systemg, Oup
procoduro dotoomined all tho represontations oxplicitly in toroo
of simnle natricos,

Firgt 10t uws rocoll some olcmonts of Selmr's theory of nroice-
tive reprocomtations, 4 ropresentation D of o gowpy O 4o esiled
a projective roprosentation when e

Mgi) DY) < 5444 3) 294%5) , VI 56
Pelelisel (5,2)
wieme 9, 1s tho Mdontity clemont of G, 503494 )3 e oloe
nents of the f441d of complex mmbors ¢* €-{s) 5 Tor us, ihen
(g 1) =1 V940 € (h Pis tho erlinary or limar Fepsesonto.
tlon of @, Asoclotivgty of O reguires
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(46 47) 509095 9k) =594 95he ) S (4. T0)
Sl 14479 Fragyte et o
150
S04 §f) =0 ]o) =5l blist 1y <7
sy.97)= 352 5) (o
vho pot % = I{ﬂﬂtﬁ;) ’?Laﬁj ‘Et"}iﬂ called o foctor sot of & &
C* oand two foctor gots 5 4 and W) atequivolent AT there exists

cnmppdng g - & - f_* such that }Jufgﬂ):] and
- . 0 : .q- éfﬂ

W (9ugy) = KPR 55, 95) 5 Yiody }

pididy) "

et M (0 C*} demto the oot of nll Tactor sote of C in 1l

an Abelion growp with te produet 5°7) l?u”) sﬂﬂu f;;)"'ll‘iu Jﬁ)
* 51-:7] <
, foeter set 5 < MUM € 43 patd to o momsalised &F 59097 ) =1

—! —
o I €@ ain uhdch ease D G = D{?4*I ) o« Any footor
nat g € Mk, *) can bu rormalized by an eguivalente an orTine
(6,9 witn CR= ¥ v L€ (n » Iy 18 loowm thet
B90)= e o 7]

for omy S <SM(G, *) theee 10 o prajeetive remrogontation,

Hb *.-.

The relation of oquivolenco of two foctor sots iven Wy (8.4 1o
casily vefifiod to Do aa equivalonee relotion o M(Gic¥) . Let

Jiﬁ} dorots the oquivnlonce classem wieh contadus 5 € M(G,c™),
The sot of all oquivalonto clacces denctol by HL('G; c*) 45 called

a finite Abollan grous vith the product {5’1{”'{3 = { = "},Vﬂ'ﬂ EH{E@

=

*
and 40 callet the Seime muitinlicr of ¢ n €, 4 mowm ©° o
éaliod o renrosontation growp, can o comirueted by central oxtongdon
2
of ¢ wvith H ( G, ﬂf*) as kornel of the extensioa sueh thot

ﬁ*/ H G, C;‘) = & ;Hm(fv i )Q Z([,""};-.::x evory pfojoctive rensoscntotion
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@f © 1o obtainad ao a linocar roproscatation of 02, (For a detailed

aceomnt of the subjoct ef, loeetst® ),
Lot us comoldor o findte Abolian oy (W Zm,@'“@ Zmﬂ

whirpe ZWL~ is a cycile wév of ordar “fTU#' » 4Any eloment
R

g}&& can bo wittdn as T_TE'{ § i RL'-_{. mt-}’p‘z{'-si*"w
A=1
whoo e, !5 are genorators of O oboying
! Y{=l--M
Y
g 0l = g "
1 ’GLL,J:I-*'FL (Ge &)

£ ,;ca!' = eJ; (G
Lot T Dbe o factor sot, Definmo cnothor aosocliated set ""J; by

We (9501 y v) = "9a.ty) ) Y343y € 6
5(3y134) (54€)
It 40 cooy to so0 that W, S Wy 4 - oml v ave equivelont
Thus O, demotes the - factor set for the emtive cless
{;% € H(6:€%) § Pow Avelsan groups tho projective remvosentoe
tlomn P com Do chorootorised 4n torms of W «factor sots as
DGR y) = 30108 O(faty)= *;tﬂuw'n By i)
= S04 ST gL )
‘J,L(h:'l;) (NS 'Df?a,). vj"fﬁ} 2
k= 1,y [HCGuE™) (57

where | W16 C")| gonotos tte onder of WG 62) o 1t fotiowes fvem
(6,7 ant (5,5 ¢that

W CQu i) O, k)= W, TR 9T, )
fﬁfﬂ’j;ﬂk U
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WCn§i) = i) =6l $4) =(8018) -
Wi fg)z whjph) Vol <G
(G ={520) give
tJ (?,I:; ?ﬁ’%h) = H(}',{:J 1,5;) L-di.?’d.'.f g'h,) V] V}L’}}i} }KEG’

L
e §) = 11 e S0
(5.11)
} campletaly snocifion

(5,20)

Dot s’ ik i wk(amgi”w—#;...w
the seot {LJ(“,;.}H)[V?{,W Efn} o« Jince a reyrescentation <
of € for tto factor g0t obeys (6,7 as o £irst stame of

dotornindng B v can concidor the protlem of delerminstion
of a representa tim l_ such that

anuag) = wr (%9j) LILLL) =V?h?{af

Dernoting L. (ﬁ*] E,J_,, V"v LWy g It 1n aw to determine fivat
L,:, A oime L(§)) , VI €0 can be constructed from thcse as “
tio following procodure will make it cloar, Thoso L)‘.';’ oboy from |

(6.1
L,L } = L/}v Ly i L‘:f}'r-'f---?u
(Ge17)

denotdng wi'g' = !“Jrf'e':f Ej/) o Prom (61 it follows that wo ean :
wito

| -
0 (§8) = ttw,gi‘) 8(§:)N(Fy) (8.20)




4\ L, F’ﬁ W “t m
0 R-T, k& E
(e Bt
b= W =
4 v i
( [ T o)™
6 £.16)
Thus i b
2 @E"*Jz {WEL%?Q ]75 D(ex) =1, 1,7@4)
Ri=|
(51D
Dofining Ml N~ Ma
R . '
g (US(%‘; Eﬁ)) = (ﬂ ?tff'mﬁfhg
k":zi Iki L (5,19
we have 0
Ne) “= Ko I
fel10)

7
amd K L/ oo uniguely fizod by ¢ . A recont thooram dus
Saclkhouse ond :‘i:'udle:!fm £9 of Importaence for furthsr considerations,
They have showm that 4F D1 ol Dz_ are two ropreoentations of O
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wdth the semd facter sot G, thon there ozist & mitery trande

formation |/ and o Mimeor charactor X ouch that
U B0 U = XL) Dalfi) 7Yt (8420)
Aying) = W) 5 VIS0 (e

K 1o tms o ono diponaionnl lincar roprosentation of G, ard 1o
gonaeatod by

e = axp (e By R R*f =N

ik il
hore are orly (Elmﬂ;) poosiblo choleces of X nnd honoo by tho
above theoron all the inoquivelont (linearly) prejective reproconto-
tloms of © Sora glven factor sot © ore contained 4n e oot of

ﬁ"‘ﬂ;) repwesentations givon by {’X'f(h)@(?‘m) }V‘?;jéﬁn}
TT’FH).g whozro {‘mﬂiﬂvj{é&} =i

A=)
roprosontation of G for the glven factor sot U . ALl thooo Dt

prosontations may not be iroqudvalent and @ have o choose thom by
some method uhich wo shall consider lator, lonce without locs of
gencrality vo can take 0(¢) = Li'!'if*L':f--.'Fu viieh generctes 2
voprosentotion of G for the faector set 5 by (5.16). From (5,10)
| 43 satiaty

Ly L =ty L?LL ) T4y

l_Fa.‘z KT VA=)

(Geo)

(S5,02)
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mot saticly

' ”
“‘Jf?'mf‘ . T (5059

&Jd‘f-:: .E,?K)QI(HH. T#‘ﬁ/l{,‘&) ; r:_"i"r"'; k:})':u!
. R e *
S Lig= (M My) vy = (5e76)
Those show that sinee Wiy can take Uiy value eivon by
LG ] s e it T
1)

=1,

o=faetor scto and honeo so pany are tho equivalonce & s of
foctor sete 40 M (0. C ) s Le0s onier of |4 (.Gfli'*}g!.mn by

|6, €9 = UTW) iﬂ“““ :J}

L} =]
@; )

2 J (5,20
Defining o mateix W by Wag £J17 Y5)=1W 48 45 & Nessttten |

natedx, w W 5 and ald the Cgf“‘”’“})) motedeos W fomn |
A=

the prom ~ } (6,C) wndor the Nadnied product (W."WL-J;?*:@.;J-NL..Q
VinJ:'-:-'-**W o Yo saw that corresponding %o £x o factor vet 5 , f'
the aprosentation can bo opocified in torms of reprocentations of

L s oboying (6423 ol all tio inomuivolent Popresontations eve
containe? in o ot Tf‘ﬂm Poprosontations which arise frem taldng

12 %pert volues fer {fx(qlg}m L ')aé,,}l_ [V 4=1- .

LLda.n any one roprosentation of (B,20), amd X(Q)) =Lxp ("'Tr"-l/m )
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MLQ’\‘I,‘TM two sots of valwes for {T‘j"}-tj oy S?k 3 {1 } tho

twe roprosentations would be oouivalent &f thore entats a moteilsz &
guch that : :
sl s'= %) Do yaaem
(Bs2D
or 1 4
Siley o CL = Xol&) X)) = LP(&'JI
(5,200
Thlo implfes that two ropresontations with {*1@5]3 and {%y(80)5
as sots of cooffictonts will bo oguivalent 422 the set [\ (&)=

Yol W) % (&) 15 o member of the sot of sets
| a

N e e

Ware Mo CC) s tho total mateiz algotrs owr € of dimomsfon
% the dimonsion of roprcsontation of Lff"h. do Af this

oot U 15 dotermimed then the sots {X(%)] velomging to inoguivae
lent ropresontations can be identifiod with sevbeps of A1ffccont
Sla3ses under tho oquivalense reletion that {7,(0)] 1s equivalont
s (X)) o Dace)nqter) j e T « Thon the mmbor of
fnomivalent represontations 1s givon by (TT‘“"-*)/W'[ y Wewo
|¥| 25 the muder of olomonts in U

Tims owr primory task 45 to detorming a roprosantation of L,:-?G
oboying (5,25) and tho corresponiing set U , In (8,7) the
second relettan L "¢ - T, {=(...w 13 o romalisation condi

n

tion fa and for o given foctor set 7 , K iave Pimed wiquely cnd



honce without loao of gonerality instoad of (6,2°) we ean mm}za'}
the problam of moprosentation of

LA W 1=].--Tv
0 = | ' (5420)
mij-m,_«= 11 ?_1 JL,J._L.IHTH
It 4o soen casdly that the ced {TTL{m 0 <R <M~ forns
‘ L=|---W

the baosis for an algeilwa. The product of two clamonts of the basis
io glvon by , |

W] | W ot | Ly b |
(TTe e = (TT (T sy )1
{= 1=

Y:l 1 =0

0
{k1+ti]
] . Ly

= (5,20)
ware (Ri+4;)med my = Ri+ 45000, s algebra hoo beon
ealled o ‘Gemcralised C14fford Algebea’y When i, = L ,¥L=l-7-
and w,}"_l T’i'}z =|-n this algobra i mmhmmclmuﬂ
alpgotee C gencrated by n mutually onticomemiting clements,

S0 for mrtsﬂntabton thoory of G,CeAs 's only wlth M/ ="V, Vi =l--n
and L":»{ = wedo (AT L) "f{;}r =]em- %Jﬂﬂ}"k’yw been connddorod
in dotery(e0lle20417,28)

L) demiiieon oo |
Lot us Pewrite the oquations (&) as
L LT' =w(mt Lyl 3 S ==
1i}'= —"51;41 ; L{m’:=1 3 L=1---1 (5,20




Wm) = mf(ﬂﬁi/'ﬂ)

w,;l- = wr@ﬂn‘ fij/kc?' ) (T3 :*"“{;7 =1
Kﬁmca} : R’:'j = (M, M)

- (5,29)
Wit = Q,-L. M{KL}" 'v"[v.!'};_::lg-":nﬁ o
Thon dofining an antisynuotric intogor matriz T by
B PR o Y I e 600
L‘y 13. ) J’ (5,20)

The product (5,°0) tmoases
w AL PR S (K, EY [T (et b
. k, -
H Lﬁh)(l ] Ly )ﬂ wi(m) (WLE
L= il &

whose i

(Ry+%e) madmy = B2 7505 bl
. (5,05)

by o X pan £
S(E L) Mudn = (ki< k) [0 Bia = B ) [0

it S

L B =

L g,-“b,;-,,n, ‘
B st 0 ‘1”%

(5e56)

o O - -

1% follows fram (5,24 that

W _S(E.ﬁ) ¥ v

[+ . £y \
HL (:L t{) —  Wim) UL{' f ['__:j4~
i =1 t
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Substituting this in the right hand side of (5,240

ﬂ.—.i“]

(ﬁ%“ ﬁLf‘: - wim) WL ﬁ
i =)

L=y
(8,08)
vhore
STk, k] = SCRak)=s5(t k)
= (K by k) JEl = BT
ook
4\ (5,20

Lot us call the antisyrmetric intogor matrix 7T, tho conmubation
noteiz associntod with the ot {]..szj .

et U = (Uut'y')*, Lp=-1v bo an inboger matrix, Thom lot
the folloving boe tho definition of a 'pnn!‘mt tramsforn' frem the

fot {Li% & XLL—{*}

as

l L ] (5,40)
=Y 5'11‘1*1'
dng | wumwonm Lh . mn Ehat 0 JmoT ST-)
Using ts.m‘s) the cammitation rolations of L_ 4 ave
i L* S, W?]L* x
. - = {U w . L -_l -
Ly (™) ]/L{, }/ ts.m

were L&E denotes the A b pow of U o Denoting SL&L,EH:‘:%
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-
it 19 ceen thot «‘ca_zﬁb- ad T = Lﬁ:}--) 25 0 conutoe

tlon matedx assoedsatod with the set J Ly } o b0 have

@tz 12 ‘otd'Ulz 1y thero eutots the smvoger matet= U™ ' = 1o,
sach that

Al
T =VT Vv (5.0)
This moans thot the set {LL} deftond by
.

[ = i o
: |J L} /(R [ -

I

hog the scne carmtation matriz T uﬂuun{LL} o Actunlly
oubstituting for | ¥ £ 4n (6,49) frem (5,40) 4% ean bo soon Bt

f "
whore (5 aro sone oth FOot of witty, s feplies tnat 4f
{,Lﬂ are irroduciblo so arc {L{i'j- end vico verna, Heemuge 1€

{L; ] vocons setuetite wiate {1} are not tataniy o so-

Timuo ve rotice that 4f an irroducible sopresontation of {’L;} 1s
lmown $hen an Lrroducible representation of | L] con be fows
Poolllly 4 % am T are rolated by the rolotlon (5,42) mem with
|derV[={ ‘omt 22 ¥ con ve empltettay dosoentzed, Bow o beste
Munmthmwmhnulmmih-m le follow
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mmumwxmm.wmmMﬁmm
Gy nza otlsypooteric intogor matris Ty there is am uniquo ohrow
awal forn givon by

s
Fa¥) 3% ID?VL'
Ul he @( . )@O-
%{ 4 0 T-3$ e

thare fﬁ;]kw, 0 1< US4 o %0 @ ponk of 2, o 0, L, 18
2 mil mateix of erder m=fs, The mateix Uhmmhmm;m
[detV] = 1 amta U eon advays bo expdte1tty constracted to satise |
£y (5,46) (cf, Appendiz B),
4 oot of mategeos || "7 hoving T o8 thetr ecmmtatton

matziz obey the roloticns

b * gll-' = g |
Ll£~i Ly = m._(m,J .I_JL-M;, A=l--4 1
L:_ Lf = L;‘l J__..k* MM) ’h-:E/:I-"‘TL'. ]

(5,47
Let w put
3+

r @O, BB
Lﬂ‘l = la@‘l@ ® 1-+® @ (e 4 i

| . @8 @l..0--8)

L‘* f = | ®"‘®I‘L-J®BL @ 1+l 4
L@ v _—

L
LY = 1§--0), heaad-m

thore
3 = (‘Bbb!w) .
{ I , |
i Flv.{. . ‘___I_",. fod E'_l_’ J (-ml‘ 2‘47
Z; = m/ai‘ p.d /Tfi- ) = { /

(5,0)




Nl oqes sbard 137 fuascbum il charyd s i 135
K 13@;;
ing trece ob both sides if foklows !mmediatoly that the ccof

of the identity mateiz (L ., , =0 ¢ Multinlying on both sides

by (TRT LXFn) 7! ot taking twose 1% tedlowe Ay =0

stme 15 the predust on the left hand side (L), . Deccuos the

cocsticiont of toe ldantity nateis, Thes all theso mateices | D Hholly
TTTCEhs clef oefs 8% |0 fubu €21 5 114

ave 1i36erly Indepoadent cnd fora & besia fov M ;(C) 4 the 221 mateix

cdpetes of dipenstor D over o Hondte this represertation of

io izvedueible, Daplieit vernista of auch petyly Scommrorttion theorens

have beon STRALGR by Adladi f sulolsteong e AT Dovedeieknan

o B oyeeldfl

mU‘F:.V‘ waleh v wide 4 wadpcdular indeger mateiw, ™  conte
tructed to satizy
e aJ
= V=V
T T (5,67

Yheugh (/ e'ﬂ lanka V ars not woleve 1t deers not mat'e r foF us
singe w wd oy ong rarssest tion to start vtk £ eomstivet ald
the othare whiedh 4E0e@ ouly Lu Pusoe factows o8 wo havo seon clvoudys

|
Vi Uea, JVis W Vi p i

“""@‘Lr--‘ﬁ‘n) to tne W vow el V4 As coon esrliter
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010 ---0
C ”‘”" = cyelic mateix of dimension 7,

ﬂnﬂ -

lnnﬁa

W@ O

'. 'i-;'{z.'_"‘”
JRERNCAS el W TR AR CFF 3

= _I‘L 5 C‘,EL= AL 7

|,L = ldentity metelz of disension?,-

Uslia-4
E.‘m

M( % —T ﬂ Cheymo) o (5, 50)

It 1o coofly verifiod that iLf } givon by (5,40) foitntwmiy
obay the melation (5.47!-

mmtmmammmmd{u*}m
gtmtrﬁnutd ﬂlt ‘FD eloments

t=
{l L. }E J,LL J’M{-Z"I'J'i =|-- g j/n:ﬂ Vﬁ. u-l‘ll-- 3
=1

In this oot cuvept the identity matriz all ave traocoless, Cousider
e equution

L H‘»
Z Bo s iRl & S
hilgs b 3 (5.5
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ILLH obay fodthfully the required relations
biog iy o S
]_;IL'!— wemy L, LL-’ Sedy, ===V

P ] (8,59
tﬂ:. y ., . Tﬂt.'
Sdmee (W(M) ?:tﬂ%;;t.r:lnnm such that UJ.:.; 4’=f_}‘9’?'-'-1~‘?’b3L;_~
commtos with adl | . 3}}1*-11,&:11 horeo by Getaw's lermn
L™ BT, s e (55

wiome P s com be eslemlated from (8,80), So now define
vt / . S
LL" = (P‘L. rmt) LJ{: J #L - .I-*"'n

s
winfie s i G Vi Vi
{“:Lf (m; =12 ’*"J Vg U i } ﬂ@cjhj % _U“’:}

=
= wm) { !
/=
(G.20)
r deh obey tho rogulred relations
Lt
L, L, =wlm) ' L:rLL b 'lgz =[.--W
Mo Lwveftueibility of § Lo | follows frem the isoduweiddlity of
{L\-«!-‘E . .
Conodder now tho cot of ﬂ'ﬁl{- manrosentations A4£90ring

ﬁl‘.

=) o0 )
12 phase fectoss ety etven by § = { (VL |27= wemy)

0 4Rt vy Pl =TT g 75 all of which sutiofy (6,859, o

found oorlior that all the inequivalont representations of the sonorators
of G for tho factor sot T, 4 assoclatod with the oefoetor oot
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mmw{w;ﬁ.mmmmug,m 5 bt
mwmmuwmm#m{mﬁ {mi
were found to o oguivalent 40F the sot {LF ’_'L“J'Xm Iz 5 &
nechor of the sob of cets of epofficdents

= {(SLﬁs_'L,{*{q‘zp-nj[vsemm(m),q I R j

vi=l--TW

ﬂmﬂ)mm{g(” R T T‘@C?MH h}"” 31:,;}24 j

o oboorve that : ‘l

iy
S{J ~ Ly S(H ;{L sqji—" 5(}) {NI 1
—1
g ol | (%}’) )
%") St S{H S(J i = GylesyyL; )(%u LS ;Lq‘.'

(St s s el LL'SG,JL;'j“ﬂ

“hose fmply that if
=il =y = it :
SGJL‘{ S(]:J l"‘.{ :%UL{ %}i) [__1 ; '\;f‘i__._t____n/

. ) ; |
0 ) Sij)j A e
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his nonns that

L2(4)
(6.50)
ulﬂn( );&{}*’) ervhon oy SE MID satinficn
= .1 R R il
FLg b : (5,20)

' 8 can not b o sum of 5(3;)’; s but has to bo a mltinle of one
of the DQ’-, S(}')?é o Thmo tho set ‘_U[ contains only
m distinet olements und ore given by

{( ()H 5(?)1 ‘11“ ]m (b J’u) Y L=)-- ﬁ}

ﬂ(év:u'[ J}J,J:z

@
1

LR )= Lt futt-s
o S,

vhoro

| ey Al
S*[ﬁhiy&lww___iﬁu}:«,--fm.ﬂu }{Tﬂ(—;{‘, ) -

Vi

L———
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Defising the equivalemse relation ﬁnthomm {_xf”?s
= U{(mzs mmmzr{x.l }E'qr‘ s the entive

oot m@ Y azmmmmm{( xlﬂlw* Q‘ ;08bigm A

«, |- 'ﬂ;)\’f \- - '['\’-mujg is partitionod into (Umt)}m equtvaloneo

classes, Thus facteeioing X ao
T ) [ v
vz (i, pdtn o {)o

all the imoquivelont representations are given by the seot

@%: [(ﬁ(ﬁu l 1-:]__w)’ ‘“‘:““”:@W)/mﬂ

Tims the totocl mumbor of 4rveducible inoquivilent nrojoctive roe
presentations of O for the factor set 7 49

= O;Em.{f) /Dl (5.6

vhare is the dimemaion of the irredueible represomtations, same
for ol the soprecontations, 1D 4o given by
4 4

D= Wz{. ::U""%#.mf)‘ (5.00)
4= =)

(o
videh io the fommla obtainod by Dackhouce ond B Srodley

(5,69)
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Finally in writing the reproscentation of ¢ in torms of Lti#

ond has to mormalise them to satisfy wmurh(a*m.;

LTﬂ":'___ I L s L-_Lvs A bauied i
4 : L’amwﬂ ﬁ“w%%
mmammxmmmm: wmpﬁmhﬂm
of @ for the glven focter set T, sineco onee the representations
of gemerators {L({ ore famd they have to be Juot substituted 4n
tmmtmwomwwm#mm
elemanto,
Let us now conslder the Scimxr represertation growp 0° for
a mmwmmaa with the Scharr multiplior
(G]C*)uﬂnm#m T™his growy can be described i
wmmmmam I

iy b=l o b _
™y o ‘
=L _!L L === |l
| ‘J _ o
Lyl =Ly Lak ( VAR == I
) .
LL =1) L=l--T. (5,69)
Choosing tho facter sot U, sueh that K, =L ¥4'=1._n s con

be acideved by redefindng & as

r

5 (5.00)

o corresponiing wefoctor seds are tho same, The growp 0°* generated

v Ny Ahe| 0 g & (i M) !
by (6,62) hos the elemonts {(]_T L 1 h' ﬁ-‘;}iﬁ ,.m.n-_',| : ‘g‘l:,}‘rh:’--ni

f{l )
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Thus the exder of G* 4s

|61 (ﬁmw) (ﬁm) :

G

w (6,691 6)

(5, 7)

r}'l:' 1i-~5 Ao

it 15 cnsy €5 ooc that the normal oubgrowp HE‘[T[-L.,;? J)M‘ 3 @1 M
I:‘;.E 'vlrJ»:[—-'nj

g‘ﬁl’(&:C*)MHE ZCG‘*) « Thus ©¢ hgl;lmnlum-

\“‘—"-—v--_J

tonston of O wita H (G, 1*) as Nermel of extensien 140,
GHG ) % G o e relstions Lcjm“-:L,;f"}:.' and
L%‘_L_kf _ LL;}'JVL',Jitff=t-*rﬂz show that L-.a("d ave scalers ond
Ly mwumWMtdmmmﬂi: (Mg, ;) e Thms
all the representablons of (8,06) are obtainod by tho possible
11, m) chatoes for o sot [Lg]vyp=--- mE . e

i‘:\Ji: I

found that 47 a particular chodeo is made as Ve
{ L= ot tif) | =t v | Gl ““@T"’J/IDL

" 4 me J—
'—'(HT"J.) (IT, {mf\“”) inequivalent irreducilble reprosentations
of the same dimension [D m{«ﬂg, .{;.E efc, are wnicusly fized by
(’a'.i,) » Thon swming the oquarcs of the dfmensions of ail tho Poe

prosesbations of G° o corvesponding to each chotee of {1y} we got
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(ﬁ’mi) (ﬁ(ﬂwm{j’) S — v,

iz H‘!:l
¢ thot =0 nove reproscntations cen ocour, [Frem
this one con find tho mwber of conjugate ¢lasses in O° ag

: o 4 v N i -
(e {7 g e e
w@u{fv 4= mﬁ .
1] () |
42 18 ovidently ocon this 15 a very o camplicated exprecaien, |
mhmmwmm‘mm 15 @e ,

1 vish to thasik Profosser Herris, Dopartment of Puve lathoe |
Satics, University Colloge of Uales, Aberystuyth, Englond,
Profoscor iomagall, Celloge of Cemeral iducation, U —_—
Tolyog Japan, HMMM'W.’H‘M'
University of Gducation, Pulmmlmg Jopan for very wieful R
on Coled 's andl projoctive reprosontations, ——
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APPRIDIK (cf, lorris Nouman™)
(9 Govtoodtadnan nz n intogee moterix Dwﬁﬁ:nm
roweof m dntogews (d)---.An) as $to Sisst vov an detesmtnant
:B%: the groatost comuen ddviscer of (¢, ..., dw) 92

The theorenm 43 that 4t 15 always possible to do so, ‘e
pRoceod by infuctionon n, For n= 1 the theoren 10 teivial for
nel, Lot ne 8, Then two intogirs { 4~ may Do detormined
unthntfc{i-.m-dh=51, and €wn wo may choose

TRy oo
D=t
flov suppase the theorem tuo for mly = 3 andlet D, be

on oel = el  dntoger matedx with tho first pow (o, %2 - ofy )
end determinant :«8%_1:@”&1}---1‘1?1_1) e Since

B‘W = (L‘f‘“ﬂlu =50 d%-;)r"(‘“*J = (a-n-n A )

we can fiad dntogers § o such that fgm._;*‘“"‘-"‘n‘=5n put

%n,

D, = . :
d‘-i': dLD__H_,CI{_Ur d

Laﬂ_. S = [

Thon u‘,ﬁj'ﬂ%:gw

dov to obtaln o wmineduler intoger matris U .MMT:UTA“C/

whare T 1o entispuootric intoger matyriz and To is 1its wmique
show norual form,
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S1086 THO o tuneaemd clcoont may bo brought o the frot sov
by a pormutation of (he rove and a corresponiing permutation of
the columme, Therefore wo ooy asoume without loos of gonorelity
that the firet row of T contalm o monezoro clomont uhich eannot
cceur in the (1,1) pooition of course, Sinco T 45 antiopmroteie,
Bofine

(g, b -*--;’L'w)=5

amd ot %y X3, ... ,%n Do integoro sueh thot
*‘lv
1, Kiptps ™ b
samee {1 mm: (%, X35+, o)=L o v nay dotormine |

A

-mwm& _ Vith 1% firot coluwm as (Xy, ¥;,- - ) An)
!
Thon 2ot N, l@'ﬁm

TU} = ‘D{::E _T_ﬁ{ = [o t?:..k'.i |

—

)
Then o bricf computation shous that ’Cm_tfmunt %0[}:
“3 N e Howodd -—tu/l;w timos »ow hmfum
toen a0a —t /1" tines colwm 2 b colwm § , 3 <y <n e
mmtuunt_m mwwnmm, -r("“J
mmmu(a,{;mu;n--- 0) o Tho procoiuse 15 now ro= |
poatod with o sulmeteis obtained by otriking out the Pisst vow and |

mumumdwmm:,wrm » 18 recched go that

—
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To tiy "
b 0 By - = -
(») i 7y 1
- @)
T ﬂ—‘cﬂ gL i
[ I
T I :

G‘J “J‘:[H' _}fﬂ
ubaore ’CW" Y ¢ Thore are nov tw poosibilitics
cathop tﬂ aividos every clement of T e 4t doos not, Ie
mt,l!ﬂmua,a......n to rov 1 and colunn 3.3"."“ to colvmn 1.

The firet rov of tho metyix to obtained 4s
o) a) &) = 1555' ) j
(o, ’EE:;- J:L; ) )"—u" bypo = --= “qoga MR TRenm

-

lov greatest coumon diviser Y of the firet rov cleucnts is

@ @ (3) o
ys “(11., %L’-.'* s {-n:mru)

ard Y contolns fover peime divisers than L, . s tn the
forot part of the procoluss tiwmuwwr ol
tho entire process ropocted until a trinle dlagomal moterix is obtadned
having Y in tho (1,9 positdon, Tims in o fimite mmber of stops
o triple Glagonal metetz, T ', comgwment to T may be cbtatned in
vhich (148) divides eveny olament of tho metrix l.0, E‘I‘*; g,

Lty LY K
| B (G 3 /4, times rov 1 to rew 8, am '

) |
then add Ti) ,;:H timos colu=n 1 to column to 8, Thon T

beconos congruont to o motrix of the form

(j’l ?")@ E
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vhore £ Aivide every oloment of K, Tho process 1o nov

vopocted with & wmtil 1t bocames bmupponk to o metelx (il":’)@f

carrying on this one fimlly arrives ot a okew normal form

#
j[:@ (“nh: tfv) \ On-u ; éﬂ'{.%}
=\

and by koeping track of all the operations porformed on T, ono ean
wmmU.mummamm
opesiations proserving the ovdory such thet UT U - T Tean be
shown b0 to bo migw and L, save nothdng but inveriant fnetoro
of %, Dut U 15 not wniquo & 65 1o soenm eaofly amd |t U] = 1
follows from the obsarvotion that at cach stop of the alove procoos
the teanaformation matrdces applied ¢o T om both sides are wnie
modular, Simes that 1,5 afe davertent factors they can bo spocie
£40d as %{:{"/Hi-t whome h, 15 the groatest camon
ddvisor of the U-( x W-| @ minors of T amd K- 4s tho
groatost comon dfviser of U X U minoes of .

axpary of roaptont pednks.

ALl $he tmequivelert irredueible projective pepresentations
026 Ly @ --- @ L, eve obtatned os sallovs, Lot € %

mummmmqra oboying &%“- 3,64. y 7 3"1"'“'
.&-. V=) JL=l--M 4 Then for a given factor let ¥  such
that

ST H)\E T 90 = )L, T
J*?"ji 4y ?h,E'G :
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tho projective represontations cre given by

AL

m(ﬁ ) (H{WW’*’EM hj}] (%L[h)

9z Tlz,“l

vhero [

—

:* T T 9
¢ O ([Tetcet]) S S o 4]

Cf:(m:%) s [ 0Rs)
0 appresry)

}‘:l-*-g-

@'Lﬁ) = V i a minedular natris such that

TVTN

Z@(w]
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T= Lhza;)sa the ontisymnoteic integer mateix defined by
through tho relaticns

; ) |
Bk Gl G Pl =07

a0 L{JL},=M@QW4’I‘4/¢?) wilk (r'ﬁ:ik'f}:d-

thon 1ot ﬁJLj, %f(w* ‘J'/W)mﬂ =k ﬁ‘m’CK c}’ =1-1)
e dimD =1 = m/ﬁdl W). Thete um(rﬁ’”i)/ D sets of
values for the set : (X e D -n) and cach set of values,
Yabolled By 7= - - -@ ;"‘*) /TD gives rise te different (imorutvalont)

5 B 1
foprosentations, Thosoo values of the oots (7{ i-} li_-{-rfn.-) ‘e
cdtained by the relaticn

{6 o) AT o o] (om0 e
m,) =(h fl”f;u’a"“))}
:{(Klih} y ﬁm:w{o (s K, ) 0< kg mel :»;:.Wn){k:f”

& ﬂ‘mtg
¥ . 1 ., L‘:{
'STi,Kujw-w =Y -t )[ T ](lﬁ
. V{W
S V=) 4

D"E“ gu:--i JU: S Zl‘.—.!
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and ghe ' m{}‘-‘, B, ’3 {h' B ,.: j i:’-\ﬂr’k AcB - BeABep, -- §
Weto the produst © of B Sots 4yD 13 defimd by uﬁa(ﬁtﬁkl'*' ")
s e ([T ) " (L\M)(”Wv )
inequivalent representatdons of dimonsion |) for the given factow

uﬁ I; o This chopter also stulles the Sehur sopresentation
wom G of Oy whieh 45 & central extenston of © with the
serr mattipiter gow (G, C7) C 7(6Y a9 tho wermed of extensten,
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Afn of tids chaoptor 1o to precent o oimplo version of the
thoory of Dloeh olectrono 4in homogenoous moagnotic £i0ld using
Gonoraliced Clifford grouwpoe This 45 an extension of our coriior
vert: in ©do divoctitm®,

Tho Imoulledpgo of the behaviour of Dloch clectroms in o
mognetic £iel) 15 fundlamental o the stuly of voerdous phonomona in s
sclids under tho influence of axtornal mogmotie £401d such no
prdvanomognotic, thormansgnatie, magmetie cecustie and mognotoe
optical efforts, nicro=tnve cboorption in magnotic f4cld apd de linooe
van Alphen effoct ofe, which swpply very impertant informations
about the olectronie structure of solids, Almost all rolovant
offects cxeopt a fow 1ike magnotic bDrecl-down can Do woll undorotood
in terns of samleclassical thoory’,

Attamp o at quntun thoory of the proviem startoed with

Londa w Potorls® and further imvestigations by Luttinger® ,

Eoha® o Dlownt’ o Vammtor ond Frodidn’y dott® and Zibbormons’
canfivnod Croogar '™’ quntization rule and cloce comsoction of
the qumtun thoory to the eloetren orbits of sordelassieal thocey
wus ootalished, Dut oince this rolotion 4o ootablished by using
noneconworent aiponstons in povers of £i0ld stronsth it boecmes

wioless at high £10ld otrongths, In cxtremcly high nogmotic £1olde
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tho basie cloctromie structure of the soddd s will stvondy
depond on the T10ld strongth indeponiont stuly of the prelilen of Diloeh
oloctron in magnotic f40)d ves 5 initioted by Happorit, Brown'
3, r » Opochouslty and Ten™® omd othors elueddoted the
basic aymetry of the problom ond mow apnrocches to the gsolutien
of the Celwalinger equation were stulied, So for swme gemoral proe
partics of clgonwaluce ond efgonfunctions of the Hamiltomian ha vo Deon
stoted tut mfortmately, as Ploebbect™® obecrves, 111 now sy
these resuife havo bDoom of mo prectical interest, Very strano
fountures of tho problen such as the doponlence of emargies ond Wowoe
functlions on ctrtain spasmodicslly chonging cuantities associngod
vith ponotonlcally varying fleld strongths resain woxplained (C2,
Fisenboel!” oo an owcellent roview of tho presont state of affuivs
an’ exiorodve BAMdogranty)

Tho woup teoroticel apwmeh o the problontbeted 1neno
in Wgptreic structures whioh ve heve called Semcralised C1iffemd
Uronps in Sarlior chaptors, We shall use this focnerphiom of 0,0,0,
vith nagnetic teamslation grous (M,7,0) « the opmetry group of o i
Humiltonian of the Dloch clectron 4in hemogemaous mometic fiold -
to derive in o very oimple monnor more comploto and imspoved rosulto,
than those of lrour oy Sy Fiochbocl® and others on the proper-
ties of eigenimetions ani eclgerwalues of e Jigmiltonian, i mulke
on attaopt, willie others; to stuly both the cases of rotioncl i
irrations] mognetic fiolds at the same time, though as 4% hao Moon
shown alrendy, mathomatieally sccurcte statements con be mode omly in
“he rational case, lonee our recults for tho frrationsl eone e of




only of emplorative ond tentative nature duc o tho ishoront o
nathematical Aifficities imvoived, Ouwr madn afm hoo boen to
dorive the lagnotie Dloch Theares in the simplest faem go thet by
analogy with the rolo of the ordimyy (sero fiold) Dleeh Ghoomem
pothods of cnorgy band otzucture caleulations noay bo doveloned,
Piest lot uo rocall seme rolovant foots of tho thowey of eloetsems
in froe lattico potential,

Tho Scimodingar eguation of an oloctron in o puriocdic potone
tinl &0 civen Ly

KD "E\Vm |
p= | Hy, o) L
V(EeR)=VAT) L PR = Mk emadr s o

there = 15 tho mass of the electwem, (&), Q2 X3) ame pramitive
voetors of o mnid coll of the lattdee ad o, o, 1, are intogurc,
The group of latdice tramslation ope-otors

=1 7eE)= iz &L iR el
TERIYE) = ¥ (e f) , Lx [ Tneds|mmamend

(G
Cormto with tho Homiltomian Ny L0

[ TR, =0, T =0« VTIRIET  (oay

doneo by the woll-lmowvm Uigner's ticoren on opplicotions of crowm
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thoewy to (uantwn mochentcs, eigenfumetions of ., ean bo

choson sl tanmopuely as also basis fumetions of irreducible Po-
prosontations of tho group T, The group T 40 Abolian 1,0,

TR)T (R2) = T(BIT(R) = T(Ri+ka) (e
¥ TCR), T(RIET.
anl henee 4%s irroluciblo reprosemtations are emo dimomnional,
¢iven by

: Y= o (4 KR
Ty ) B 77 o (BB vip A3 .
wero £ o= H K04y 0G4y (s lobols the Foproscntstions,
Ko, Ki K, Dolng pPintttve voctam of roctpmonl spocoy dofinsd by

fo = MTORADY "y o o Gsh g

B

I erralf\&z

- ’ P

;)2 e =
D= (L AGay 2o (G
amd Yo, Ya a0 cny roel mmbers, Lot L donote tio

sot of nll vectors of tho reciprosal lattice LIE(G:ZWL'}([ T!};EZB
e f::k L=1- .
Then

[ &y &) =0 B
% LA0 (6
wwhﬂmmmrf the basis furee
tlomo cum Lo obtained, wing the teclmiquo of projoction operutors,
wliich gives o particular Dumetions of o reprocontotion of o growp

G by the formila
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?:]-’2';"';'?1‘”: t:Lvm v,

1l
<

fT R D“:) R
i

uhare &{‘})ﬁ is tho (jy) th clenont 6f tio mateis Uly)

VT 16 en arbiteory fnction &f the opace on wideh U cots, and €

is a noemelicntion constont, Aprlying tids to be present case wo

oot
Wiy &5 S TR FUEIOLED

e B; a
s £ me[-{'f*ﬁ-)v(:{+%)

=% izp (R Y enp (-a L2 RY) V(r+R)

- LTI Wy (%)
% oexp (AT) .
g bamsunuﬂnumﬁonmmmﬂns ﬁqjh':;r)] AI =1. vtd)

2 amummuu:tmmwﬁ, ¥ ‘v’(:i:*:

Ug(T+8)=U (1), ¥REL
: c (ee0)

T T :
U([-{, @(} \U () ‘VF‘@EL &



157
? boing the symotey grow of M, , o selutiens of ., ere
eldw of o sooe fomm 0o ql‘:m videh 43 o product /quﬂfﬁ-il
andl o poriedic Sfmetion of T with the como posied as V(1 ).
Tdo 45 lmows as Bloch thooven, Substituting Ly,i[r“}um
Setmolingor cquation (G,1) we ot an equation far U (X),

I (p+F8) VD LD = F, (1) U (T)
v
(Ge11)
U () = Ve i) Uy (1)
i

(Ge19)

wihore £ ()20 tho otgomwalue a8 U, (T) 45 the cerrooponiing
oiconfumetion n 49 exlled a bend index and the Dl cigonfunetion %
colled s Dloch fmetions 1o given by (Gl - K 9 called eryotal
pomentun of oloctron and due to (6,10) iFf follows
£ K+ 8) = E (k) ;v eL

(Ge17)
fhuo dn lmoving E. (X)y K mood bo speeified omly over o cone
vorddntly chooon (to refloct the symmetery of the crystal) undd coll
of the recisvocal opoce, called Dpdllowin Zond, Equations (Gu12) ond
(G,18) conotituto the madn thocry wo seek to gemcralice to tho
copo of prosemce of on extermal hooogemeous magnotic field,

The tize indevenicnt Solwodingur eoquation for Bloch eloctron
mmmmwwﬂuﬂ?; is given by, (dice
rognrding spin)
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B A A (C20)
vithout locs of gomerclity tho veeter potontiol A ecan bo ehosen

in oyemetric gougo oo
A= L BAT
- # (G,15)

though B 19 cemotent stmee A (T+5) #F A(T) [ H,. 20
ot lmvartont under the grouwp © of lattice transiation operators
(GDs The nov spunetey oporaters for I, s callod mognotie u%g-
Aation operators tere izot stulfed growp thoorotienlly by lrewn

and then by S Pisetboei™® ard others, The ceisin of thoso
opooatore eon bo oced to the work of Pelerlo®, Pisst 18 45 noticed
thaty for the gouge (6,18,
o U _e -
[(E~£8), (F-%8)] =0 (61
Thon 4t fellovs thot
[{};E'(t-%bﬁ
E‘ ¥

%W]:DJ %E'EL' (G127

FThe folloving cot of relations are casy to verifly
: I R B, s RPLE B
() (E*“%'&)ﬁ(f"'%ﬁ‘)* t_z-_h_ = —Ah P
Gy LB -S8) AL b 2h) = kB s g

© [R-Qf*%ﬁ)J Ri(p-g p)| s B (RARD

(Ce12)

e
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Alsoy in tho pauge (G,18),

I * (S.10)
o [RP, RAT =0
anl honeo
S T e8] <o 401280
due to
Bh:f’,B _ EAJ‘-% ! Ui' [A) B] =0 (Ce20)

The cot of oporators {I(E) :M?{’i i (PFE E)’ HL&ELE

e

conruting vith o, are ealled magmotie twanclotion onoraters.
b to (G10) C wo hove

L n. ‘ R4R
WURTR) = oxp {Th (BN UECR)
= o IL‘"’L'E-(E!‘\F:’?E“E;JT[E’}
YR,kel. (em)
mmm:mmﬁﬂ&)l*ﬁﬁﬂ doos not fom n grow

andl 4n cznct onalogy vith tho formation of G0.0, from boods cloments
of Glylieg one has to form a grow only by odding more clom nde to
mmtmﬂ.chmmnﬁ;md’f(fﬂ by phase foctors of the tipe

%f{"iﬁ-[&“\&j@m a croup { e ((4) T(_EL)% hos boon
enllod a Hagnotle tranclation group by Drowmy daliy Mioehbech: omd othows
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lio ohall fellov a difforent presontation of the group using
ponorators, For ¢this leot

Te 2 T(@E). vebal
(G2

‘TLT‘{ = {’,7(? {*d‘jLPh/’gPE}.T’{V 7 (L:fj’ljh'-‘:-’,l-,H
n eyclie A

{Ge)

Thon
TTLT;L T;L} = of {_%‘IL (%fﬂh By — Mty By Ml P*)ﬁ T(R)

¥R = ﬂlg-ﬂi+ﬂ&%_1+“3%i = L :
(Cun)

s any (%) 40 o mdiplo of & phaso Pactor amd product of
mw{Tgh‘;m}.'MmemmMmﬂﬂw
s for the purpooe of obtaining the symcotey midinm odopted
funetions, Thoro 495 no loss of goncrolity of tim 4in choosing the
analloot lettice vootor dn the direction of tho mognotie ficla P
tobo (s cmtwetto P~ 20 ds , mmon (628) got mueh odopite

£iod, Also lot us firot consider ) hhnmﬂmlunhu:%

with (5,N) =1 , Them the 21034 B 19 0ndd to be putionsl, o
ool the group findte for comwonionce onc can impoce bouniery corrlie
tions on tho sclutions conoistent with the relations (G,20) juot like
mnﬁmdmmmmmmmmm
caso ‘PLD=‘-P(I+NE)J VRE Lemoro U1 45 o vesy lerge
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intoger - 0 o « THio oonditfon malws the crystal nomontuE’
mmmﬁiﬂcmtiemxmwmmrum valnes rc:%,@ﬂifg*ht&*

\ﬁ'lﬂilkﬂieq

fogwdng the fiald to Do ratfonel o f = AT, amd
S

!

B
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= wp( __mﬁ
40 o finito growp of oMder UNM™  , ap an abstraet group tids
mimnm:wmm@ genercted by the melotiono

Wy M3 T“alﬂgm~: N= 0 1y <sM-)
)Tl Ty, T3 A 2 Woralahl

&
L\LMT—LDL_JJLI ,l—N
L".‘JLI = LI La " L;_,Lg - L".'n le J Lu :iJ
]_SLL:LL-\_ﬂ SU=hid 3 (G289

U—[ L{N)le R0 LM zﬂ]m.
ummmumorﬁ;umormummcmwm |
Clifford grouns, Tho corresnondonce is AT L{.L":r.l,a. Fron f|
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that all the reprecentations are obtaired by faithfully repraosonte J
ing the N sots of rolations (6,25) srising by vorying '

L LyLy G=L,= "1 over all 4ts § possttte votues { vxp (AT ,H_]}
0<) & \i#[% o Ineoch of theso U caeses the roprosentations

X
e of the somo dimension whieh depenis on the value of | | chosen

arsl Aiffer ouly in phase factors, Ume ean caoily coumt the different
ropfocontations arising fron diffcrent phase factors, If ve cloooe

& particulor volue of | j,wa, m-P{W%g then L, has tuwo valuos
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+ @ﬂr(mg’)- ijmﬂutthbath Ls; :mﬂ]_:b and heneo

ail groop clovants, Shms 4n frroduciblo ropreosontotions 4t hno to
Do a ocalar cboying L‘; =1 or L3 has N wvalues {MFLJJTTL‘ERJ)
W

DL R, &M "g o bGince Q:_T:Lm:i to caeh of then
con be attached M phaso foctors iw+ér 1’41))th <M-1§ ond

{m@;(m“‘-ﬂﬂik <M-1% . Tuo theso ave totally mf poso.

bleo differont reprosentations of same dizonsion with only difforonce
of phase foctors, But mong thosoy as wo have often seom in corlicr
¢hanters, tvo roprescntations would be equivalont if one (4fforg

foom the othor only in the phase fuctors of L, amd L4 by any powvers

S = £
ol LkL'?.JLI Lw =: Mr@TL%) :hr(hﬂmg:}ﬂﬂ! (.Er: NFJ:I vhen
L 2, ﬂ_m'l.y " e "
m‘:é}ﬂ-ﬁ-)_rmﬁ:( ﬁ‘)* (V,)=! the dinension of reprosontation
ts N'y oml out of the }f chotcos for tho phase Poctors of L, and L,
tho above condition of equivalomte impliecs that phace factors of
coch L, omd L) can tohe emiy (N/M,) velues {mr(w_lf_hg)J
M
ﬁ‘-’\h -;z corresncniling to Lnoquivalent roprosentitions,
N

b"i‘L

4200 ', 2]y, |y ¢ T Sotally thers ore M(,,) ’Jﬂ,;,

fmquivelont irrodueible sopresomtotions for (G,05) corrcoponding to
. ~ = .
| A y L) - 2
a chodeo of L 1,:1 Lq Mr(wiﬁ_) wkem ) Liv)=|e M1 roe

presontations of (7 ore obtained by veeying L =0).. N-l.. The sot of
nognetie troansiotion operntors L faithfwlly correspond $o rolotions
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(Ge88) vith a chotee | | , )7 L; = oxp T 4/ ), (620-f0m

J_q_- -+ R!x]ﬂ ( ﬂ“) Corrosponiing to this choico thore should

bo (P‘i 3 Fopresantations of dimemsion [ whieh are specifiod
by o chodeces

: =
¥ W(WLE')L, 0%k, <1

L o (#ﬁ%) (o2

e
wore L, ) L, aro any two irreduciblo me moteices oboying

L_*' L_; ok _;,.}(F (-J.U-IT%) ]_;JL

]

(Ce0D)
Lot uwo choose well known motrices
w8 4 $ O
LT =By = W (N) A
J N W (N)
0 L A (€e28)
gue i)
vith Lo (N =my(i{r})
N
and
ol 0--- 0
al oo\ -= 0
Ly = =

(Ge00)
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hon fren (6,24
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{(G,20)
g ﬂl{\__“____ j_(hl{ﬁlf-thﬂ_—fha}f'h)
- o) 4.8
), = o [T) g (1) (Tt B)

g [(ongg)op (ifke f 1) &)y, o
§,0 20,0 o W=t (o) gl = LT

¥e = ’T\»[E’:q +'Tl1fﬂz¢'ﬂ3 g_j E L

ﬁigjsummammﬁmuﬂuwmwmmuma
M= § T varies quesicontimously in o sukmeme of the
Prillounin kome, Vagnetie Driliouin Jome « comtedning the sot of all
recinroccl onose veetors it&n h--,&q-bh&}ii*h-&f_?)ﬂi k,T{NL]ﬂ:E}?;éi'ﬁ .
IR R
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shape of the mognetic Driliouin some ean aloo bo talen convoniontly,.

Thus tw roprosentations [ amd {T;Lr aro equivelont 12

(=l Qo oo G @1, = {h (it e meke) vmg s il

Correnpondingly the pemeralimation of (G,17) 1o

B, (95 =B, (E) Thnen, W

were T 40 tho bamnd index, Let us mow comstruet the cpmotey adantod
Smetions carvesponding o tho reprosentotien ﬂ_if:. Dofore provocd-
ing further to find the portner functions for TT‘,& of our prohien
1ot us sotdco that for other roprecontations of the rowp T

considorol oo fsomorphic to (i , the projeetion encsator

- e
P&:QEZD{%JJ?H;E’% venishes identically VQ’ e DTilo happens
as follows, In'U eaeh T (K) eeours n timos co mutisdes of
the LN | Inthroots of wiity due to the phase faetore
)LQ#P(-IJTL%?)/DQWE.LN—@ o If a peprosentation corrommounis
to a clnico of I,ELI,—LE_IF:L:-:»P('%"T-%#& L?Eg or ovon
L.;,:—M\o[h“?f_ri_'g_) end L4 o %ecoch T(R) 20 the
swmation in ?'3' cooffletonts 044 up %o 0, licnco 4t folleus hat
?zf'zn',tfy' :

Using the projoction oporation, tho poroth fumetion 1s dven by
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Yy o) =8] ot (RN, o [~ Jute) w()

(nw,«g mm)
KEL (G,22)

On owmation over m this gives

"‘VHLD= %NEZ{"LE{&)M §*u&) Vi)

e
s I e {418
REL oxp {1’%13_ P- %fx)iqr[jf)

(6370)

vhore | _
L :{ﬂ.ﬁ&'\"‘f’l N2y s | e Ty {:."'?Z%

low wing (6,.10) w_“*.“ (I) bocaes opart from normolication

Ve ol2) = 2 oxbl-armmsperti-4 (£ 5 8) By i,
s, EEL
where V(L) 49 an arbitrory funetion, This funmcticn hwo o Poe
meeleblo propcerty amalogous to the Bloch fumctdioms (6,12), le ohnil
nove that 4t can be written a8

) = ey K *
Yig ol =tk ) Wy, ) Vs
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Unco e wo hove found the coroth partner Ametion the other
portnor functions can be cbtadned by applying to 18 the ooarotor




169

{S{m\a('fﬁ-' Aa) T (Q&_z)% succosoively sirre £his cpesator 4o
roprosontod by eyelic metriz C ~n  loplying that the corrosmeniing
oporator will chonge the Jth function €0 jelth fumeotion, The
invorse gperntion will chamge Jth fumction to §e28h fmetion
one eem pot all the partwr function dire tly fram tho onoration
(C22)s Wo chinll follew tho proccfure to obtadn & cloaser interprotos-
ticn of the funetiona, lieoe woing this wo got

Ve, = o (V40D TUp) P (T)
= wifﬁ-rgmp{%ﬂrggul (Y-4%2)
= MF%LKT"SL} (T) -, Fa,l,...:,w-i

}' (G0N

T) 4t =051, --oN=14,
5 S (é20)

W&Wa Y=

Also ome con weite

Ky

i (G = Z%ka;,‘_ﬁm‘(mmﬂ?)%EWP{_uK-(I,,LR)gx
R= (m.p.*@t 3)aﬁnu) k’ % ’5‘* R%'U‘('H‘R)

Analogous to the property (G.26) wo have

R 7
L(E)uwf %\:SL TT_N "NW’)%U“ J’

¥R'el. (6. 20)
"Poof 19 cxcelly smme as that of (6,00,
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Swmerising, w have found the liggnotie Dloch functions -
ayuoetry adpated Tunetions for Dloch electron in homogonoous
mognetie 0l « to o glwn by the formuls -

. ¥ 2 hs = sy =1
‘\Vﬁf?‘f(i):‘é,% {LE'J§"’°‘§,}‘(I) =i
g D= Y oyl -6 (o)} P EEEOER

B = @IQI +(“I’11N-?-)(}1+ Tl;g;)
E«Xia {—afjf' (r+R \J%W*;E){c.m

* 5 . -
L}-E;E.’LI%?-j = oxp i > par- B 3 exp LE& Ty (TN + 4§ Lﬁu-a‘m

-M*J:S_n r"TN (XY= 'Lt'“'k 3’ (X) v

=t f

whare =& B =0Ts G, ME varies in the
T oON - |
lingnetie Drilionin Zomo vhieh is Eaummmnrum:nm

and in waich the polnts in the (& (,)plane differ by only

‘ﬁ@"*ﬁ‘*’ Rl%ﬂj“f“ﬂ»hﬂ Aso an proved corlicr the onorgy band
fmetion oboyn,

E% (E‘*'qlm) == Em, (h\) ;ﬂ_ﬁm=i§(m1f‘f +m-‘t-§i)"|‘m1_1§3

™, My, Mae 7.
in tho 1limit E-:n g WO con chovso S -o N-{ , and thove
io m&wwm%,f.—.b{ﬂm shovs that thds 1o
exactly the Dloch function,
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fov cubstituting (G,41) 1n the  Selwolinger equation (G14)

the equation for Uk (T)mummth,wmh
(G,11), ""’3

[ SL(E+JHK)+ Ag +VC'r] “KE’{( Ve =E {{‘Ju“nkf)

j‘f:ﬂr "J'“ y N-1

1umumhmmnmtmmmmam.
Finolly 1ot us have a elooor look ot the fumetlons (6,41l
Thoy can bo written in the following fashem bringing cut thels
romorkoble sinilarity with the usuel Dloch fmetions

U 0= BT e -Lif(g-fan, me, manee s )

Rel o %-LE (X+RVBU(T+R)

Wepe P (Y -4 G W0, WL 1,05 0)is he Plux of the megmotie £le1a
thweugh the polypon commeetod by the mm@ P02, MNQMLNG: TG U R))
mﬁmmmammwmmm«md

and introduction of o phave fometion those mogmetic Dloch fumotions
mmmmnmmmm T we bolleve
that the ootatilisiment of this clocest comnocticn betwoon tho “lech
functions in £101C freo cave ond 4n prosence of magnotie £10ld malos
hMMhMﬁMmWMM!W&Mﬁ
mumumdmmmmmm

fi0ld, te shadl roturn to thds point in tho conelusion,

The eao of €roo cloetrons irhomopencous magmotde £1018
Corrosponis o tho odt V(1) =0 o Then the mogmotic tronalsation
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roup bocemes contimous with R 4a T(R)verying ever o
cntive spoec, Letting P-¢ B  tode dn the (3 dafvectien
a5 Defore the comvbation selitiens Detvosn $he BAgtie tramse
lation operators bocomo

YO TYR) = LAp %*&‘(Eﬁi')*fgﬂﬁf)ﬂ})
| VX, X
whavo vo have Poplaced T by X o domoto their contivmeus noturo,
Thus for any § tho phase factors Lxluxt-f(gn_ga.ﬁgm contie
mwously tel:ing all values on the umdt cdrcle in cepplox plame, 1f
we have rclations of the type

(Ged™

UV = exp (amn)VU (ey2)
then tuking detorsdnants on both sides
dak U dry = Lxp (UTin d) dak V/ dek U (Caidd

4 thing the dimomston of the veprosentstion, If 7 20 sueh thot
Lﬁ\oLLTrﬂqd,)#1forw d<oo them |) emd V' must have
infirdto dinonodons, GHemeo dn (G,42) aloo, since the phase focters
Lrp(-[rg_r\g_{g) asgume oll values when X u:ntlj_-t*1 vary, for
many volucs of X and X tho coniition happens ond hemce dimansien
of repracsentction of the Gronslation growpy 49 o , T
tho parcmotcs N—;w:m duo o W, N3 being contimous
and N =o  tho sumcetion over ™, N3 43 o bo roplacod by

integration ovor thom and T, Thas to be removed, Also since
N=o ¢ o Hagnotle Brilloutn sone shrinks to tho origin in the
(O G2) plono end hemeo tho d4ffuront seprosembutions ave spocte
£10d by crdy 0 9rd comporont for K o Tido thnd comonont K,
of K con tolo all valuos frem _ o to +o Gue to tho conbimuous
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mture of tho pFoup, This ean do scon from the analogous case
for ddocrote growp in cqguatiom (6,7) comsidoring an ons parametor
contimmous Abolion grouwp the represemtations are given by (G,.5)

T Uk =i opekag]~a cx <
I:«*r?f " irk-l-a = oxp (L) | <2 < 2

1% $5 owious FH& #'y  for oy value of >0 sinee theme
1o mo solution to the comditdon ex)p (441) <1 Vx ,§>pe Nomoo
wing (Gedl)y ond taliing tho primitive voeter o g. (s o mnit
orthogonal voctors,

rq,h (1) =Sexp(VRy%) X
3

--cl

I dians oxplsgpn )i o (g e+ p, )]

S

Lﬂ-ﬁfﬁ{*hﬁ- 3 é"t}“ﬁ: li'u'(’“ 1 5113 1'1 ﬂ ' H"W

-—

=% g (bt~ B 0 2
. ' - (Ged5)
gg Jq,,’ixgmﬂiﬁxi, (I{.'Hilr)g)q‘h}u{— B4 0t +49

—h ;
Lp{ﬂ) L=L Rg, [:.13"1"1';)) 'U"(J'Ll"t‘?hi;. ’krﬁu?ﬂ;‘i‘ x3)

T™he integretions over X, x, wipe out the X, %; depondonce
lozding to

Vi, g (D)= S0 (Croy 1) axplh 452080} (e
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Ware §(%-§) 40 om artdteory fmetten of (1,- ) omly,
Jeh functien vos obtafeed fn (6,27 by the epesation of uxp (VE-§ &)
T{=p &) veeo |/ 1o intoger, Dut in thdo enso 4 ean
at0me oll voluos since T(*‘}'&ﬂ.) i o symmotey everator for all
hﬁﬂﬁw o Bomeo | %0 o cemtimuous indox, Simee 4 4o omly
o labol far the rown of the matrix roprosentation 4€ 45 a degemorato
index with roopoct to efgenmwalue, lriting ﬂs: ‘R! w got the
fanilior Lendom solution :
Y, (D= Foxp { kot e g prtad f (6o Rp)
ks, ki i
el
waze ¢(X~Rp)  1s dotematnod by sequtring U to bo tho
soiution of tho Sehrolinger equation for frec electron in homoganccus

magnotie field : 9,
L P rELpnt) Y1) = By () (eut

Tho results are wlll known London lovels
_ (e bk, o w=elB
E‘TL;‘I‘{L — Q"t&—i-)"l?bh"r z J ] 1

——a

m me (6.4D)

Time we have damonstrated the eorroct behaviour of the
sagmotic Dlcch functions (6,41) 4n doth the 1imitdne cases of
p=0 e V(¥)=0s
e QEpollorcld loonetic £S10348.

Tho mognotie f1eld 40 oadd to be ferational A7

=£B:,&TV&
P_ .- =M% (G,0)




e
mﬂ'r\ 4o $rrationnl, mummmmmtﬁ.my

%o comntruct the opmotery adoptod functlionn in this cagse, oimply
soplosing 2 by M| o Aloo whoro ovor |V ocewrs cmplieftdy it

has tobeput oqual S0 0 o This 15 coon frem noting that o
irvodueiido roproscntations of gemovaters T,» hwo to bo of ine
finite dfmencion duo to tholr ccenmbotion Pelatlen T.T, = exp(-NT4q )TT,
Tids maieo tho swmotion over T, dAiscppoar, Oy hove one pots

into corican doublto, e shall emplore tho Lvplicotlions of thie cosue
ption, Certalsly 0 cannot Do mado o fimite fdmtogor <.
hotover lopge oo noy third: of 46 o+ Thon

Yy fT) = goxt {&'E-ﬁuﬁ”(m

W (D = o (Ferr L)
T o4 T dex 5 &N E )X
SRR

onp (- (T+8)) w(I+R)

a»‘ = 0, %), £L,.-., £

(G50
7 tolme orlly disorote veluco oinee tho symmotey growp T 43 still
diserote end in (607) only for fme dlserete wn 4 volwen wo (ot
dopomerate fmetions, Thus doponoracy of enel level 40 mow countable
£eugd infinity, Only in detormining the poosiblo valuos of KK ome
goto into difficulty, The third camenont of K con coowme all values
botwoon 6 and K, oni two Poprocontations with K omd K’ vewld
bo ogutvalont 12 K-K =mfs Me7Z o Thls follows frem tho faet
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that the oot of magnetie tranolation operatorn 4n tho third
dtzoetlon {t(ny 023 feom o discrete Abolian group and cemcubo

vith all tho oporators of the entire group T o The obove funce
tloma corrospond to the ropresentationny in amalogy with (G,20)

'Thl TUL

T () = exp(mman)exp(CER) B, ¢, (Co82)

vith 4
oxp( L K ) O
Btﬂr’ﬂl""_' EX"B(L-?-"’] E'E"'-)
o4 0
Ci&'—f s LA -
(C,8)
both of « dimonofoms el  C, s theugt of oo Lim C,,
N-—==o0

TR CyRy =2 (MK R)B, Con 0no can thisk: of the slgobea

of ox»  dimensional diserote indomed matricos to bo apammed by a
sot of matricen {C: 5{1}\ 5 n’il‘”m%m

< <4
Y SUN S g0 \R g 10 o R
Coo r(C:ﬂ) =<§:'F'> CH{-(G’D‘\'*
ol =il L S

¥

A
E !}_’ E,;f.[o(:.-_'['r{ft} O
Silies exp ((4mu)

0 (Go50)
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g
oo oy 0 xo satelx S < (ALY G, @OCRR) , Pisdeng

a [}
oll pocolble valuos of S‘B&?.I":‘,T!B;.ll anl S Cu 9‘! Cd!_l vorying
8 ovor oueh matelcen uhieh malio thooo cuantitics scolars ( 2.0

sosteteting & to thoset { Chp(®)] St ¢ as
O M =

proved 4n IInd Chopter 4o o ofedlor situntion) wo £ind that two
sot {orp (129 By, expCESiam { Sb(CK-Q0B,,, S H(YER

vill bo oguivalent 42 X = K+0+K) t2Ka yheme o 48 eny socd
mmbor and | 49 ety limecr own of elements of tho et 15(TudA)

=wmq \me Z3  with tnteges coofficionts, Ttmo wo sheuid omest in
this ease

i L g QoA sk M B B e g
Whoe W, n ero any intopors, ‘llnwmmwuu&}"—
15 ony Liscer own of tho clomonts of tho 90t {E mudd =N |m e L]
vith intogor coofficdents, Thds shows that S doos mot contain
e socend ccnpenont juwot 1lie 4in the froo electren in homogonecus
mognotie £icld, Thao 4t io coon thot vhen e £1018 Docames ircve
tlonal the nognotic Drillouin ome ascumes very ol shme deseribed
by (G560),

Ive Sonclusiomn.

The Lmortont mossage of this chapter 4o that in presence of
on oxtornal homegonocous mognotde #2012 D the grewp theesetical pro-
blon rocuires the efgonfunetions to be of the folloving femm wideh
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Vi p ()= E exp (iD) Torp {ific (w53 (x, B 7D

R= (n 01+ (aN 1)2s 475 Rs)
Hothod of ealewlationsf appreximate onorgy bamd fumctien E, (1<)
mmmmmhuummmmmmh
satlofy the bomdary eenditions fmlied by the symotey of the
Hamiltordan, Yo usually one conctructs fumotdon wdeh are to be of
tho Dleoch typo, MMWMWWM
for unlerstording many phonomona, So far in tho cooo of colifs umder o
homoganocus magnotie fiold, the megmotie Dloeh funetions has mot beon
m-mummmmumhmmmm
nnsumagr-nunmmswmmammmm
mwmamummmmummmw
bo dovelopod ontomoively, Por example in tho tight binding annsoxinne
mwwmm&mw-ummmmm
funetdon \(Y) 4n tho Dloch sowm 45 taken So bo omo of the eove
cebitnla, mmhmmwﬁnmmmm
MMWMM&;&M#WWWW#&
coro omorgy lovels ao tho offoet of the erystaliimo £icld, Though
ol tywe of copronination 1o valld ecmly under cortain efrewmstopecs
Hhhﬁnaﬂﬂﬂﬂﬁ&ﬁtdﬂﬂ@ﬂﬂﬂﬂu
oinee ca exnct solution of the dehwodinge? ccuctien 18 fmposoidie,
doneo dn roplosdng tight Linding mothod im prosomee of mognotic f401d
oo con talie V(1) to bo o core cridtel of tho imddvicual otem dn
prosence of that magnotle £014 and eolewlato $ho bond GneepEios,
diatlarly one can porhops tey to ofpet othor pothods olse vith the
stelidng olrdlarly botwoon o usual Bloeh Ametdsns amd mepmetde
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Dleoch fumetdons providing o cuide to such dovolopmento, Further
dovelommonts in these diveetions ore in nrogress opd succocofd
souudts vould be pulilished eloevhorc, Dus to lack of space I would
conflude this choptor emitting the discussions on cortadn other phenoe
nona such as notion of freo clectren vove pociiots in humogenocus
magnetie ficlds ote, vhich T had planmed earlior o iaclude,

PR S An Rk udnil.

Agcording to Dloch thooren the wove fmetisns of an cleetron
in a perdsiic potential V(T ) 4 oteying the Schmodinger equation

- |
:E—-, VIOIY(EY = BEY(r) , V(X+R)=v(Y), ¥EEL.

Gon bo reprosonted as
Yo (1) = Faxp(re- 1)Uy (1)

wore U (Y) 49 a pariodlec function
LRE{I'&'E‘) = Wy, (x)

This property of the oigenfmetions ardses froom the fact that tho
Hestitonden 7, 10 imorfont wdor tho Lattice tremslation group of

oparatarn ;
Tz §T(R)= exp R E)| vRELS
vhon there §s on cxtornal magnotie £10ld the oo colled magnotie

)= op{ B (E-ERN| vBELS
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botames iscmouphic to what wo havo ecalled Cemeralised Clifferd
eoup, Using thds fact w comstouct the reprosentations using the
thoory dovelopod in cerlior ehaptors ond by tho use of ntaniand
srojovtion cporator tochniques tho cpmetery adapted fumetions ave
dorqved in the folloving farm, callod megmotie Sloeh fumetiors

Yioq ®V= Boxp (S) L =k {—L'[§'§L+E)+§§ (xR
B =& + (NGt
T(Y + RO

a;-_- Bl ,N-—i v E-:?%E

_ll
F(L,R) = W fad B P‘LJT"“ o veddi

Lﬂr _,},EL:. W, , El, s, -(x+R))
V(X)) 3 am mﬂ‘}m@w gﬁ:{
K = R‘\Elqu 52.-.{-:'1 E;J G{'h.k_lﬂ d“:hg "5:‘1.

Rotlonad mognotie fle1d 0L B = %ﬁ%u;aﬂlﬂamm&

£-%edTnds  are atseussed in o wified foshion and the
shapes of thoe Drillenin e for both cases are derived, The fom
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of the mogmotie Dloch functions given sbove has mot bhoon moticod

00 far and 41to striiing similarity to the ususl Dloeh fumetdons s
sugeests o penoralication of tho methods of oncrgy band structuse
caleulations by simple aprropriate replocement of thw relo of Llooh
funetion in thome The pesults for trrationol magnetic fiold ecse
are explerctive and tentotive due to cortain probably correct assume
tions made in viev of the inheront mathematicol Aifficulties,



tle ohall demcnatrato that by o oimplo change in thoe structure
of tho intornad voriallos of Dirac's ponitive cnorgy relativistic
wave equation® o wo con arpive ot o mogative emcegy relotiavistic
vave ecuation odndtting coly nogative emergy scolutions, So ochiove
this vo shell wo o sinplo fact of Ciifford algobwa, studied in
rolation to on eigen Veluo problen of Alladi Samakeishnan’s Tho
eigmwolue of an oigenwoctor of the wetrix

[ = imLL -
= s

wove L, avo 4:4 moteleos gomerators of (. 4 obeying
tho antdcomrmtotion rolotions

Ll abiba =l 5 L=t oy
changos sign faom ¢ o -mmumummw
tho mateiz

(7:0)

Tids chapter 45 boped on o Focont paper witton by me 4n cdilpboroe
tion with Dubt s

mmou&mawmumwmmmm
oquation for particlcs of nonezoro roat moosy allowing orly positive
values for the emorpgy walilc the usunl rolativistic wive oguotions,
originating in Dirce's fomous oquation of 2028%, whieh ere symmotrical
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betwoon positive and nogative crergies, Mmmmmt
by Dirae, s now ocuation formally very similary to tho old cgune
ion for tho cloctron but the physical significanco 4s vory differont,
In particulor he hing ohown that tie mow oquation glives intepral
velues for v opln,

The mew uuve equation for ¢ particle with wmnit reat mase reads

(takctng A=C=\ )
d +i:lv-é - P)(cﬁ)tj{:n (7%9)
dXo e 3 Xy .
vhore
' of — B " i R='l 2, 3.
oAy £ + oy Ky Ad iyl ' : (%
0(‘!'[1'1‘{—3'9{‘\’: 0 =133
Q'-’L_._ _1 (76

0{\?& are roal oyonotrie,

aa{:
= 0
[3 (—?EU") (%D

o -\ ©

L‘D)i(?ﬂi)

e (7.8)
Q4

(‘U”ﬂﬂfﬁ) 2 (Y2, Py =%y) v two pairs of dynmmieal varioilon
Gooeribing inteenal dogrecs of feecdem imvelving twe hawmonie coeile
lators ani having the comemstation roloticns

[ﬁjm W] =Yab—WVe = '*"(3&’» (7:9)
o= 3 4.
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and the weve Pmetien V' 45 o one comporent Pmetton of twe
m"t_yﬁtw% and 9, 5 oo woll ao of the four x'; .

o |g) Y 4o e eolunn matrix vith four elements (q,4, 920, Us¥, WY
ond the 4 x4 mateloes ofy,  aro to b miltiplied into this

colmm mateds 4o the wual way.

M
Putting é = a/éxﬁ and o[ﬁ:'l the wave oguation (7,4)
can bo writton cocdsely an

3 M
(Z o +@)(‘U)‘J’=° (%20)
=0
or putting L 4%=p’  these bosme :
3
(bo = Z dopr+ £p)@DY=® o
(motwie uoed heve 45 (1, =1, =1y 1)) with o perticular ehodeo
of h’2 os
00 ~] 0 o ool 4.0 i 0 N
Aj=[ 00 o\ = fl @iOAD [ 6veno
1 -l g 00 jdl oroo | ® soaro | (zam
6 | 0o |le oo /, 0ovo-l|
oo bt by fay 0
0 I;E rﬂ‘ |ul-L qﬁ-l{’ — Po q”'(‘!
ok pe g 0 |8 -
, day Un Y
\ P2 p+i O .
[DIWY = Po(MY. (7:22)

Toldng a solution cerresponding to an eigonstate of momontwm ond
OnSPEy Wo can consler Yo, by, bi, P3 4n (%12 oo real mmbers
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obeying the cruntion Z F fu=! Wideh 13 tho relativistie condie
mnmmnywmf dawwnuﬂﬂﬂmtmmm::

P tnat 18wt mm:meamaqmm(z Opd )b <o
for a1l valies of 348 intermal vortadles (ef, Direc® for furtner

dotatls), Bemoe |, - :t\[{.fpl-l,lalﬂoz =3{ple Toking b= i|p,|
pubting Uf'{ﬁj‘ﬁl =$(9) g,}:yu( LZ]D?-}&J'HM

rJn
(@) %@ = uF§+ule, (719
where |\t omdt Q7 are two inleponiont eigemveetors of (D] both
correspeniing o the elgemvelue +\b,| emt 5\, %, are

arbitrory fmetdons of 9 end G, oy, It 42 to be romenbored
tat the matedx (D] sattoftes [D] - |, and has carvesponting
%o cach ‘elgemwvaluwo tlpy| amd —|p,| two linearly imdependont edpone
vooters, sinco [P 49 hemmition and hemeo diagomalizable, Tuking

[ Vpol+ i
Lll+: ‘fa F3 u:'_{': Wat‘*‘l”.}
~py+ A P (728
Pacsud’ Pt i
ve got o set of oguations, taling caplictly Cl/ﬁ%a:b Y= %ﬂx
= (lpol+ Ps) 31, Vo= (JRi+ b2 Es

R T CRVR RS, 3 P Vi

wubpStuting %|=W‘¢/C\F--a}+}°3) > quF %"'q)/(fi’uf“"’z)mm

second oot and intogratingomo resiily pots Direes selution
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o) = Kexp {1 + oy (97-92)- 2 P 92X

(717
X (e[ ps) ™1 §
and honeo

0, < Kexp 15 LU3+ £ 0ial) -prw )
N
lp o #Fa)_i foxp {- "VZ;-_J‘M«’“Jg
(7.12)

Corcasponiing to tho negative oneryy oigon mhl\oﬂl w ean
procoed oimilecly by taking UTamd UT fnsteed of U1 em U3
in (%00, Igdoseonthat U, amd ( are givon by sioply change

ing fvam +|p| %0 —|p,| 4n (718 lesling Hms to the mogative
energy solution
Yo = Kewp -2 [ai+y o+ Ly (o %.) U2 | /HMI ﬂ@}l-
M\'\Jidklu. gP X}AE {?.J.D)

when enorgy 40 positive (|py| tf;)>oslvays end . s normaiistaile
and honce physicelly pormicsible, but vhon enorgy 48 —ve, <|F¢]+F5)::c
alwogs maidng P~ oyl (cww?_?mmummm

and not plyede ally peradsaiblo,

(1) A nocntive cnepsy wawe oauction

MWammhugﬂﬁHWﬂmm
cguation which will odmit only nogative emergy solution as physiecally
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F = 0{10{2.0{3@_-—_- (g%? é)
O —i
|

o) (=
5= Q (7|M)

s 21 DD (5] o et

the wave eguation (7.11) is writton as

D1V Y = Py (W)Y (7o)
DI ()Y = 47 P
(D] (T == bsC@NY (700

Tds shows that 12 (%)) satisfies (7,20 carresponiing &n enercy
eligexwalue p. 4 then Q"‘{q]‘]jkp satisfies (7,21) corresponiing to

an omergy efgemvalue —p o Thus by o tronofommation @)_;a. (M@= (R)
ve axpive at on equmtion similor %o (70D or (7.4 but with only
nogative emergy solution being mormolisadble and hence nhysieally
porminsibie, This nogative onergy relotivistic wove coustion woudd

theon rend

G Z ﬁ*i’fﬁ«’»ﬁ)@ll} =0 (72)
wﬁmumu

{-. + Z uh'— + @% (k)p=0 thao

% Ki
Ry, | = — [ R
e {3k

=Y/ R4




KU
ow h 3 ebey ¥
g : = 123 L.
sl iy 8 BnSabaE
with tho oo mateix e liomee (7,00 would deseribe a porticlo
vith only negative emorgy statos, when the internal vericbles obey
the commtation relations (7,20) iretond of (7%0)e Porhops tids

nay bo physically interproted that the intormal cocillaters are
hﬂum%nﬂu. Thus the weve eguation

. S =
{ﬁu—k'\‘zld?BYq +{3} (OU)\P : (72D

d 4\ 0
with  [Ya, UL]_ = LePab 5 Pp= j::k)

e
vould describe a particle with omly positiwve onergy states 4f ¢ =+1
(Virac) and woudd deseribe & particle with 22 only negative emeegy
states 22 T =—1, The solutions of the megative emorgy owuation
are glven by, cxactly oimdler to (7,22) and (7,19) except for the
interchonge tholr molos,

1 R W 1—11“2-‘-‘1.|?. __o+:b}{
LPH=H’MYU{§(%'+%L+§Ew'V] Pa¥¥a) /(= 1po) P)E

o -0 2 ¥ o]
o (7.20)

9= Kexp 5 L4, w0 (9795 )= W9y 2] [ (1) + P}
" $7.29)

=4 Z ¥ §
cmnuwm&mﬁwﬁummmmm

permissiile, Starting vith the equation (7%71) with 9 ebeying nov
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ingtond of "fnﬁ}'

[Waaq)b]_':d*‘:[;ﬂ, . Q,b—:hﬁ,&!&. (7.20)
Using an emplicit represontation
P 'g‘_ : = -lr-_é__
W= 2 K4 . (750

the selutions{(7,28) and (7,29) can be obtainod in emnetly sinilar
in panver to the derivation of (7.18) amd (7,19) and honee we do mot
repoat tids procodure of solution of the megative emergy ecuation
here,

(11%) Belativdaile dnvorlonss ond anin

He ohall follow DMrac 4n dfscussing the relativistice inverilance
of the eguation (7,20, It 1o coen that both cases €= 2 1 cun e

tronted simltanoously in the oo namer as follows, Souation (7,10)
car be witton as :

(% ’Ty.éJM- f") Lcﬂ)"P =9 (728)

MQ'YP pn{r\. ol -h',mfg-bfu'i}& —-R"-a»w_; J}A?’ o, 2,3
(722 15 not manifestly selativistic sinco the four Y» ecamet be
rogarded 5 o devostor as Y, s dwwwhile V. 72,73 are syne
netrical, Hence let us considor tho criginol form (7,10) 4in the
sotisfying

c{}"Bn(‘*’ ¥ d"qu}* = & ‘3%]’“’ iy p,j}:ﬂ.h 7,3. (7,29
ﬂwanmmmmnmm
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tho {0,)} botng infinttostnny cooftietonts such Wt O,y = — Ly
The crmation (2,10) thon cives to Pivet onder

2 x £ %
{E__n%(a% Huia'%"aﬂ i (729)
o =
oy + 2 0 dy) Y -
el 2oy 1) 0" p DR =0 -
Dofinting
3
f=d 2 ety B
4?;0‘:5 (aa.m
N =N
wo hove
.
App i —Np oy = -rng 0,7 o -
nm-nmmtmw (I-Ng) on the 1oft w got
ILZ‘*M(‘ P‘“BP*P(HNZS(WJKP =0 (%30)
7 b pie =
3
(zrg:rkalﬁdkg)(qﬁ)kp =0 (7. 20)
r--ﬂ
(cg*') = (1-pN)(¥) (741)

Thus the vavo oguation tales the oo form in the mew syotom of

coomiimtos wth (4 ) replaetng (§) e The four o s aro inear
functions of the four q’» VAth real coofficfonts (em sccomt of
ani A5 g having only Pecl elenents), Tho mevy) » satisfy tho
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comrmzbation relotionn
?’.:-_t"l

(94" %ﬂ = Atfab 5 g lonainas $2.42)

to the fivot ender, tims having the same properties as the 4 s .
Tids shows that tho form of the wave equation is wnehanged by an
infinitosinel, and s olso finite Lovents trencfemations nob
irvelving roflootions,

Thero 13 o unitary teancformation eamocting o) . and o'
Lotting

4
W= (INW) = % U Naks VL (7449)
we have ay =1
4
Hq'}L—Wa.W — Huizpaﬂ,NLtwt ;ﬂ..,:lLQ.r;rli- ‘?.w
L=t
oF
WY —@)w = =2k BN(Y)

an oquation in vhich every torm 19 o volumn motrix, Thon to tho
firat ondor (7,41) bocanocs
(9%) = (-4 Lew) (W (1+3oev] (745

lloving seen that the negative encrgy oguation (7,27) with C = «} &5
cxnelly similor to the positive cnergy ccuation (7,27 with € = +1
encept for the change of ¢ from ¢l = <1, with regard to tiw
rolativictie cevarionce we shally without ropeating the contontsy of
Dirac's paper; otate that the apin operators are pgiven by

S = £ (-49) drp e (N + 38 4]

mwummm;ru in (719 wo have
S| ";(Q'FFPVL Waf%\) M= 'ch"ﬂ'j YV, v
S6d= L @9, - v $23 = LCvaL+9a %) .
So2= L @Vs +947s) A= (9779 + 1594

(7,47
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giving

2 2 2 2 o
.513 +‘S;':'+512, = %E(OVI +CV1+.=V.3+CV2') "ﬂ; (7.)

Defining the magnddtuie & of spin secording o quontwm mechardes

by 2

_ 9 2
S(S+L) = Sg; +83,+ 512
ve fimd

e 1} I 2 ]
S = (q;?‘-p-cv;“-rva -‘l'cl/'q J — 5" (7.50)

i
A
The oigenvalue of _g. (U +V3) e i(ﬂp’:*‘l/i“) a0 UL
and m.t’*{a o With vy oand ™' pomensgatiw dntegors, Thus edgone
valuse of s aro ffif'nww'?\lanhmumm!sum. Thooo Poe
oults apply Go both the cane-¢ - + 1 o thus chowing that the ecaso
t=-1 would porfectly woll deseribe a particle with cnly nopative
onorgy otates and intogor opin, In both cosos valuo of &ho ooin §
dopends on the wvawe function anl thwos on the momentun of the particle,
The quantitios S¢r (§,0=0.1,2/3) provide a representation of the
infinitesimal operators of tho Lorents group. Thoy are associnted
mathom tically with forr moFo quantities

Shige= = gy = —‘;?.'(.CUJ A (§) W AZOLHE oy

The ton quantitles Sal = - Sho (2:h=0.1.213.5) then provide & vem
proscntation of the 2 ¢ 0 de Silter grow ao discovered by Dirac®
in 2060 for the caso of € = + 1 o e obscrve that 4n both cases
of ¢_ 4+ (| s o true as au can be verifiod dircetly




193
Baasedesle g~ 28

=— Sy, %__,_m:nw
(7523

Mmmm&unmmwmmmmmnm
of the 0 ¢ @ do Bilter grow, tho growp of rotations of five
Poal varfables Xo , %, X, X3 1§ which leave the cualratie
forn K?ﬁrx;#x;’-—l;—"ﬂ;m

i am very grotoful to Professor Dirac for his comment off the
omuntion (7,04 that it would correctly deseribe a porticle with
orly megative encegy ototes and would be the comntorpart to hds
pooitive onorgy oquation (7,4)s Put he fools that the oquation
(7949 vould mot have phymiecsd applications Of course, ome ean
mot prodiet the fulluro of a thoory simply bocawse 1t ccoms fmmrobablo
:r.tmwuunmmm&mornpuﬁm
vith only posdtive emegy states described emotly dy Dirac's oquae

tion showdd cmo not scarch for its nrobable comterpart ?

ey of Jupariont pointa

Piree's mov relativistic vave ogquation for & particle of wmit
nass QT:E =1) 48

3
G
a : __é_ . (v %'L,XHJ =it
(_ ¥ Zd‘rfﬁk’, ’Jf?. q/- \l( )

TR T 1; =i &3
e v 4] = Xpabe v @byt f
and

&=l'e 0 Ve O

o060 | A B

.uu-Il_-D 'E&I«G—1ﬂ Oﬁlb ’ - ﬂ‘nb

@: "ﬂ'ﬂo" J‘J d.i:_ ﬂﬂﬂ! jﬁ\a: B a0 J"'DL]-_ Clﬂ-'"-la
-—.{ﬂ:_'nﬂ -\loe o R aa o —|,
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ellovs
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ﬂmm
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=2 onergy
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1hle,.
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‘{;a
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in bis fundamontal paper ‘Applications of Grassman's Lze
tonotve algobra' (Ancricon Journcl of fathamaties Pure and dpnlied
Voledy DDe2G0T08 (1070) 5 U 5.CL1800rY shovs that 1ds WHW
gocmotric algebea' » mou colled the Clifford algobes C,Upﬂ.

a cozpound of Wi quaternlon algobras, the units of whieh are
canmtotive with ono another, mwwamwﬁﬁ
comuting structuresy called Gomeralised lelieity matelecs have

boon bullt by Allefl Ramakwlohnon and his collaboretors®, Hxtendod
vorodon of motedn docarposition theorems dus to Alladi Memdcrishman
- and nyself considered in Chapter II ore also associateod with such
stEuctunn, m:»m:mmummmmu
C112%end mocult,

Hamtlton's quetcondons apart frem being of groat mathemstieal
Mhununmﬂimt&mdﬁnﬂﬂddmmmlm
ofon boon censtdercd to be of Lwpovtance to phymics, It veo foe
cogniood carly that opocfal »elativity can be elopgantly written in
quotornion motation” o Jut 1% nover guinod any poplerity duo to
tho greator comvenienmco of using tomscrs. UAth the invention of spin
HMMﬂthhthurommiwﬂmt
to introduco tho quitcrndona’ but oplnor formalisnm took over,
Posaibility of roplocing comploz mmbors by quatermlons in cucntw
moehanics hao boen otuilod by coveral authors® and alse there heve
boon attempto to deseribo olmemtary partielos by means of mmaterniom’s
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There socms to bo no vhero any reforence to Clifford's
commuting quoternion clpobras, A coroful sty of Ms original
. paper gives o ébs to tho concept of tenser product and M commube
ing structures are most cnsily underotood in tormo of tensor
prefucts 4n the medcrn mothomotical longasgo,

decoziing to C118%0ra 22 () (9) maQ (y') e to
difforcnt twpos of quatorndons cosotdiatod utbﬂnmrrm adgobro
@)
C‘Jﬂ

QL) =5 (1) AY) for by =ty
Ry @) Ay @) aW) FYEY. e

ro_
vhore CV' and W&m (‘T/”"V,,%ﬂ’ﬂ arnd EV;.-' ?/r }ﬁpl;‘};)

renspectdvely,
The irpoduedible reprosontations of a quatorndon im torms of

Pould matricss are given by
Q) = 9,8 +¥1 L+, 1 +9, %

=, -4 Y-V \. "|'Zc1’ (&G
(-‘i‘h YV Y+l s > 2 *?
viththe wmits (0,4 4 p) obeying
U gt= brag 5 eoud
el Ve, yE= Oj‘ , ¢k = Re.
C148ford cdgotwa (| has gemorating redattons
]&Lg“ = _.h-jj bw‘ L';}/' o] ey s
g{ = T B

1,3 :E ,J_E = l:) fil.::l. ‘3-3)

(2e9)
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uaternion clgobea 4o sume as the Clifford algobea C(i’)mmt
for a difforence 4n phase footors of the gonerators | gnmm
fenepaters i,,tbmnmummué= L dl vy, ¢, -

= -4l . C112r0rd comstructed alsebrate steuetures obeying

(2.2) starting from tho Clifford algoben Ci)ﬂ .

Following Alla8l Remakrishnon and hio collaborators , wo
chall consifor the comntruction of mutumally castwting subalgotwns
of the Genuralized C1ifford clgobre C(“Jmumamw

the relotions
gk y = W () Lr*ht- iy =l
&mZi : [::'r--f-ﬂ.’ (0.5
The entire baais of the algodra CL) {Wﬁ Ry 0 &Ry s !I
L= f=pe -V

= H1{ :QﬂJm_@gﬂ')mi(Hl;])mﬂ-wffrri

| . (5,6
QL‘ = H :LHi _P)mT (H¢;t)w L 2\ ;]""3"
£ e Yo
b = it v=e0 s [HE = ()T f‘*;
mm{w Hbjmm-mmu&nm MH

{hit Wi ’“}ﬂ‘-’-h;r,hl&lw-{g anl elesents of cne swubalgobro
‘ mummm#mm lrumumm
‘ mtuwmmer Lgumiﬁml,nm

- H*’ 7o - 918CD. . 61
@)= BID B @Bl e (ou8

' : Vv =
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and henoe the subalgebras gemerated by {Hl., A ’5 Vi=t-.v

ool isemorphic to g@.mmmmwm

io uwood 41t 4o ooy to see thot any olmmont of C 15 a lineny
mmmammmmmmmwammm
or woldng (8,2) one less thot ony olemont of C( is @ tmoor

.w 2
m:um#mmfﬁm LL?- Any oueh
- - |

clemont Z_CLLHE RUEUHE HI --‘l'|1Lf Hvlu | Mhﬂtm&m

to tho caniubativity of dfforont padss T R L
- b
' o
Z[ ) b o O d, Byl - i L 7]”” Wy
ﬁ.&iﬂ- lﬂr

ohts Edons ot olemonts of C can Do consiiored as clamouts of

ﬁ‘“::},‘ uith coofeictonts eo clasonts of Cf“” o Again cloments

of C, can bo considored an aloments of C.w- with coe
oOTRab an WAGHISS ta () ond oo on, Thm the algoten
ethmnW‘ﬂ?WMnﬂaﬂ
tsmomphte to (7 ¢ Whem w1y (2 1s the qubernton cygobee
o8 heens SkE0inite propesition tmeliately fallows thet

is & ‘capond' of V commting cuotornion algebeas, lnbmauut
mmmm-nmmw'm*m" matriz oy bo
reganded us a compound of V, W*Mmtmlnatﬂmﬁﬂutw
can pogad 48 ho 8 m x4 matels vhove 488 elcoemts are MY 'y’
matelcos wileh ave ogeln mxm matelees of W' U, . tactedeas
and 80 6o, Those are tho woll kmown results of partitdoning of
nateiecs, This 13 the besie prineiplo bobind the gomeralisod metelees

. Gooomposition thooren considered in Cheptor 1L,
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Fiore gonorally one can connifor oty Hz § oateix
clgobrs ao o coupound of mony matrix algebras of different dimens
ing the two basie gemcrators of tho basis of CL: g say C(V), BCY)
oboydng CUNRN=W(NBWICLN) as direct product of gmallor
dimensional €49 motrices, lhshm_mmldumlmt-aﬁm
Mﬁwdﬁlw.uim calls 1t, corrosponding

wmmmmaluﬂ? vhero ﬂis e e
Giotinet prines, ami i‘:{{-'}g ,*#I::I:L-'}-I‘ e Uo con put
- g ‘
) = cpe) P - —~®CPM (29)

pa) = Bep) © --- @By

100-
uhare [Lp‘: )_(%,” of dinornsion ﬁ, ; B{r:"‘)-w wq,iﬂ‘} Oﬁ
E::: z -ia O M{F'ﬁ')h |

w(p®) = vxp (J_m /ﬂ )
cqa“*)w*t)— wip Jﬁfﬁ‘*)fiw , Vst

(2,10)
Blp, )*’* *ttr“*)r" Sl
Ie PL,"" are chosen such that
2]
NZ_,?:‘ = A-rmid N -

b= P
then C(1), (1) oboy

C(N)BLWI = wew) BEN)ELEN) (3,19




Jimce
LN "~
ﬂm[nmjﬁl % Eﬁ(fi (W#Z F‘;“ﬁ v m{f %‘%¢) LJ(N)
=y 1= Adusks & 1) (5,17)

InMnmnnnom

cw = H® CCP"“ ) bep)
5
BCH) zﬂ@ar,; ) Blps)

NZ

mmwmmumﬂmmmmm@u
mmmmm:mmmﬂmmmsm

(2424)

vhare

f'{ ﬂ*’j = 4 et V. (2,29

+

that 4¢ N- - T, Whoro h.dmnntmmﬂrpmnat
prines, um.utm mummmmndiroctprmud
powors of ((n;))] nﬁﬁ{mni L=l---k o These pesults

loads to the fuct of partitioning that U = I moteis algobes con
be Pegardod oo a spum compound of matrix alpebras of dimensions
Ty p- e 42 N=w Ty -0y o For the correaponiing 6.C.A,
(;”” this 4miles that d‘m mhnwﬂnﬁunmw
of eamting dlgsbees tacmoepits to ( (O .. (V)

3 Of oll those recults the original ropult of Clifferd thnt

CL is o copound of ) ecommting quaternion clgobras $s povhaps
utammmmwrwam to gonaralico
quantun mechondes by enlarging the wdorlying meber £101d foen
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complex musbeps to quoteendons, The principal comeeptinl 44991
culty roalisad in oueh gomoralisetions o0 in the theory of cormooite
aystens whore the omiimwy terser product fails Gue to tho mone
comrmtatividy of the quaternions, This prevenmts the formotion of &
compooite syston in oueh a way that all the oboarvalilles cssoclated
with one of the aystons comoute with all the cbocrvables of the
other systen, mmﬁnumnrmrutﬁmnwmm
can b viowed a5 o compound of comemtdng quaternion nlgebras, perhaps
it ic worthwhdle to investigate the possibility of using cammuting
quaternions in the desepiption of independent systoms and formding
eampooite oystens by wousl temsor product, It should be mwted that
all these eamuting quaternion elgobwas are not totally indopenient -
thore 45 o common thrend - thoy can be bullt cut of elenente of o
Clifford algobra,
SRR ol dinsnlant, s nin.

Jmprossing ay matelx of dienslon N ﬁ'm in a buaie given

{ﬁ@(’iﬁ R Bm) ¥ 0 s by b < - } 18 oan bo ohocrvod that the

acete (o M, e total Bx mateix alesbea con bo
Wdua‘M'ﬁ r G0C.a'% {[%}(iﬁr-ufz'. in
tormo of matricos tide moans thet gy H x @ uﬂhmhw
of oo 2 ecmpound of motrices of ovder Mo, 1y, - T oD N=-.l:£'lf"¥; AL

firot Hx § the motrix can bo thought of as o %;xﬁimtrw-
tioning) with cach of 1¢s olements as an WoyxNe — oDatein, with
matrix, and so on, Vhen - 2




20%
gomowatod by 2 onblecmuting clamomta 45 o compound of T
C11ff0rd algsdwes (U7 whdeh oo Hntlton's qusternion slssbens,
S0 in 2076, in Me Susnentel paper on Wt ¥ how eall as :
wmumwwmmmmwdﬁdmc@

is o compound of | commbing quoternion algobras |




() Sineo the tino of CLIffcnd 18 25 woll lmown that a
cmm‘ C{”}muwumdmww
scalary voctor anfdl polyvectors in tho nedimonsional Buelideon spaco,
This 1o what made C14fford call Mo aleebra sa gommetede adgebead,
mmmmmmmmwwuﬂ
mammmmmmmmwm
thoory of spinors, Popovici amd Purtet® have considered cortain
gonoralisction of apimor otruetures using generslined CLifferd
algotwa, Rasevsida’ hes given o booutiful acecunt of thoory of
spinors valing entirely gocmetrieal approath to CLiffend clgebra ond
e has alse glven a reprosentation theory of Clifferd clgobras
asfferent frem othors, Allodl Rusaleishnan and kis collaboratero®
have considered genmoralization of hds representation theory, bub
it 10 incomplote, In this chaptor we shall first record an
‘algebrate’ (odnce I have failod to soo any ‘gocmotey' bohimd 189
gencralisation of the goomotric appronch to Clifford algodra, o a
-gonoralization of Hasovaldi's theory of represontation of Clifford
algobras for Gemoralised C1ifford algobres o The genorators of

@) ,
Caifford cdgobwn {Ld{,:l--m} obay
ity bl o by s v ig =t o
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so000doted ﬁ&nmﬂ'hﬁ} = -(cl:, th'r-aﬂf) in nedinonoionnl
complax Buedddoon spose R, 4 40 an edemont of

i i
ﬂ'v‘—'-Z:].lLi 9.9
T
Mﬁnmdmwﬁm, || 40 defised by

| “’H f_(@ Q-0 (9,2)

Thus the elewond Za thc is rogardod as o voetor in ¥,
mommmz&unmmm

e :
(& 5)=Z 0L =g (0b+hka) g% (29

we % q
whese () - Zah P l:=§_l,*l_;; » Two arthogomal vectors
= !
tave (&, %)= i{abg 0  end honoe the bacie Pelations (9,1) (o=
note the orthoponality of the basis {,Lf,l{, =z }
A totelly antisyomotrdc tenscr of pank R s called o

simplo R ewvootor &£ 4t 29 obtained oo o skeveproduwet of & veetors

oaily -
i:| El L‘h.
iy _ | h:h Fi‘ii i P[r.'
-E'I PJ.- Pa ""Fn.hr (0.5
: 1 .
R ha.%' A2y

pymboldesily 1o F <wootor o 1o weitten as

= TLa el .



So this is noooeiated tho clemont

.D'IL"L L
a=y O L, Lo by -
ii=
(s
1<4 &
wero L, L*r Lh'}l- Ciia L WMnmlu farechon, »
mmma.m 0. s vooter {a '} 4 bivector ILa_"'“'}

H 1»-1

an nevoctor | 0 kucmmmmmuumumwanm

0 s Gt %_iiil, 0L
Az OLI-+ZCLL:, +-Zﬁl *"z: "+ZG’ &

L= rel byt =1

(0.2)
Tho produet of Two basie polyvectors belng agedn a polyvector products
of tvo agerogntes 4o woll dofined amd 49 apain another aggrogate.
These aggrogutes are thms elements of an algobra and this algobro is
ealled C1ifford algobra, (For move dotafls ef, Rasevelts’),
n‘M{L!;;\__j__:l4—_-%’l] to oboy gencralised Cliffomd
condition
Liby = wmbLylyy wows= _%10'@143/“4)
1:4!,}' L'f Sl
=1 ¥4=z)--m

(049)

wutw to tho corresponding olanent of (0,7) namely

O = EZGLLQ’_ mhmuanm]'a,” such that

(ot '~ o™= LT a0



W A

: = ' @ﬂf--}'mr m

oty = (Z@™)
mm#uammuzm amt&#m!

C mmww.nuamw H l_

L:h {"Tﬂ;—f }Vh =!-~'na}

aﬂﬂmﬁdltmmﬂm#mm

T

A= Q«-\-lﬁl Lii-Zau'Ll’ tL*t Z_ﬂ-

{r S L1 L'l_I ELLL;HI

L'J_‘L'_-’,I_ LL_ T

f- L-,UL?I

(9.11)
in which meximm (Del) indicos can take the seme value, In the

case of (‘,E"::j the polyvoetor O, =P[p.--. Pr] con be reprosonted as

T T B T
L B L

B
v v

O

(Del)
videh 15 the axtenior product of Crasmman product of the voctors
(&‘ = *ﬁm) .
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Fov using a pencralization of tho doterminant duo to
Ronganattor” tho buste camponemts of the agzrogate A (8,11) can
bo witten in o stallor fom, If o define following Rengsnsthan

| By Oz --- Xim .

= ! ._ ol .
dﬂj-ﬂA [ = Z N @'L_ A“: ()
b=

I

Ony Oy - Fmwig (9419
vhovo A () 4o the wousl cofactor of (L, uith the Aifforence
that )\ roplaces (=1) in its ovelustlon when A = - 144 veoames
the usual deterninant, For example

I | |
uh | =ae +m14u)+;\4r(duh,+2f7)1-’}?ttmﬂ,+'htjr)
Fhorly = &@R+'}kaf$\.+’)\*b—&,k+1 L§y (9,19

3 4
Thon the quantity A Tdh + 9 c ey

_ fL. By o b ‘
Wik ) | PP TRk ZRL
' (0419

Vi sl e
1 4 4

3

W )

genorolises (D.12), This bocomes

rﬂ’ ey .
W Py f}"] y L ﬂl—.k:a,' ~ly, W[_ A L fw_] (020

E“{R*."r‘l'rn,:i




where
I G Ly L
{FL';I%" Yo il Spcies 4 | | =)
~ ()
¥ ‘
| Py Phl S (R (N0
: Ly Li:;”'["-hr N
NLJLJ_"':R,LI::L{ZHLLW: I = WELEFL%H Lh‘]

(017
Tho aggregnte A can Do rewritten as

.w
% & (]
e L’PI'L - 'ﬂ,tm"‘]
A= o'+ ) " VWLl l+--- +Zﬂ' WL+ P

Llhtla;'-{ 'f:.n':zr-'i"‘f{mm =1
(Ce22)
in which an index can get repeated only wto (mel) tdmes, Produet
of tvo quntitios of the type (9,15) 15 woll defined amd 15 acaln o
quentity of the came type, Thus this demonstratos on "slgobenic!
genoralisation of the goasstrical espect of Clifferd clgobon, iy
be these quantities (9,15) can also be comsidered s ‘goametrie’
in aopace with the || |  nowm, Dut wdine the esse of
mmut--a,mmnmmmmor

-, etm proserving tramsfomations of cLﬂZu"L“ The growp
b=




of | .|| ~mom proserving teemsformotions ave trivial
disgomal onl pormutation tramformetions as cotaliishod by
Yorinaga and lono™® ond we have alrondy Giscusved theem in
Chapter 1IL,

(41) v wo shall give the correct poneralised version of
Rasevelkii's apreoach to ronresentation of (,C.A, ponoratod by
(248)s To venmosent g“"""‘" wo stast with the dasts of (4

Any olement of CTQ uﬁﬁmu

| .r L.r ' L‘b L
E'Mw-w e o G
by by =0
Assoetato with tho oot of v muam[ﬂ*—;j
‘k—l

lincarly inlcponiont vectors eof on wmwwm.
Tme \, 4o csococlated with an m, «dimensional vector

m—| ﬂ11'1,-'rfﬁ :
7 Z Moty & 104 26)
' by Uy by =0
are {f'”’”""} 6posu the, edimensfonal spoce, o dofine
a 8ot of 1V operators (matrtess) L, La,--- L, by the
following relations

’ tad
2y wlody

B W T Y

1]
—

ek i (2e20)




™ L m—h+l l:‘:f L;fm L._*i'ﬂ'
/\ﬂ = E wm) /l‘;rl:;u”[:ﬂ ) EAR S
i Ta ¥ .8
TS fy=0
G&M% = {|+b'w+--a+’;d-)
(Ce”)
Yhen the 2) eporators (mateicos) cboy thoe gomernting relotions
(m)
o C'anl
L.;L?' = 40 () La,‘L,;; Ly =Ly ) 2V
_1:-:4;
L\LTU L} {T_ 5 "i.::.]’-_.w (2.
3005

For :l;-,g'E-.U'Z L;Lff}f = I\ L!v‘fﬂL“ y- L
LfLLEM = Mo LJF-J&' Livaj-rf

M\'M"’M

Iz .\
11{.3/ LJ ‘ |_" . ) I _
Vogsl Sy kel = WLy gad Ly
LA;LJ,' = wem) Ly Ly
) tey
Foz 1,yzY )«-

! f
I_,f_._ Lj’ N = T L-I_'..WJ (‘C.l' L}w -y A;'
. . hi M
L,J/'L.L' N= 3 L’}:p(; & AT )
A A A A AN A A AT




i _{..(? Lli_ﬂL"}_‘u = o(m) L?'aﬁL{-u
Ly
1{ M[W}Lj, )
’L«iy
Pow 1J<.v, yaﬂ :
Ly = <lakepohud by
-
. L}:L_L"P\\] = 'T;l—j;wl(hu{-ﬂ-vl:i-[)
i i f\*Lf A
= w{m™ ‘f;l—J,—u y —V-AF
A e e AL
Ly = wim) =y L¢
Thus in ail cases "‘*
Ly =wemby i L‘:{; A
. " ,
8ince the gemsrators of (_{T J{Lril’::'-'*fiww TV A Wi

a1l thooe [ | ; |i=i--wjoboy ewbematteatsy L =1 . jvi=1---WV
duo to the comstruction (9,23
Smory of Jpportont nolnta

An fncecplote attompt hos been mode to obtein o gonoralisse
tien of tho goometricsl interpretation of Clifford alpobre to

sult demeraliscd CLIffard Alpobra, Rasovokii's ticory of renrosentae
tion of Clifford alpchrao has boon poneraliszed to cbtaln the roe

prosantation of GeCeliyy whieh 4o ci impPovenent of an oarlier
veraion by Alladl Romabeishnon and s cellaborators,
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ls Alladl Smalvishnong Lellotedz Thoory of (rammer of Dieac

Mateicen, Tata-llolpaw Hill Publishing Co, Lbd,, Indla, 1077,
% Allodl Romolzelohman and Jagannathangf, '"Topies in Numerieal
Analysis' Froceciings of the Internatiomal Conforemve on limorlenl
Analy8is, foyal Irdch Lcadeny of Sclences, Dublin 10, B8, by
Hillory Gelley PPRelB0«13D,
3, Jagannothan, Re ond Remganathan, F.R, Beports on Nathematical
Physics J, 101143, 1078,
4 Jpgenmathan, By and Ranganathan, leR.e Aoports on lathamoticsl
Physica (to appecr)
Se llongomathon, H,R, and Jogarmathan, R, Procecdings of the Sacond
International Symocsion om group thooretical lHethods in Physics
198, Univereity of Hijmogon, Tho letherlonds, I, 700041,
Ge Joganmthon, By and Dutt, [,N,V,, Journal of Hathmmaticel and
Physiccl dclomeas, Indion Instituto of Techmology, Modeas
(to apnoar),
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Publishing Company (1968) § DPDe20Ce278,
8, Rasevokii, P.E,y The Theory of Spinors, Amcrican Hath, Soc,
franclations Jorics 8, §, 1-110,(1687),
Do Cfs Dne D00-07C,
0, €5, 8
11, Lipochitz, d,y Unteresunungen uber die summen von (uadroton,
Doen (1220) 4 cf, (16).
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lom also soo Cartan, B, Thoeory of Spinors, Uetmanm, Patrs (2000),
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Proufionthinl, H, Proc, Eon, Akad, Vot Amestondiem Af, S15-622,
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