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Abstract

We divide our study into two parts. In the first part we study the main topic of our
interest, that is same as the title of this thesis. While in the second part we study

a problem related to additive representation function related to sum-set.

For an elliptic curve E over the rationals and a prime p, E,(F,) be the reduced curve
modulo p. For a fixed positive integer N, Mg(N) counts the number of primes p
such that |E,(F,)| = N. Under a well known conjecture regarding primes in short

intervals, the average of Mpg(N) over an appropriate large class C of curves E is

K*(N)
log N

asymptotic to for a constant K*(NV) close to 1. In this thesis, we compute
the average of K*(NN) over N < x. This asymptotic result improves an earlier
result significantly and checks the consistency of the conditional result with other
unconditional ones. Further, we also investigate the distribution of Mg(N), that is
the probability of the event {Mg(N) = ¢} for a fixed integer ¢ and N. For that
purpose, we again take an average of the indicator function of the event {Mg(N) =

¢} over a class C of curves and prove that Mg(N) follows a Poisson distribution on

average with a mean equals to the average of Mg(N) over the same class C.

In the second part of the thesis, we discuss a problem in additive number theory.
Let A ={a; < as < az--- < a, < ---} be an infinite sequence of non-negative

integers and let Ro(n) = [{(7,j) : ai+a; =n; aj,a; € A; i < j}|. We define
k

Sk = Z(RQ(ZZ) — Ry(21+1)). We prove that if the L> norm of S; (= max{S},0})
=1
is small, then the L' norm of % is large.
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Chapter 1

Introduction

In this chapter we shall discuss the background of the problems that we are inter-
ested in and state the results. In the later chapters, we shall have more elaborate

discussions on those results.

1.1 Reduction modulo prime
Consider an elliptic curve
E:Y?Z=X3+aXZ*+ 0273 (1.1.1)

where a,b € Q and discriminant A = —16(4a> + 27b%) # 0. Under a suitable change
of variable of the type X + X/c® and Y — Y/c3, without loss of generality, one
can assume that a and b are integers. Also, if ¢ is chosen in such a way that |A|
is minimal, then the equation is said to be minimal Weierstrass equation. For a
curve E, a prime p # 2 is called prime of good reduction if p A, where A is the

discriminant of the minimal Weierstrass equation for E.

So, if we assume that ([1.1.1)) is minimal form, then the reduction of E modulo p is

11



given by
E,: YzZ:X3—|—apXZQ+pr3, (1.1.2)

where a, and b, are the images of @ and b in F,,.

Here we also recall that the points on elliptic curve over a field k£ gives rise to an
abelian group under addition of points over curves. So, £/Q is an abelian group

and E,/F,, where p is a prime of good reduction for F, is an abelian group.

With these notations, we proceed to define the following prime counting function.

1.2 The prime counting function Mg(N)

Let E be an elliptic curve defined over the field of rationals Q. For a prime p where
E has good reduction, we denote by E, the reduction of E modulo p. Let F, be the

finite field with p elements and E,(F,) is the group of F, points of E,.

It is well known that E,(F,) admits the structure of an abelian group of the form
Z/mZ x Z/mkZ, where m divides (p — 1). We denote such groups by G, ;. The
question related to density of elliptic curve groups among all groups of the form

G has been addressed in [BPS12].

We know |E,(F,)| = p+1—a,(E) where a,(E) is the trace of the Frobenius morphism
at p. By Hasse’s theorem we know that |a,(E)| < 2,/p. The question related to the
primality of £,(F,) has been discussed in [BCD11]. Now, for a fixed positive integer

N, we define the following prime counting function

Mg(N) := #{p prime : E has good reduction over p and |E,(F,)| = N}. (1.2.1)

12



Here we note that the Hasse’s theorem implies
(VB 1)? <N < (VB +1)?
or equivalently,
N~ :=(/N-1?<p< (VN+1)?%:=N". (1.2.2)
This in turn implies that

Mp(N) < VN (1.2.3)

(N+1)

Using Chinese Reminder theorem, it is not difficult to construct a curve F such that

the upper bound in ([1.2.3) is attained.

Also, it is not difficult to prove that
> Mp(N) =n(z) + O(Va). (1.2.4)

To see this, note that when N varies over the range [1,x], Mg(N)’s corresponds to
mutually exclusive sets of primes. But, by Hasse’s theorem the primes are in the
range [N, N*] and hence in the range [z, 2"]. By the same arguments, all the
primes except O(y/x) many in the range [z, 2] appear at least once. Hence each

prime occurs exactly once. Since 7(z) = 7(z™) + O(y/x), the above equality holds.

Consequently, Mg(N) is zero for most of the N’s. Under the assumption that
E,(F,) is uniformly distributed over the range [p~, p*] when E varies, heuristically,

the average order of Mg(N) is expected to be ~ =“%; See equation (4) in [DS13]

log

for more detalils.

Now, we are interested in the behavior of Mg(N) for a fixed N. For a single F,

13



vN
log N

Mpg(N) can range from 0 to as discussed above. So a sensible way to approach

the problem is to take an average of Mg(NN) over a reasonably large class of curves

E.

For a pair of integers (a, b), let E,; be the elliptic curve defined by the Weierstrass
equation

Ea,b:y2:x3+ax+b.

Also for A, B > 0, we define the class of curves C(A, B) by

C(A, B) = {Buy: || < A, b < B, A(Eay) # 0} (1.2.5)

Before we present the relevant results, we need to state the following well known

conjecture related to short interval distribution of primes in arithmetic progression.

Conjecture 1 (Barban-Davenport-Halberstam). Let 0(x;q,a) = > log p.
p<z,p=a(mod q)
Let 0 <n <1 and B > 0 be real numbers. Suppose that X, Y, and Q) are positive

real numbers satisfying X" <Y < X and Y/(logX)? < Q <Y. Then

Y
> (X +Y5q,a) - 0(X;q,a) — mﬁ <Lpp YQlog X.
4=Q 1<a<q q
(a,q)=1
For n = 1, this is the classical Barban-Davenport-Halberstam theorem. Languasco,
Perelli, and Zaccagnini [LPZ10] have proved the Conjecture for n = & + ¢, which
is the best known result. Also, in the same paper [LPZ10], they have proved the

conjecture for n = % + e under the generalized Riemann hypothesis.

Now, under the above hypothesis, David and Smith [DS13],[DS14] proved that

1

Theorem A. Let Conjecture || be true for some 0 < n < ;5. Let 7y be a posi-

tive constant. Choose A, B such that A, B > /N (log N)**"loglog N and AB >

14



N%(log N)**Vloglog N, then for any odd integer N, we have

1 N 1
weAE) 2. Mo = KN gmmio s + Ol )

EEC(A,B)

(1.2.6)

with

- (el
K=l (1 =10 1>>

PIN

11 (1 - m) : (1.2.7)

p|N

where v, denotes the usual p-adic valuation.

NEK(N)

SV can be consid-

Heuristically one would expect this result where the function

ered to be a constant close to 1 for most of N’s.

In [CDKS14], Chandee, David, Koukoulopoulos and Smith extended this result over
all NV.

Note that the above theorem is based on the assumption of Barban-Davenport-
Halberstam conjecture for a particular range. In order to verify the consistency of
Theorem |A] with unconditional results such as (1.2.4]), one needs to compute the

mean value of

NIE(N), which is the main topic to be discussed in the next chapter.

»(N)

1.3 Average of K*(N)

If we denote N(;((jg) by K*(N), then in [MPS14], Smith, Martin and Pollack proved

Theorem B. Forx > 2,

S K(N)=z+0 (10;;) and 3 K*(N) = g +0 (IOZ;:J .

N<z N<z
N odd

15



Using the first part of Theorem[Band Abel’s partial summation one can verify that

Z logN logq; + O<(1ng)2>' (1.3.1)

Then (|1.2.6)) together with gives

Z S Mg ThaY ((10;)2) . (1.3.2)

4,B EGC(A B) N<z

So Theorem |Al is consistent with (1.2.4) as 7(z) = = + O (@) Hence an

average over F in the equation ([1.2.4)) also gives the above equality. Similarly, using

the second part of Theorem [B, we also get

Z % = %W(x) +0 ((logl')Z)

N odd

Here, we note that, a special case of an unconditional result (Theorem 19, [BS09])

by Banks and Shparlinski gives

—1 T
#C(A, B) >, D Mgy(N) ( )"‘OR((logm)R), (1.3.3)

E&C(A,B) N<a
dd

where R is a fixed positive real number. See equation (9) in [MPSI14] for more

detalils.

We observe that appropriate improvements in the asymptotic results in Theorem [B

would give

1 T
AT > ) Mp(N)=m(z)+0 <<1Og x)R) , (1.3.4)

E€C(A,B) N<zx

as well as (1.3.3)).

16



These improvements are contained in Theorem below. This provides further

support to the Barban-Davenport-Halberstam conjecture. We prove

Theorem 1.3.1. Ifx > 2, then

ZK*(N) =z+ O(logz) and Z K*(N) = % + O(log z).

N<z N<z
N odd

To get (1.3.3]) and ([1.3.4)), one can combine Theorem |A|and Theorem by using

partial summation formula. Note the improvements in the error term in (|1.3.4])

compared to the error term in (|1.3.2]).

Before going to the next section, we shall see what special structure the function

K*(N) posses. An arithmetic function F': N — C is called multiplicative if

F(mn) = F(m)F(n) for (m,n)=1.

Although the function K*(NV) looks far from being multiplicative, it can be written

as a product of two shifted multiplicative functions, i.e.

K*(N) = C;F*(N — 1)G*(N) (1.3.5)
where
. _ 1
i = pl:[Z <1 o 1)2) (1.3.6)
o 1\ B 1

r=1] (=) 11 (- 5=vm) 30

(N = Y I N ot
=gl (-5 11 (-popo)- 039

Note that, both F* and G* are multiplicative functions. So the problem reduces

17



to computing the average of the product of two shifted multiplicative functions. In
order to prove the above theorem, we use a new technique to compute the mean

value of fairly general shifted multiplicative functions.

1.4 Shifted multiplicative functions

Let F' and G : N — C be non zero multiplicative functions . Here we are interested
in finding the mean value of F'(n — h)G(n) for a fixed integer h. More precisely, we

consider

1
My (F.G) = — ; F(n — h)G(n). (1.4.1)
A lot of work has been done to find the asymptotic behavior of M, ,(F,G) un-
der various conditions, (see for example [CSO01], [Kat69], [SSO07], [Ste97a], [Ste97h],
[Ste01]). In many of those cases, the functions are required to be close to 1 on the
set of primes. In some cases (for example [Kat69]) convergence of suitable series

involving F' and G has been assumed.

When the functions grow fast, then the problem becomes more difficult. In [EI90],
divisor function and other fast-growing functions are discussed. M,(¢,®), corre-

sponding to the Euler totient function ¢(n), has been studied in [Ing27] and [Mir49).

Here we consider this problem for a wide class of functions with generalized growth
conditions. The types of functions that we consider in Theorem need not be

multiplicative. But they can be written as

F(n)=A(n)) _f(d) and G(n)=B(n)Y g(d), (1.4.2)

18



where
i @ Z ol o (1.4.3)
d=

1

Further, we assume the existence of two function M (x) and E;(x), such that for any

positive integers a and m,

S° An— h)B(n) = —M() + Ou(Ex(2)), (1.4.4)

m

where the main term M (z) depends only on z; and not on a and m; Also the implied

constant in the error term depends on h only.

We show that, under the above conditions, one can prove an asymptotic estimate
of M, n(F,G). Further, in order to write the error term explicitly, we introduce two

suitable monotonic functions E;(z) and Es(z) such that

> 1fd > le(@) Es(x)). (1.4.5)

d<z d<z

With these notations, we state the following theorem.

Theorem 1.4.1. Let F' and G be two arithmetic functions, satisfying ,

(1.4.9), (1.4.4) and , where f and g are multiplicative. Suppose there is
a0 < ¢ < 2 such that for any large positive real number y, E;(2y) < cE;(y) for

i =2,3. Then for any fized positive integer h,

5 Fn = WG() = G ) + On (Bu(o) Eao) ) + On 5= PN (o) + 1o ).

n<x

(1.4.6)

19



with

-1 (HZ f(pj);;g@j)) |+

P j>1 plh »(1)

where S,(p*) == . %, for i >0 and the implied constant in the error

min{ey,ea}=1
term depends only on h.

Before proceeding further, we shall note down some application of the above theorem
apart from its application on the function K*(N) defined above. One can directly
apply it on classical Euler’s totient function ¢ and Jordan’s totient function J; . See

[ES51] and JAS90] for more on the error term related to ¢ and J.

Corollary 1.4.1. (a) If ¢(n) is the Euler totient function, i.e. ¢(n) =n][(1—1/p),

pin
then for any positive integer h < x,

S om)o(n —h) = 28 (1 - ]%) [10+ ) + O(ha?(log ).

2
3 o pr=2)

n<x

(b) If Jp(n) is the Jordan’s totient function, defined as Jy(n) = n*[[(1—1/p*), then

pln
for k > 2 and a positive integer h < x,
T d(n —m) = T - 2 1 ! O(haz?*
2 () in >—2k+11;[< ‘WH T gy ) OB,

Part (a) of the previous corollary is as strong as the best known result which was
due to L. Mirsky [Mir49]. While the result related to Ji(n) in part (b) appears to

be the first of this kind.

Now, we discuss the original expression of K (V) as defined in [Theorem 3 ; [DS13]].

20



We denote it by K(N). It was defined as

(1.4.7)

where v, denotes the usual p—adic valuation, N, := z% denotes the p—free part
of N and (%) is the quadratic residue symbol for a modulo p.
This function cannot be written as a product of two shifted multiplicative functions.

In [MPS14], the mean value of K(N) over odd N has been computed. Using a

different method, we prove an average of K (N) over all N up to z.

Theorem 1.4.2. For x > 2,

ZR’(N) =z + O(log x).

N<z

In [MPS14], Smith, Martin and Pollack also computed a similar average of K (N)

x
log z

over odd N’s with an error term O ( > Although the function above in the main
theorem does not have any relevance to any any natural question, the main reason
to prove this theorem separately, is to show that Theorem |I.4.1 can be useful, even

when one of the shifted functions is not multiplicative.

In Chapter 2, we shall continue the discussion on the above mentioned functions

such as K*(N) and K (N).

In the last section of this chapter, we come back to the distribution of the function

as defined in [L2.11

21



1.5 Distribution of Mg(N)

In [Kow06], Kowalski raised a question related to the behavior of sums of the type

> Mp(N)" and Y Mg(N). (1.5.1)
N<l«zx N<Zz
Mpg(N)>2

To answer this question, we focus on the distribution of the function Mg(N). In
other words, if NV is a fixed integer and F be any arbitrary chosen curve from a large
class of curves, then what is the probability of the event {Mg(N) = ¢}, where ¢ is

a given positive integer.

Under the assumption that primes are randomly distributed and reduction modulo
two different primes are two independent events, from Theorem |1.5.1}, one would

expect the event {E € C : Mg(N) = ¢} occurs with a probability ~ But

1
(log N)*~

such a result is possibly going to be dependent on assumption such as the one
assumed in Theorem [1.3.1 As before, by taking the average over a class , we can

get the following unconditional result.

Theorem 1.5.1. Let C(A, B) be as defined as in and N be a positive integer
greater than 7. If L be a positive integer and y > 0, such that A, B > N%/?(log N)'*7

and AB > N3F/2(log N)?*7 for some v > 0, then for 1 < { < L

14

weom, 2,0 (g, 2, 00 ) (40 ()

EEC(A,B) EEC(A,B)
1
+O0 | —/=———— |
N7z (log N)v

Mp(N)=¢
where the ‘O’constant in the last error term is independent of .

22



From [Theorem 1.7, [CDKS14]] we also have

1

N loglogN)
— Mg(N <<—:0<— , 1.5.2
#C(A,B)EEQZA’B) 5(N) o(N)log N log N (15.2)

for large enough A, B.
Now we know that if Xy ~ Poisson(\y), for N = 1,2,---, then the probability

mass function of Xy is

{, —AN
Fea(0) = % for £=0,1,2,---

If we take Ay = > Mg(N), then in view of (|1.5.2)), one can see that if L

E€C(A,B)
is large, then on an average Mg(N) follows a limiting Poisson distribution with mean

1
#C(A,B)

mEeCZA B)ME(N) as N — oo. The integer L in Theorem|1.5.1}is introduced to

ensure the finiteness of the class C(A, B).

One can immediately see that if one also assumes Conjecture [1} as in Theorem [4]

¢
then the right hand side of Theorem |1.3.1|is asymptotic to % < ¢gvl)(fé\gf)]v> .

Further, one can think of the following generalization of the quantities defined in

(1.5.1)), namely

— Z Z ME (1.5.3)

EGC Mg(N
N<$

for two non negative integers r and .

Proving an asymptotic for (1.5.3)) would provide a possible answer for Kowalski’s

question related to (|1.5.1)).

Before stating our result related to (1.5.3]), we shall introduce a sequence of con-

stants {C'(m)}>_,, where C'(m) corresponds to the m—th moment of the function

23



NK(N)/¢(N) where K(N) as defined in (1.2.7)). More precisely,

fm(p)z%[ 1<pm;1>2>m((1 m<p1>1<p+1>)m+ (#Y(lp(pll))mz ‘2]
G5) 0-5=) o ((-m=n) - (-5mn) )
(1.5.4)

It is easy to check that C'(1) = 1. It seems difficult to simplify the expression when

m > 1.

Also, for two integers r < ¢, we construct a sequence {dg,(m)}5°_, as follows.
m k(=1 m—k
dpp(m) =) e i (1.5.5)

Here we note that dy,(¢) = 4; Also di (1) =1 and dy 1(m) = 0 for m > 2.

With these notations, our next theorem is as follows.

Theorem 1.5.2. Let r and ¢ be two positive integers with r < (. Also sup-
pose 1 be monnegative integer and s is a positive real number with 1 + v; < 7.

Now if C(A, B) be defined as in with A, B > mﬁ%(logx)l”ﬂ2 and AB >

24



3(4+"/1)

x (log z)?T¢2 | then for any positive real number x,
L+7 X
RS 2 M) =X Comm)Linte) +0 (o )
EGC N<z
Mg (N)>¢t

where C(m) and dy,(m) are defined in and respectively and Liy,(z) =

fQ (log t)ym dt.

If we focus on the right hand side in the above theorem, we observe that the high-
est order term, as a function of z, corresponds to the contribution coming from

{Mpg(N) = (}. This contributes a factor ¢", along with the 4 as stated in Theorem

1.5.1, Also the constant C'(m) is the m’th moment of qué%/), which is defined in

Theorem [Al

Further conditionally as in Theorem [A] one has

Theorem 1.5.3. Let Conjecture! be true for some n < % Also, let v1 be a

non negative integer and vo > 0. Now if A,B > ot "(log z)'+*2 and AB >

()
2 (log z)?T42 | then for r < {

Z Z Mgp(N)" = :thm(m) (qf]\f)%)m +0 <¢(N)#g]\f)l+@m

4, EEC(A B) Mg (N)>¢

where C(A, B) is as before.

Remark 1. Let H denote a (-tuple of distinct integers and vy (p) is the number of
residue classes modulo p represented by elements of H. Suppose vy(p) < p for all
prime p. Then the Hardy-Littlewood conjecture states that the number of integers

n < x such that n+h is prime for each h € H is asymptotic to S(H)xlog™" z where

co-m(-2) ()

p
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S(H) is called the ‘singular series’. Recalling the fact that dy . (¢) = we note that

Vi
oo
Theorem 15 somewhat similar to the prime {—tuple conjecture except for an

extra %, which comes from the permutation of a {—tuple.

2

In Theorem and Theorem[1.5.3, the parameter 7; is introduced to express the
smaller order terms with precise constants. Further, in Theorem[1.5.3, the implied

constant in the last error term is independent of vs.

In Chapter 2, we first give a proof of Theorem and Theorem [1.4.1 We shall
see that Theorem|1.4.1]is a straightforward application of Theorem|1.5.1 The proof
of Theorem is somewhat more technical. We first show that the average K (N)
equals to an average of a ‘nice’function of the type that is defined in Theorem|[1.5.1

and hence just average that ‘nice’function using Theorem |1.5.1]

While in Chapter 3, we produce a brief survey of the machinery that has been used
in problems similar to the one discussed in Section 1.5. We give a brief sketch of
the proof of Theorem [Alas done in [DS13]. In the last part of that chapter, we shall
show how one can modify this method to get Theorem[1.5.1 We also complete the

proof of Theorem and Theorem [1.5.5 is the same chapter.

Since the final topic of our thesis, which is on the monotonicity of additive repre-
sentation function, is somewhat different from what has been explained above, we

leave the full discussion on that for Chapter 4.
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Chapter 2

Shifted multiplication functions

One of the classical way of approaching the sums of the type > f(n), where f is

n<x

an arithmetic function, is to replace f(n) by > g(d). In that case the expression

din
becomes
D f)y =) > 9(d)
n<x n<z d|n
=3t (5+0om)
=30 (Z |g<d>|)
d<w d<z
2y ¥+0 @Z#ﬁ) +0 <Z\g(d)|>
d=1 d>z d<z

If one can assume that the last two terms are indeed error terms, then it is all about

computing > %i).
d>1

We know by Mobius inversion formula,

) =3 g(d) <= g(d) = 3 pld) f (di) ,

dn di|d
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where p is the Mobius function defined by

() (—1)™,  where d = p1ps - - - pm, pi’s are distinct primes.
/1, =

0, else.

Further, if f is multiplicative, then g is also multiplicative and vice versa. In that

case

= g(d) 9p) 9 ,
ZT_H<1+ P2 )

d=1 p p
Here note that, we are assuming convergence of the sums in many occasions. Also,
it is not clear what happens if f is not exactly multiplicative and slightly different

from that.

In [Luc79], Lucht showed the existence of mean values M(F) = lim 1 3~ F(n) for

=00

k
arithmetical function F' : N — C defined by F(n) = []fi(L«(n)), where the f;’s
=1

under consideration are multiplicative and satisfies

fi(p) — 1

< 00. 2.0.1
p (2.0.1)

fl <1 and >
p

Li:n— %(ﬁtn + ;) are linear form with o; € Z, (3;,) € N2. This convergence
condition is the main reason why many of the results, as discussed in Section 1.2,

assume the condition of f;’s being close to 1.

In [Mir49], Mirsky discussed a simpler version of the above problem. To be more

precise, he considered the sums of the type

D filn=ha)fo(n = ho) -+ filn — hy), (2.0.2)

n<x

where each f; are multiplicative and satisfy certain general conditions, whose under-

lining ideas are somewhat similar to ours. He was able to show that the (2.0.2)) can
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be asymptotically estimated with small enough error term. Note that the functions

fi are need not be close to 1 in his case.

In this thesis, we consider functions F' and G which are close to some ‘smooth’
functions A and B such that £ and & are close to 1 and A(n — h)B(n) should be

nicely summable on every arithmetic progression. To make this more precise, we

shall first recall the conditions (1.4.2), (1.4.3), (1.4.4), (1.4.5)) as stated in Chapter

1 and see how such conditions can be useful. We restate the conditions as follows.

F(n)=A(n))_f(d) and G(n)=B(n)Y» g(d), (2.0.3)

dln dln
— | f(d)] — |g(d)]
; T < +oo, and dZ; 7 < +00. (2.0.4)
> |f(d)| = O(Ey(x)), and l9(d)| = O(E3()). (2.0.5)
S A(n—h)B(n) = %M(az) + Ou(Br(2)), (2.0.6)

nEa(nTod m)

Now if % = g f(d) and % = >_4n 9(d), then changing order of summation,

we shall arrive to the equality,

Fin=h)Gn)= Y f(d) Y gld) > Aln—h)Bn).

d§$—h dl SZ‘ n<z
(d,dq)|h n=0 (mod d1)
n=(0mod d)

So to proceed further, we assume (2.0.6)), i.e. the existence of a good estimate of

the sums of the type Y>> A(n—h)B(n), where the main term is independent

n<x
n=a mod [d,d]

of a.
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With these conditions, we compute the main term of )  F(n — h)G(n) explicitly.

n<x

The additional condition of f and g being multiplicative in Theorem [I.4.1]is only
required to get an Euler product form of the constant C}. Also, note that if % is
multiplicative, then by mobius inversion formula, f is uniquely determined. Further,

the convergence conditions, such as (2.0.4)) are automatically satisfied.
In the next part we structure the above discussion to a proof of the Theorem|1.4.1|
2.1 Proof of Theorem |1.4.1

Using ([2.0.3)), we have

Y Fn—h)G(n) =Y Gn)An—h) >  f(d)

n<z n<z dln—h
=Y fd) > G@An-h
d<z—h n<x
n=h(mod d)
= > fd) Y Aln-hB®n)) gd)
d<z—h n<z di|n
n=h(mod d)
= > (@) D gld) Y. Aln—h)B(n)
d<z—h di<z n<zx
i hemhmod )

If (d,dy) | h, then using the Chinese remainder theorem ,

n = 0( mod dy)
<= n = a( mod [d, d;]) for some a.
n = h( mod d)
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By (2.0.6)), this equals to

= 3 f@ 3 gl (A2 4 ou(man).
B (d.dp)|h
st S

Now, using the fact (d,d;) < h, the d-sum and d;-sum can be extended to oo to get

(d,dy)[h

with an error term,

1<d<+4o00 di>x d>x h di1<z

Now note that

/()] /()| /()] /()]
) D D D D D Dl
d>z r<d<2z 2r<d<4x 4r<d<8x
x 2z 4z
< Eix) (c+c/2+E/4+c/8+--)
< 2c EQ(JT)
T 2—-c =

Similarly > |9(ddll)| < 2o B

x
di1>x
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Then by L),

+0 (32 BN g1+ rE3<x>|>) @12

We now express »_ [eld)ddr) og ap Buler product.

ddy
d,dy
(ddy)|h

Let T be a multiplicative function, defined on prime powers by

f(pel)f(pe2)
T( k’) _: Sp<pk> _ min{ei,e2}=k b '
Sp(1) e

min{e1,e2}=0

Then, we claim that

f(d)g(di) J(d)g(dy)
> dd1 D _ Z ddl 23 (2.1.3)

ddl) l ddl

To prove this, note that

Zf ddl HS o HS

(d,d1)= 1

where S,(p') := > L)) ~for > (. This follows from expanding the

pel +eg
min{e1,ez}=i

product from the right hand side.
Similarly,

fld
de

(dydy)=

d1 HS
p

Hence, dividing the two quantities, (2.1.3]) follows.

1
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Now

fd d1 (d,d1) f(d)g(dr)
Z ZE Z dd1

d,dy oh (ddy)=
(d,d1)|h
f(d)g(dr)
= ET .
=2 Z ddl
olh (d,dy)=

Since T' is multiplicative, the right hand side equals to

= ( Z % H<1 +pT(p) + - + p»MT(prM))
(

dy
d,dy)=1 plh
3 fo)+gp)  fP*)+9(p?)
- 1;[ (1 Ty TR " ) "

H (1 +pT(p) + -+ pr(h)T(pr(h))) :
plh

which proves the result. O

Before going in the proof of Theorem [1.5.1], we try to see how the above result can

be used in practice. For that we recall Corollary[1.4.1] from Section 1.4.

In the first case of the Corollary, we need to estimate Y ¢(n)¢p(n—h) where ¢p(n) =
n<x
n]] (1 - —) In this case we choose A(n) = B(n) = n and hence F(n) = G(n) =

pln

I (1 — —> So we have
pln
1, ifk=0;
F) =90") =q -1 itk=1;
0, else.
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Now,

Z A(n—h)B(n) = Z n®—h Z n

n<z n<x n<z
n=a( mod m) n=a( mod m) n=a( mod m)
1 3 2
= —z° + O(mx + ha”).
m

Also, the convergence conditions such as Z% < 400 and Z% < +oo are
d d

satisfied.

While for the Jordan totient function Jy(n) = n*[] (1 — ), one takes A(n) =
pln g
B(n) = n*. The remaining computations are similar to the ¢ function case discussed

above. As another application of the above theorem, we shall give a proof of Theorem

[7.31in the next section.

2.2 Proof of Theorem [1.3.1

Recall that, K*(N) = C5F*(N — 1)G*(N) where C3, F* and G* are given as

a5

o B t) )
G*<N>%g(1ﬁ)lpﬂjv(1m)‘

Now following the notations of Theorem|1.4.1, A(n) = B(n) = 1, and hence M (x) =

2 in this case.
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Also, if we set

£ (m) = S () (m/d) 22.1)
dlm
and
" (m) = ()G (m ). 2:22)
dlm

then f*, g* are multiplicative functions. So it is enough to compute the values on

prime powers. It is straightforward to check that

(

1, ifk=0

Y=< 1/p+1)p-2), ifk=1
0, else.

L 1, ifk=0

g (") =
(p—-1/p*p—-2), ifk>1

—1/3, ifk=1
fr(2h =
0, if k>2
.ok 0, fork=1
9 (2") =
1/2F1, if k> 2.

First, we shall compute the error terms F1(x), Ey(x) and F3(x) as defined in Theo-
rem [1.7.1]

It is easy to see that Fj(x) = O(1).
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Now,

Bx(x) = > _1f"(d)]

d<z

<I[a+r®+re)+-)

p<z

1
< [[Q+Gﬂjﬁgjﬁ)

2<p<z

— O(1).

Also

If p is an odd prime,

1++Zoz>f*(pi);;g*(pi) :1+1/(p+1)(p_2)_;(p—1)/p(p_2)—|—§:;
B 1 p—1 1
_1+p(p+1)(p—2)+p_2p2_1
_(p—1)
p(p —2)
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Also

1+Zf*(2i);9*(2i) _ H@JFZ#:L (2.2.4)

Since C§ = p];IQ (1 — ﬁ) this completes the proof of part (a).
To prove part (b) of the theorem, we may assume that G is supported on odd integers

only. Hence G(2%) = 0 for all k > 1. In this case

-1, ifk=1
g (2F) = (2.2.5)
0, ifk>2
This gives
— f1(2) +97(2) (=1/3) +(=1)
1 A =1
* ; 2 - 2
1
=3
This proves (b). O

2.3 Proof of Theorem

Next, we focus on the proof of Theorem . In Theorem , the function K (N)

under consideration is not a product of two shifted multiplicative functions. Hence
the proof of the theorem is not as straight forward as the last one. Our main idea

is to replace the function K (N) by a simpler function while averaging.
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Recall that

K(N) = G3F*(N ~ )G} (N),

(2.3.1)

where F*(N) is defined as in ((1.3.7)) and

0= ST ) T ) L (1 )

p\>1\27 pZJIN P;HN
(2.3.2)
We write G (N) = G5(N)G5(N), where
N 1o\ 1
- STl ) L)
O(N) iy (p—1) i p(p—1)
and
-N
r—(5%)
G3(N) = 11— ——7—= 2.3.3
3(V) qN (1) (2:3.3)

Then G735 is multiplicative, but G7 is not. Write

G5 (V) = 37 400,

IIN

Then, if p # 2,

.
1, if k=0
(p=1) e _

—~, if k=1
g<pk): p(p 21) .

m, lfl{?:28,821

L —m, lfk:25+1,821
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and
1, ifk=0

0,ifk=1

21%2, ifk=2s,5s>1

—5er, fk=2s+1,5> 1.

Our claim, which is motivated from a similar idea in [MPS14], is that the whole

computation of >  F*(N — 1)Gj(N) remains the same even if we replace <_;V" > in
N<x

G5(N) by its expected value 0 for every prime. To make this rigorous, define

- 11 (- s)

p**(IN

For any d, | with (d,l) = 1, we claim that

Y GIN) = > GiN)+0(). (2.3.4)

N<z N<z
N=1(mod d) N=1(mod d)
N=0(mod ) N=0(mod )

In fact,
* p
> W= > 1 (1= =5
peti(p —1)
N<zx N<zx p2e||N
N=1(mod d) N=1(mod d)
N=0(mod ) N=0(mod 1)
N,
B Rt (RN & 5 1) B
a T 2a(y 200(my ’ e
NZo  prein pep—=1  p*p-1)
N=1(mod d)
N=0(mod 1)

From now on [y, ls, 3 are mutually co-prime positive integers. we define the following

notations

o) =[]’ -1)

PPl
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and

lg:Hp.

plls

Now if w(m) denote the number of distinct prime divisors of m, then with these

notations, (2.3.5) is equal to

_1)w(2) 272 _1\w(l2) _
v CUMAGER L g (D0 g (i) (23.6)

272 / 272
hi33<e vllts) BiE<x 30 (1303) I 3
111312=1(mod d) QZélél%gz
111212=0(mod 1) 111313=1(mod d)
23 111312=0(mod 1)

We replace (=2 ) by 1, for I} = 1, in the last summation. Also in case of I > 2, the
A y 3 3

condition (l1,l3) = 1 is taken care of by <_Ti1)

Hence ([2.3.6) can be broken into two parts, namely S(x,(,d) and E5(z), where

I
1113<a
1113=1(mod d)
1113=0(mod 1)

and

By(r)= % 2. <_’ll)'

1212<z 1 3
) — 212<y
(Ig,13)=1 lllg 3>
1h>2 111312=1(mod d)

111312=0(mod 1)

If we rewrite G as



then it is easy to check that

S GN) = S(a,1,d).
N<zx

N=1(mod d)

N=0(mod )

For Fs(x), note that the congruence relations in the last summation of Ej(z) have
no solution unless (lol3,d) = 1. So if Iy and I3 are fixed with (l3l5,d) = 1, then

the congruence condition on the last summation of Ej(z) is equivalent to [; =

b( mod dly), for some b, where [y = Also the condition (l3,l5) = 1 gives rise

!
W33)”
to ¢(ly) residue classes module l,. While if (Iy,13) > 1, then <;ll> = 0.

Iy

Combining all of them together gives the following residue classes
ll = ai( HlOd Md7l7127l3), Z = 1, 2, e ,gb(lg)

for some ay, as, -+ ,a40,), With Mg, ,1, = dlola. Note that (Mg, ,,,05) = 1 in this

case.

Then for each fixed a;, the set {a;, a; + My, 1s, @i + 2Mapiyis, -+, a; + (I —
1)Mgy4,1,} runs over all possible residue class module [5 exactly once. Now, if

It > 3 is odd, then we know that

Also, if 1§ is even, then (Mgy,.,,405) = 1. In this case {a;, a; + My, @i +

2Maigyts, -+ 5 @i + (405 — 1)Myy 4,1} covers every residue class modulo 475. Since

(5) is a character modulo 8, we know for even [},

41—1
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So, in any case,

_ll
/
§ : < I :O(l2l3)-
I 3

11312<2
lll%lg_l(mod d)

111312=0(mod 1)

Hence,

1
E =0 —
=00 2 e
(I2,13)=1
—o(Y e Y
= VB) = UB)
lo
-0 _2
(2 5
1
— O )
Zzgzﬁ (k)
=0(1),

which proves the claim.

Now with these notations, where f*(d) is as in (2.2.1]), we have

STV - DGHN) = S GHN) Y f ()

N<z N<z d|IN—-1
=Y f(d) ) GiN)
d<z—1 N<zx
N=1(mod d)

= [@ Y, GyN)GIN)

d<z—1 N<z
N=1(mod d)
=D D Y G e
d<z—1 N<zx IIN
N=1(mod d)
=D f@) 9 Y, G
d<z—1 <z N<zx
(1,d)=1 N=1(mod d)

N=0(mod 1)
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Now, using we get

DOFN-DGN) = Y () Y el Y G +O0( Y @] Y 190N

N<zx d<z—1 <z N<z d<z—1 <z
(1,d)=1 N=1(mod d) (1,d)=1
N=0(mod 1)
= > [@ Y, GyN)GIN)+O(logz)
d<z—1 N<zx
N=1(mod d)
= Z F*(N —1)G5(N)G3(N) + O(log x). (2.3.7)
N<x

But G%5(N)G;(N) is nothing but the G*(N), which has been defined in (1.3.8)). Hence

the Y K(N)-2 5w equals to > K*(N) up to an error O(log z). Then Theorem|1.4.2

N<z N<z

follows from Theorem [1.31l O
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Chapter 3

Poisson distribution of Mg(N)

The primary goal of this chapter is to present the proofs of the theorems stated in
Section 1.5. But before going into the proofs, first we are going to understand the
approach for these types of problems and the machinery that are needed. To do

that, we first introduce the required notations and definitions.

3.1 Notations and preliminaries

Let

E=E.: ' =2"+ar+b and B =Eyy:y*=2"+dz+V

be elliptic curves defined over a field k. An isomorphism v : F — E’ is defined
by an element u € k* such that a’ = ua and ¥ = u®b. An automorphism of E is
defined to be an isomorphism from E to E. We denote the isomorphism class of

by E. Also E ~ g implies that £ and F’ are isomorphic by an element u € k*.

Now, if £ = F,, be the finite field with p elements, then it is not difficult to check
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that
6, ifa=0andp=1 (mod4)

|Aute,(Eap)| =4 4, ifb=0and p=1 (mod 4)

2, else

For a negative discriminant d, the Kronecker symbol x, is defined by xq(n) = (4).

n

Note that x4 is a multiplicative character modulo d. Let L(s, x4) be the L—function

corresponding to yy4 define as

L(s, xq) == Z XC;(?> for s > 1.
n=1

Since d is not a perfect square, y, is not a principal character and hence L(s, xq)

converges at s = 1.

Let D be a negative discriminant. The Hurwitz-Kronecker class number of discrim-

inant D is defined by

h(D/f?)
H(D) = e
D/fQ—J%)m d 4) W(D/f )

where h(d) denotes the usual class number of the unique imaginary quadratic order

of discriminant d < 0 and w(d) is the size of the unit group.

Also by class number formula [p. 515, [IK04]],

hd) Vd
m = gL(LXd)

This in turns gives,
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H(D):= > gul,)@/ﬂ) (3.1.1)

f3D
D/f2=0,1 (mod 4)

First we shall see how the class number is related to our problem. The answer is

the following well known theorem due to Deuring|Deud1].

Theorem C. Let p > 3 be a prime and t be an integer such that t> —4p < 0. Then

1
S L _hey),
£ [ Aute, (E)

ap(E)=t

where the sum runs over the Fy-isomorphism classes of elliptic curves with fized

trace t.

Now, if |[E(F,)| = N, then a, = p+1—N. In that case (t>—4p) = (p+1—N)>—4p =
(N +1—p)*—4N. We denote it by

Dy (p) == (N +1—p)*> — 4N, (3.1.2)

Also, recall that N* := (v/N + 1) and N~ := (VN — 1)2.

So, by Deuring’s theorem we get

HON) = Y Autj o (3.13)
E/F, P
|E(Fp)|=N

where the sum is over the Fj-isomorphism classes of elliptic curves.

Next, we see how the right hand side of (3.1.3) relates to a sum of the type
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Y. Mg(N). Basically, one replaces Mg(N) by > 1. After a change in

EeC(A,B) p prime
Ep(Fp)=N
summation, this comes down to computing . > 1.
P EEC(A,B)
Ep(Fp)=N

Now the counting in the last summation can also be done in two steps as follows

> > !
B/F, E€EC(A,B)
E(Fp)=N E=pE

where the first sum runs over the isomorphic class of curves over F, with the group

order is N.

#C(A,B)
| Aut, (E)]"

The last sum is ~ Then from Deuring’s theorem, the denominator gives

rise to the class number H(Dy(p)). So finally it comes down to computing the

average of the type Y. H(Dn(p)).

N—<p<N+t
In [DS13], this is the main idea behind the proof of Theorem[4] as stated in Section
1.2. David and Smith were able to compute an asymptotic for >, <p< N+ under

the assumption of Conjecture [1]

In the remaining part of this chapter, we are going to adopt the above approach to

complete the proofs of the theorems stated in Section 1.5.

In the next section, we state some required results related to short interval averages

of the function H(Dy(p)).

3.2 Estimation of class numbers

In our proofs, we are going to use various estimation of H(D). Importantly, most
of the required results related to H(D) has already been proved in [DS13] and

[CDKS14]. We state some of the results as follows.
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Proposition 3.2.1. Fiz R to be a positive integer. Then for x > 1,

LYY #0ne) - e <

1<N<z N-<p<N+ ¢(N)log N

The above proposition has been proved in (Theorem 1.8, [CDKS14]).
Note that, on the left hand side of Proposition|3.2.1, p ~ N and |Dy(p)| < 4N.

We also prove the following lemma

Lemma 3.2.1. Let N be a positive integers and N~, Nt and H(Dy(p)) are defined
as before. Then

(a)
Y. H(Dx(p) <

N—<p<N+

#(N)log N’

(b) Also for k > 2,
> H(Dx()" < N7 (log N)**(loglog N)".
N—<p<N+t

Proof. Part (a) essentially follows from [Theorem 1.7, [CDKS14]]. Also see [DS13].

To prove part (b), we recall that

H(DN(p)) = Z ML(]'?XdN,f(p))

2
1D (0) mf

D]f\_riép)zo,l( mod 4)

where dy ¢(p) = D’}Y—z(p).

Now |Dy(p)| < 4N in the above range of p. Also L(1, x4y ;) < log N using
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convexity bound. Further, using the fact that Zé < loglogn, we get
din

V/N log N
3 v og v

H(Dn(p)) < 7

f?1Dn(p)
Df}/iép)zo,l( mod 4)

< VN log N loglog N. (3.2.1)
Then, (3.2.1) along with part (a) completes the proof. O

Probably a stronger bound for the second part of the previous lemma could be

proved. But for the purpose of this paper, this result is sufficient.

3.3 Curves with fixed order modulo primes

We first recall the following lemma [Corollary 2F, [Sch76]]:

Lemma 3.3.1. Suppose p is a prime. Suppose g(x) = a,x"+- - -+aq is a polynomial

with integer coefficients having 0 < n < p and p 1 a,. Then
— (g
1
1D e <7) | < (n—1)p2.
=0

From now on E,; will denote the elliptic curve given by a Weierstrass equation of the
form y? = 2® + sz + t. Also note that, if the corresponding field is of characteristic
different from 2 or 3, then any isomorphism class of curve can be represented by one
such Weierstrass equation. By Esvt, we denote the isomorphism class of Ej;, over
the field of definition. If p is a prime, then E, =, E~s,t represents an isomorphism

over the field F, between the reduced curve £, and the representative E;; of the

class E,;. With these notations, we state the following result

Proposition 3.3.1. Let {p;}{_, be a set of { distinct primes in the range [N~, N*|
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and {Esi,ti/l:pi}le be a set of isomorphism class of elliptic curves over corresponding

fields F,,’s. Then for the class of rational curves C(A, B) as defined in ,

N 4AB +
#{Ec€C(AB): E, =, Es. f0r1§i§€}— | | <|Aut E t)|) + &(A,B,N)
Pi Siyli

(3.3.1)

where

AB
8(ABN)<<W+N2(logN AH\/_+BH\/_N2logN
s$;=0

Proof. We use a modified version of the character sum argument used by Fouvry
and Murty (p. 94, [FM96]). First, subdivide the interval [—A, A] into intervals of
length p; - - - pg, starting from [—A, —A + pips ... pe]. The last one is denoted by .A.

Similarly for [—B, B], with the last one as B.

Note that, for a isomorphism class Es,t, the number of elliptic curves FE, over F,

such that £, =, E;; is %. This is due to the fact that the isomorphisms are

given by u € F} by (s,t) — (u's, u't). Out of p—1 = |F| such us, only |AutE o of

6

them gives rise to distinct pairs (u's, u®t) or distinct curves Eyas w0t /Fp. Now, using

the Chinese remainder theorem, we get

#{Fe€C(AB): Ex, E,, for1<i</(}

- L?l?%pj {pf?m} ﬁ (IAJZ%O

+{ 2A }#{(ul,---uz)eme - x Fp, : tuf € B(mod p;), V1 <i < (}
prep HZ 1 ]Autpl(EZ 2)
N [ 2B } #{(ur, - -wp) €Fy X -+ x Fp, i s;uf € A(mod p;), V1 <i < £}
Lo Pe Hle |Aut,, (Es, +;)
N #{(ur,- - up) € Fyy x -+ x By, o suf € A(mod p;), tiuf € B(mod p;), V1 < i < (}
ITiy [Auty (Bq.)

ro2E o), (33.2)
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where the last error term comes from the rational curves of the form Ej, .1 4 ,6,6.
10 1+

Now from the fourth term on the right hand side of (3.3.2),

#{(u1, - -up) € Fp, x - Fp, : s;ui € A(mod p;), tiud € B(mod p;), V1 < i < 0}

R e(i:hlsu—a—l—gz(tu—b))’

- Di
(hl, she) (91, ,90) (i, up) (a,b)EAXB i=1
0<h;<p; 0<g;<p; 1<u;<p;—1
1<i<e' = 1<i<¢ 1<i<t

(3.3.3)

where e(x) = 2™,

When (hla ahf) = (07 e 70) and (gla ’ 795) = (07 T ,0), the R.H.S of "
gives a contribution equal to |A||B| H (p”l) If || @ || denotes the distance between
« and its nearest integer, then using the fact that A and B are intervals, the con-

tributions corresponding to (hy,--- ,hy) # (0,---,0), (g1, -+ ,9¢) # (0,---,0) are

bounded by
1 h hell” -1
ﬁ Z Z el I ﬂ+...+%
PP, . A0..0) g1 )2 (0,00) P pelllip pe
0<h;<p;— 0<g;<p;—1
1<i<t 1<i<t
1
X d L) ). (3.3.4)
(3 (et

This follows from the fact that > e(an) <|| a ||7!, where I is an interval.
nel

Now, if h;g; is different from O for all 7, then using Lemma|3.5. 1,

pi—1 4 6
Z hisiu; ity
e( siu; + g uz)§5\/@-

u;=1 Pi
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If hiy ,hiy, -+, h;, are zero and other h; are non zero, then

- P1-Pe
LI b T M
(pl .. pé) (hpse shg) (0, 0) P1 De Diy * D,
0<h;<p;—i
1<i<t

hiy=hiy="=h;, =0

A similar result holds for g;’s. Without loss of generality, we may assume that

pi > 2%, In that case (3.3.4)) is

O(v/p1 - pelog(pr -+ pe)?).-

Similarly, considering contributions corresponding to (hy, -+ ,hy) = (0,---,0), (g1, , g¢) #
(0,---,0), as well as (hy, -+ ,he) # (0,---,0), (g1, ,90) = (0,---,0), (3.3.3)

equals

AIBITT )+ 02 tog -+ TT 00 TT Vi)

2
Pi pLeceDe o i

+ 02 tog(pr ) [T @) TT o) + O peloner - )"

(pl . 'pe) =0 5170

(3.3.5)

Proceeding in a similar way for the second and third term in the right hand side of

52



(13.3.2), we get the following

e E . [ 24 9B 1+ p—1
#{E€C(AB): E=, E, , for1<i</(}= { ”pj { } 11 (—|Autpl( o 1))
24 e 1 [ ‘ Pi — 1
2B : 1 [ = Di — i
+ {plmm] 11 At (B _!Alg Lo ((Hp> (L[()W) log(pl-.,pe))
g1 A
L)) (C= >+O<ﬁmg Hp t];[oﬂpm
+ O tog(on ) [T 00 T] o)+ Ot -1
b1 pe) 520 5120

By combining the terms together, we get

4AB pi— 1
#{E AB): Ex, B, for 1<i</(}=—"— TAut. (E. )
{ GC( ) Di Siyti or i é} (pl QH (‘Aut (E ) )

OV pelog(pr -+ pe)?) + O (ﬁ log(p (H pz> (H JE))
ti70
B
and this proves Proposition|3.3.1] O]

Lemma 3.3.2. Let C(A, B) be as above. Now, for positive a integer { and a positive

constant s,

(a) If A, B > Ni(log N)""*2 and AB > N2 (log N)**t2 | then

#6(114 B) Z #{EEC(A’B) :#Epl(Fm):"':#Epg(Fpe):N}:

N=<p1#--#pe<Nt
l
H(D 1
Z ( N(p>> + O <(10 N)g—i-’m) .
N—<p<Nt p 8
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(b) Forr </,

{41
1 H(Dn(p)) 1
2 > <= X = taaae
#C(A, B) N=<p1, pr<N+ BEC(A,B), Mp(N)>(+1 N—<p<N+ p (log N)*+0e
Epy (Fpy)=-=Ep, (Fp,)=N
Proof. Note that
#{FE €C(A,B): #E, (F,) =---=#E,,(F,,) = N}
= Y -+ Y #{E€C:E, =, Eforl1<i<(}
El/Fpl E~[/Fp£
Eq(Fpy)=N Ey(Fpy)=N
(3.3.7)

If N > 7, then p is different from 2 and 3. Hence every isomorphism class of curve
can be represented in a minimal Weierstrass equation, say F,; : y? = 2% + sz + ¢
with s,t € F,. Let each of the E; are given as Ej, ;,. so we can use Proposition|3.5.1]

to estimate the summand in the right hand side of (3.3.7).

Now for a fixed prime p;, the number of isomorphism class of curves Fj, ;, with s;t; =

0 is at most 10. Also recall that #C(A, B) = 4AB + O(A+ B) and H(Dy(pi)) =

3 W. Thus dividing (3.3.7) by C(A, B), the sum in the first part of
Esi,ti/Fpi e Tt

the lemma equals to

X = Z Z Z Hp|Aut ) +ée(A,B,N)
N=<pi#p2#-#pe<N* E1/Fp1 Ez/sz =1 pl 82 ’
By (Fpy)=N By(Fp,)=N

= > (ﬁ M) +&(A, B,N) (3.3.8)

N=<pi#po#pe<N*t \i=1 bi

with

, 1 logN /(1 1 Niz(logN)?| [ Nloglog N\*
A,B,N — = (4=
&4, B, )<<{N2f+ N3 (A+B)+ AB log N
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where the implied constant depends on £ only. Also, since A, B > N g(log N)H2
and AB > N% (log N)2t+2 it follows that

R 1
A, B,N _—
g@( y 2 ) < (lOg N)£+’Y2

Further, if we relax the condition p; # ps # --- # p, from the right hand side of
(3.3.8)), then one gets

HDN i HDN i 1
S, = Z H ( '(P))+ Z H (pi(p))JrO((logN)Hw)

bi

(plypz,“',pe) ¢ (PLPQ,“',W) (
N_<pi<N+ Vi P;=Pj for some i#j
N=<p; <Nt vi
l ¢ l—r
H(Dn(p)) H(Dn(p)) H(Dy(p))"
| x AR Loy |y M)y A
N<—p<N+ r=2 \ N-<p<N-+t N—<p<N+
1
o| ——
i ((1og N )””2)
(3.3.9)
Using Lemma |3.2.1|it is easy to see that
l—r

N H(Dx(p)" T H(Dy(p)) < O(N-++9)

p?"
r=2 \N—-<p<N-+t N—<p<N+t

for any small € > 0. Hence

L

¥, = > AN ) (%) . (3.3.10)

N=<p<N+ p log N)E—MQ

This proves the result part (a) of the Lemma.

Now, if for a curve E, Mg(N) =L > {+ 1, then F is counted L" times in part (b).
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While the same F will be counted @ +1)' times if we consider the expression

#C(}‘l B) Z #{E < C<A’ B) : #Ep1<Fp1) - = P£+1( Pl+1) = N}

N=<pr#pep1 <N+

Using Stirling’s approximation, is easy to see that ﬂ <L (0+ 1) forr < 4.

Hence part (b) follows from part (a). O

3.4 Some combinatorial arguments

Proposition 3.4.1. Let Mg(N) and C(A, B) be defined as before. Let £ is a positive

integer and 71, 2 are nonnegative integers. If A, B > z " (log z)'+*2 and AB >

(t+71)
225 (log 2) 24+, then for any positive integer r < {,

J

m Y. Mp(Ny =) deG) | D H(Dx(p))

E€C(A,B) j=¢ N—<p<N+ p
Mg (N)>¢
l+y1+1
H(DN(p)) 1
0 SN O———
: (Z v T\ llog Ny )

i
where dg,(j) = Zk—_(fl)] _k.

Proof.

1
Z Mp(N :#C(A,B) Z Z 1

Eec A,B) E€C(A,B) \ N—<p<N+
]\IE(N)>1{ Mpg(N)>¢ Ep(Fp)=N

1

RETENTPS 2

N=<p1,,pr<Nt+ E€EC(A,B), Mg(N)>(
Epy (Fpy)==Epy (Fpp)=N
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By breaking the sum into two parts depending on the value of Mg(N), we get the

following

l+71

1 1
BCAE) . 2 2 2 Yyeum 2 2 !

N=<p1, ,pr<N*t j=C Mg(N)=j N=<p1,,pr<Nt Mg(N)>l+~1+1

(3.4.1)

where the range of summationis over £ € C(A, B) with £, (F,,) =--- = E, (F,.) = N.
Now, by Lemma [3.3.(b), the last sum in the right hand side is bounded by

L4+y1+1

oy P (log N7+

Now, we claim that for r </ <7</l + 7

> D (e DD >

N=<pi#pag#pr<N+ EEC(A,B), Mp(N)=j " N-<pi#pat-#p;<N+ EEC(A,B), Mp(N)=j

Ep, (Fp1>:“‘:EPT(FZ7r):N Epq (Irp1>:"':Epj (Iij):N
(3.4.2)
In fact, any curve E € C(A, B) with Mg(N) = j is counted (Ji—'r), times in the left

hand side summation, while on the right hand side, the same curve is counted j!

times.

We now consider the first term of (3.4.1)). Note that the primes in the range of sum-
mations in (3.4.1) are not distinct. Then, using (3.4.2)) and recalling the definition
of S(n,m), the Stirling number of the second kind, which equals to the number of

ways of partitioning a set of n elements into m nonempty sets, we get
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'
> > o=yt > >
, (j —m)! ,
N=<p1,,pr<Nt E€C,Mg(N)=j m N=<p1#p2#-#pj<NT FE€EC(A,B), Mg(N)=j
BE(Fp,)=--=B(Fp.)=N Epy (Fpy)=+=Ep, (Fp;)=N

(3.4.3)

To simplify the constant on the right hand side, we use the fact that > _, w =

—m)!

j". See [(4.1.3), p. 60 , [Rom84]].

With this

2 2. 1

JV?<pl7ép27'é"'7'épj<]\]’Jr EEC(ArB)vME(N):J

Epl (|Fp1 )=~~~=Ep,,. (|Fp,r. )=N
> >, - X > 1
N=<p1#p2#-#pj <N+ E€C(A,B), Mg(N)=>j N=<p1#p2#-#pj <Nt E€C(A,B), Mp(N)>j+1
B(Fpy )= =E(Fp)=N B(Fp,)=-=E(Fp, =N

(3.4.4)

Now, we plan to write (3.4.1) as a polynomial in > W with a suitable
N—<p<NTt
error term. To find the correct coefficients of the polynomial, we introduce the

following invariants.

We denote the left hand side of by w(r, j) and the first term of the right hand
side of by Q(j,7). Also, we call the left hand side of by Y(r,7). Then
in view of and , we get the following set of relations

T(r,5) = Hw(i, j),

Qt,s) = > w(t,n) fort <s, (3.4.5)

w(t,n) = (nit)!w(n, n) fort <n.
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Now, by Lemma [3.3.9(a),

e <= X AR o)

whenever A, B > x5 (log )+ and AB > 2% (log z)*/+72.

From (3.4.5)), it is clear that w’s can be written is terms of Y’s as well as (2’s. Hence
the equation
L+m 471

> X(r,j) = ZZZT (4,5) + Ol + 71,0+ + 1))

has a unique solution in the variables {z;,(j)}. Also note that

L+m
H(D 1
Q(€+’}/1,£+’Y1+1)<<AB (Z%) +W

p

Then (3.4.1)) equals to
HDyG) ) nose) i
) N\P N\P
S| X T rol > A Lo ( — Nw)‘
Jj=t N-<p<N+ N—<p<N+

The only thing that remains to be shown is that {z.,(j)}; equals to {d.,(j)};, as

defined in the statement of the proposition. For that, we prove the following lemma.

]

Lemma 3.4.1. Consider w, Q) as variables satisfying the identities in . Then

the solution of the equation

Z—f =Y )90,
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in ze,(4) is given by

-

J i
: k(=17
Z&T (.]) = Z 1 (4 1
— k! (j —F)!
Proof. Using the second equation in (3.4.5)), we have

S (i) =

2 (7)82(4, 5)

M

=L J: =L
- Zzﬁ,r(j) Zw(j7 n)
j=¢ n=j

By changing the order of summation, the right hand side equals to

=3 > 2wl =3 D zp(nw(n, )

n=¢ (<j<n j=t €<n<j

But by the last relation in (3.4.5)), this can be written as

S < >3 (';":(Z;!> w(7.3)

j=t \e<n<j

Thus, comparing the coefficients of w(yj, 7) from both sides, we get

S Z.E””(n), =L g (3.4.6)

Since we are only interested in the values of 2y, (n) for £ < n < ¢+ v, we consider

the following matrix equation

AZ = J,
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where A is the (3 + 1) X (v + 1) matrix (ams),, ,,, where

m,n’

0, ifm<n,

Amn =
Also Z and J are the column matrices
T
|:Zg7r(€) Zg,,«(g + 1) cee Zgﬂ‘(g + ’yl):|
and
T
{f_T e+ (ﬂﬂl)r}
o (ef1)! (C+71)!

respectively.

Now it is not difficult to check that A is an invertible matrix with inverse B = (b ),

where

Finally, using Z = A~'J = BJ, we get the desired value of z,.(7)’s. This completes

the proof of the lemma.
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3.5 Proof of Theorem [1.5.1 and Theorem

Putting / =1, 7 = 1 and 71 = 0, 9 = =, in Proposition [3.4.1] we get,

2

LS = % HDn () 3 H(Dn(p))
)

#C(A’B EeC(A,B) N—<p<N+ p N—<p<N+ p
1
O(—
O o)
(3.5.1)

for appropriate A, B. Then, using (3.5.1]), we replace ~ »_ W in Proposi-
N—<p<N+t

tion |3.4.1 by m > pecan) Me(N). We also recall that d,(¢) = & Now take

7 = 0,7 =1and consider the sum -7 > Mp(N) = g5 2. (. Then

EeC(A,B) "' EeC(A,B)
Mp(N)=¢ Mpg(N)=¢t

dividing the last equation by ¢, Theorem follows immidiately from the above

discussion.

Again, (3.5.1) together with Proposition and Theorem |A| completes the proof
of Theorem [1.5.3 ]

3.6 Proof of Theorem

First of all note that

> W:% 3 H(DN(p))(l—i_O(\/LN))

N—<p<N+ N—<p<N+
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Now, from Lemma [3.2.1](a), we get

H(Dy(p)) 1 loglog N
Y, ARl L Ym0 (AT

N—<p<N+ N—<p<N-+
Also
H(Dn(p)) T : |
Ngw HOGD )~ 2 N§<N+H(DN(Z7)) +o(\/—ﬁ)
Then,

&

N—<p<N+

- (cb(N 1ogN) T

Z( 2. W) - Ni( >, H(Dy(p >>> +0(Va)

i~2

To bound the error &, note that

N<z N-<p<N+

<yl X H(DN(p))) ~(Gwmy) | o

Using Lemma [3.2.1f(a), the right hand side is bounded by

1 K(N)N? N2 -
S| T #0e) - gew| (Gmeew) OV

AX| X ) - v

N<z |[N—<p<N+t

Using Proposition with R =1+ ¢ 4 71, the last summation is

+ V.
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The only thing that remains is to estimate the main term, i.e.
§:<mefy
= \O(N)log N

for every ¢ < j < {+ ;. To do this, we write

(K(N)N

MN)):@mN_UQN)

where

Note that both F' and G are multiplicative functions. We use Theorem with
A(n) = B(n) =1, and hence M(z) = z. Also, if we set

= u(d)F(m/d) (3.6.1)
dlm

and
= ud)G(m/d), (3.6.2)
dlm

then f, g are multiplicative functions. So it is enough to compute the values on
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prime powers. It is straightforward to check that

1, ift=0
t 1\ 1 J e,
f(p)_ (1— (p71)2> (].—W) —]_, lft—]_
0, else,
and
1, ift=0
N . i , _
9(0") = (p%l)](l_ﬁ) J(l—my—l, ift=1

(z%)j(l - (p_1'1)2)_j[(1 - pt(pl—l))j - (1= pt‘l(lp—l))j]’

for an odd prime p.

Also
(2/3) —1, ift=1
f(2Y) =
0, if t > 2,
and
. 0, fort=1
9(2") =

Then from Theorem [I.4.1, we know

if t > 2,

1 K(N)NY B _ f) +9(@)
ﬂsz;( S ) =0)Y F(N 1)G(N)_9]p]<1+z . )+0<

N<z t>1

log x

But the constant in the main term is nothing but the C'(j), which has been defined
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in (|1.5.4)). Using partial summation, we get

£ (atwmew) =0 [ g+ (qaeem)

N<x

for any R; > 0. By choosing Ry = 1+ ¢ + v, we completes the proof of Theorem
[1.5.2 O

It may be interesting to try to improve the error term in Theorem [1.5.2 This can
be done by improving the Proposition or [Theorem 1.8, [CDKS14]], which is
dependent on a result from [Koul4] on the distribution of primes in short arithmetic
progressions. So again, one need to look at such problems related to distribution of

primes.

We end the discussion on elliptic curve here. In the next chapter the questions are

going to be independent of the earlier discussion.
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Chapter 4

Additive Representation Function

In this chapter, we are going to focus on a problem in additive number theory. From
the title of the chapter, it is evident that the problem is in some way related to the

addition of subsets of integers.

Let A = {aj,a2,---}(0 < a; < ay < ---) be an infinite sequence of non-negative

integers. For n € Ny, define

Ri(n) =Ri(A,n)= > 1, (4.0.1)
a;ta;=n
Ry(n) =Ry(A,n) = > 1 (4.0.2)

Ry and R, are called additive representation functions. We are interested in mono-

tonicity of these functions.

Now, it is easy to check that if A is a complement of a finite set inside the set of
natural numbers, then both R; and Ry are monotonically increasing for all large n.
Here we are interested in the inverse problems, i.e., how the monotonicity of the

representation functions affects the cardinality of the set A.
The question of characterization of the set A, under the condition that either R;(n)
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or Re(n) is monotonic, was raised by Erdés, Sarkozy and Sés [ESS85]. Also see
[Bal87], [CSST05], [T'CO9, ES85, [ES86, [ESS87] and [ESS86]. Erdés, Sarkozy and
So6s [ESS85] and Balasubramanian [Bal87] independently proved that Ri(n) can be
monotonically increasing from a certain point, only in a trivial way, i.e. if the set A

is complement of a finite set of nonnegative integers.

Theorem D. If Ri(n+ 1) > Ri(n) for all large n, then N\ A is a finite set.

The analogous conclusion is not known to be true in the case of Ry. If, we define

A(N) =[AN[L, N], (4.0.3)

then Balasubramanian [Bal87] proved the following theorem:

Theorem E. If Ry(n+ 1) > Ra(n) for all large n, then A(N) = N + O(log N).

In other words, if Ry(n) is monotonic, then the complement set of A is at most of

order O(log N).

In the first part of this chapter we shall focus on the function R, and quantities
related to monotonicity of it. Also in Section 4.5, we shall make a remark concerning

a question raised by Sarkozy [Sar(6], related to monotonicity of Rj.
In [ESS86], Erdés, Sarkozy and Sés proved

Theorem F. If

lim = 400, (4.0.4)
n—+oo  logn
then we have,
N
limsup Y (Ra(2k) — Ra(2k + 1)) = +o0. (4.0.5)
N—+o00 b1
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The assumption (4.0.4) in the above theorem cannot be relaxed. In fact Erdés,
Sarkozy and Sés [ESS86] constructed a sequence A such that (n — A(n)) > clogn

(for large n and fixed constant ¢) and

N

limsup » (Ra(2k) — Ra(2k + 1)) < 4o00.
N—+o00 E—1

In [TCO05], Tang and Chen gave a quantitative version of Theorem @ We need the

following definitions to state their theorem. Define S,, and m(N) by

Su =Y (Ra(2k) — Ro(2k + 1)),

k<n

m(N) = N(log N + loglog N)

for any positive real number N.

Also the L™ norm of S,,, denoted by T'(N), is defined as follows:

T(N)= max S, = mae )Z(Rg(%) — Ry(2k +1)). (4.0.6)

n<m(N) n<m
k<n

In [TCO5J, the authors proved that, when the ratio % is bounded above by a small
N—A(N)

enough fixed constant, then T'(N) and =75

satisfies a simple inequality. More

precisely,
Theorem G. Let T(N) be defined as in ([4.0.6). If

1

T(N) < 36

A(N) (4.0.7)

for all large enough N, then there exists a C' > 0, depending only on A, such that

1 N - AN)

T(N
( )>80e log N

—C (4.0.8)
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for all N > 1.

It is easy to see that, Theorem[G implies Theorem [F]

Now, set

St =max{S,,0}, and T7(N)= max {S'}.

n<m(N)

Note: T(N) and TT(N) are same unless all the elements of the set {S, : n <

m(N)} are negative.

Here, we again assume that % is bounded above and prove an improved version

of (4.0.8) where we replace the L> norm of S(n) by the L' norm of % More

precisely, we prove the following theorem:

Theorem 4.0.1. Let A be an infinite sequence of positive integers. Assume that
there exists Ny such that T(N) < 3= A(N) for N > Ny. Then there exists a constant

c1 > 0, depending on A, such that
St 1 1
E — > —(N—A(N)) — ZlogN — 1, (4.0.9)

for all N > 1.
Corollary 4.0.1. If mn Theorem@ holds, then for any e > 0,

1 N-AN) 1
TH(N) > - - 4.0.10
(V) 10e +¢ logN 4’ ( )

for any large enough N.

So, if at least one of S(n) is non-negative, then 7 (N) indeed equals T'(N). In that

case, Corollary gives Theorem [Gl with a better constant.
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4.1 Generating Functions

It is more natural to consider the problem in terms of generating function.

Set

f(z) = Zz“, for |z] < 1.

acA

Then,
+oo
f(2)P =) Ri(n)z".
n=1

For any positive real number Y, define

~e

VY)=flev) =) e,
aceA
and

+oo
gY)=1+4(1—€7) Z Spe™ Y.
k=1

Theorem 4.1.1. Let g(Y) and ¥(Y') be defined as above. Also assume

o) < min(u (3 ) 57)

for all sufficiently large positive real numbers Y. Then

2k

2.3 16 e~y c
Y)>Y = |log, Y + = +_ - | - =
vy = eXp( 2y (Og? Ty Zkl % _e—2$> Y)

for some positive constant ¢ depending only on first few elements of A.

(4.1.1)

(4.1.2)

(4.1.3)

In Section 4.3, we will give a proof of Theorem [4.1.1l In Section 4.4, we will show

how Theorem follows from Theorem [4.1.1]
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4.2 Notations and preliminary lemmas

Consider a function h : R + [0,400). For any real number Y and integer a > 0,

define H(Y'; ) by the recurrences

H(Y;0) =0,
H(via = M0 M) D)
a—1 1

Also

o0

HY)=Y 2jl+1h (;/—j) .

Jj=0

Lemma 4.2.1. If h(Y') and H(Y; o) are defined as above and

(B(Y))2 > 2V exp(—h(Y )

for all real numbers Y > Ny, then for every integer a > 0,

(YY) = Yexp(—H(Y;a)) <
for any real number Y > 2*N,.

Proof. We shall prove the result by induction.

For av = 0, both sides of (4.2.4) are equal.

72

)

2

¥ (55) 2

Y

L
>2a

(4.2.1)

(4.2.2)

(4.2.3)

(4.2.4)



In the general case, suppose it is true for @ = ag. Then

(w(Y))2 > 2Y exp(—h(Y))y (X>

2
Y aY . 2a0+1 2%0 5
> Y?exp (—h(Y) - H (5, ao)) <¢ (2 0+Y) ) . for Y >2°tIN,
L 2
D(Y . 2a0+1 200+
= | Yexp(—H(Y,ap+ 1)) <¢ (5 0+Y)
Hence the result is true for &« = ay + 1. This concludes the proof. O

Lemma 4.2.2. There exists a positive constant ¢ such that, if Y 1is large enough,

(1/} (2_0) 2a> > exp(—%)

then we have

~

for some a < log, Y.
Proof. Now fix an interval [a, 2a], with a > 1, so that ¢(a) > 1.

Then choose « suitably so that 2% € [a,2a]. In that case, we have

Y

(w%ﬂ“) T (;) — exp(~2alog(2a)).

This proves the lemma. O
R 2x
Lemma 4.2.3. Let 0 < z < 1 be a real number. Then E 2np?" < 7 :
-
n=0

Proof. Note that

ot <9 Z 2.

on—1 <j§2"
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Summing over n = 1 to +o0,

00 ) 400 . 2]72
2" <2 I = :
2 2 <2y o=
n=1 j=2
Adding z corresponding to n = 0, on both sides, we get
+oo 2
S < 2, o thD)
1—x (1—2)
n=0
But since x < 1, this proves the result. O

Lemma 4.2.4. In the notation of Lemma let h(Y) = d@ for some fized

positive constant d, to be chosen later. Then

2k

d 16 e
HY,a) < — — SfF——u|.
Vo) < 5% (‘”Y; ’“1_62&>
Proof. Set « = e~v. Then

gY)=1+4+4(1- 6_%) Z Sy
k=1

8
< 1+?Zs,jxk.

k=1
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Now,

k=1 7=0
d 8 — 2k
< B N N
=2y (O‘JFY; k 1—mk>

4.3 Proof of Theorem [{.1.1]

It is easy to verify the following equality by comparing the coefficients of 2™ from
both sides.

2 -z 2 — o (1+2)

f(z) = (f(2))° +2) (Ra(2k) = Ro(2k +1))2% —

2z
k=1

Choose z to be a positive real number. This gives

1 &=

;zzf(Z)Q 2 ;(32(%) — Ry(2k +1))2*". (4.3.2)

f() <
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Now, considering the right hand side of the summation, we get

f(R2<2k) — R2(2k + 1))z2k = i(sk _ Skﬂ)z%

+o0
— Z Sk(22k o ZQk-i—?) . 8022
k=1
+o0o
<(1-2% Z Sz
k=1

Thus, from (4.3.2) we get

+0o0o
1—=z2
F) < 2P 21— )Y s
o k=1
Now putting z = e’%, we get

()=t mmrenn - Eact
Since ¥(Y) <Y, this gives
276 () < WP+ Vo),
Thus,
(W(Y))? > 2Y% (g) —Yg(Y). (4.3.3)

Lemma 4.3.1. If g(Y) < (%), then for all large enough real numbers Y,

O(Y) > 0.49Y.
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Proof. Since g(Y) <4 (%) using we get
Y
wpzve(y).

Then (4.2.3) in Lemma holds with h(Y) = log 2.

In that case

HY)= > Qih@) log 2.

0<j<+o0

This gives, by Lemma[{.2.1 and Lemma[{.2.9,
DY) > 0.49Y

if Y is large enough.

Thus, combining (4.3.3) and Lemma we get

PY)? > 2Y9) (%) (1_ % )

for sufficiently large Y.

Since @ < %, equation (4.2.3)) in Lemma is satisfied with h(Y) = 2.3

Hence Lemma and Lemma together give the following inequality

w(Y)>Yexp< ( ZS+ (%))) (1/1(—2

Hence Theorem |].1.1 _ 1| follows from and Lemma
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g(Y)

v -

(4.3.5)



4.4 Proof of Theorem [{.0.1]

Lemma 4.4.1. Let g(Y) and T(N) be as in (4.1.9) and (4.0.6). Then

(a)
g(N) < AT(N) + 40

for any real number N > 40.

(b) Further, if (N\\A) is infinite and T(N) < 32 A(N) for any real number N > N,

then there exists Ny > Ny such that

N\ 1
o) < minfe (3 ) 5
for any real number N > Ns.

Proof. We have

Q(N):l—i-ll(l—e’%){ Z Skef%—l— Z Skef%}

k<m(N) k>m(N)

=1+4(1—e ¥){Sy+ %}, say.

For the first summation, we use the fact S, < T'(N), for & < m(N), while for the

second we use the trivial estimate Sj, < %2

In that case




and
k? .
Yu < E LN < / %6_% dxr < 4N,

using integration by parts and the fact that m(N) = N(log N + loglog N). This

proves (a).

To prove (b) note that,

AN)=3"1<D e 7 < e%(g). (4.4.1)
i

Also, using T(N) < 5 A(N), from (a) we get

g(N) < éA(N) + 40. (4.4.2)

Since €? < 9 and A is infinite, it follows g(N) < 1(%), for sufficiently large N.

Then from 1) and 1} we get g(N) < %@ZJ(%) + 40.
N
2

Also (4.4.2)) can be written as g(N) < N — (N —A(N))+40. As N\ A are infinite,

so we get (b) for sufficiently large N.

Notice that if N\ A is finite set, then Theorem is satisfied trivially. So without

loss of generality, we may assume that both A4 and N\ A are infinite sets.

Then in view of Lemma|4.4. 1}, condition (4.1.3]) of Theorem is satisfied. Hence
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Y(N) 2.3 16N, e c
LASAPASS S - 4.4.
N2 exp | —oy log2N+NZSk1_€_% N (4.4.3)

k=1
where ¢ is the constant, as defined in Lemma[{.2.3

Taking logarithm on both sides,

2.3 16 & e c W(N)
log, N s 7 )4 S og(1-(1- 2T
O R IO )

Now, following the calculation of ¥,
2.3 e—% ¢ Y(N)
— | log, N A 100 — —-— .
5 | 1082 + Z Sy ( > + + N ( N

e—fl)
l—e—%

NS

Now,

< 1 and hence we can replace by 2, for k < m(N). Hence

2k
l-e N

m(N)
2.3 St ¢ N —9y(N)
— | logy, N E —’“ 1 —- > —
o | 1082 +8 2 + 100 | + N > N
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Also note that

N=o(N)=(Q_ e +0(1) =3 e

acA
=> e N1 0(1)

ngs
> Z e '+ 0(1)
12%%41\7
N — AN
_ N2 AN L oy,
e
It implies that
SSsEL (N — A(N)) = log, N — (4.4.4)
2<% 7 T0e g B2t A -

for positive integer N and fixed constant ¢; depending on A. This proves Theorem

/.01 0

4.5 Monotonicity of Ri(n) on dense set of integers

In this section, we solve a question raised by Sarkozy (see [Sar06])[Problem 5, Page
337]. His question was the following:
Does there exist an infinite set A C N such that N\ A is also infinite and Ry (n+1) >

Ry (n) holds on a sequence of integers n whose density is 17
Here we show that the answer to this question is positive by giving a simple example.

A Sidon set is a set of positive integers such that the sums of any two terms are
all different. i.e., Ry(n) < 1 for the corresponding R, function. By [AKS&I], it is

possible to construct Sidon sequence of order (nlog n)%.

Now, let B be an infinite Sidon set of even integers and A = N\ B;
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Put
Y=(B+B)UB and X =N\Y;

Then,
Ry(n+1) > Ry(n) foralln e X.

To see this, let

acA beB
Then,
Y (Bi(n) = Ri(n—1)z" = (1 - 2) f(2)°
= (1= ) — 9l
Again, let
ri(n) = Z 1,

So, Ri(n+1) > Ry(n) iff coefficient of 2" in (1 — 2)(f(2))? is non negative.

Now coefficient of 2% is = 1+ r(2k) —71(2k — 1) — 2x5(2k — 1)

and coefficient of 2%t is = 1+ 71 (2k + 1) — r(2k) — 2x5(2k).

Then, it is clear from the above choice of X and A that Ri(n + 1) > Ry(n) for all
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nin X.
For example, we can take B = {2,4,8,16,32,....,2™, .....}. Then B is infinite and X

is of density 1. ]
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