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Synopsis

This thesis is concerned with analysis of spectral triples as indicated in the last chapter
of Connes [15] and the Yang-Mills action functional in noncommutative geometry. It is
divided in five chapters. The first chapter is devoted to the preliminary notions required
to understand the content of this thesis. The second and third chapters deal with the
equivalence of two approaches to Yang-Mills for noncommutative n-tori and the quantum
Heisenberg manifolds respectively. Fourth chapter is devoted to study the behaviour of
Connes’ calculus for the quantum double suspension. The final chapter deals with the

behaviour of Connes’ calculus for the tensor product of spectral triples.

Preliminaries on differential calculus and Yang-Mills
functional

In this chapter we discuss preliminary notions required to carry on with the materials
of latter chapters.

The study of Yang-Mills functional in noncommutative geometry started with [20],
where authors defined it on a C*-dynamical system. Later the spectral triple approach
became more popular in noncommutative geometry and Connes defined notion of Yang-
Mills in this set-up. There is a general recipe to produce a “spectral triple” from a
C*-dynamical system but it does not tell whether the resulting object is a true spectral
triple, but they are candidates, and one has to verify the relevant conditions on a case by
case basis. However, for noncommutative torus and the quantum Heisenberg manifolds
indeed one obtains a genuine spectral triple. Then one encounters the natural question
whether these two notions of Yang-Mills agree. This is the content of the second and third
chapters. Final two chapters deal with differential calculus in noncommutative geometry.

We note down here few definitions for the sake of understanding the contents.



Definition 0.0.1. A spectral triple (A, H, D) over an associative algebra A with involu-

tion x consists of the following things :
1. a *-representation of A on a Hilbert space H,
2. an unbounded selfadjoint operator D,

3. D has compact resolvent and [D,a] extends to a bounded operator on H for every

ac A.

Definition 0.0.2 ([15]). Let A be a unital x -algebra. A Hermitian structure on a finitely
generated projective (f.g.p) right A-module € is an A-valued positive-definite sesquilinear

mapping { , )4 such that
1. (6,8 =(,8a, V§EEE,
2. <§7§/'a’>¢4 = (<57§/>A)'a7 vé.ugl € 87 Vae A7

3. The map & — ®¢ from & to E*, given by Pe(n) = ({,m)a, Vn € &, gives a
congugate linear A-module isomorphism between € and E*. This property is referred

as the self-duality of £ .

Definition 0.0.3 ([15]). Let Q°*(A) = @, Q*(A) be the reduced universal differential
graded algebra over A. Here QF(A) := A® A®% A= A/C. The graded product is the

multilinear extension of the following product on simple tensors, given by

(@@ R ... @) (b @ b1 ® ... @ by)

= ag® (®75'F) ® ambo ® (®)_,b;)

m—1

+) (D) R@WR ... ® Uil it 1 @ - - @ Ty @ (R b;)

+ (=1)"apar @ (®]ya5) @ (Riobi) -

for ap@W ® ... @€y, € Q™(A) and by @b, ® ... @b, € Q(A). There is a differential

d acting on Q°*(A), given by

1



dlapR@®..00;) =1®aRa®...0a; Ya; € A.
It satisfies the following relations
1. d*w =0 VYweQ(A),
2. d(wiwy) = (dw)wy + (=1)%9C@Dw dw, | V¥ homogeneous w; € Q°(A).

We have a % -representation © of Q*(A) on H, given by
m(a®ar ®...®a;) = ao[D,a]...[D,a; a; € A

Let Jék) ={we O 1(w) =0} and J' = P Jék). But J' fails to be a differential ideal.
We consider J* = @ J® where J* = J(gk) + dJék_l). Then J* becomes a differential
graded two-sided ideal and hence the quotient QY := Q°®/J* becomes a differential graded

algebra, called the Connes’ calculus. The representation m gives an isomorphism

I

QF = 7(QF) /m(dJEY) .

Definition 0.0.4 ([15]). Let (A, H, D) be a spectral triple and E be a Hermitian, f.g.p
module over A. A compatible connection on € is a C-linear mapping V : £ — € @ 40,

such that
1. V(éa) = (V&a+E@da, VE€&ae A,

2. (&,Vn) —(VE&n)y=d{Enya VEne& (Compatibility).

The Yang-Mills functional is a certain functional defined on the affine space C (&) of

compatible connections.

Definition 0.0.5 ([12]). Let (A,G,a, 1) be a C*-dynamical system with a G-invariant,
faithful trace T and € be a f.g.p module over A with a Hermitian Structure. A compatible
connection on & is a C-linear map V : € — € ® Lie(G)* such that for all X € Lie(G)

and £, € £, a€ A one has

111



1. Vx(§-a) =Vx(§) -a+§&-ix(a),
2. (Vx &, 8N4+ (&, Vx & a=0x((&E)a) (Compatibility).

In this setting also, the Yang-Mills functional is a certain functional defined on the

affine space C'(€) of compatible connections.

Definition 0.0.6 ([24]). Let A be a unital C*-algebra and | denotes the left shift operator
on (*(N), defined by l(e,) = en_1, l(eg) = 0 on the standard orthonormal basis (e,).
The quantum double suspension of A, denoted by X*A, is the C*-algebra generated by

a® leg)(eg| and 1 @1 in A® T, where T is the Toeplitz algebra.

Definition 0.0.7 ([11]). For any spectral triple (A, H, D), (X% A, X?*H := H ® (*(N),
32D :=D®I+F®N) becomes a spectral triple where F is the sign of the operator D
and N is the number operator on (2(N) given by N(e,) = ne,. This is called the quantum

double suspension of the spectral triple (A, H, D).

Equivalence of the two approaches to Yang-Mills
theory on Noncommutative Tori

In this chapter we prove two theorems, one regarding the structure of finitely gen-
erated projective module endowed with a Hermitian structure over spectrally invariant
subalgebras of C*-algebras, and the other the equivalence of Yang-Mills approaches on
noncommutative n-torus. The equivalence for n=2 case was addressed by Connes in [15]
(Proposition 13, page 582). Here we take up the higher dimensional noncommutative

torus and show that even in this case it holds.

Theorem 0.0.8. Let £ be a finitely generated projective A-module with a Hermitian
structure. Assume A is stable under holomorphic function calculus in a C*-algebra A.
Then we can have a self-adjoint idempotent p € M, (A) such that € = pA™ and € has

the induced canonical Hermitian structure.

v



Theorem 0.0.9. Let C(£),C(E) be the affine spaces of compatible connections for the
C*-dynamical system and spectral triple approaches respectively. Then both these are
in one-one correspondence through an affine isomorphism, and the value of Yang-Mills
functional on corresponding elements of these spaces are same upto a positive scalar

factor.

Yang-Mills on Quantum Heisenberg Manifolds

In this chapter we move one step further to deal with this problem of equivalence of
two approaches to Yang-Mills on the quantum Heisenberg manifolds, defined by Rieffel

in [35].

Definition 0.0.10. For any positive integer c, let S¢ denote the space of smooth functions

®:RxTxZ — C such that

o O(x+k,y,p) = exp(2mickpy)®(x,y,p) for all k € Z,

8m+n

o for every polynomial P on 7Z and every partial differential operator X = R

on
R x T the function P(p)(X®)(z,y,p) is bounded on K X Z for any compact subset
K of R x T.

For each h,pu,v € R,y + v? # 0, let AP denote S¢ with product and involution defined

by

(@ W) (x,y,p) = Y ®(x = h(g — p)u,y — h(q — p)v,q) ¥ (x — hap,y — hqv,p — q)

q

q)*<x7 yvp) = @(x, Y, _p>-

Then 7 : AX — B(L*(R x T x Z)) given by

(T(@)E)(x,y.p) = Y _ ®(x — h(g — 2p)p,y — hlq — 2p)v, Q)& (=, y,p — q) ,

q



gives a faithful representation of the involutive algebra AS°. Afjj = norm closure of

w(AR°) is called the Quantum Heisenberg Manifold.

The spectral triple on quantum Heisenberg manifold is constructed in [9] and here we

prove the following theorem.

Theorem 0.0.11. Let & be a finitely generated projective A° module with a Hermi-
tian structure and C(E), 6’(5) be the affine spaces of compatible connections for the C*-
dynamical system and spectral triple approaches respectively. Then ® : C(E£) — 5(5)
given by ®(V) = V., where %(5) =1V (§), is well-defined and

(Tr|D|°)YM(V) = YM(®(V)).

1
2

Connes’ Calculus for The Quantum Double
Suspension

Associated to every spectral triple (A, H, D) there is a differential graded algebra
(dga) Q9%,(A) [15] defined by Connes. Here in this chapter we set ourselves with the
task of understanding this concept. There is no general recipe to compute this calculus
and instances of computations are very few available in the literature, only for some
particular examples ([15],[10]). We want to compute this dga for a family of spectral
triples. For this purpose we compute 27, for the quantum double suspended spectral
triple (X2?A, X?H, X2D), a notion introduced in [11]. At the end of this chapter we
study behaviour of compatible connections, curvatures on the quantum double suspended

spectral triple. We have the following theorems in this chapter.
Theorem 0.0.12. For (X2A, X?H, 3%D) we have,
1. QL. (X2PA) = Qp(A) @ SEP X2A.

2. Qo (X2PA) = QAR S, foralln > 2.

vi



3. The differential §° : X° A — Qi (22A) is given by,
a@T+ fr—[D,al @T@H (a® [N, T+ f).
4. The differential §* : Q. (22A) — Q3. (22A) is given by,
Moy es =d' @1 and ' =0.
5. The differential 6" : Qb (X2A) — Qi1 (X2A) is given by,
M=d"®1

for alln > 2.

Here d : Q5 (A) — Q3HA) s the differential of Connes’ complex and S denotes

subspace of finitely supported matrices in B (¢*(N)).

Theorem 0.0.13. Let £ be a finitely generated projective module over A, equipped with
a Hermitian structure { ,)a. Assume that A is spectrally invariant. Choose a pro-
jgection p € M,(A) such that & = pA™ and £ has the induced canonical Hermitian
structure. Let € = (p @ u)(X2A)" and restrict the canonical structure on (52A)™ to
£. We have an one-one affine morphism Geon : Con(€) — Con(E) which preserves the
Grassmannian conection, and an one-one C-linear map v : Hom (€, ®4 Q% (A)) —

Hom 2 4 (g, g®E2A 9222[)(22.,4)> such that the following diagram

5COTL
Con(E) Con(€)
| L7
Homy (67‘€®A Q%(A)) Homng (g,g®22A Q%QD(EQA)>
(G

commutes. Here ‘f’ is the map which sends any compatible connection to its associated

curvature.

It should be noted that probably this is the first systematic computation of this

complex.

Vil



Multiplicativity of Connes’ Calculus

In this final chapter we study behaviour of 27, for the tensor product of even spec-
tral triples. This problem was investigated earlier by Kastler-Testard in [25] but their
work appears inconclusive. Hence we reinvestigate this problem and propose a category
theoretic conclusion. We start with a quadruple (A, V,D,~) where A is a unital, as-
sociative algebra over a field K, represented on a K-vector space V, D € End(V) and
v € End(V) is a Zy-grading operator which commutes with A4 and anticommutes with D.
We call such a quadruple an even algebraic spectral triple. We prove that the collection
of such quadruples forms a category gp?%. It turns out that gp\c;c is a monoidal category
and F : Spec — DGA given by (A, V,D;~) — Q3,(A) is a covariant functor, where
DGA denotes the category of dgas over K. We are interested in knowing whether F is
a monoidal functor and the article [25] gives a partial answer to it. Here we consider
a subcategory S?ec\;b of 35&:, objects of which are (A, V,D,~) with v € w(A). Then

—_~—

Specg,, becomes a monoidal subcategory of gp\e/c. We prove that there is a covariant

—_—— —_—

functor G : Spec — Specgy, . We show that restricted to the subcategory Specgy , the

—_—

functor F is a monoidal functor. To show that the functor F when restricted to Specgu
is not trivial we compute F o G for a canonical spectral triple associated with compact

smooth manifolds and the noncommutative torus.

viil



Chapter 1

Preliminaries on differential calculus

and Yang-Mills functional

This chapter is devoted to register preliminary notions essential to understand the
content of this thesis. Here we discuss differential calculus in noncommutative set-up
and the two approaches to the Yang-Mills functional defined by Connes-Rieffel ([20]) and

Connes ([15]).

1.1 Spectral triple and differential calculus

A noncommutative differential structure on an associative algebra A is the specifica-
tion of a differential graded algebra (dga). This is interpreted as the space of differential
forms. Study of differential calculus in noncommutative geometry appears in early 80’s
through the invention of noncommutative differential geometry ([13]), and to search for its
examples ([42],[43]). Since then quite a lot of works have been done involving differential
calculus in various noncommutative contexts for e.g. see ([34],[1],[4],[31],[32]) and refer-
ences therein. In his spectral formulation of the subject Connes unified various treatments
in noncommutative geometry in terms of a K-cycle (A, H, D), often called spectral triple.

He defined a canonical dga 2}, associated to a K-cycle (A, H, D) and extended several



classical notions including connection, curvature, Yang-Mills action functional etc. to the
noncommutative framework. It is also shown in ([15]) that using this dga one can produce
Hochschild cocycles and cyclic cocycles (under certain assumption) for Poincaré dual al-
gebras which establishes €27, worth studying. Last but not the least Connes showed that
in the case of classical spectral triple associated to a compact Riemannian spin manifold,
27, gives back the space of de-Rham forms on the manifold. This establishes Q%, as a

genuine noncommutative generalization of the classical de-Rham complex of a manifold.

Definition 1.1.1. A spectral triple (A, H, D) over an associative algebra A with involu-

tion * consists of the following things :
1. a x-representation ™ of A on a Hilbert space H.
2. an unbounded selfadjoint operator D.

3. D has compact resolvent and [D, m(a)] extends to a bounded operator on H for every

ac A.

We shall assume that A is unital and the unit 1 € A acts as the identity on H. If there
is a Zs grading v € B(H) which commutes with every element of A and anticommutes

with D then the spectral triple (A, H, D,~) is called an even spectral triple.
Definition 1.1.2 ([15]). Let H be a Hilbert space and

N .
L029 = {T € K(H) : [|T]]100 = supy Zis2si™ < 00},

Here the numbers p;(T) are the eigenvalues of |T| arranged in decreasing order. Let

N ()

The Dizmier trace Tr,(T) of T is defined for positive operators T € L1°°) to be
Tr,(T) =lim, ay

where limy, 1s a scale-invariant positive extension of the usual limit, to all bounded se-

quences.



The Dixmier trace is a non-normal trace on a space of linear operators on a Hilbert

space larger than the space of trace class operators. It enjoys the following properties :
1. Tr,(T) is linear in T
2. For T >0, Tr,(T) > 0.
3. If S is bounded then T'r,(T'S) = Tr,(ST).
4. Tr,(T) is independent of the choice of inner product on H.
5. Tr,(T) is zero for all trace class operators 7T i,e. it is singular trace.

For proof of these facts and general introduction to Dixmier trace one can look at the
excellent article by Sukochev ([39]). In ([16]), Connes showed that Wodzicki’s noncom-
mutative residue of a pseudodifferential operator on a manifold is equal to its Dixmier
trace.

For a spectral triple (A, H, D), if |D|7 is in the ideal of Dixmier traceable oper-
ators £ then we say that the spectral triple is p-summable. Note that the com-
pact resolvent condition is equivalent to saying that exp(—tD?) is a compact opera-
tor for some (and hence all) ¢t > 0. This can be seen by considering the closed ideal
G = {f € Cy(R): f(D) is compact} of Co(R) and thus e ** € G iff G = Cy(R) iff
(x £4)"t € G. If exp(—tD?) is a trace class operator for all ¢ > 0 then we call the
spectral triple (A, H, D) a @-summable spectral triple. Existence of @-summable spec-
tral triples has been proved in ([14]). Note that every p-summable spectral triple is
6-summable with bound Tr(exp(—tD?)) = O(t™?) as t — 0.

To every spectral triple (A, H, D) Connes associated the following differential graded

algebra (dga).

Definition 1.1.3 ([15]). Let Q*(A) = @Qk(fl) be the reduced universal dga over A .
k=0

Here QF(A) = A® A%F, A= A/C. The graded product is given by



(Zaok®a_m®...®a_m> : (Zb%,e@@@...@ﬂ)
k/

k
= a0e ® (O7558) © dbow @ (D Dix)

kK
m—1
+ (—Dao @i @ - . @ Tn—iilmi 1 @ - - - ® Ty @ (Db
=1
+ (1) agkarr ® (RFyar) © (DFgbir) -

for Y an ®@a1 ® ... @Ay € Q™(A) and ), bow @by @ ... @ by € Q*(A). There is

a differential d acting on Q°*(A), given by
dla@e®..0a,) =100 n ®...0a Va; € A,
and it satisfies the relations
1. dPw=0, Ywe Q*(A).
2. d(wiws) = (dwy)wy + (—1)%9@Dw dw,y , ¥ homogeneous w; € Q°(A).

We get a * -representation m of Q*(A) on H by,
T(ap @@ @ ... Qay) = aog[D,a1]...[D,ax]; a; € A.

Let Jék) ={weQ mw)=0} and J =P Jék). But J' fails to be a differential ideal.
We consider J* = @ J* where J* = Jo(k) + dJékil). Then J* becomes a differential
graded two-sided ideal and hence the quotient %, = Q°*/J* becomes a differential graded

algebra. This is called the Connes’ calculus.

The representation 7 gives the isomorphism Q% = 7(QF)/7(dJi™"). The abstract
differential d induces a differential d on the complex Q% (A) so that we get a chain

complex (Q2%(A),d) and a chain map 7p : Q°(A) — Q% (A) such that the following



diagram

Q) )

d d

241(4) 2357 (4)
D (1.1.1)

commutes.

1.2 Hermitian structure

Definition 1.2.1. Let £ be a finitely generated projective module over A. A Hermitian

structure on & is an A-valued positive-definite sesquilinear mapping { , )4 such that,

1. <£7€/>:k4 - <€/7€>Aa \v/gvgl ef.
2. (&€ a)a=((&€)a)a, VEE EE Vae A

3. The map & — ¢ from € to E*, given by ®e(n) = (§,m)a, YV € €, gives conjugate
linear A-module isomorphism between £ and E*. This property will be referred as

the self-duality of €.

Any free A-module & = A? has a Hermitian structure on it, given by (£, n)4 =
23:1 Eni, VE=(&,--8),n=(m,...,ng) €& . We refer this as the canonical Her-
mitian structure on A4%. For finitely generated projective module existence of Hermitian

structure is provided by following Lemma.

Lemma 1.2.2. (a) A finitely generated projective module of the form pA?, where p €
M,(A) a self-adjoint idempotent, has a Hermitian structure on it.
(b) Let A be a C*-algebra or a dense subalgebra in a C*-algebra stable under the

holomorphic function calculus. Every finitely generated projective module £ over A is



isomorphic as a f.g.p module with pAY where p is a self-adjoint idempotent, that is a

projection. Hence € has a Hermitian structure on it.

Proof. (a) With respect to the canonical Hermitian structure (p*¢,n)4 = (&, pn )4 holds
for any p € M,(A). Suppose €& = pA? be a f.g.p module with p a projection in M,(.A).
The canonical structure (£,1)4 = >_&n; on A? will induce a pairing on €. We have to
show that & — @, gives an A-module isomorphism between £ and £*. It is enough to
check only the surjectivity of this map. In order to do so let’s take an element f € £*.
Then f = f o is an element of (A7)* where 7 : A9 — pAY is the map £ — p€. By
definition (1.2.1) there exists n € A7 s.t f = ®,. Consider any element p{ € & with

¢ € A% Then,

f&) = fom(p€) = f(p&) = (0, p€)a = (00, D& )4 = (P, DE )t = Ppy (DE).

Hence f = ®,, with n € A% So the induced pairing on & gives a Hermitian structure on
it.

(b) Let € be a f.g.p module over A. There exists an .A-module F such that £ F =
A? for some natural number ¢. Once we fix such an F we let p : A9 — A? given by
ple+ f) =eforee & and f € F. So p is an idempotent in M,(A) with € = pAI. By
([41], page 101) we see that in a C*-algebra (or x-subalgebra of a C*-algebra which is
stable under holomorphic function calculus) every idempotent is similar to a selfadjoint
idempotent i.e., a projection and this similarity is witnessed by the invertible element
2= ((2p" = 1)(2p—1)+1)"2 Since A is closed under holomorphic function calculus

the invertible element z actually belongs to M,(A). Hence p = zpz~!

is a projection in
M,(A) and £ = pA? = pA? = €. Then one restricts the Hermitian structure on A9 to
& and endows € with the Hermitian structure obtained via the isomorphism between &

and . O

Remark 1.2.3. The concept of Hermitian structure can be defined for f.g.p modules
over involutive algebras and part (a) of Lemma (1.2.2) still holds. But part (b) requires

the more finer property of closure under holomorphic function calculus.

6



Remark 1.2.4 (Open Question). We do not know whether a finitely generated pro-

jective module over an involutive algebra always admits Hermitian structure.

1.3 Connection, Curvature for a Dynamical system

Definition 1.3.1. A C*-dynamical system with an invariant trace is a quadruple

(A, G, a,T) where
1. A is a C*-algebra;
2. G is a Lie group acting strongly on A ;
3. a: G — Aut(A) is the strong action of G on A;
4. T 1s a G-invariant faithful trace on A.

Here strong action means that for any a € A the map g — ag(a) is a continuous
homomorphism, where Aut(A) denotes the group of x-automorphisms of A. It should
be noted that G can be any locally compact group ([33]) but in our case we only work
with Lie groups. We say that a € A is smooth if the map g — ay(a) from G to the
normed space A is smooth. The involutive algebra A>* = {a € A : ais smooth} is a norm
dense subalgebra of A, called the smooth subalgebra. Note that this is unital as well. One
crucial property enjoyed by this algebra is that it is closed under the holomorphic function
calculus inherited from the ambient C*-algebra A. Let Lie(G) be the Lie algebra of G.
Then we have a representation 0 of Lie(G) into the Lie algebra Der(.A) of derivations on

A given by
Ox(a) = li=0 Ceap(ex) (@) ,
where exp : Lie(G) — G is the exponential map.

Definition 1.3.2. Let £ be a f.g.p module over A with a Hermitian structure. A con-
nection (on &) is a C-linear map V : € — € @ Lie(G)* such that, for all X € Lie(Q)

and £ € E, a € A one has



Vx(€-a)=Vx(§) -a+¢- dx(a).
We shall say that V is compatible with respect to the Hermitian structure on &£ iff :

(Vx &,V + (£, Vx & a=06x((&E)a), VEE €& VX € Lie(G).

In ([12]) existence of compatible connection has been discussed. We will denote the set
of compatible connections on & by C(£). The algebra End(€) has a natural involution

given by
<T*€7n>A:<§aT77>A v57n€€7T€End(8)

For any two compatible connections V,V’ it can be easily checked that Vy — V' is a
skew-adjoint element of End(€) for each X € Lie(G). The curvature Oy of a connection

V is the alternating bilinear End(€)-valued form on Lie(G) defined by
Oy : N*(Lie(G)) — End(€)
@V<X VAN Y) = [VX,Vy] — V[Xy] , VXY € LZB(G) .

This measures the extent to which V fails to be a Lie algebra homomorphism. A simple
calculation will assure that Oy takes value in End(£). In fact we can say something

more.
Lemma 1.3.3. The range of Oy is contained in End(E)spew := {T € End(E) : T* =
~T4.

Proof. We have to show that (Og(X AY)(&),n)a = —(£Ov(X AY)(n))a for all
&me&. Now,

(Ov(XAY)(E)ma = (([Vx, Vy] = Vixy))(€),1)a
= (Vx(Vy(§) = V¥ (Vx(§)) = Vixy(€):n)a
= (Vx(Vy(€):m)a = (Vv (Vx(&),m)a— (Vixyi(€),1)a
= Ox((Vy (&), m)a) = (V¥ (£), Vx(n))a = oy ((Vx(£), 1) 4)
+{(Vx(£), Vy(n) )a — v (€ ma) + (& Vixy)(n) )4
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= Ox(dy((&ma) = (& Vy(m)a) = (Vv (£), Vx(n)).a)
— Oy (0x ((€,ma) — (€, Vx(m)a) + (Vx (&), Vy(n))a)
— 6ixv1 (€ ma) + (& Vixyi () a

= [0x,0v]((&m)a) — Iy ((€ma) + (& Vixy(n)a
+(Vx(&), Vy(n)a+dy((§, Vx(n))a)
—(Vy(£), Vx(n)a — x((§, Vy(n).a)

= & Vixyim)a— (& VxVym)a+ (€ VyVx(n)a

= (& Vixyim)a — (& [Vx, Vy](n)a

= — (& ([Vx, Vy] = Vixy)(0)) 4

= —(&Ou(XAY)0))a -

and this completes the proof. O

1.4 The Yang-Mills functional for Dynamical system

Initially in noncommutative geometry a C*-dynamical system was the candidate for a
noncommutative space and Connes-Rieffel ([20]) successfully extended the classical notion
of Yang-Mills functional in this setting. It is certain functional defined on the affine space
C(€) of compatible connections on a Hermitian finitely generated projective module £.
Later Rieffel studied the critical points of this functional for noncommutative torus ([37]).
Recently, Kang ([26]) obtained a family of critical points for a specific module & over a
quantum Heisenberg manifold and Lee (][28]) constructed a connection Vy on &, which
is a minimum of the Yang-Mills functional on the module &. Let us now recall the
definition of the Yang-Mills functional.

Let (A,G,a,7) be a C*-dynamical system with an invariant trace 7. Fix an inner
product on Lie(G) which will remain fixed throughout. Next choose an orthonormal

basis {Z1,...,Z,} of Lie(G). The bilinear form on the space of alternating 2-forms with



values in End(€) is given by

(D, U}e = (Zi A Z;)V(Zi N Z;).

i<j
Recall that we have a G-invariant faithful trace 7 on A. We can extend it to a canonical

faithful trace 7 on End(E) with the help of the following lemma from ([20]).

Lemma 1.4.1. If £ is f.g.p A-module with a Hermitian structure, then every element

of End(E) can be written as a linear combination of elements of the form (&, n)e for

5#7 € 57 where <§7n>5(<) = §<U7C>A7 VQ €f.

Proof. Let € = pA? where p € M,(A) is an idempotent and {ey, ..., ¢e,} be the standard
q

basis for A?. For any given T' € End(€) one can write T = @ T;, where T; =m0 T, m;
i=1
denotes the projection onto the i-th component of A?. Then T;(§) = (n;, &) 4 for some

n; € £, which follows from self duality of £€. Then one can show directly that 7" =

Z<pei7 i ><‘: : O
Now, using this lemma, we define a linear functional 7 on End(€) as

7:End€) — C

T((&m)e) = 7((n,§)a) -
Lemma 1.4.2. 7 defined above, is a trace on End(E).

Proof. One can easily check that (&1, m1)e(&2,m2)e = (§1(M1,&2)4:m2 ). Now use the

fact that 7 is a trace on A. O

Moreover it can be shown that 7 is faithful (see [20]). Finally, the Yang-Mills func-

tional on C'(&) is given by
YM(V) = —7({0v,Evle).

Since Oy takes value in End(€)skew (Lemma 1.3.3), this minus sign will force YM to

take nonnegative real values.
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1.5 From Dynamical systems to Spectral triples

Starting from a C*-dynamical system there is a way to construct a candidate for
spectral triple but there is no guarantee that the resulting object is truely a spectral
triple. One has to verify the conditions for being a spectral triple on a case by case basis
for each examples. The construction is the following.

Given a C*-dynamical system (A,G,«) with a G-invariant faithful trace 7 on A,
consider the G.N.S Hilbert space H = L*(A, 7). If dimension of the Lie group G is
m, letting ¢ = 2(™/2 | there exist m matrices in M;(C) denoted by v1,72, - , Vm (called
Clifford gamma matrices), such that, v.vs + V57 = 20,5, 1,5 € {1,...,m}, where 6, is

the Kronecker delta function. Let H = H ® C* and

5

j(a) = %h:o Otea:p(th)(a) :

where {Z1, ..., Z,,} is the fixed orthonormal basis of Lie(G). We define D := Z;n:l 0, ®7;

where 0; = (—v/—1)d; . Then (A, H, D) is a candidate for a spectral triple.

However, there is no general theory to guarantee that D will be self-adjoint and have
compact resolvent and one has to check for each example on a case by case basis. It is
known that for noncommutative tori ([15],[23]) and the quantum Heisenberg manifolds

([9]) one can obtain a genuine spectral triples through this formalism.

1.6 Connections and Curvature for Spectral triples

Definition 1.6.1 ([15]). Let (A, H, D) be a spectral triple and £ be a Hermitian finitely
generated projective module over A. A compatible connection on &€ is a C-linear mapping

V:E— & @40 such that
1. V(éa) = (V&a+E@da, VE€& ae A

2. (&,Vn) —(VE&n)y=d{&Enya VEne & (Compatibility).

11



The meaning of the last equality in Q is, if V() = Y & @ w;, with §; € £, w; €
Qp(A), then (VE€,m) = 3" wi(&;,m) 4. Any finitely generated projective right module has
a connection. An example of such is the Grassmannian connection Vo on & = pAY,
given by V(&) = pd€, where d§ = (d&;, . .., d§,). This connection is compatible with the

Hermatian structure

=)

Ema=> &k, V& n € pAL,
k=1

Also, any two compatible connections can only differ by an element of Hom4 (€, £ ®4
Q5L (A)). That is, the space of all compatible connections on &, which we denote by
C(€), is an affine space with the associated vector space Homu(€, € @4 Q5 (A)). The

connection V extends to a unique linear map V : £ ® QL — £ ® Q% such that
6(€®w) = (Vf)w—l—ﬁ@cﬁu, VEECE, we ). (1.6.1)

It can be easily checked that %, defined above, satisfies the Leibniz rule, i,e.

V(na) =V(n)a—nda, Vaec Anc&RQ.

A simple calculation shows that @ = V o V is an element of Hom (€, € @4 Q2) and is

called the curvature of the connection V.

1.7 The Yang-Mills functional for Spectral triple

It has been accepted that the geometry of noncommutative spaces is fully encoded in
a spectral triple. A recent deep theorem of Connes strengthens this point ([17]). Because
of this realization it was necessary to define the Yang-Mills functional in this setting.
Connes sucessfully did this in his book ([15]) using the dga ,. Its definition is the
following.

Let (A, 7, D) be a d-summable spectral triple. Recall that 2, = m(Q2)/x(dJV).
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Let H, be the Hilbert space completion of 7(Q2?) with the inner-product
(T, Ty) = Tr,(T;Ty|D|%), VT, Ty € m(Q2). (1.7.1)

Let H, be the Hilbert space completion of W(dJél)) with the above inner-product. Clearly
Hy C Ho. Let P be the orthogonal projection of Hs onto the orthogonal complement of
the subspace 7(d.J3"). Now define ([T1], (T3] )o2 = (PTy, PTy), for all [T}] € Q3. This

gives a well defined inner-product on Q% . Viewing £ = p.A? we have an embedding
HomA(ga & ®.A Q%)) = HOmA(pAq,p(Q%)q) - HomA(Aq> (Q%)q) :

Now for ¢,1 € Homa(€,€ @4 Q3), define ((6,4)) = Y, (6(pék), t:(pér))os where
{e1,...,e,} is the standard basis of A? as A-bimodule. Finally, the Yang-Mills functional

on C(&) is defined by, YM(V) = ((©0,0)).

Proposition 1.7.1. The definition of Yang-Mills does not depend on the choice of the

projection used to describe .

Proof. Let £ = p; A9 and £ = py A' be two isomorphisms. Then there is a unitary
U € M,i(A) such that py = Up,U* where

~ p1 0 ~ p2 0
P = y P2 =
0 0 0 0
Hence w.l.o.g. we can assume | = n = ¢ and there is a unitary U € M, (A) such that
p2=UpU*. Let M ={A € M,(Q%) : pyA= A} and M' = {B € M,(Q%) : poB = B}.
We have obvious bijections Hom 4(p1 A", pr A" ®@40%) — M and Hom 4(pa. A", p2 A" ® 4
02) — M’ such that the induced bijection ¥ : M — M’ is given by A — UA.
Observe that ¥ makes sense on M, (7(92?)). Using the inner product (1.7.1) we can
convert M, (7(Q?)) into an inner product space. Clearly ¥ is inner product preserving
and respects 7(d.J3). Recall that Q% = 7(Q?)/m(dJ}), hence ¥ induces an inner product
preserving map on M, (Q%). The equality ((©,0)) = ((¥(0),¥(O))) shows that YM

does not depend on the choice of projection p in £ = p.A9. O
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Chapter 2

Equivalence of the two approaches
to Yang-Mills theory on

Noncommutative Tori

In the previous chapter we have encountered two definitions of the Yang-Mills func-
tional, one for C*-dynamical systems and the other for spectral triples. In this chapter we
will answer a natural question of equivalence of these approaches to Yang-Mills functional
for the noncommutative n-torus.

Our aim here is to prove two theorems, one regarding the structure of a finitely
generated projective module endowed with a Hermitian structure over spectrally invariant
subalgebras of C*-algebras, and the other the equivalence of Yang-Mills approaches on
noncommutative n-torus. The equivalence for n=2 case was addressed by Connes in ([15],
Proposition 13, page 582). Here we take up the higher dimensional noncommutative torus
and show that even in this case it holds.

We recall non-commutative n-torus Ag as defined in ([36]). Let © be a n x n real
skew-symmetric matrix. Denote by Ag, the universal C*-algebra generated by n unitaries
Ui,..., U, satisfying U,U,, = e*™©nU, Uy, where k,m € {1,...,n}. Throughout this

chapter i will stand for /—1. On the noncommutative n-torus Ag the Lie group G = T"
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acts as follows :
Ao (Ur) = 20U s k= 1,...,n.
The smooth subalgebra of Ag is given by
S = aU {a}teSZ"), r=__r,...,rn) € Z"}

where S(Z") denotes vector space of multisequences (a,) that decay faster than the inverse
of any polynomial in r = (rq,...,7,).

This subalgebra is equipped with a unique G-invariant tracial state, given by 7(a) =
ap, where 0 = (0,...,0). One can further assume that the lattice Ag generated by
columns of @ is such that Ag + Z" is dense in R". The advantage of choosing such a
matrix O is that Ag (hence Ag) becomes simple (see [23], Page 537). But in our case
simpleness of A% is not needed and hence we do not require any assumption on © except
skew-symmetry. The Hilbert space obtained by applying the G.N.S. construction to 7 can
be identified with 1?(Z") ([36]).

2.1 Yang-Mills in the dynamical system approach

From now on we will work with Ag only and hence for notational brevity we denote
it by Ag. In this case £ = Lie(G) is R". Let {vy,1s,...,v,} be the standard basis of
R™ and the associated derivations o,,,...,d,,. We will denote d,, by 5;

The derivations {(5~1, . ,(%} on Ag are given by

500" aUm) =i rja,UT. (2.1.1)

It can be easily checked that these derivations commute and they are x-derivations of

.A@ i,e.
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A connection is given by n maps Vs & — & such that Vg (£.a) = Vs, (f)a—l—ﬁgj(a). So

the space of compatible connections V consists of n-tuples of maps (V IR V(g;) such
that
V(§) = Zn:Vg;(é) ®ej, (2.1.2)
j=1
and
(Vi (€)mao + (6 Vs M = 0 ((6m)a0)- (2.1.3)

Here {eq,--- ,e,} denotes the basis dual to {4, -+ ,1,} of the dual of the Lie algebra R™.
The curvature of a connection V is given by @v(gj/\g;c) = [V(;;, Vs ], because [S;, 5 =0
in this case. We have [ng, Vil = —[ng, Vs ] by Lemma (1.3.3). The bilinear form on
the space of End(€)-valued alternating 2-forms becomes
{@,0}e =3 ®(0; A 01 W (05 Aoy
j<k

Finally, the Yang-Mills functional of V is given by

YM(V)=-7({0v,Ov}s) = -7 (Z[V@V&P)

i<k
= 7 (Z[V@,V&]*[V@, vgk]) .
j<k
For notational simplicity we write
YM(V) = > 7 ([V;, V][V, Vi) - (2.1.4)

i<k
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2.2 Finitely generated projective modules with a
Hermitian structure

It is almost by definition that a finitely generated projective module over an associa-
tive algebra can be embedded in a free module as a complemented submodule. However
the situation is different for finitely generated projective modules with a Hermitian struc-
ture over involutive subalgebras of C*-algebras. Let A be an involutive subalgebra of a
C*-algebra A and & be a finitely generated projective module over A with a Hermitian
structure. Note that any free A module has a canonical Hermitian structure and one may
ask does there exist an embedding i : &€ — A" such that (i) there exists a submodule
F of A" with the property i(€) & F = A" and (ii) the Hermitian structure of £ is the
one induced from A". In this section we show that this is indeed the case provided A is
a subalgebra of a C*-algebra and is closed under holomorphic function calculus. In this
result the emphasis is on this condition which is often overlooked. In fact we do not know
whether the result is true in general.

Let A be a unital subalgebra of a C*-algebra stable under holomorphic functional
calculus and represented faithfully on a Hilbert space H. Let £ be a f.g.p (right)module
over A equipped with a Hermitian structure on it. There is a right A-module F such
that £ F = A7 for some q. Since A? has a topology, £ inherits the topology from AY.
Also £* inherits topology from A? because £* @ F* =2 (A?)" =2 A4. As because we have
topology now, we can expect the isomorphism between £ and £* to be topological, which

turns out to be true by the following lemma.

Lemma 2.2.1. If two finitely generated projective A-modules £ and & are algebraically

1somorphic then they are also isomorphic as topological vector spaces.

Proof. Since both the modules are projective, we can find F; and F» such that, & @ F; =
.Ak and 52 @Fg = Al. Then, 51 @.Fl @Al = Ak+l and (92 @Fg ©® .Ak = Ak+l. Hence
we can write & = prA¥ and & = pp A¥T where pi, py € My i(A) are idempotents. Let

Uj - Ak &; denote the projection maps and v; : £ — A**l denote the inclusion
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maps for j = 1, 2. If we denote the isomorphism between &£ and &, by ¢ then considering
f=wv0¢ou; and g = vy 0¢ L ouy in Hom 4 (A, A¥) it is easily seen that fog = ps

and go f = p;. If we choose

~ p1 0 _ p2 0O
plz ) p2:
0 0 0 0
f 1—fog
U =
l—gof g

then we see that p, = Up,U L. Since f, g both are A-linear maps, U is also an A-linear
map from A? to A? where ¢ = 2(k + ). Since A is unital, U € M,(A). Hence U is

bounded and induces a topological isomorphism between &£, &;. O

Lemma 2.2.2. All Hermitian structures on a free module over A are isomorphic to each

other.

Proof. The canonical Hermitian structure on A? was given by (§,m)a = > {_, &ime- We
show that any other Hermitian structure is isomorphic to this one. Let (| )’ : A7x A9 —

A be another Hermitian structure on A?. Let {ey,...,e,} be standard basis of A?. Let

T = ((trs)) be given by o = (e, e5)". Then (€,1) =Y (elp,eams) = > & {en, €5)ns.
That is, ({,n) = £ Tn, where T € M,(A) is positiveiv(sieﬁnite. Hence TTS is a positive
element in the C*-algebra M,(B(H)). Note that for £ € AY, & = (£],...,&;) where
€ = (&,-..,&). We consider elements of A% as column vector, whereas their * will
denote row vector. So here £* is a row vector and & is a column vector. We denote ( , )’
by (, )r. Hence, Hermitian structures on A? are parametrized by such T. We show that
T is one to one. Suppose T¢ = 0. Then for any n € £, we get O¢(n) = Ty = (T€)*n =0,
showing ®; = 0. Since £ — ®; is an isomorphism, we get £ = 0. Hence 71" is one to one.

To see T' is onto, we pick any ¢ from A9. Then n —— (*n is a A-linear map on A? taking

value in A (we are dealing with right .A-module). Hence, there exists £ in A? such that
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De(n) = =8Tn=(T™.
Hence ¢ = T¢, showing T is onto. We define
T: A1 —s A
T(T¢) = ¢

To show this map is continuous, let 7¢, — T¢ in A9 Then {Tn — 1T for any n
because multiplication is continuous with respect to the topology of A9. Hence ®¢, — P, .
By Lemma (2.2.1) £ — @ is a continuous isomorphism. Hence we get & — £, which
shows continuity of T. Thus T has a bounded inverse T implying spectrum of T is away

from zero. Since T is positive, /T is a holomorphic function of T. Now define
U AT — A9
V() = VT¢

Then, (£,n))r = &Tn = &VTVTy = (¥(€),¥(n)). Since A is stable under holomorphic
functional calculus in B(H), inverse of T i,e. T lies in M,(A) € M,(B(H)) (see [38]).
Invertibility of 7" in M,(A) gives invertibility of U. So ¥ gives an isomorphism between
the canonical Hermitian structure ( , )4 on A and Hermitian structure obtained throught

T. Hence we are done. O

Using this lemma we can conclude the following fact about Hermitian structures on

a f.g.p module which is also important in our computation of the Yang-Mills functional.

Theorem 2.2.3. Let £ be a f.g.p A-module with a Hermitian structure. Then we can
have a self-adjoint idempotent p € M,(A) such that € = pA? and & has the induced

Hermaitian structure.

Proof. Let € be a f.g.p A-module with a Hermitian structure ( , )¢. Because & is pro-
jective, we can have an A-module F such that EP F = A? for some natural number
q. Since F is also f.g.p A-module, by Lemma (1.2.2) F has a Hermitian structure say

(,)7. Then £ F posseses a Hermitian structure ( , ) given by
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((e1, f1) (€2, f2)) = (e1, e2)e + (f1, fo) 7,

i,e. we get a Hermitian structure on A? coming from £ and F. By our previous lemma,
this Hermitian structure is isomorphic with the canonical one. Note that £ is orthogonal

to F with respect to this Hermitian structure. Let p be a projection from A7 onto &, i,e.

p(e+ f) =e. Then € = pA9. Now,

(pler + f1),(e2 + f2)) = (er,ea)r + (e1, fa)r
= <€1, €2>E
= (en,plea+ f2))E

= (e1 + fi,plez + f2)).

which shows that p is self-adjoint. Once we have a self-adjoint p, we can now restrict the
Hermitian structure on A? to & (recall the proof of part (a) of Lemma 1.2.2) and hence

£ has the induced Hermitian structure. O

2.3 Comparison between the two approaches

In this section we work out the Yang-Mills action functional in the second formu-
lation and show that this is same as the one coming from the C*-dynamical system
formulation. In our case of the non-commutative n torus Ag, the Lie group is T"
and hence we get n Clifford gamma matrices 7, ...,7v,. We define D := Z?Zl 0; ® 7,
where §; = (—@)gj (recall the definition of gj from 2.1.1). Then D becomes self-adjoint
on H = H ® CN with domain Ag @ CV, N = 272 Moreover |D|™" lies in £1)
with Tr,(|D|™) = 2N7"/2/(n(2m)"T'(n/2)) (see [23], Page 545) and (A, H, D) gives us
a (n,o0)-summable spectral triple. Following lemmas and propositions determine the

Connes’ calculus Q2 , Q2 along with the product Q1) x QL — Q2 and differentials d .

Proposition 2.3.1. QL 2 Ao @ ... ® Ag.

Vv
n times
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Proof. We know that Qp, = m(Q'). Let w € Q', sow =Y. a;db;, a;,b; € Ag. Then,

mw) = Y (a;®1)[D,bj]

J

=y (i a;01(b;) ® w)

J =1

Since {V1,...,%} € My(C) is a linearly independent set, their linear span forms a n-
dimensional vector space C" where we identify 4, with a; = (0,...,1,...,0) € C" with 1
in the {-th place. {a1,...,a,} is the canonical basis for C". Hence we get Q}, C Ag®C".

To see surjectivity notice that for any a € Ag, we can write a = aU;U; = aU; 0;,(U,;) where

the element aU;d(U;) € Q. 0

Remark 2.3.2. Henceforth throughout the chapter {1, ..., 0,} will denote the standard

basis of A}, as free Ag-bimodule where o, = (0,...,1,...,0) with 1 in the k-th place;

-~

ntuple
whereas {€y,...,¢,} will stand for the standard basis of A where ¢, = (0,...,1,...,0)
q;;ple

with 1 in the [-th place. We will reserve this notation for the rest of this chapter. Under
the identification in the above proposition, oy, is identified with U}y (Uy) @ v in QF for
ke{l,...,n}.

Proposition 2.3.3. O}, 2 Ao @ ...... D Ao.

n(n—1)/2 times

Proof. We know that QF, = 7T(Q2)/7r(dJél)). Let w € Q% and write w = Y, a,db,.dc,,

where a,., b, c, € Ag. Then

Tw) = > (e ®DD,b][D,c]
= ) (a®]) (Zé ®%> <i6k(cr)®7k>
=3 (Za,« ®%> (Zék(cﬁ@%)

r

21



Z ((Zar b,)d;(c, ®I> +Z a,0,(b;) — a,d, (br)dp(cr))®7p’yq> .

r p<q
Since we know that ? = I and vy, = —vm Y1 for [ # m, we have
ar0p(by)0g(Cr) ® YpYg 4 ardq(br)dp(cr) @ Y

= (ardp(br)dq(cr) = ardq(br)dp(cr)) @ 1

1+n(n—1)/2
Now 77V, is independent with all vy, if I,m ¢ {p,q}. Hence, m(Q?) C @ A(@l)
1=1

where Ag) = Ap VI, because total number of the elements (a,0,(b,)d,(c;) ® Yy, —
a,04(b:)0,(cr) @ Ypyg) is n(n — 1)/2. To show equality we take any non-zero a € Ag
and b = Uy, ¢ = Uy. Then adU,dU; € Q? and 7(adU,dU}) = —a ® I is a non-zero
element of m(©?). Similarly for each p,q we consider aU;Urd(U,)d(U,) € Q. Then
m(aUyU;d(U,)d(U,y)) = a ® yp7,- This shows that the above inclusion is an equality.

Now we calculate W(djél)). We have w € Jél) implies w = ) a,dbs where a,, b, € Ao,

such that Z(as ® I)[D,bs] = 0. So we get Z(as ® 1) (Zé ®%> = 0, that is,

Z (Z aséj(bs)> ®7; = 0. But 71,...,7, being linearly independent we get

7j=1 s

Zas H®7y =0, Vi=1,...,n. (2.3.1)

Now dw = Z dagdb, . So,

m(dw) = Z[D, as][D, bs]

S

_ Z(Za as ®~yj> (Z(S(bs)@)%)

S

-y ((Z 5,(a)8(0) @ 1)+ .+ (65,008 (bs) — 8(a)5,(b)) © 774 + .. )

S

Now, from equation (2.3.1) we get
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Z Op(as)0q(bs) @ 1pyg = Z as0p04(bs) ® Vg

S

and

> 04(a:)5,(bs) @ Y = Zaséé ) ® VoY -

S

Hence,

(0p(as)dq(bs) — 04(as)dp(bs)) @ Vpvg = (—asdpdy(bs) + asdydp(bs)) @ Vpvg

= 0

because 6,0, = 6,0,, Vp,q € {1,...,n}. Hence, W(dJél)) C Ap and to show the equality
take any a € Ag. Consider w = a(U;dU; —1/2 x U; 2d(U?)) € Q'. Then we get 7(w) =0
but m(dw) = a ® I # 0 (which also shows non-triviality of w). Hence we conclude

m(dJV) 2 7(Ap) = Ae. 0
Now we want to determine the differential d : m(Ae) — QL so that J(W(a)) =

m(da), Ya € Ag.

Lemma 2.3.4. d : 7(Ag) — QL is given by, 7(a) —s (81(a), . .., 0n(a)).

f;roof. Pick any element 7(a) € m(Ag). Then da € Q! and hence 7(da) = [D,a] =

Z(Sj(a) ® 7. This is an element in QF,, which is isomorphic to A% and under this

isomorphism, Z d;(a) ®; goes to (61(a),...,0,(a)) in Ag. Hence the above definition
7=1
of d is justified. O

Next we want to determine the differential d : QY — Q2 so that d(r(w)) =
m(dw), Yw € Q.
Lemma 2.3.5. d: QY — Q2 is given by,

0,...,a,...,0) — ((6p(aUgﬁt)5q(Uj) — (04(aU;)6p(U;)) ) 1<p<q<n

J
for a in the j-th place.

23



Proof. For (0,...,a,...,0) € Q}, with a in the j-th place, we have aU;dU; € Q! such
that m(aU;dUj) is identified with (0,...,a,...,0). Now, d(aU;dU;) = d(aU})dU;, an

element of Q2. Now,

m(d(aU;)dU;) = [D,aU;]|[D,U;]
= (Zél(aU;)@)'Yl) (Z(ﬁ: ®7k>

= Y _6aUn&(U;) @ T+ (6,(al;})54(Uy) — 6,(al;)8,(U;)) @ -
=1

p<q

Under the isomorphism % = Ag(nfl)ﬂ, Z((Sp(ank)(Sq(Uj) — 04(aU})0p(U;)) @ 1y goes

J
p<q

n(n—1)/2 .

to the required element in A, O

Finally the product map is recognized by the following lemma.

Lemma 2.3.6. The product map 1:[ QL < QL — Q% s given by the following

(ah - 7an).(b17 <. 7bn) = ((apbq - aqbp))lﬁp@én :

Proof. We have a product []: Q! x Q! — Q? | given by [[(a1das, bidby) = aidasbidby =
ard(agby)dby — ajasdbydby . Choose two elements (ay,. .., a,) and (by,...,b,) in QL. We

have seen previously that W(Z anUtd(Uy,)) in ©(Q') is identified with (ai,...,a,).

m=1

Similarly for b,, in place of a,,. Let w = Z a, U d(Uy,) and o' Z b, U d
m=1
Now,

H(w’w,) = (Z amU:;Ld(Um)> (Zb]Uj*d<U])>
= zn: amU:nd(Um)b]U;d(U])

m,j=1
n

= 3 (@nUsd(UbU7)AU;) — and(b;U7)d(U;)) -

m,j=1

It is an element of Q2. Applying 7 on it we get
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n

W(H(M,W’)) = 3" (anUL[D,Unb;US][D, Uj] — an[D, b,U3)[D,U}))

m,j=1
n

= Y (@l ZékU b;U%) ® 1) Zéz ) © )

m,j=1 k=1 =1

o 005) 50060 ©7.)
r=1

n n

= > (> anUndp(UnbiUS)6e(Us) = Y amUs04(Unb;U7)5,(U;)

p<g m,j=1 m,j=1
n

- Z amép(bjU;)(sq(Uj) + Z amdq(bjU;)ép(Uj))Q@'Vp%

m,j=1 m,j=1

Now for each p and ¢,

n

> (amUs6p(Unb;U;)6 ZamU* (Unb;U;)8,(U;)
m,j=1 m,j=1

—Zam (b;U5)6 —i—Zam (b;U5)6,(U;)

m,j=1 m,j=1

n

= Y (U3, 0p(UnbgU Uy = a0y (bgUs Uy + a6y (byUn ) Uy — Uy 6 (Unnbp U ) Uy)

m=1

= Z(GmU;zép(Umbq) — am0p(bg) + amq(bp) — amUy,04(Unmby))
m=1

= Z(amU:zép(Umwcz — anUp04(Unm)by)
m=1

= apby — agby.

Hence for (ay,...,a,), (by,...,b,) € O, we get

H((al, e ,an), (bl, Ce ,bn)) = ((Cbpbq - aqbp))1§p<q§n .

It can be easily checked that both the d , defined above, are derivations. We first
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prove the following lemmas which will help us in the computation.

Lemma 2.3.7. The canonical trace 7 on Ag equals to Tr,(|D|™™)"' [, where Tr,

denotes the Dizmier trace and [ a :=Tr,((a® I)|D|™) for all a € Ae.

Proof. We have 7(a) = 7(ag(a)), Vg € T" because 7 is G-invariant on Ag. The
G.N.S Hilbert space L?(Ag, 7) is identified with 1*(Z"). For g € T, ag(U* ... Uk) =

gkUM ... Uk Here g = (g1,...,gn) € T"; g =g ... gk». Define
Ug : LQ(A@vT) — LQ(A@vT)
a+— ag(a)

It is easy to check this map is isometry with dense range. Hence extends as unitary
on L*(Ag, 7). For ey € I*(Z"), Uglex) = gtex. Since D(ex @ M) = 37 kjex @ ;M
for M € My(C), it follows that D(Uy ® I) = (Ug ® I)D on L*(Ag,7) @ CN. But
(Ug @ DUz @ 1) = D = (Ug® I)|D|(Ug ® I) = |D|. This further implies that
(Ug @ I)|D|7™"(Ug ® I) = |D|". Hence,

Try(UgalU; @ T)|D|™) = Try((Ug® I)(a® I)|D|™(UZ @ T))

= Tr,((a® I)|D|™).

This shows that Tr,(|D|™™)~! [ is also a G-invariant trace on Ag. Now uniqueness of
G-invariant trace on Ag gives 7(a) = Try(|D|™") ' Tr,((a® I)|D|™"), where Tr,(|D|™")

is a positive constant. O

Lemma 2.3.8. If {71,...,v} are Clifford gamma matrices in My(C) then they enjoy

the property Trace(YYm) = 0 for I # m.

Proof. This follows immediately from the fact that Clifford gamma matrices satisfy the

relation vV, + Ym Y = 201, V1, m, where ¢, is the Kronecker delta. O
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Lemma 2.3.9. The positive linear functional [ : T — Tr,(T|D|™™)/Tr,(|D|™™), for
T € Mn(Ag), equals with T @ Trace , where ‘T'race’ denotes the ordinary matriz trace

(normalized) on My (C).

Proof. Since D* = 3702 ® Iy, |D|™" commutes with 1 ® My(C) it follows that [ is a
trace on My(Ag) = Ag ® My(C). Our requirement is now fulfilled because of the fact

that 7 ® T'race is the unique extention (normalized) of 7 on My (Ag). O

Lemma 2.3.10. If | # m then any a ® vy, lies in the range of P where P is the

orthogonal projection onto the orthogonal complement of W(dJél)) C m(022).

Proof. Recall that any element of W(dJél)) looks like x® 1. Now (a® Y ym , T 1 )2y =
Tr,((a*x @vyym)|D|™") = Tro(|D|™™)7(a*x)Trace (yym) = 0, since Trace (47m) = 0 by

Lemma (2.3.8). O

Now we are ready to compute the Yang-Mills functional for Ag. Since QL = A%

any compatible connection V : & — £ ® Q}, is given by n-tuple of maps (Vy,...,V,),

where V; : £ — £ are such that

n

V() = Z V;i(§) ® oy, (2.3.2)
and
(€, Vi) —(Vi(&)m) = 6;((§;m)a0)- (2.3.3)

Here {oy,...,0,} is the standard basis of A} as free Ag-bimodule. Then
V:E@Q, — £

is given by
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foreach m=1,...,n.

Proposition 2.3.11. The curvature © = NV oV is given by > meil Vims Vi) (1) ® 00

n—1)/2

where o, 05 € A} and 0,05 is the element in Ag( produced by the product map 1:[

of Lemma (2.3.6).

Proof. Through direct computation we get

o) = VoV(e

= Z €<Vm(£) ® Um)

m

= Z ((Z Vi(Vim(§)) ® 0j)om + Vi (§) ® J(Um)>

- Z Vi (Vin(€)) ® 00 + Vin(§) @ d(o,)

= YV V) @ 000y + > Vinl) ® d(o).

m<j

But
> Vn() @don) = V() ® (5p(Un)04(Un) = 04U )5p(Um)h1<pegsn
m _ Om
because 0;(U) = —U;0;(Upy,) Uy, . Hence © = Z[Vm, V] ® ono;. O

m<j

Proposition 2.3.12. YM(V) = ZT(Z([Vm,Vj]*[Vm,Vj]) upto a positive factor where
m<j
7, denotes the extended trace T ® Trace on M,(Ag).

q

Proof. Recall that ((©,0)) = Y _(O(péy), O(per) )gz where {&1,....¢,} denotes the

k=1
standard basis of AY and & = pAY . Let
~ mi mi mjk mjk
(Vo V;)(p) = 00 = pplmit) = (™) pf™M) € AL

Then from Proposition (2.3.11) we get
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~ mijk mijk
O(pey) = qu(’?% J )amaj, . ,77((1 J )amaj) ,

an element of (Q%)%. Tt is easily observed that as C-vector spaces Hom(E,E ® Q%) =
P Hom(E,E). We can view End(E) as pM,(Ae)p C Mq(.A@). We have an inner-product

on P M,(Ae) given by ((Ay,..., A), (B, .. Z 74(A}B;). The following calcu-

lation shows that this inner-product becomes same Wlth the one on Hom(&,€ ® O%).

OWer),0e)) = > (" Powoy, ... 0" Maney), Moo, Mee,))
m<g,l<r
q
= Z Z<77£mjk)0'm0'janngk)UlUr>QQD
m<g,l<r s=1
= Y Z 95 @ Y] s [ @ v ez
m<g,l<r s=1
q
= D ) APOIY @mys) s POI™ @ 1) Yage2)
m<j,l<r s=1

= D ZTT( rak)” (M)®7ﬂm%%)!l7|_">-

m<g,l<r s=1

The last equality follows from Lemma (2.3.10). Now an application of Lemma (2.3.8)
and (2.3.9) shows that

((©,0)) = Tr,(|D|™) ZZZ ( (mjk)* (ka)>

k=1 m<j s=1

= TTw |D|_n ZZ Vm7v pek)v [Vm,ijpgk) >A@)

k=1 m<j

(DY S 7 (0 [V Vo Vo 0,070
k=1 m<j

= Tro(IDI™) > g ([Von, Vi [V, V1) -
m<j

The last equality follows from the fact that for any T = ((trs)) € pM,(Ao)p, where
q
p € M,(Aeg) is a projection, Z (€r, Ter)ay = Z(pek,Tpek)A@ = th. Hence

. k=1 k=1 r=1
follows the proposition. O
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Recall that {eq,...,e,} denotes the standard basis choosen for R" and {oy,...,0,}
is the standard basis of Q},. We have an one to one correspondence between these sets,
both being finite sets of same cardinality. The following theorem points out the main

result.

Theorem 2.3.13. Let C(€) and C(E) denote the affine space of compatible connections
for the first and second approaches respectively. Then both these are in one to one cor-
respondence through an affine isomorphism, and the value of Yang-Mills functional on
corresponding elements of these spaces are same upto a positive scalar factor. That is to
say that the following diagram

)

C(€) C(€)

N A

R, U {0}

commutes, where ¢ = 2N7"/?/(n(27)"T'(n/2)).

Proof. Recall from equation (2.1.2) for any V € C(£), V(§) = 37, V,(§) ® ¢; where
V,: & — £ We define ®(V) =V where

n

V€)= (-)V;()) @0;.

j=1
It is easy to see that V defines a connection. Given compatibility of V, we have to check
whether V is compatible with respect to the Hermitian structure. This follows from the

following computation.

(EVm) = (VE).n) = D (& DV ©ay) = ((-)Vi(&) @ 05,m))
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= (=0)((& Vi) ae + (Va(&):m)aes - -+
(& V() ae + (Val&), 1) 40)

= (=D& Ma0)s -5 (61)a0))

= (01((&m)a6)s -5 0n( (1) 46))

= d({&n)a0)-

This shows the compatibility of V with respect to the Hermitian structure and hence
V belongs to C(&). Conversely, for given V € C(€) recall from equation (2.3.2) that
V() = Z V,(€) ® 0; where V; : & — €. We define (V) = V where

j=1

n

VE) =D Vi) ®e;.

j=1
A similar computation shows the compatibility of V. So the elements of C(€) and C(€)
are in one-one correspondence. Recall from equation (2.1.4), for the finitely generated

projective Ag-module £ = p A, we obtained for V € C(€)

YM(V) =Y 7([V,, Vil*[V;, Vi),

Jj<k

where 7 was the trace on End(€). For ®(V) = V we obtain from Proposition (2.3.12)

YM(V) = Try(IDI™)>  7([V;, Vil* [V}, Vi),
j<k
where 7, was the extended trace of 7 on M,(Ag). Identifying End(E) with pM,(Aeg)p C
M,(Ag) we see that both 7 and 7, are equal with 7 ® T'race. Hence follows the equality
of Yang-Mills for both the approaches except for the positive scalar factor Tr,(|D|™™) =

ONT? ) (n(27)"T(n/2)), N = 20/2), 0
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Chapter 3

Yang-Mills on Quantum Heisenberg
Manifolds

In this chapter our objective is to prove that both the Yang-Mills approaches discussed
in chapter 1 coincide for the Quantum Heisenberg manifolds.

Quantum Heisenberg manifolds(QHM) were introduced by Rieffel in ([35]) as strict
deformation quantization of Heisenberg manifolds. He introduced a parametric family of
deformations and for generic parameter values these are simple C*-algebras carrying an
ergodic action of the Heisenberg group of 3 x 3 upper triangular matrices with ones on the
diagonal. They admit a unique invariant trace. Recently Kang ([26]) and Lee ([28]) has
studied Yang-Mills for the QHM following the dynamical system approach. It was shown
in ([9]) that in the case of QHM the general prescription that produces a candidate for a
spectral triple starting from a C* dynamical system gives rise to an honest spectral triple.
Therefore it is natural to ask whether even in this case these two notions of Yang-Mills
coincide and this is the content of this chapter. This parallels Theorem (2.3.13) in the

previous chapter where we obtained similar result for the noncommutative n-torus.

Notation : For z € R, e(z) stands for €*™ where i = /—1.

Definition 3.0.14. For any positive integer ¢, let S¢ denote the space of smooth functions

®: R xT xZ — C such that
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o O(z+k,y,p) = e(ckpy)®(z,y,p) for all k € Z,

e for every polynomial P on Z and every partial differential operator X = % on

R x T the function P(p)(X®)(z,y,p) is bounded on K x Z for any compact subset

K of R x T.

For each h, i, v € R, u® + v # 0, let A denote S¢ with product and involution defined
by

(®+W)(z,y,p)

= Y (e —hlg—p)p,y — hlg—p)v,q)¥(z — hgu,y — hgv,p —q)  (3.0.1)

q

and

" (x,y,p) = P(x,y, —p). (3.0.2)

Then, 7 : A® — B(L*(R x T x Z)) given by

(M(®)) (@, y,p) = > O(x = hlg — 2p)p,y — g — 2p)v, )(w,y,p — ) (3.0.3)

q

gives a faithful representation of the involutive algebra A°. .Afff, = norm closure of

m(A°) is called the Quantum Heisenberg Manifold.

We will identify A$° with 7(A5°) without any mention. Since we are going to work
with fixed parameters c, u, v, h we will drop them altogether and denote Aff}, simply by
Ap. Here the subscript remains merely as a reminiscent of Heisenberg only to distinguish
it from a general algebra.

Action of the Heisenberg group : Let ¢ be a positive integer. Let us consider the

group structure on G = R3 = {(r,s,t) : r, s,t € R} given by the multiplication

(rys,t)(r', s, t')=(r+r,s+s,t+t +csr'). (3.0.4)
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Later we will give an explicit isomorphism between GG and Hj, the Heisenberg group of
3 X 3 upper triangular matrices with real entries and ones on the diagonal. Through this

identification we can identify G with the Heisenberg group. For ® € S¢, (r,s,t) € R? = G,

(L(T,S,t)¢)(xa y7p) = €<p(t + CS<37 - T)))(b(x -7y — 8,p) (3.0.5)

extends to an ergodic action of the Heisenberg group on Azhy :
The Trace : The linear functional 7 : A — C, given by 7(¢) = fol Jp &(z,y,0)dzdy
is invariant under the Heisenberg group action. So, the group action can be lifted to

L?*(A$°). We will denote the action at the Hilbert space level by the same symbol.

3.1 Yang-Mills in the dynamical system approach

We recall the definition of Yang-Mills in the setting of C*-dynamical systems in the

context of QHM. Here the dynamics is governed by the Lie group G. We can identify G
1 es t

with H3 through the isomorphism that identifies (r, s,t) € G with the matrix | 0 1

0 0 1
Let g be the Lie-algebra of G. We can identify g with the Lie-algebra of Hj, which is

given by 3 x 3 upper triangular matrices with real entries with zeros on the diagonal.
Fix a real number « greater than one. This number will remain fixed throughout and we
will comment about it later. In this approach one has to fix an inner product structure
on the Lie algebra of the underlying Lie group and in our case we do so by declaring the

following basis,

000 0 ¢ O 0 0 ca
Xi=|o0o0 1|.X2=]00 0. Xs=]00 0 (3.1.1)
00 0 000 00 0
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as orthonormal. Their Lie bracket is given by
X1, Xs] = [Xo, Xs] = 0, [X1, Xo] = —éxg. (3.1.2)
The exponential map from g to G acts on these elements as follows
exp(rXy) = (r,0,0),exp(sXs) = (0,s,0), and exp(tX3) = (0,0, cat).

For X € g, let dx be the derivation of A$° given by dx(a) = % li=0 Leapex)(a). Let us

denote the dx;’s, for j = 1,2,3 by d;. Then they are given by

_ _9f
di(f) = -5 (3.1.3)
do(f) = 2Wicpr(w,y,p)—g—£, (3.1.4)
d3(f) = 2mipcaf(x,y,p). (3.1.5)

Proposition 3.1.1. Let £ be a finitely generated projective A7° module. Then the space
C(E) of compatible connections is given by triples of linear maps V; : € = £,7 =1,2,3

such that

Vj(g.(l) = V](ﬁ)a+fd](a), j = 1,2,3 (316)

dj(<€7£/>u4) = <Vj€7£/>¢4 + <£7Vj £/>A7 v£7£/ S 57 ] = 1,2,3- (317)

Proof. Given a compatible connection V let V; = Vy, for j = 1,2,3. The condition
(3.1.6,3.1.7) holds because of the definition of V (see 1.3). Conversely if (3.1.6,3.1.7)
holds and we define V by specifying its components on the basis (3.1.1) such that Vx, =

V;, then clearly the conditions of a compatible connection are satisfied. O

For the QHM the curvature is given by

Ov (X1 A X3) = [Vx,, V],
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Ov(Xa A X3) = [Vx,, Vx,],
Ov(X1 A Xy) = [Vx,, Vx,] + tVy,.
Here the third equality uses the relation [X;, Xo] = —+ X3 from (3.1.2).

Definition 3.1.2. Let £ be a finitely generated projective Ap° module with a Hermitian
structure. Then the Yang-Mills action functional for a compatible connection V € C(€)

is given by

YM(V> = _;<<[VX17 VXSDQ + ([VX27 VXS])Q + ([VX17 VXQ] + éng)z)) (318)

3.2 The Equivalence of the two approaches

For our present purpose it is enough to recall the operators [D, ¢| for ¢ € S¢. Note
that here the dimension of the associated Lie group is three. Let oq,09,03 be 2 x 2

self-adjoint trace-less matrices given by

Then,
0109 = 2.0'37 0903 = iUl, 0301 = 1'0'2.

Let ¢ € S¢, then

[D,6] =) 8;(¢) @ 0; where 6;(¢) = id;(¢) (3:2.1)

and the derivations d; are given by (3.1.3,3.1.4,3.1.5). The 0,’s satisfy the following

commutation relations

l
[51,53] - [52,(53] = O, [51,(52] = —553 (322)
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Assumption: Henceforth for the rest of the paper we will only consider generic

parameter values namely 1, Au, hv are independent over Q.

The space of forms were computed in ([9]). In the following proposition we recall the

description of the space of forms as A — Ag°-bimodules.
Proposition 3.2.1.
(i) The space of one forms as an A° — A°-bimodule is given by

QP (AX) = {Z a; ® ojla; € Aj°,0}s as above } C AR ® My(C) C B(H)

> AR B AT S AT

(i) m(QF(AX)) = AL @ My(C) = A § AP @ AP © A for k > 2.
(i) () = A® @ I, C A® @ My(C) C B(H).

(iv) The space of two forms as an A7° — A>°-bimodule is given by

OH(AX) = {Z a; ® 05la; € Ai°,0js as above } C A @ My(C) € B(H)

I

A @ AR @ AZ.

(v) The product map from QL (A°) x QL (A) to Q% (A°) is given by
(a®0j) - (b®og) =(1—0;1)ab® ojoy, Vi, k=1,2,3.

Here 65, is the Kronecker delta.

Proof. Only (v) was not mentioned in ([9]). This follows because the space of forms
QL(A), Q% (A°) are identified with subspaces of A @ M,(C) and the multiplication

is induced from the multiplication on A ® My (C). O
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We also recall Proposition 14 from ([9]).

Proposition 3.2.2. If1, hu, hv are independent over Q then the positive linear functional
on A* @ My(C) given by 7 : a — trya|D| ™" coincides with %(t’f’w|D|_3>T ® tr where tr,
is a Dizmier trace. Thus 7' = %(trw\DFg)?, where T, is the trace on End(E) used in

definition (3.1.2).

Proposition 3.2.3. Assume {1, hu, hv} is rationally independent so that the algebra AS°

becomes simple.

(i) The differential d : AS° — QL (A®) satisfies d(a) = Z?Zl d;i(a) ® 0.

it) The differential d: QL (AR) — Q2 (AX satisfies
DAy DAy

dla®ao) = Y §;(a) @050, (3.2.3)
j=2,3

dla®oy) = Y §;(a) ®0j0, (3.2.4)
=13

da®o3) = 01(a) @ o103+ 0s(a) @ oa0s + éa ® 0109. (3.2.5)

Proof. (i) This follows from d(a) = [D,a] =3~ d;(a) ® 0;.
(i) The differential d : QL(A°) — Q2(A®) is defined in such a way that the

following diagram

TD

Q1A Qb (A7)

| E

PP(AF) —— Q5 (AY)

TD

commutes. Therefore to see how it acts on an element of Q},(A°) we pick an element

and lift that to Q'(A%°) and then follow the diagram. Let ¢,,, € S° be the function
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Gmn(T,y,p) = e(mz + ny)dy. These functions are eigenfunctions for §;’s and satisfy

01(¢10) = 270, d2(¢10) =0, d3(h10) = 0,

01 (QbOl) =0, 52(¢10) = 27w ¢o1, 53(¢01) = 0.

Let a = %angoé(QSlO) e Qb Then,

3

7o (@) = %(wio @ 1)(3_ 6;(610) @ 7))

j=1

1
= %(GQSTOQWQSN) ® oy

:CL®O'1.

Therefore,
d(a® 01) = 7p(8(a@))
13
= %(Z d;(adiy) ® 0;)(2md10 ® 01)
j=1
= Z dj(a) ® gj04.
J#1
Similarly,

J(a ® 0'2) = Zdj(Cl) ® 0;02.
J#2

To see (3.2.5) observe that

d(ads3(b) ® 03) = d(a Z 5;(b) ® 0;) — d(ady(b) ® 01) — d(ads(b) @ o)

= d(mp(ad(b))) — d(ad;(b) ® 1) — d(ads(b) ® o2)
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— 7p(8(a)d(b)) — d(ady(b) ® o) — d(ads(b) ® o)

= > (0;(a) ® 0;)(dk(a) ® 0x) — d(ady (b) @ 1) — d(ads(b) ® 02)
mod 7(8.J;)

— 01(a)83(b) @ 0105 + 82(a)83(b) @ 0205 + a[Bs, 81)(b) @ 710,
—ab3(61(b)) @ o301 — ads(2(b)) ® 309

— 01(ad3(b)) @ 0105 + 82(ads(b)) @ o205 + a[by, 81)(b) @ 710

= 51(@53(b)) ® o103 + (52(&(53(17)) X 0903 + &a(Sg(b) X 0109.

The last equality uses [d2, ;] = 285 . Since span of elements of the form adz(b) forms an

ideal in Ag° and Ag° is simple, (3.2.5) follows. O

~ 0 ifj=1,2;
Corollary 3.2.4. d(1®0,) =
ooy ifj=3.

Now we have all the ingredients to describe the space C (&) of compatible connections

on a finitely generated projective A°-module £ with a Hermitian structure.

Proposition 3.2.5. Let £ be a finitely generated projective A7° module. Then the space
5(8) of compatible connections for the differential graded algebra QY,(A3°) is given by

triples of linear maps %j £ —&,7=1,2,3 such that,

V,(€.a) = V,(€).a+ £.5;(a), j=1,2,3 (3.2.6)

5;((&,6)a) = (€, V;8) = (V;€,€) VE & eEj=1,23. (3.2.7)

Proof. By Proposition (3.2.1) we can identify £ @ 4 0L (A%°) with the subspace
> E®0; CEW® Ms5(C). Thus any compatible connection V is prescribed by three maps

6]- : £ — & such that

V() =30, Vi€ ®a;.
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Then

Vj(€.a)®o;

<
~
=S
Il
1M

= V(§).a+¢®@d(a)

3
V€)oo + 3 8i(a) 20,
j=1

I
M-

1

<.
Il

Thus comparing coefficients of o; we get
V,(€.a) = V,(€).a+ £8,(a), j = 1,2,3.

For (3.2.7) note that

Y (s wa; = dig€))

j=1
= (&, V€)= (V& €)
3
= S VE) — (Vi€,6)) @ oy
j=1
This completes the proof. -

Theorem 3.2.6. Let £ be a finitely generated projective A?° module with a Hermitian
structure. Then ® : C(€) — C(&) given by ®(V) = V, where V(€) = iV(€) is well
defined and

L(tr,| DI YM(V) = YM(®(V)) .

Proof. Let V € C(€) be a compatible connection and V;,j = 1,2,3 be its components
as defined in the proof of Proposition (3.1.1). If we define 6]' =1V;,7=1,2,3, then 6]"8
satisfy (3.2.6) because 0; = i.dj,j = 1,2,3 and (3.1.6) holds. Similarly (3.2.7) follows
from (3.1.7). Thus the triple 6],]' = 1,2,3 defines a compatible connection V € 6’(5)

This proves the map & is well defined with the given domain and range. In fact it is an
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isomorphism. Let V denote the extended connection as defined on (1.6.1). Then using

Propositions (3.2.1,3.2.3) we get

VEoa) = Y V()00

J#1

VE@o) = Y Vi) @a0
J#2

Vo) = Y VO@00m- oo
J#3

The curvature © of the connection V is given by @ = Vo 6, which turns out to be,

0(6) = i[9, F4)() © 01 +il¥5, T1)(©) © 02 + (i[9, V2] — - Va)(§) 00,

Repeated application of equation (3.2.7) gives,

(€, Vi) = (& Vi(V;(0)) = (Vi(§), V;(n)), (3.2.8)
5;((& V) = (& Vi(V) — (V5(), Vi), (3.2.9)
5;((Vk(€)m) = (Vi(€), V;(m) — (V5(Vi()),m), (3.2.10)
Sk((V5(€)sm) = (V5(8), Vi(n) = (Vi(V;(€)),m). (3.2.11)

Now, (3.2.8) — (3.2.9) + (3.2.10) — (3.2.11) gives,

(& Vi V) = (V5 VE(©).m) = [0k, 616, m))- (3.2.12)

Combining (3.2.2) and (3.2.12) we get,

& [Ve Vslm) = ([Vs, Val(©). )
(& [V2, Vslm)) = ([Vs, Va](€), )

(609,92~ ~Fa)) = {9,920 - 9@



These relations give,

YM(V) = ((0,0))

(tral DI =91, F)” = (9, Tal)” + (i[9, 9] = ) )
= = 5D TV Vel)? + (V, Val)? + (V1. Val + - Va)?)

= LD YM(V)

and the proof is completed. O

Remark 3.2.7. It would be interesting to compute the exact value of the normalizing
constant %(trw\D|_3), however at present we only have an upper bound and a nonzero

lower bound.

Remark 3.2.8. The computations in this chapter crucially use results of ([9]). Unless
one assumes {1, hu, hv} is rationally independent, the algebra A3° is not simple and hence
the computation of the space of forms Q% (Ag°) in (3.2.1) and the differentials as executed
in Proposition (3.2.3) collapses. We believe even in the nonsimple case the result is true

but we do not yet have a proof.
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Chapter 4

Connes’ Calculus for The Quantum

Double Suspension

A calculus or a differential calculus often means a differential graded algebra(dga).
Recall the dga Q% (1.1.3) defined by Connes. However, outside the works of Connes
there are very few instances ([9],[10]) where this calculus has been computed. In view of
this scenario, here in this chapter we set ourselves with the task of computation of this
calculus for a certain systematic class of examples.

The concept of quantum double suspension(QDS) of an algebra A, denoted by 22A4 ,
was introduced by Hong-Szymanski in ([24]). Later the quantum double suspension of
a spectral triple was introduced by Chakraborty-Sundar ([11]) and a class of examples
of regular spectral triples having simple dimension spectrum were constructed, useful in
the context of local index formulas of Connes-Moscovici ([19]). Note that by iterating
QDS on a manifold one can produce genuine noncommutative spectral triples. Under the

following hypotheses

e [D,a]F — F[D,a] is a compact operator for all a € A, where F' is the sign of the

operator D,

o H>® := ()5, Dom(D")is aleft A-module and [D, A] € ARENdA(H™®) C Ende(H™),
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on a spectral triple (A, H, D), we compute 2}, for the quantum double suspended spec-
tral triple (X%A, X?H, 22D). Notable features of these hypotheses are, firstly the spectral
triple associated with a first order elliptic differential operator on a manifold will always
satisfy them and secondly they are stable under quantum double suspension. Thus our
results allows one to compute Connes’ calculus for spectral triples obtained by iteratively
quantum double suspending spectral triples associated with first order differential opera-
tors on smooth compact manifolds. In particular, iterated application of our construction
on the spectral triple (COO(']I‘), LA(T), %d%) imply the computation of the Connes’ calculus
for odd dimensional quantum spheres. This extends earlier work of ([10]). This compu-
tation gives the first systematic computation of Connes’ calculus for a large family of
spectral triples.

At the end of this chapter we discuss behaviour of geometric notions of compatible
connections, curvatures on the quantum double suspended spectral triple. If we take £ to
be a Hermitian finitely generated projective module over A, and denote the affine space of
compatible connections by Con (&), then there is a canonical Hermitian finitely generated
projective module over Y24 which we denote by E. The affine space of compatible
connections on & is denoted by Con(g’ ). We show that there is an affine embedding of
Con(&) into Con(€) which preserves the Grassmannian connection and together with

Homy (€,€ @4 Q%(A)), the vector space containing the subspace of curvatures, these fit

into a commutative diagram.

4.1 Preliminaries on The Quantum Double
Suspension

We define Connes calculus (27, in a slightly modified way in this chapter and then justify

it.

Definition 4.1.1. Recall from (1.1.3) that (Q°*(A),d) is a differential graded algebra.

We have a * -representation m of Q°*(A) on the Calkin algebra Q(H) = B(H)/K(H),
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given by
T(apy®@ar ® ... ®a) = a[D,a1]...[D,ax] + K(H) ; a; € A.

Let Jék) ={weQf:m*w)=0} and J' =P J(gk). But J' fails to be a differential ideal in
Q*. We consider J* = @ J* where J*®) = Jék) +dJék_1). Then J* becomes a differential
graded two-sided ideal in Q° and hence, the quotient Q3, = Q°/J* becomes a differential

graded algebra.

Remark 4.1.2. If we compare the definition of Q% given in (1.1.3) with that in (4.1.1),
then one sees that the definition given in (1.1.3) does not involve the projection map
0 :B(H) — Q(H) and Connes represented Q*(A) on B(H) instead on Q(H). However
often, the explicit computation of €1}, is rather difficult, even in the particular cases.
In ([10]), authors have computed 23, for the quantum SU(2) and the Podle$ sphere by
replacing B(H) with Q(H), i,e. following the above prescription. Justification for this
has been discussed in section (3) of ([10]). Here in this chapter we follow the above

prescription of QY, given in definition (4.1.1).

Now we define Q%,(A) for non-unital algebra A. Notice that elements of QF are
linear combination of elements of the form agda; .. .da,. For non-unital algebra A, one
first considers the minimal unitization A := A & C and embeds A in A by the map
a —> (a,0). This makes A an ideal in A. The map (a, ) — 7(a) + M gives a faith-
ful representation of A on B(H). Now, using the embedding A — .Z, define elements

of QF(A) as linear combination of elements of the form (ag,0)d(a;,0)...d(a,0). Ob-

n n( A Q" (A) " (A)
serve that €2"(A) C Q"(A) and hence s S g And subsequently we define

. _ Qn(A) :
OH(A) = TR RIS for the nonunital case.

Now we define the concept of quantum double suspension(QDS) introduced by Hong-
Szymanski in ([24]). Let [ denotes the left shift operator on ¢*(N) defined on the standard
orthonormal basis (e,) by I(e,) = e,_1, I(¢g) = 0 and N be the number operator on £*(N)

defined as N(e,) = ne,. We fix the notation ‘v’ throughout the chapter which denotes
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the rank one projection |eg)(eo| := I — I*l. Let K denotes space of compact operators on

2(N).

Definition 4.1.3. Let A be a unital C*-algebra. The quantum double suspension of A,
denoted by X2 A, is the C*-algebra generated by a @ w and 1 @ 1 in A® T where T is

the Toeplitz algebra.

There is a symbol map ¢ : 7 — C(S') which sends [ to the standard unitary

generator z of C'(S') and one has a short exact sequence
0—K—7 -5 0(S"Y) —0.

If p denotes the restriction of 1 ® o to Y?A then one gets the following short exact

sequence
0— AR K — X245 C(SY) — 0.

There is a C-linear splitting map ¢’ from C(S') to X?A which sends z to 1®1 and yields

the following C-vector spaces isomorphism :
PPAY (A K)PC(Sh).

Notice that ¢’ is injective since it has a left inverse p and hence any f € C(S!) can
be identified with 1 ® o/(f) € X2A. For f = > N\,2" € C(S), we write o'(f) :=
D nzo Anl™ 2000 Anl*™. The finite subalgebra, denoted by (£2A) i, is generated by
a®@T and Y oo Al™ + Y gcpcoo Anl™, where a € A and T' € B (*(N)) is a finitely

supported matrix.

Definition 4.1.4 ([11]). For any spectral triple (A, H, D), (X2 A, X?*H := H @ (*(N),
32D :=D®I+ F®N) becomes a spectral triple where F is the sign of the operator D
and N is the number operator on (*(N). It is called the quantum double suspension of

the spectral triple (A, H, D).
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Notice that (Clz, 2], #2(N), N) is also a spectral triple, and for any f € C[z,27!],
we have [X?D,1®0'(f)] = F®|N, f]. Here we record two conditions on a spectral triple

which will be used later.

Conditions :

(A) [D,a|F — F[D,a] is a compact operator for all a € A.

(B) H>® := (s Dom(D*) is a left A-module and [D, A] € A ® Enda(H>™) C
Endc(H™).

Proposition 4.1.5. These conditions are valid for the classical case where A = C*°(M)
and D is a first order differential operator. Moreover, if a spectral triple (A, H, D) satis-
fies these conditions then the quantum double suspended spectral triple ((22A) yin, L*H,

X2D) also satisfies them.

Proof. When D is of order 1, [D,a]F — F[D,a] has order —1 and hence it is a compact
operator. Now suppose [D,a]F — F[D,al is a compact operator for all a € A. To check
the stability under QDS, note that (X%2A), = A® SE@ Clz, 27! as linear space and
sign(X?D) = F ® 1. Now

[(X°D,a@T+ fI(F®1) - (F1[X?D,a® T + f]
— [D,d]F®T+FaF @ [N,T)+1®[N, f]— F[D,a)® T —a®[N,T] =1 ® [N, f]

= [D,alFQT —F[D,a|®T + [F,a]FF ® [N,T].

This says that [X2D, (X% A) :,](F®1)— (F®1)[X2D, (X% A) :,] is also a compact operator

on H ® (*(N). The second condition follows similarly. 0

Lemma 4.1.6. Let o1, 05 denote any two 2 X 2 Pauli spin matrices. For a given spectral
triple (A, H, D) consider the even spectral triple (/T,?Tl, ﬁ,’y) where H = H® C2, A =
AR L, D=D®o;,v=1®0y. Then QB(JZ) =0%(A).

Proof. First observe that 3 do [Tr,[D, @] = (X ao [T, [D, ai]) ® 0 where @; = a; @ I.
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Now

oy for n odd,
o] =

Iy,  for n even.

immediately shows that 7(2"(A)) = 7(Q"(A)) for all n > 1. Since S ao [[1,[D, ;] ®

o = 0 implies [} [D, a;] € n(dJ§(A)), we have w(dJ}(A)) = n(dJj(A)) for all n > 1.

This completes the proof. O

Remark 4.1.7. (a) Proposition (4.1.5) says that iterating the classical case of spectral
triples canonically associated with a first order differential operator on a compact mani-
fold, one gets a lot of examples satifying our conditions.

(b) Observe that sz’gn(ﬁ) = sign(D)® oy and hence if (A, H, D) satisfies our conditions
then so does (.Z,ﬁ, 5,7). For any even spectral triple it is obvious that FAN A = {0}
where F' = sign(D). Hence, Lemma (4.1.6) will guarantee that in our context, without

loss of generality, we can always take FANA = {0}. Throughout the chapter we stick

to this fact.

Notation :

1. In this chapter we will work with (22A);, and denote it by Y2A for notational

brevity.
2. For all f € C[z,27!], we denote [N, f] by f’ for notational brevity.
3. ‘S’ denotes the space of finitely supported matrices in B(¢*(N)) .

4. Any T = (T;;) € S is said to have order m if m > 1 is the least natural number

such that T;; = 0 for all ¢, 7 > m.

5. (e;;) will denote infinite matrix with 1 at the ij-th place and zero elsewhere. We

call it elementary matrix.
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4.2 Connes’ Calculus for The Quantum Double
Suspension

In this section we take a spectral triple satisfying Conditions (A), (B) mentioned in
the previous section. Because of Remark (4.1.7) we can assume F.LANA = {0}. Our goal
here is computation of Q% ,, ((X2A):n) . Note that (S, ¢*(N), N) is a spectral triple but
S is non-unital. We first consider 2% (S), following the definition of 9}, for non-unital

algebras. We need to compute this complex first.
Lemma 4.2.1. 7y (Q"(S)) =S for all n>0.

Proof. Let’s take n > 0. We have to show 7y (Q"(S)) 2 S. Choose any T' € S of order

[. If n is even then take n = 2r. Observe that

T=YT ([ %l(ej,l)] [N> = ](eu)D +T ([N, 5 (en)] [N, i (e)]) "
For n = 2r + 1 we can similarly write,
r = S ([ g [vatyen]) ot

+T(e11) {N’ 1 i z(em] ([N l i 1 (e“)} {N’ 1 1— l(el’l)Dr

and this completes the proof. O

Lemma 4.2.2. 7y (dJ§(S)) =S8 forall n>1.

Proof. Notice that 7y (dJJ(M;(C))) is an ideal in M;(C) for any [ and hence if we can
produce one nontrivial element then my (dJ§(M;(C))) will be equal with M;(C) for all I.

For n =1, choose

¢ = (exad (lean) ) eai (en)

For n = 2, choose

¢ = ((tcanta (Gean) ) eahdttenn)) (S er)



For n = 3, choose

¢ = (tcanta (Gtean) ) — apdttenn) (S ern)) d (5ena)) -

For n > 4, choose

¢ = ((eamsd (Hennn)) = aillean)) d (S ern)) o
[T =D(ess ) (1)

j=4
It is easy to see that for all n > 1 these elements lie in J§ (M;(C)). One can verify that
7(dC) # 0 in each case. O
Proposition 4.2.3. For (S, *(N), N) we have

1. R(S)=S8 forn=0,1.

2. Q%(S)=0 forall n>2.
Proof. Combine Lemmas (4.2.1) and (4.2.2). O

Now we are ready for the computation of Q5. ,,. Note that both 7s2p (Q2*(A® S)) and
mx2p (Q°(Clz, 271)) are subspaces of mx2p (Q*(22A)), because 224 = AS @ Clz, 27|

as C-vector spaces. Furthermore, mx2p (Q°(C[z,27Y)) = F* @ mn (Q°(Clz, 271])). We

always write 7 instead of mx2p and 7y for notational brevity.
Lemma 4.2.4. 7 (Q'(2%A) =7 (A (AR S)) + (F®1) (A2 S + 7(QY(Clz, 271)))).

Proof. Note that 7 (QY(A® S)) C 7 (Q'(X2A)). Now for any element (F®1)(aQT+ fof1)
of (F1)(A® S+ m(QY(Clz,27]))) we see that,

(Fel)(aaT+ fofi) = (@@T+ fifi)(F®1)
= @T+ fof )1 D)ARI*)(F®1)
= (@®T+ fof)1®1) [2°D,1® "]
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This is clearly in 7 (Q'(X?%A)). To see the reverse inclusion we start with arbitrary

element Zk(a()k X TOk + fOk) [22 D, a1y @ le -+ flk::| of m (Ql<22A)) Then,

> (aok @ Tox + for) [2°D, a1k ® Tik + fu]
k

= Z (aor @ Tox) [EQD, a1g @ le} + (aox ® Tox, + for) [22D7 flk]
k

+ [2°D, a1y @ forTir] — Fawx @ [Tk

which is an element of 7 (' (A®S)) + (F® 1) (A® S + 7(QY(Clz, 271))). O

Lemma 4.2.5. 7(Q"(22A)) = Y77 F/7'n(QH (AR S) + (FR1)"(ARS +
7(Q"(Clz,27Y))) for alln > 1.

Proof. We prove the Lemma by induction. Suppose the statement is true for n = k. Any
element of 7 (Q2*+1(X2A)) can be written as w[X?D, a®T+ f], where w is in 7 (Q* (X2 A)).
By assumtion w = Y+ 'w; where w; € Fi=ln (M1-(A®S)) for 1 < i < k and
wit1 € (F@ 1) (A0 S+ n(QF(Clz,271]))). Hence,

WD, a®@ T+ f] = Y wi[2?D,a@ T+ 2 wi(F ® ).
This is an element of

Zf;l Fitly (F2(A®S)) + (F@ 1) (A0 S+ (QH(Clz,271))).

To get the reverse inclusion one can use the same trick used in Lemma (4.2.4). a

Lemma 4.2.6. 7(Q'(A®S)) N(F®1)(A®S+ (2 (Clz,z71])) = (FRA®S).

Proof. Choose any arbitrary element Y, (aor ® Tox) [22D, a1y ® Tix] of m (QH(A® S)).

In terms of elementary matrices ((e;;)) we can rewrite this element as following ,

22D, Z A1kpg @ Epq

pq

Z (aor @ Tor) [EzD, a1 & le] = Z (Z Qokij & 6ij>
4,J

k k

= Z aokij ([D, a1kje) + F(J — @)arkjq) @ €iq -

k7i7j7q
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Now any element of (F®1)(A®S)+ (F®1)7 (Q'(Clz,z71)) looks like Y, Fay @ Ty +
F ® f for some f € Clz,z7!]. The equality of these two elements shows that f has to
be a compact operator on ¢*(N) (Take any linear functional [ on B(H) and hit both
elements by [ ®Id). Hence, if intersection is nontrivial then it must be contained in the
ideal (F®1)(A®S). We now show that (F®1)(A®S) is contained in the intersection.

Choose any arbitrary element ) ,, Fay ® Ty. Consider the following equation

Y Fapy®@Tw = Y (aor @ Tox) [2°D, a1, @ Tiy] - (4.2.1)
4 k

Choose ajr = 1 for each k. Then this equation reduces to,
Z Fapy @ Ty = Z Faoe @ Tor[N, Tix]. (4.2.2)
k' k

To(k,)[N : Tl(,]i;)]. Hence, this equation

m

Using Lemma (4.2.1) we can write each Ty as ), _

has nontrivial solution, which shows that (F ® 1)(A® S) C 7 (A (A® S)). 0
Lemma 4.2.7. (F@ )7 (Q"(A®S)) C 7 (Q"(A®S)) forall n > 1.

Proof. This follows from the fact that for algebra B

0"(B) = Q'(B) @5 ... ®5 Q'(B) .

N

Vv
n times

Now use Lemma (4.2.6) which says that (F ® 1)(A® S) C 7 (Q'(A®S)). O

Proposition 4.2.8. 7 (Q"(X?A)) =7 (Q"(A®S)) @ 7 (Q"(Clz,z71])) for alln > 0.

Proof. Combine Lemmas (4.2.5,4.2.6,4.2.7). O

Recall that Q. (22A) = m (Q"(22A)) /7 (dJ5 (2% A)). Hence our next target is

to identify the quotient 7 (d.J§ " (X2.A4)).
Lemma 4.2.9. 7 (dJ}(X%A)) =7 (dJ3(A® 8)) P 7 (dJ3(Clz, z71])).
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Proof. Suppose ¢ = Y, d(aogx @ Tor, + for)d(a1r @ Tig + fix) is an element of d.Jj(22A).
Then,

> (aok ® Tox + for)[ 2D, arp ® Tix + fux] = 0
k

Then 7(¢) = Y. [2%D, apx @ Tor + forl[2*D, a1x @ Thy + fix] equals the following sum

> " [2°D, a0k @ Tol [E°D, arr @ Tug) + [£°D, for][£° D, fur]
%
+[X2D, agr, @ Tox)[X° D, fix] + [ 22D, for][ 22D, arx, @ Tyl

The term Y, [X2D, for][X2D, fix] lies in 7 (dJ5(Clz,2z71)). If we can write each term
[EQD, aopk X TOk][ZQD, flk] as Zk/ [ZQD, bOk/ X SOk/] {ZQD, blk’ X Slk’] in such a way that
(aok ® To)[ 22D, fix] = 31 (bow ® Sor)([X2D, by @ S1ar])

where Spi and Si’s are from S and similarly for the term [X2D, for][2%D, ayx @ Tix]
then we can conclude that 7 (dJ}(22A)) C 7w (dJH(A®S)) P 7 (dJ;(Clz,271])). First

let by = 1 for all £’. Then we have the following equations to solve:

7

Fao, @ Tor f1 = > Fbow ® Sow [N, S1i/]

F[D, aot] @ Torf1y, + aor @ [N, Tor] fi. = D FID,bor] ® Sow [N, S (4.2.3)

\ + bOk’ ® [N, S()k/][N, Slk’] .

For that it is enough to solve the following equations:

Tor f1x = > Sow [N, Si] (424

[N7 TOk]f{k = Zk’[Na SOk’][N7 Slk’] .

Note that f1, is of the form 7" | Niz" + 37" | A_;j(z71Y. Then o'(f{,) € B(£2(N)) is the

following matrix

o4



0 0 Ao Aol eee e e e

Each row and column of this matrix has only finitely many non-zero entries and all
the diagonal entries are zero. Denote this matrix by (8,¢)pq. Notice that (e;;).0’(f1;)
is the matrix whose i-th row consists of j-th row of (8,,),, and zero everywhere else,
whereas o'(f],).(e;;) is the matrix whose j-th column consists of i-th column of (8,,),4
and zero everywhere else. Let Tp, be denoted by the matrix (a;);;. Since T, € S, one

can assume that o;; = 0 for all © > r + 1 and j > s+ 1, for some r,s. Observe that
Toro' (f11) = (@ij)ij(Bpg)p,q » Where

—~ ﬁpq for 1<p<s,q<n+s,

Bpg =

0 otherwise.

Hence (vaq)p,q € S and we have a solution for equation (4.2.4). Similarly one can do for
the term [X2D, for|[2%D, ay, ® Tig]. O
Proposition 4.2.10. 7 (dJ}(X2A)) = 7 (dJJ(A® S)) P 7 (dJF(Clz,271)) Vn > 1.

Proof. For arbitrary ‘n’ it follows from our observation in the previous Lemma that both
(322D, a® T|[X?D, f] and [X2D, g|[X?D,a’ @ T'] for f,g € C|[z,27"] can be replaced by
[(X2D,b® S][X%D,V ® S'] where T,T",S,5" all lie in S. O

Lemma 4.2.11. For the spectral triple (C[z, 271, (*(N), N) we have 7ty (2"(C[z,271])) =
Clz,z7Y for all n > 0.

Proof. Clearly m(Q"(C[z,27'])) € Cl[z,27!]. For the other inclusion consider &,n €

Clz, 27! where ¢ = z,np = z7!. Then [N,£] = ¢ and [N, 5] = —.
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Case 1 : Suppose n = 2r is even. Choose any ¢ € C[z,27'] and consider w =

¢ (dédn) . .. (dédn) € Q™ (C[z,27']). Then

[\ S
-~

r

m(w) = ¢([N,E]IN, 7)) ... ([N, E][N, 7] ) .

(.

-~
r

But [N, ][N, n] = —1. This proves that C[z,z7!] C 7 (Q"(Clz, 27 1])).
Case 2 : Suppose n = 2r + 1 is odd. Choose any ¢ € C(S'). Consider w =
¢&dn (dédn) . .. (dédn) € Q™ (C(S1)) for r # 0 and w = ¢&dn for r = 0. O

(. /
-~
r

Lemma 4.2.12. For the spectral triple (Clz, 2], (*(N), N) we have 7y (dJ3(Clz,271]))

= Clz,27Y for all n > 1.

Proof. Tt is clear from the previous Lemma (4.2.11) that 7 (dJJ(C[z,27'])) C Clz,27].
For the other inclusion notice that for n > 1, 7 (dJ}(Cl[z,z7!])) is an ideal in C[z, z™!].
We will show that 1 € C[z,27!] lies in 7 (dJ}(C|z,27"])). Consider ¢ = z,n = z"! €
Clz, z71.

Case 1 : For n >3 odd, consider

w= 5d77£d5d77) o (dfdnl —l—ndfgdé’dn) ... (d¢dn) € Q" (Clz,27"]) .

(n—1)/2 (n—1)/2

Case 2 : For n > 2 even, consider

w= —£2dndn£d5dn) o (dﬁdnz + nzdfdfgdé“dn) . (d&dnz e Q" ((C[z, z’l]) )

~ ~

(n—2)/2 (n—2)/2

Case 3 : Formn =1, consider w = &dn + nd€.

One can check that for all n > 1, 7(w) =0 ie. w € JI (C[z,27']). But
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—2 for n=1,

m(dw) = § —2(—1)(—1/2 for n >3 odd,

—4(—1)n=2/2 for m > 2 even.

\

This justifies our claim. O

Proposition 4.2.13. For the spectral triple (C[z, 27, *(N), N),
1. Q% (Clz,27Y) =Clz,27Y], for n=0,1.
2. W (Clz,271) =0, for n>2.

Proof. Combine Lemmas (4.2.11) and (4.2.12). O

Proposition 4.2.14. For (X?A,H ® (*(N), X%D),
1 O (524) = 04, (A S) @ Cls, 2],
2. Qo (22A) =2 QL (ARS) , for all n > 2.

Proof. Use Propositions (4.2.8,4.2.10,4.2.13). O

Our next goal is to determine Q%,, (A ® S) in terms of O} (A). Note that we are

viewing A ® S inside the unital algebra X% A as an embedded subspace.
Lemma 4.2.15. 7 (Q"(A®S)) =Y F'r(Q""(A) @S foralln>0.

Proof. The inclusion ‘C’ is obvious since one just has to expand the commutators [X?D, .]
involved in LHS. For ‘2’ we show that F"7n (Q""(A)) ® S C 7 (Q"(A® S)), for each
0 < r < n. Consider first F"ag [[[_]'[D, a;]®T € F'm (2" "(A))QS, where 1 <r < n—1.
By Lemma (4.2.1) one can write T' = Y, Tox [ ['_, [V, Tix]. Let I(or) be the infinite matrix

having an identity block matrix in top left most corner of order same as that of 7Ty, and
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zero elsewhere. Then,

Z(ao ® To) (ﬁ[EQD, a; ® I(Ok)]) (ﬁ[EQD, 1® T]k;])

n—r

= Z(ao ® Tor,) H ([D, ai] ® Iion)) (FT ® H[N’ TM)

1=

= ZFT’ao (ﬁ[D7ai]> ® Toy (H[Na Tﬂc])
= F"qq ﬁ[D,(IJ QT.

=1

For r = 0, observe that ao [ ,[D,a;] ® T = (ag @ T) [T\, [2*D, a; ® I(1)], where Iip
denotes the infinite matrix having an identity block matrix in top left most corner of

order same as that of 7" and zero elsewhere. Finally for r = n, F'a®@T = >, (a ®
Tor) (TTi2,[2*D,1 @ Ty]) where T =3, Tox [1;-1[N, Tix] (by Lemma 4.2.1). O

Lemma 4.2.16. 7 (dJ}(A®S)) =7 (dJ}(A) @S+ Fr (A (A) @S+ AR S.

Proof. In terms of elementary matrices (e;;), arbitrary element of 7 (d.J; (A ® S)) looks

like

> [£°D,ag ® To)[£°D, ay @ Ty
= ) Z { Z[D’ aoij][D, arjs] + Faoi;[D, avjs|(i — j)

+apijaiys(i — )7 — ) + F[D, agijlaijs(j — 5)} ® es

such that for each 7 and s we have

Z Z a,Qij [D, (les] + Z Fa()ijaljs(j — 8) = O . (425)
J J
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Consider the following equations

§ = Z Z aoij| D, ajs) (4.2.6)

n = Z Z agijarjs(j — ). (4.2.7)

Hence, £ + F'n = 0 by equation (4.2.5). Let n be any natural number. For each ¢ and s,

consider
apis+n = —1 agisnt1 = 1 apistn2 = 1 agis4n+3 = 1
A1,s4ns = Q@ a1,s4n+1,s — @ a1 s4n+2,s — A A1,s4n+3,s — —a.

One easily checks that £ = 0 in equation (4.2.6) and n = 0 in equation (4.2.7) for these
four pairs together and hence these pairs can produce infinitely many solutions to the
equation &+ Fnp = 0. We can now conclude that arbitrary a ® e;, lies in 7(dJ; (A® S)),
for each ¢ and s and for any a € A. We will now show that any Fa[D,b] ® e;, lies
in 7 (dJ3(A®S)), for each i and s. For any natural number m and for each i and s,

consider
Q0,i,s+m — @ a0i,s+m+1 — —a Q05,s+m+2 = (1/(m + 2))Gb

A154ms = b A1 s4ml,s = 0 a1 smy2,s = 1.
Again one checks that £ = 0 in equations (4.2.6) and 7 = 0 in equation (4.2.7) and
one gets 2Fa[D,b] ® e;s + ab(m — 1) ® e;, as an element of 7 (dJj(A® S)). Hence
Fa|D,b®e;s lies in 7 (dJL(A ® S)), for each i and s. We will now show that 7 (dJ}(A))®
S C 7(dJ;(A®S)). Choose any Y., [D,aep|[D,a1] @ T, € 7(dJ;(A)) ® S. Then
aop[D,a1] = 0 for each k. Let I be the infinite matrix having an identity block
matrix in top left most corner of order same as that of 7T and zero elsewhere. Then

(22D, apr @ L(y][22D, a1y ® L) € w(dJ;(A® S)) for each k and hence,

(1@ Ty)[E2D; aor @ I [2°D, a1 ® Iy] € w(dJ5(A® S))
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for each k. Now observe that

>klD; aorl[D; an] @ Tp = 35,(1 @ Tio) (22D, aor @ Ii][ 22D, arp @ Iipy) -

N

This proves the inclusion ‘2’. Now Lemma (4.2.15) shows that 7 (dJj(A® S))
T (Q*(A) RS+ Fr (Q(A) S+ A®S. Finally, the fact that [D, A] C AQEndA(H™) C
Endc(H>®) and FAN A = {0} implies the inclusion ‘C’ by equation (4.2.5).

|

Lemma 4.2.17. For alln > 1, F"'a®e;; € 7 (dJF(A® S)) for any a € A and each i

and j.

Proof. The n = 1 case has been addressed in Lemma (4.2.16). Let’s take n > 2. Arbitrary

element of 7 (dJJ(A® S)) looks like

n+l n+1 n+1
Z Z Z H (D » Ajigi 7+1 ZFt(H[Daajijij+l])(t) @ €iyipig s (4.2.8)
i1,0n42 \92,int1 J=1 t=1 j=1

(t)
where <H”+1[D i, +1]) is the following expression

n+1

Z (D, aviyiy] - - - - - (D, @iy in 1) o (D Qrgirigy 41

1<ri<re<...<r¢

with [D, a,;m-r 1) = (ip —4r41)@rii,,, (the total number of ~ appearing in each summand

of the summation » 7 _. _ _ isexactly ¢); such that

n+1 n n+1 ()
Z Z { a1y, H D, ajijij+1] + Z Airi (H[D’ ajijij“])
j=2

..... T4l t=2,teven j=2
n n+1 (t)
+ E FCLM‘”‘Q H[D a]lﬂj+1] } =0
t=3,todd J=2

(®)
for each i; and 4,5 . Here <H"+ (D, ajis, +1]) is the same expression as

(®)

<H;jll (D, ajii +1]> except for the fact that there is no r; present i,e. the summation
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will be over ro,...,7; and for t = 1 this term is zero. Consider

n+1
f - Z Z iy H[D7ajijij+1]v (429)
12,51 7=2
n n+1
n = Z Z { Z almz(H[D,aﬁjiHl])(t) (4.2.10)
12,eening1  t=2,teven j=2
n n+1
+ Z Fa1i1i2<H[D>ajijij+1])(t)}-

Hence, £ +n = 0. For each ¢; and 7,5, consider

/

Q141 ,i04+m — @

as,i1+(s—1)m,i1+sm = _1/m ; V2 S S S n

an+1,i1+nm,in+2 - 1/<Zl + nm — Z’I'L+2)
\

and
A1,iq i +m+1 — —a

Qs i1+ (s—1)m~+1,41+sm+1 = _1/m ) V2<s<n

Ui 1iy4nmtling, = 1/ (00 +nm+1 =i, 0)

\

Here m is a natural number s.t. ¢ +nm + 1 — 4,0 and ¢; + nm — i,,.o both are
nonzero. Note that infinitely many such m can be found for given 71, %,12,n. The term
D inin s (linia H?;l(ajij,-jﬂ(z’j — ij+1)) becomes zero for above choice and these pairs
satisfy ¢ = 0 in equation (4.2.9) and n = 0 in equation (4.2.10). The existence of
infinitely many natural numbers m gives us infinitely many solutions to the equation
¢+4+n = 0. The only surviving term in the expression (4.2.8) for these solution is the term
D iy FY (TTH anigi, ) H?;rll(zj —i;41) (when t = n+1), which is equal to F"*'a
for each iy and 7,, 5. All the other terms become zero because of the existence of commuta-

tors (except for t = n, which also vanishes for our choice ay;, jy+m = @, @14y 44m+1 = —0Q).

This justifies our claim. O
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Lemma 4.2.18. 377 ( F""'In(V(A) @ S C 7 (dJf(A®S)), for alln > 1.

Proof. We use induction. We have seen that Fr(Q'(A) @ S+ A2 S C 7(dJj(A®
S)) (Lemma 4.2.16). Assume this is true at the k-th stage. To prove for the (k + 1)-
th stage we use Lemma (4.2.17). Let & = EkH Frr2mig, € Zkﬂ FF2Zir(QI(A)) @
S. Lemma (4.2.17) shows that F¥*2¢, € 7 (dJf™ (A® S)). To prove & — FF2¢, €
7 (dJ5 T (A ® S)), it is enough to show that for each i and j , if 7(w)®e;; € m(dJF(ARS))
then 7(w)[D,a] ® e;; € T(dJFT(A® S)) for any a € A. Let

w) ® e Z H EQD s T

such that

k
> o [[12°D.am] = 0. (4.2.11)
m=1

for all z,, € A®S. Now

(m(w) @ e)([D,a] @ej5) = <Z 11 [ZgvaBm]> ([D,a] © ej5)

= > TIE°D,2,)[2°D,a@ey],

m=0

since [D, a] ® e;; = [52D,a ® ej;]. If 7(w)[D, a] ® e;; has to be in 7(dJE™(A® S)) then

k
Y w0 [[[12°D,2n][2°D,a@ey] = 0
m=1
should hold. But this is clear from equation (4.2.11). O

Lemma 4.2.19. For alln > 1, 7 (dJ}(A) @S Cr (dJf(A®S)).

Proof. The n = 1 case has been addressed in Lemma (4.2.16). Let’s take n > 2. Now

choose any 3, [T7_o[D; ar] ® Ty € 7 (dJg(A)) ® S. Then apx [T7_,[D, ajx] = 0 for each

62



k. Let I(;y be the infinite matrix having an identity block matrix in top left-most corner of
order same as that of T}, and zero elsewhere. Then [[}_([X?D, a;®I )] € 7 (dJf(A® S))
for each k and hence, (1® Ty) [[/_o[X*D, ajx ® I € 7 (dJj(A® S)) for each k. Now

observe that

ZHD a]k ®T]€—Z 1®Tk HED agk®lkz)]
k k Jj=0

Jj=0

which completes the proof. O

Lemma 4.2.20. 7 (dJ}(A®S)) =7 (dJJ(A)S+> " F"Hr (Q(A) @SVn > 1.

Proof. Since 7 (dJ}(A®S8)) C 7 (" (A®S)), Lemma (4.2.15) says the following:
T(dI}(A®S)) Cr (T A)) @S+ ) F"r (U (A) @S,
Now Lemmas (4.2.17,4.2.18) and (4.2.19) show that

T(dI(A) @S+ F T r (U (A) @S Cr(dff(A®S)).
r=0
We need to show that
T(dI}(A®S)) Cr(dIp(A) @S+ Y F" ' r((A) @S,

r=0

We use induction on n. Lemma (4.2.16) gives the basis step of the induction and suppose

that
T (A A®S)) =7 (dJg H(A) @S+ 30 Fr'r (U (A) ® S.
Recall that for the algebra B and for all n > 1,
Q"(B) = A'B)@s...... ®5 QY (B)

n times

= QYB) @5 " N(B).
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Hence Ji = JE @ Q"1 + Q' ® Ji~'. Since d satisfies the graded Leibniz rule, we have

dJy C(dJg). vt + JL(dQY) 4+ (dQY). J§H + QL (dJEY

(recall the graded product on Q°) and hence applying the algebra homomorphism 7 we

get m(dJ§) C w(dJH)m(Q 1) + 7(QY)7(dJy ). Since J* is a graded ideal in * we have

N

T (dJF(A®S))
T (dy(AR8)) T (" (A®S)) +7 (AR S)) 7 (dJf(A®S))

(7 (dJy(A) ® S+ Fr (Q'(A) @S+ A® S) <ni Fra(Q 17" (A) ® S)

+ (r('(A) S+ FARS) (w (dJg(A) © S+ nz_: F'rn(Q7(A) ® S)

r=0

[y

n—1

Frr(dJy ™ (A) @S+ ) F'a(Q"7(A) @ 8

r=0

3

(]

i
3 ©

+ ; Fra(@ 7 (A) @S+ 7 (dJ)(A) @ S+ Fr (dJ) ' (A) @S

r=

n—1 n
+Y T (QNA) @S+ ) P (N (A) @S
r=0 r=1

T (dJ}(A) @S + 2": Frii=r (M(A) ® S.

r=0

Here the first equality follows from Lemmas (4.2.16,4.2.15) and the induction hypothesis.

O

Remark 4.2.21. Note that the second condition, i,e. [D, Al C AREndo(H™), is needed

only for Lemmas (4.2.16,4.2.20).

Theorem 4.2.22. For the spectral triple (X*A, 2*H,X?D), we have

1O, (524) = QL(A) @ S I2A.

2. iy (X2A) 2 QB(A) @S, foralln>2.

3. The differential 0° : XA — QL. (22A) is given by,
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a@T+ fr—[D,a]@TPH(a® [N, T]+ f').
4. The differential &' : QL. (E2A) — Q% (X2A) is given by,
51’91D(.A)®S = dl ®1 and 51|22.A = 0.

5. The differential 0" : Q' (Z2A) — Q51 (22A) s given by,

M=d"®1
foralln > 2.

Here d : Q%(A) — Q3H(A) is the differential of the Connes’ complex.

Proof. 1. Recall from Lemma (4.2.15) that Q5. (A®S) = Q(A) @S+ FA® S.
Since A @ End4(H>®) C Endc(H™) by the map a ® g — ao g, FA can be
embedded in FA® Endy(H*®) C Endc(H™) by the map Fa — Fa ® I. Now
(D, A] C Endc(H™>®) and FAN A = {0} gives the direct sum. Finally, use the fact
that FA® S = A® S and Proposition (4.2.14) to conclude Part (1).

2. For all n > 2, we have

Yop (27A)
T (QV(X2A))

T (dJgH (X2 A))
T(QA®S))
T (dJgH(A®S))
Do (T (A) ® S
T (dJgH(A) ® S + 305 Frorm (r(A) © S
T(QA)S+Y 1 Frn(Q""(A) S
m(dIg N A)) @S+ Frrr (r(A) @ S
T(Q(A) RS+ F T ((A)® S
T (dJgHA)) @S+ X0, Frorr (r(A) ® S
T("(A)®S
m(dJy N (A) ®S

(A @S

1%

by Proposition (4.2.14)

1%

by Lemmas (4.2.15,4.2.20)

12

1

1%

1%
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3. Obvious since [X?D,a @ T + f] = [D,a] @ T + Fa® [N, T] + f'.

4. Take arbitrary (ag[D,a;] @ T, 0@ S+ f) € Qp(A) @ SEP L%A. Using Lemma
(4.2.1) we have S = > Sy[N, S;] and Proposition (4.2.13) implies f = > fof7 -

Now, as an element of Q3,,(X2A)

(GQ[D,Gl] ®T, b®S+f)
= (a0 ®T)[2°D,a1 @ I;)] + Y _(b® S)[2°D,1® Sy

+> (1® fo)[£°D, 1@ fi],

where I(7) is the identity block matrix of order same as that of 7". Hence,

8'((ag[D, ] © T, b® S+ f))
= ([Z°D,ay @ T|[Z°D, a1 @ I;py] + Y _[X°D,b® S)[£°D, 1 ® 5]
+3 (57D, 1@ fo][ 2D, 1® fi]) + m(dJ)(£7A)),
as an element of Q% (2%A) = %. Now, by Part (2), we finally get

6 ((ao[D,ar] @ T, b® S+ [)) = ([D,ao][D,a1] + w(dJy(A))) @ T,

as an element of Q%,(A) ® S.

5. Follows in a similar fashion to Part (4).

Now we want to iterate this Theorem and Proposition (4.1.5) guarantees that we are

allowed to do so. Let k > 1 and X% A = X?(X2(k=1) A). We put the convention X°A = A

and X°D = D. Let F® be the sign of the operator X2*~1Y D, acting on the Hilbert

space H ® 2(N)®¢~1 Then YD = X?*k-UD g [+ F® @ N and F® = F @ 1961,

Any element Y*a of X2 A is of the form Y**Ya @ Ty _1) + fr_1) where X2*+Yq €
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X214 Ti-1) € Sand fu_1) € C[z, 27 !]. Using this functional equation one can write

X2k in terms of elements only from A, S and Clz, 271].

Corollary 4.2.23. For the spectral triple (Z%A, X2k E%D) , k> 1, we have
1 Qb (Z%A) = QL(A) @ S PP, (YA SOED) .
2. Voipy (22'“.,4) =~ O (A) @ S®F, foralln>2.

3. The differential 6° : 2** A — QL,, (E%A) is given by,

220 @ Tgry + fry — [D,a] @ Ty @ Ty @ ... @ Tiery D

(EQ(k—l)a ® [N Tk,l)] + .f(/k—l)) EB

k
<@ Ezkja(g)NT(k]]—irf(kJ)@Qj)

7j=2
where Qj = Tip—(j-1)) ® Tir-(j-2)) ® - - ® Tip-1) € ST

4. The differential 6" : Q% p, (Z*FA) — QL. (X% A) is given by,
51|91D(A)®S®k = dl ® 1®k and 51|@?21(22j¢4®8®(k‘—j)) = 0.

5. The differential 0" : Q% (22’“./4) — it (Z%A) is given by,

£2kD
o =d" @ 1%*
foralln > 2.

Here d : Q%(A) — Q%™ (A) is the differential of the Connes’ complex at the k = 0

level.

Proof. Note that F®) X2(k=D) Ao S =~ x2k-) A® S for all k> 1. Now the proof follows

easily by induction on k where Theorem (4.2.22) is the basis step of the induction. O
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4.3 Connection and Curvature for the Quantum
Double Suspension

Recall the notions of Connection, Curvature from (1.6). These notions are meaningful
whenever one has a spectral triple. In this section, we discuss these notions on quantum

double suspended spectral triple.

Assumption : Henceforth throughout the section we assume that A is spectrally

invariant subalgebra in a C*-algebra A.

Throughout this section ‘v’ will stand for the rank one projection |eg){eo| = I —I*l in
B (¢*(N)). The map ¢ : a — a ® u gives an algebra embedding of A in X?4 and hence

extends to the map

¢+ My(A) — My(22A)
a = (ai;) — (ai; @ u)j

By definition of projective module, let £ = pA™ for some natural number n and an
idempotent p € M,,(A). For p = (pi;)i;, if we denote the matrix (p;; ®u);; by p&u, then &5
gives a f.g.p right X2 A-module £ = (p@u)(X2.A)". However, note that £ = (p@u)(L2A)"
is same as (p ® u)(A ® S§)™ because u is a rank one projection operator. For reader’s

convenience we recall Theorem (2.2.3) here.

Theorem 4.3.1 (2.2.3). Let € be a f.g.p A-module with a Hermitian structure where
A is spectrally invariant subalgebra in a C*-algebra. Then we can have a self-adjoint
idempotent p € M, (A) such that £ = pA™ and € has the induced canonical Hermitian

structure.
The goal of this section is to prove the following theorem.

Theorem 4.3.2. Let £ be a f.g.p module over A equipped with a Hermitian struc-
ture { ,)Ya. Choose a projection p € M,(A) such that & = pA™ and £ has the in-

duced canonical Hermitian structure. Let € = (p @ u)(XZ2A)" and restrict the canonical
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structure on (S2A)" to E. We have an one-one affine morphism ¢epn : Con(E) —

Con(g) which preserves the Grassmannian conections, and an one-one C-linear map
P Homy (E,€ @4 0%(A)) — Homse g (g,§®22,4 QQE2D(22A)> such that the follow-

ing diagram

Geon B
Con(€) Con(€)
7 |

Homu (€, ®4 0% (A)) Homsaz (5 £ @524 QQEQD(E2A))

(8

commutes. Here f is the map which sends any compatible connection to its associated

curvature.

Remark 4.3.3. The Choice of such a projection p € M,(A) of Theorem (4.3.1), such
that &€ = pA™, has the advantage that now we have to deal with the canonical Hermitian
structure, which is much easier to tackle than an arbitrary Hermitian structure. This is
one of the main reasons for our assumption that A is spectrally invariant subalgebra in

a C*-algebra because this assumption is crucial for Theorem (4.3.1) to hold.

We break the proof of this theorem into several lemmas and propositions to make it

transparent and then combine them together at the end.

Lemma 4.3.4. As right X*A module,
(P@u)(Qp ®S)" = p(Qp)" ® uS
Proof. We define
D :p(Qp)"@uS — (pRu)(Qp®S)"
p(wi, .., wy) Ul — (pRu) (w1 RT,...,w, ®T)

and

T (pou)(Q e S)" — p(QL)" @ usS
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n

(p®u)(w1®Tla7wn®Tn)'—>2p(O77wlu70)®uﬂ

=1

The proof is now routine verification. O

Lemma 4.3.5. (p®@u)(A®8)" X pA" @ uS as right X*A-module.

Proof. Exact similar description of @, W of previous Lemma (4.3.4) gives the isomorphism.

O

Notation : Henceforth throughout this chapter we write §(7) = [N, T] for all T € S

and (0,...,a;,...,0) will denote the element of A" with a; € A at the i-th co-ordinate

.

~
n tuple

and zero elsewhere.

Proposition 4.3.6. Let V : £ — E@4QL(A) be a connection where € = pA"™. Define,
V:ip@u)(A®S)" — (p@u)(A®S)" @524 Qhap(T2A)

by the rule,

n

(p®u)(a1®T1,...,&n®Tn) — Zv(p<077aza70))®uﬂ
=1

+(pRu)(ag @ 6(uTy),. .., a, ®0(ul}))

where §(T) = [N, T). Then NV defines a connection on € = (p @ u)(X2A)".

Proof. Well-definedness is easy to check. Now consider any a ® T+ f € X2A. Then,

p@u) (e ®@Th,...,a, @T,)(a®@T + f)

= (p®U)(a1a®T1T,,ana®TnT)+(p®U)(a1®T1f,,an®Tnf)
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The image of this element under v is,

ZV(p(O, ceaiay .. 0)) @ulGT 4+ (p@u)(ara @ I(uiT),. .. ana @ 6(uT,T))

+ZV(p(O,...,ai,...,0))®uTif+(p®u)(a1®5(uT1f),...,an®5(uTnf))

Now,

Vilpouw(a®T,...,a,T,)) .(a®@T+ f)
+pou)(ar ®T,...,an Ty Rd(a® T + f)

= zn:V(p(O,...,ai,...,O))a@uTiT—l—zn:V(p(O,...,ai,...,O))®uTZ-f
:L:(lp ®u)(a; @ (uTy),...,a, @ 5(uTni):)%(a QT+ f)
+pou)(a@T,...,a, T,) @ (da@T +a® 6T +1R6f)

= i{V(p(O7...,ai,...,O))a®uTiT+(p(O,...,ai,...,O)®da)®uTZ-T}
jr:(lp @ u){(a1a @ 6(uTy)T, ..., aa @ §(uT,)T) + (aja @ T10T, ..., a,a @ T,6T)}
+p@u){(ar @6WTY)f,...,a, @6(uTy)f) + (a1 @ TYOf, ..., a, @T,0f)}
—I—ZR:V(p(O,...,ai,...,O))®uT7;f

i1

= i{V(p(O,...,aia,...,O))®uTiT+iV(p(0,...,ai,...,O))®uTZ-f

i=1 i=1

+(p@u)(aa @ o(uiT),...,ana @ 6(uT,T))

+(pRu)(a; @O(UILf),...,a, ®6(uT,f)).

This shows that,

V((p@u)(a1®T1,,an®Tn)(a®T+f))

= V(pouw(aeT,.. ,a,2T,)) (a@T + f)

+p@u)(a @T,...,0,@T,) @da® T+ f),
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i,e. V is a connection on &. a

Lemma 4.3.7. If V is the Grassmannian connection on &, then V is the Grassmannian

connection on &.

Proof. Let V = V(&) denotes the Grassmannian connection on €. Then

Vollp@ )@ ®Ti, ... a, ©T,)

= Zvo<5>(p<o, g, 0) @uT + (p@u)(ay @ 6(UTy), . .., an @ 6(ul}))
= Z Vo(E)((priaiy - - -, priai)) @ uT; + (p @ u)(ay @ §(uT), ..., a, @ d(ul,))

= Zp(d(pum), ooy d(pnia;)) @ uT; + (p @ u)(ar @ 6(uTh), . .., an ® 6(uly)).

Now if V() denotes the Grassmannian connection on € , then

Vo) ((p@u)(a T, ...,a, ®T))

= Vg(g)(Zpljaj @ uTj,. .. ,anjaj ® ul})

J=1 J=1

= Y _(peu)dpya;@ul)),...,dp;e ©uT)))
j=1

= Y (p@uw)(d(pya;) @ uT; + prya; @ 5(uTy), ..., d(pnja;) @ uTy + ppja; ® 6(uT))).

j=1
Here d : XA — Q. (22 A) is the differential of Part (3), Proposition (4.2.22). Notice
that

> imi(p@u)(pija; @ 6(uly), . .., poja; ® 5(uly)) = (p@u)(ar ® S(ulr), ..., an @ 6(ul})),
and this completes the proof. O
Proposition 4.3.8. Let © : pA" — p A" @4 03,(A) be the curvature of the connection

V on & = pA™ and let © denotes the curvature of the connection \Y of Proposition (4.3.6).

Then
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O:(pRu)(ARS)" — (PR u)(ADS)" Rr2a N3 (27A)
1s the map given by
POV ST ..., a0 T) — Sy 000, .. ay, ..., 0)) & uTh

Proof. Let V : pA™ — pA" @4 Q} be a connection for which © is the curvature and \Y
denotes the connection in Proposition (4.3.6). We let V' be the extended map,
V' € @524 Qb (52A) — € @524 02, (52A).

Then © = V' o V. Now,

V(Y VKo, a,....0) ®uﬂ)
i=1

- 6/ Zp(wgi)a--wwg))(gqui)
1=1

= V(Y peuw’ eul,... o) e uﬂ-))

=1

= VS pewo,. ., 1eu,...,0)8 @ @ u)

i=1 j=1 j—thplace
= YN V{pewo. .., 1ou,....0) | . @ul)
i=1 j=1 j—thplace
+peu)(0,..., 1®u ,...,0)® (d'” @ uT)
j—thplace
= Y3 Vpo,.... 1 .00 @uli+ (peu),.... dw’ @ul;,...,0)
=1 j=1 j—thplace —

j—thplace
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In the last equality use the fact that 6(u) = [NV, u] = 0. Also,

V' ((p®u)(a; ® 5Ty, ... an ® 6(ul})))

n

— ﬁf(Z(p@gu)(o,...,ai Du,...,0)® (1®duly)))

— Zﬁ((p@i)u)((),...,ai®u,...,0))(1®5(uﬂ))

+(peu)(0,...,4; ®u,...,0) ®d(1® §(uT))

= Z{V(p(o,...,ai,...,O))®u—|—(p®u)(0,...,ai®5(u),...,0)}(1®5(uﬂ))

_ Z{V(p((),...,ai,...,()))®U}(1®5(UTi))

= 0. (see Theorem 4.2.22)

Finally,

O(p@u)(a @Ty,... a4, T,))

= V (Z V(p(0,...,as...,0)) ®uTi) + V' (p®u)(a; @ 6Ty, ... an @ 6(ull)))

= ZZV(p(O,...,

1 ,...,0))w§i) ®u7}+(p®u)(0,...,dw§i) ®@ulj,...,0)
i=1 j=1 j—th place R
= > VO, A 0w +p(0,. ., 1 0) @dol)) @ uT;
=1 j=1 j—thplace j—thplace
= > VEO,.... 1 ,...,0)®w)®uT;
=1 j=1 j—thplace
= ZZV'(]D(O,..., w](i) oo, 0)) ®@uT;
i=1 j=1 N~
j—thplace
= Z@(p((),...,ai,...,())) ® uT;
i=1
and this completes the proof. O

Lemma 4.3.9. Let &, 7 € (p@u)(A®8)" and (&) = X, & @uTy, V(1) = 32, me @uSk

4



where

is the isomorphism of Lemma (4.3.5). Then the induced canonical Hermitian structure

UV:(pou)(A®S)" — pA" @ uS

(p®u>(al®Tla--'7an®Tn)Hzp(ow"aaiw“ao)@uqﬂi

i=1

on (p@u)(A®S)" has the following form:

Proof. Let € = (pRu)(a1 ®T1,...,a,@T,) and 1= (pRu)(a; RT],. ..

(M) sea= (&emw)a® (ulh) (uSy).

(&) 524

= (Zpljaj@)uTj,...

Jj=1

= Z(pljaj @ ulj,...

j=1

n

= > ((pya; @ ulj, ...

J,l=1

J=1

 Pnjaj; @ ul}), Z(plja;- @uly, ...

kK

>anjaj ® UT’]) ) (Zplja;’ ® UT‘]{, ) anja';‘ ® uj—‘]/) >
j=1

j=1
7pnja;' ® uj—;) >
j=1

 Pnja; @uTy), (puay @ uly, ..., pua; @ ul)))

= Z Z(pkjaj ® uTy)" (pua; @ uTy)

Gi=1 k=1

Now W(&) = >0 p(0,...,a5...,0) @ uTy and W(n) = > 7 p(0,...,d},...,0) @ uT}.

Let fj :p(O,

/

,aj,...,0) and n; =p(0,...,d;,...,0). Now,

<§r7778>A

) g

(p(0,...,ar,...,0),p(0,...,a.,...,0))4
< (plrar; ce 7pnrar>7 (plsals; S 7pnsa/s>>A

Z(pkrar)*pksa/s

k=1
n

* /
E Q). PlkrPksQy

k=1

Hence, 37, (&) 4 ® (D))" (uTy) = 32, Q25 (pirar @ wT0)" (pisaly @ wTY)) -

5

yan @T)). Then



Lemma 4.3.10. For £,n € € we have

(a) (£ R@uT,VneuS) = (£, Vn) @ (uT)*usS,

(b)) (VE@uT,n@uS) = (VEn) @ (ul)*us .

Proof. Let & = p(ai,...,a,) € pA™, V= >, p(bii, ..., bpi) @ w; € pA™ ® Q(A). Then,

E@ul = play,...,a,) @uT

= pewW(@®T,...,a,0T)

and
= Zp(bliwi> ooy bpiwi) @ uS
Hence,
(€ @uT,Vn®uS)
= > {pou)(@eT,...,a,®T),(p@u)(by; ® U, ..., by ® 1)) s24(w; @ uS)
= Z(p(al, ey ) QUL p(bgy - o, bni) @ u) sz g (w; @ wS)
— Z ((p(ar,...,an),p(b1iy- -, bpi))a @ (uT)u) (w; @ uS)
= Z(<p(a1a s 7an)7p(b1i7 s 7bnl)>.sz) ® (UT)*US
= Z<p(a17 s 7an)7p(bli’ cee 7bm,) & Wi) X (UT>*US
= (&, Vn) ® (uT)*uS
This proves part (a) and part (b) follows similarly. O
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Lemma 4.3.11. The connection V of Proposition (4.3.6) is compatible with the Hermi-

tian structure { , )s24 on £, if 'V is compatible with respect to { , )4 on E.

Proof. For &, 7j € (p®@u)(A® S)", we have isomorphic elements 3¢ @ uT, Y n @ uS €

p A" @uS respectively. Let € = p(ay,...,a,) and n = p(by,...,b,). It is easy to see that,

V() =V()@uT + (pRu)(ag @ §(uT), ..., a, @§(uT)).
V(i) =V(n) @uS+ (p@u)(by @ 6us),. .. b, 5us)).

Now,

(&, Vi) z2a— (V& )52
= ((@uT,Vn@uS)seq — (VEQUT,n @ uS) 524
@ uT, (p®u)(by @ 6(uS), ... by @ §(uS)))s2.4
—((p@u)(ay @uT), ..., a0 R 6(uT),n®uS)s24
= (& Vma—(VEma) ® (ul) (us)
+(E@uT,n @ ud(uS))sos — (€ @ud(uT),n @ uS)s2x  (by Lemma 4.3.10)

= d((&;ma) @ (uT) (uS) + (& ma® (W) ud(uS) — (&n)a® (ud(ul)) usS

Finally,

d(&Ms2a) = d{(E@uT,n®uS) s
= d((&m)a® (uT)"us)
= d((&ma) ® (uT)uS + (§,m)a ® 6((ul) us)
= d((&m)a) @ (uT)uS + (£, ma @ ((uI)6(uS) + 0((uT)")us)

= d((&ma) @ (uT) uS + (& n)a @ ((uT)*0(uS) — (6(uT)) us)

This shows compatibility of V. O
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Proof of the Theorem (4.3.2) : Define

acon : COTL(E) — COTL(E)

V—V

where V is as defined in Proposition (4.3.6). Lemma (4.3.11) proves that Ran(gcon) C
Con(€) and Lemma (4.3.7) proves preservation of the Grassmannian connection. It is
casy to check that ¢, is an affine morphism between Con(€) and Con(€). To see
injectivity, let $cgn(v1) = &cm(%) and choose any ¢ = p(ay,...,a,) € £. Then E =
(p@u)(ay@u,...,a, ®u) € E. Then it follows that V(&) ® u = V5(€) @ u (use Lemma

4.3.5) i,e. V1(§) = Va(&). Now define
Y Homy (E,€ @4 0%(A)) — Homye g <€~,5®ng QQEQD(EQA))
V() (p@u)(a@Th,...,an@Ty)) == > g(pO0,...,a;...,0)) @ul;.

It is easy to see that 1 is a well-defined linear map because € ®sz24 0o p(22A) =
p(Q%5(A)" ® uS as right Y2A-module (the proof of this fact goes on the same route
as described in Lemma 4.3.4). Injectivity follows similarly as before. Finally, in view of

Proposition (4.3.8), we see that the diagram commutes and this completes the proof. O
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Chapter 5

Multiplicativity of Connes’ Calculus

In this final chapter we study behaviour of 2}, for the tensor product of even spec-

~/

tral triples. More precisely, we are interested in knowing whether Q%,(A; ® Ay) =
0%, (A1) ® QF,(As) for two even spectral triples (Ay, Hi, Di,71) and (A, Ha, D2, 72).
Here Q7, ® Q}, denotes the tensor product of two differential graded algebras. We call
it multiplicativity property of Qf,.

This question has been studied in ([25]), but because of the partial nature of their
result we reinvestigate it here. Note that to define 2}, one does not use self-adjointness
and compactness of the resolvent of D. We cast Connes’ definition in a slightly more
general algebraic framework. We consider the quadruple (A,V,D,v) where A is an
associative, unital algebra over K, represented on a vector space V, D € End(V), v €
End(V) is a Zs-grading operator which commutes with .4 and anticommutes with D. We
show that the collection of such quadruple (A, V, D, ~) is a monoidal category and denote

—_—

it by Spec. We identify a smaller subcategory Specs,, and show that there is a covariant

—_— —_—

functor G : gp\e/c — Specgyy . Moreover, Specg,, becomes a monoidal subcategory of

Spec. Next we consider the category DG A of differential graded algebras over a field K
and show that the association F : (A, V, D,~) — Q%(A) gives a covariant functor from

gp\e/c to DGA. We show that restricted to Specsy,, F becomes a monoidal functor. To

validate the nontriviality of this functor, i,e. to show that the associated dga 27, is not
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trivial, we explicitly compute FoG for a canonical spectral triple associated with compact
smooth manifolds and for the noncommutative torus. We also compute the associated
cohomologies in each case and it turns out that the resulting dga (27, is cohomologically

also not trivial.

5.1 Multiplicativity of Connes’ Calculus

Definition 5.1.1. A quadruple (A,V, D,~) is called an even algebraic spectral triple if

1. A is a unital, associative algebra over a field K,

2. m is a representation of A on the K-vector space V,
3. D e &nd(V),

4. v € End(V) is a Zy-grading operator which commutes with w(A) and anticommutes

with D.

Let (A;1,Vy, D1,7) and (Asz, Vo, Do, v2) be two even algebraic spectral triples. The

product of these is given by the following even algebraic spectral triple
(A1, V1, Di,m) ® (A2, Vo, Do, ye) = (A1 @ A2, Vi@ Ve, D1 @149 @ Doy ® 7).
One can consider two dgas Qf, (A1) and Q3 (Az). The product of these two dgas is given
by
O, (A1) @ 0, (A2) = @50 By jn U, (A1) @ ), (As) .

It is natural to ask how %, behaves under this multiplication, i,e. whether

Q%(/h & Az) = @ QZDl (.A1) & Q%Z(AQ) Vn >0.

i+j=n
The article ([25]) deals with this investigation and does not lead to a final conclusion.

However, using the universality of Q°(A; ® Ajy), a useful outcome is that for all n >0

OB (A1 ® As) = Q (A1, Ap) (5.1.1)
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where Q% ( Ay, As) is defined as follows.

Definition 5.1.2. Consider the reduced universal dgas (2°(A1),dy) and (2°(Asg),ds),
associated with the algebraic spectral triples (Ay, Vi, D1,71) and (Ag, Vo, Do, o) respec-
tively. Consider the product dga (Q'(Al) ® Q°(Ay) ,giv> where

(wi @ uy).(wp @ uy) = (—1)Pww, @ uju,, (5.1.2)

d(w; @ u;) == dy(w;) @ uj + (—1)'w; @ dy(uy), (5.1.3)

for we € Q*( A1) and ue € Q°(Az). One can define a representation 7 of 2°(A;)®0Q°(As)

by
T(w; @ uy) i= 1 (wi)yl © ma(uy) . (5.1.4)
Let
Jb = Ker {% : EB Q'(A) ® Y (Ay) — End(V; ® Vg)} : (5.1.5)
itj=k

EBi+j:n QF (A1) ®QI (A2

)
A ,Vn >0.

and J" = J@ +dJ7"" . Define Q0 ( Ay, Ay) =

At this point we would like to register one interesting observation about the tensored
complex Q°*(A;) @ Q°*(Ay). Recall that Q'(A; ® As) enjoys the following universal
property :

For any A; ® As-bimodule M and any derivation § : A; ® Ay — M, there exists a
unique A; ® Ay-bimodule morphism & : Q'(A; @ Ay) — M such that the following

diagram

Ao A — oA @A)

k o

M
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commutes.
The A; ® Ay -bimodule Q'(A;, As) = (Q'(A) @ A) D (A ® Q(A,)) enjoys the

following universal property.

Proposition 5.1.3. For any A; @ Ay-bimodule M and any derivation 6 : Ay @Ay — M

satisfying,
1. 6(a® 1) commutes with 1 @b,
2. §(1 ®b) commutes with a® 1,
for all a € Ay ,b e A, ; there exists a unique Ay @ As-bimodule morphism
U QAL A) — M

such that the following diagram

A @ As QY (A, As)

N

M

commutes.

Proof. Define W : ﬁl(Al ,As) — M by the following map
ardias @ by — (a3 ® 1)0(az ® 1)(1 ® by)
a1 ® bydaby — (a1 ® 1)(1 @ b1)6(1 ® by).

Checking left module homomorphism is trivial. We will check that ¥ is a right module

homomorphism. For any simple tensor x ® y € A; ® A, ,

(a1dras ® by + ay ®A51d232)(37 ®y) = aidi(ax) @by + ax ®51d2(52y)

— alagdlx ® bly — 5196 ®3152d2y
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Hence,

v ((a1d1a2 ® by + @ ® bidabs)(z ® y))

= (a1 ® 1)d(az ® 1)(1® byy) — (aray ® 1)3(z @ 1)(1 @ byy)
+ (@1 @ b1)8(1 @ byy) — (G2 @ bibe)d(1 @ )

= (a1 ®1)0(az @ 1)(1 @ by)(z ®@y) + (a1 @ by)d(1 @ byy)(z @ 1)
— (@17 ® byby)d(1 ® y)

= (a1 ®1)8(az @ 1)(1 @ b)) (x @ y) + (@ @ 01)6(1 @ by)(z @ y)
(@ @b)(12b)(1@y)(z@1) — (@17 ® biby)d(1 ® y)

- ((a1 ®1)8(ay ® 1)(1® by) + (@ ® b1)d(1 ®32)) (@)

= (\If(aldlag X b1 + 51 ®51d252)> (LU X y)

Suppose there exists another A; ® Ay bimodule morphism ¥’ such that the diagram

commutes. For any a;dyas; @ by € Q1 (A;) ® Ay, observe that it is same as (a; ® 1)d(ay ®

1)(1 X bl) Then,

\I// (a1d1a2 & bl) = ((11 & ]_)\I/, (d(ag & 1)) (1 & bl)
= (a1 X 1)(5(@2 X 1)(1 X bl)

= \Il(a1d1a2 & bl)

One can prove a similar fact for a ® bydsbs . This proves the uniqueness of W. O

Note that Q5 (A1, As) = @, i, Vb, (A1) @ ), (Ay) if and only if

i+j=n

T'(AL A = @D T(AD) ® Y (Ay) + Q(A) @ T (Ay). (5.1.6)

i+j=n

But it is in general not true. This is the point of investigation in this chapter. We propose

a subcategory of the category of even algebraic spectral triples, which satisfies (5.1.6).
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Also there is a canonical projector onto this subcategory.

Definition 5.1.4. The objects of the category Spec are even algebraic spectral triples
(A, V,D,~). Given two such objects (A;, V;, Dy, v;), with i = 1,2, a morphism between
them is a pair (¢, ®) where ¢ : Ay — Ay is unital algebra morphism between the algebras
Ay, Ay and © € End(Vy,Vy) is surjective which intertwines the representations my, To 0 ¢

and the operators Dy, Dy or equivalently, for which the following diagrams commute for

every r € Aj :
P P
V1 Vg Vl V2
DlJ J D, 7T1(JJ)J J o 0 P(x)
Vi Va Vi Vy
P P

and ® also intertwines the grading operators 1, Y,

)
\A 2
4! l l V2
\A 2
)

Remark 5.1.5. This definition is essentially from ([2]). However, our requirement de-
mands the extra condition on surjectivity of ®. This is in line with ([22],[40)).
Proposition 5.1.6. The category gp\cfc 1s a monoidal category.

Proof. Define the identity object ‘1’ of monoidal category as follows

1:=(KK,0,1).

Define the functor tensor product ‘®’ on objects as

(-’417V17 D1771) ® <A27V27D27’72)

= (A ®A,Vi®Vy, D1 @147 ®Da, v ®Y2)

and on morphisms
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(6,®): (A, V,D,~) — (A, V,D,7)
((bl M ®/) : (‘A,7V/7 D,7 7’) 'H (A\}?i},? ﬁlJ;};,)

by (¢ ® ¢, ®®P'), where ¢ ® ¢ is the usual tensor product of two algebra morphisms
and ® ® &’ is the usual tensor product of two linear maps. Now one can easily verify all

the conditions of a monoidal category. O

Let DG A be the category of differential graded algebras over field K. We will only

consider nonnegatively graded algebras in this chapter.

Lemma 5.1.7. There is a covariant funtor F : gﬁgc — DGA gwen by (A, V,D,v) —
0% (A).

Proof. Consider two objects (Aj, Vi, D1,7), (As, Vo, Dy, y5) € Ob(Spec) and suppose
there is a morphism (¢, ®) : (A, Vq, D1,v1) — (Asz, Vg, D, ¥2). Define

v Q.Dl (./41) — Q.Dg (AQ)

22 a0 [Tz [Py, ail]l — [32 ¢(a0) [Ti=y [Da2; é(ai)]]

for all a; € A;,n > 0. To show W is well-defined we must show that V(w(d;JJ")) C

m(deJi) for all m > 1, where di,dy are the universal differentials for Q°(.A;), Q% (As)

respectively. Observe that
Do (Z ag H[Dl,ai]> = (Z ¢(ag) H[Dm(ai)]) 0. (5.1.7)

Consider an arbitrary element & € w(dyJ{"). By definition, £ = > [[\([D1, a;] € 7(diJ)
such that > ag [ ,[D1,a;] = 0. Now using equation (5.1.7) and surjectivity of ® we
have

Y- o(ao) [Ti=1[Da; é(ai)] = 0.

This shows the well-definedness of W. Now it is easy to check that U is a differential

graded algebra morphism. O
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Remark 5.1.8. This is the only place where we need the stronger assumption on surjec-

tivity of the map ® and because of this reason we differ from ([2]).

—_——

Now consider (A,V,D,v) € Ob(gge/c) such that v € m(A). Let Specgy be the
subcategory of gp\e/c, objects of which are (A,V, D, ~) with v € 7(A). Clearly S?o;é;b
is a monoidal subcategory of Spec. Now suppose (A, V,D,~) € C’)b(gj;_e/c) and v ¢ m(A).

Consider the vector space A @ A with the product rule
(a,b) x (@, b) := (aa + bb, ab+ ba) .

The algebra (A® A, x) becomes unital with unit (1,0). The map (a,b) — (a+0b,a —b)
gives a unital algebra isomorphism between the algebra (A @ A, x) and the direct sum

algebra A @ A where the multiplication is defined as co-ordinatewise. Now the map
(a,b) — 7(a) +ym(b) € End(V)

gives a representation of the unital algebra (A @ A, x) on the vector space V. Since
(0,1) — v € End(V) we have v € 7((A & A,*)) and hence (AG A, *),V,D,v) €

—_—

Ob(Specsyp)-

Proposition 5.1.9. The association G : (A, V,D,v) — (A® A, %), V,D,v) gives a

covariant functor from Spec to Specgyp .
Proof. For a morphism (¢,®) : (A, V,D,~) — (A, V', D', ~), define
(6,9): (A®A,%),V,D,v) — (A ®A,%),V, D)
by taking ® := ® and
p:AGA— AN
(a,0) — (¢(a), o(b)) -

~ o~ P

It is easy to check that (¢, ®) defines a morphism in Specg,y, - O
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In the next two sections we will see that the funtor F oG is not trivial. Throughout
the rest of this chapter the notation F and G will be reserved to mean the functors in

Lemma (5.1.7) and Proposition (5.1.9) respectively.
Lemma 5.1.10. The category DG A is monoidal.
Proof. For two dgas (C' = @,>0C",d) and (E = @,>¢0F",0), define the tensor product
functor ‘®’ by (C ® E := @50 Diyjen C' @ EV,d ® 6) where,
d®d(c; ®ej) :==d(c;) ®e; + (—1)'¢; ® (e;)
for all ¢; € C,e; € E?. For two morphisms
f:(Cd) — (B,8) ; g:(C.d)— (E,9)

define f @ g : (C,d) @ (C,d) — (E,8) ® (E,0) by f ® g = Bnz0 Bisjen ' @ ¢/ The
identity object ‘17 is the dga (A = ®,50A",0) where A’ = C and A" = 0 for all n > 1.

The rest of the results can be routinely checked. O

—_——

Theorem 5.1.11. Restricted to the monoidal subcategory Specg,y, of Spec, the covariant

functor F : S?e\c;b — DGA defined in Lemma (5.1.7) is a monoidal functor.

Proof. Only nontrivial part is to prove that

Q%(.Al & AQ) = @ QiDl (-’41) X QjD2 (./42)

i+j=n
where D = Dy ® 1 + v ® Dy. We break the proof into two lemmas.

Lemma 5.1.12. For any a € A, [D? a] € w(dJ}).

Proof. Consider p = (1 +v)/2 and ¢ = (1 —v)/2. Then pg = 0 and pDp = qDq = 0.

Consider a € A and n € A be such that 7(n) = 7. Now consider

w=1(1+n)d(a)(l+n) + (1 = n)d(a)(1 —n) € A(A).
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Then,

71'(&)) = p[D7 ap] - pa[D7p] + Q[Da G'Q] - qa[Dv Q]
= pDap — papD — paDp + papD + qDaq — qaqD — qaDq + qaqD

= 0; since pap = pa = ap; qaq = qa = aq.

This shows that w € J3(A) C Q'(A). Now,

m(dw) = [D,pl[D,ap] — [D,pa][D,p] + [D,q][D,aq] — [D,qa][D, q]
= (Dp —pD)(Dap — apD) — Dpa[D, p| + paDI[D, p|
+(Dg — ¢D)(Daq — aqD) — Dqa[D, q] + gaD[D, q|
= DpDap — DpapD — pD?*ap + pDapD — DpaDp + DpapD
+paD?*p — paDpD + DgDaq — DgagD — gD*aq
+gDagD — DgaDq + DqaqD + qaD?*q — gqaDgD
= 0— DpaD — pD*ap + 0 — 0+ DpaD + paD?*p — 0
+0 — DgaD — ¢D?*aq + 0 — 0 + DgaD + qaD?*q — 0

= —[pD?p,pa) — [¢D?q, qal

Now observe that pD?*q = pD(p + q)Dq = 0 and ¢D?*p = 0. Hence,

[D?*,a] = [(p+q)D*(p+q),(p+qa]
= [pD’p+ qD?q, pa + qa
= [pD’p, pa] + [¢D*q, qa]

= 7(dw)

This proves that [D?, a] € w(dJ3(A)).
Lemma 5.1.13. We have
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T AL Az) = @Dy T (AL @ V(A + QA @ J(Ay)

where definition of J" is provided in definition (5.1.2).

Proof. Let w = 7(dw') where ' € J . Suppose w' = Dk Dy 1 Vig ® ’U%’k, where

v}, € Q'(Ap) and vg,k € (Ay). Hence we have the following equation,

D 2. mui ®m(vy,) =0.

k itj=n—1

Let
vl =Y agk o, di(al})
v = S0 T, da (b))

for aT r €A and b i € As. Then equation (5.1.8) becomes

J
>, DL Z(“M Dy, al))y )®<bj HD2,b§jk>—O.
r=1 s=1

k it+j=n—1

Now since w’ =3, @iﬂ:n_l Uik ® vévk ,
d(w') = Zk Ziﬂ':nq dy (Uik) ® 'U%,k + (_1)%3,/& ® d2(”§,k)

and hence,

(5.1.8)

(5.1.9)

Ad) = 3 Y mldi ) ®mlvd,) + (~1)im (el )77 © ma(da(u) ).

k i4+j=n—1

Using equation (5.1.9) we get,

SN mdl )y @ ma(vd,)

k i+j=n—1

i J
S Yy (—aszmnwhafm) o (bafznwz,b,
r=1

k i+j=n—1
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= -2 X Z{Z( "0 (D1, af}] .. [DF ). (D1l

k it+j=n—1
J ot ) ] J

( ] HD 7bsk> ((_1)Za(()2,3€H[Dlaagl)ﬂ]leY{> ( ] HD27 sk)
s=1 t=1 s=1

This term is contained in Ziﬂ.:n m1(J)y] @ 1 (Q7) , since we have seen that [D?, a%] is

in 7 (J?) for each 1 <r <4 (Lemma 5.1.12). Finally,

Y (CUme ) @ ma(da(ud,)

k it+j=n—1
7 J
Y Y %@DQ,(ag@; 1Dyl ) (gﬂznm, )]
k i+j=n—1 t=1

J
3 (s TP )  (BPs - 9500 2a15)
r=1

This term is in Y m(Q)y] ® my(J7), since [D%,b%] € ma(J?) for each 1 < r <

1+j=n

J (5.1.12). So we get
ﬂjn) C Zi+j=n 771<Qi)7{ ® ma(J7) + Fl(Ji)’y{ ® o (),

ie. #(J") C 7 (@i+j:n(‘]i Y+ ® Jj)>. The converse is trivial. Hence,

L #(J") = {0}
Birson TEVTURIT) — 7 (D, (S +QEI))

I

and our claim has been justified. O

Proof of Theorem (5.1.11): Lemma (5.1.13) proves that the isomorphism in equa-
tion (5.1.6) holds i,e.

T AL, A2) E D,y T (A @ YV (A) + QA @ JI(Ay),

—~—

when we restrict ourselves to the subcategory Specy,;,. Hence the proof follows from the
fact that Q7 (B, @ By) = Q7 (By, By) for all n > 0 and for any unital algebras By, By (see

the isomorphism in 5.1.1). O

Corollary 5.1.14. F(G(A;) ® G(A2)) = FoG(A;) ® F o G(As).
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However, we do not know whether F o G(A; ® As) = F o G(A;) ® F o G(Ay).

5.2 Computation for Compact Manifold

In this section our objective is to show that there exists a contravariant functor P

from the category of manifolds M with embeddings as morphisms to the category Spec
such that the functor F o G o P is not trivial.

Let M be a compact manifold of dimension n with atlas {U;, ¢;}%_,. Consider the
complexified exterior bundle A&T*M over M and let (x',... 2™) denote the local co-
ordinates. Let d be the exterior differentiation. To construct the contravariant functor

P consider the following object

0 d
C>®(M), T(ALT*M) = T(AZT*M) & T(AXIT*M) , D := , Y = parity
d 0

in Spec, where ‘parity’ means the odd-even parity of a form in I'(AZT*M). Now for an

embedding ¢ : M — N, we have

- 0 d 0 d
¢: | C*(N), I(ALT*N), Y| — | C*(M), D(ALT*M) , o I
d 0 d 0

a morphism in Spec. Moreover, the following commutative diagram

d

D(ALT*N) [(AETTN)
D(AET*M) D(AETM)
d

where ¢* is the pullback of ¢, explains that the quadruple (C*°(M),I'(ALT*M), D, ~)
is natural. Henceforth we will be dealing with (C*(M),'(ALT*M), D,~) € Ob <§p\6/0>

0 d 1 0
in this section, where D = and v = . Notice that D? = 0. Since

d 0 0 -1
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v & m(C*(M)) we first apply the functor G of Proposition (5.1.9) and then compute

F oG along with the associated cohomologies.

—_——

Notation : C*(M) := G (C*(M),I'(ALT*M), D, ~) where G is defined in Proposi-

tion (5.1.9) and dim(M) = n throughout this section.

—~—— e~

Lemma 5.2.1. Q2 (Coo(M)) S (Qm(COO(M))> Vm > 0.

P

Proof. Observe that J (C%)) = {0} in this case. We show that 7 (ng”(COO(M))> =
{0} ¥Ym > 1. Note that

m(dJ)") = {ZHD ] x,ECOO ZxOHD x;] =
= {- ZlEoDHDIz :E,ECOO ZQUOHD%—O}

Now,

But Y xo[[i-,[D,z;] =0 by assumption and hence we are done. O
Let 1 <m < n, where n = dim(M). We define the following linear operator
: T(ALT*M) — T'(ALT*M)

w > agday A ... A\ d(auw)
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where a; € C*°(M). Let
M., = span{Ty,. . a, : T(NGT* M) — T(ALT*M) : a; € C*°(M)}.
Then M,, is a C-vector space. Note that for a,b € C*°(M)

a 0 0 Ty —Taun
0 b Tho— Ty 0

Since elements of 7 (Qm(COO(M))) are of the form

Qo 0 m a; 0
Z Hi:l D7 ; aja bj € COO(M) )
0 bo 0 b
it is easy to observe that 7 (Qm(COO (M))> is a subspace of M,,, & M,,,. Moreover, using

the equality

aopk 0 0 0 —a 0 0 aok > a1
> D, " = > Hr L (5.2.1)
k 0 ag 0 1 0 a ko \Tay, o, 0
we see that for m > 3 odd
Z 0 Tao,al ,,,,, am
Tﬁa&a’1 ..... al, 0
B Z 0 Too a1 ﬁ 0 TLa; 0 Tl,a¢+1
Ta67a/1 0 1=2,1 even leai 0 T17a;+1 0
ap O 00 —a; 0
S :
0 a6 01 0 aq
p - Z
m 0 0 —a; O 0 0 —a; 0
I1 D, D, o
1=2,1 even 0 1 0 ag 0 1 0 A1
\ L i

e~

and similarly for m > 2 even. Hence we conclude that 7 (Qm (COO (M))) =M, & M,,.
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Lemma 5.2.2. Let V be the vector space of all linear endomorphisms acting on T'(ALT*M).

We have the following subspaces of V

MY =M, od:T(ALT*M) — D(ALT*M) : w1 € D(AZ'T*M)},

MP = {M,,, : T(ALT*M) — D(ALT*M) : w,, € D(ART*M)} .
where M denotes multiplication by . Then MY OAMP = {0} and M,, € MY &
MP cv.
Proof. Observe that Tp, . 4. (w) = (Maamdain...rdam 1 © A + Magdayn.. Adam) (W), YW €

L(ALT*M). Since d(1) = 0 and A(1) = 1, we have the direct sum. O

Lemma 5.2.3. For 1 < m <n define
d: M, — Q"M Q™M
— (apamday A ... Ndapy,_1, apday A ... A day,)

where QFM := T'(AET*M) denotes the space of k-forms on M. Then
= (D,P): M,, ®M,, — Q" MG Q"M H Q"M @ Q"M
s a linear bijection.

Proof. Observe that to prove well-definedness of @, in view of Lemma (5.2.2), we only
need to show that for 0 < k£ <n —1, if M,, od is zero then w; = 0. In a co-ordinate
neighbourhood around a point p € M, suppose wy = >, . _. fi,... o dx™ NN datE
Since k < n — 1, there always exist j & {i1,...,i;} and we have wy A dz/ = 0 ie.

around p € M. This will show that each f;, is zero showing wy = 0. Injectivity of

7777 i
d easily follows from Lemma (5.2.2). To see surjectivity, choose (Wy,_1, W) € Q™ 1M @

Q™M. Let in a co-ordinate neighbourhood
Win = Y iicncis Jiroim @™ A A dztm
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W1 = Zj1<...<jm,1 Gy ATV A dImt
with support of fi, ., 9.4, in that neighbourhood. Then

ST

Im=11 — (wm*h O)

.....

and containment of support of the functions f;, ;. and g;, ;.. , in the co-ordinate neigh-

bourhood fulfills our claim. O

Lemma 5.2.4. For allm > n+ 1, where n = dim(M), M,, = {0}.

Proof. Note that for any w € I'(ALT*M),

Since m > n + 1, it follows that M,, = {0} because QFM = ['(ALT*M) = {0} for all

k> n. O

—_—

Proposition 5.2.5. Q™ 'M @ Q™M & Q™" 1M & Q™M has a C°°(M)-bimodule structure

given by,

¢ 0
U

'(wm—lawmaam—h&m) = (gbwm—lagbwmv,@ba}m—hw&m)
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- ¢ 0

(WM—lv W, ajm—la Wm) .
0 ¢

(¢wm—17 (bwm - d¢ A Wm—1, Q/J&m—l’ QZJ&m - dw A am—l) ; Zf m even

(¢wm_1, Ywm + dY N W1, GWm—1, QW + dd N g)m_l) . if m odd
Proof. In the co-ordinate chart,
W1 = Y5 e cimy ivdm 1 AT A A dpim=t
W = Zi1<...<im firindx™ A N dz'™
Wm-—1 = Zj1<m<jm71 gmldl‘jl A ... N\ dxdm

~ —_ N — . i
Wm = Z¢1<...<im fiyipdx™ NN dxtm

Alos let
é- - ZTfil-'-imfwilvmvrim + : :ng1-~~jm7171’j1,.--ﬂ,‘jm—l,l
- Z Tfil...iml’imwil7...7xim71 1
and
& = g Tfﬁm,xil ..... pim T Z ng;};_l,lem,xjmfl,l
— Z Tfﬁmxlmvzll ..... 2im—11
Define,

o 0

. (wm*h Wm, amfly (:vdm)

0 v
¢ 0 -
= @ P (Wm—lawmawm—lvwn"L)
0 v
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¢ 0 £ 0

o . ;1f m even
0 0 ¢
¢ 0 0 ¢

) . s if m oodd
0 £ 0

= (Ppwm—1, QWm, VW1, Vwy,) ; for both even and odd m .

and

0
(wm—la Wmy ('Num—lv(:}m) . ¢
0 ¢
0
= & q)_l(wm—hwmaa)m—l;&m)- ¢
0 ¥
£ 0 ¢ 0
) : cif m even
0 ¢ 0
0 ¢ ¢ 0
P : s 1f moodd
o) \ow
o 0 ,
d N s if m even
) 0 &
0 & ,
) N s 1f moodd
o 0

\

where ® is the map defined in Lemma (5.2.3). Now

g(b - ZTfhmimvxil 77777 zim ¢ + z :nglu-jm—laﬂ7j1 ,,,,, zIm=1 ¢
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and

So,

o 0
0 &
— (Z fhmimxim¢d:c“ Ao ANdrtmet — fil_,.im:c”"(bdx“ A ... Adximt

towmo1 D foindz™ A A (2 )) + Wiy A do

—firin@mdz A drm NdG Y fiy g a T dat A LA da
—firin @ mabdz™ AL A AT A D
> Frinda™ A Az A d(@)) + By A di)

—Frim @ da™ AL A dz A )

- (gbwm—ly ¢wm - déb A Wm—1, 77Z}&m—17 ¢&m - dw A wm—l)
Similarly one can prove that

0 &y
& 0
= (wwmfla wwm + W —1 A dwa (bwmfla (b(:)m + C~Um,1 A d(b)

)

= (wwmflu wwm + Ch/J N W1, (bwmfla (ba)m + d¢ A\ amfl>

—~—

This is clearly a bimodule structure since it is induced by that on Q' (C’OO(M)> O

Notation : @ =0 M @ Q™™ @ Q"M @ Q™M, 1 <m <n, untill the end

this section, where 2°M denotes the space of forms on M.
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P —_—

Theorem 5.2.6. Q7 <C’°°(I\\/JI)> = @, forall 1 < m < n, and QF <C’°°(I\\/JI)> = {0}

for m > n. This isomorphism is a C>(M)-bimodule isomorphism.

Proof. We have for all 1 <m <n,

—_——

p (C=(um)

I

T <Qm(C’f°\(M)> (by Lemma 5.2.1)

>~ Q"IMe Q"™ e QM IM e Q™ (by Lemma 5.2.3).

Lemma (5.2.4) proves that Q7 <C’°°(M)> = {0} for m > n. Finally, Proposition (5.2.5)

proves that this isomorphism is C'°°(M)-bimodule isomorphism for all 1 <m <n. O

Now we will turn SiTD into a chain complex.

—_—~—

Lemma 5.2.7. The differential d : Q7 (C’OO(M)> — QA (C’%)) of diagram

(1.1.1) has the following action :

1. Form >1 odd ,

Cfiv Tao ..... am 0 N 0 Tl,a{) ..... al Tao ,,,,, am,1
0 Ta6 ..... al, Tl,ao ..... am Ta6 ..... al,,1 0
Proof. We first note that
0 0 0 T,
D, - (5.2.2)
0 1 ~Ti, 0
0 T —a), 0 0 Ti,
“ ! - b (5.2.3)
_Tl 1 0 0 ay Tl a 0



a0 0 Tig, 0 Ty

_ (5.2.4)
0 a6 TLa'l 0 T%’a/l 0
Hence combining these three we get,
ag O 00 —a, 0 0 T,a
’ D, ! - e (5.2.5)
0 af) 0 1 0 aq Ta67a/1 0
Case 1 : Let m >3 be odd. Observe that
0 Tao,al ..... am
Ta’ al,....a 0
01975
0 Tupan ﬁ 0 T 0 T,
Ta6 a, 0 1=2,i even T1 a; 0 Tl a’ 0
’ i1
ap O 0 0 —a), 0
= ’ D, ! °
e 00 —a; 0 00 —al 0
I1 D, D, o
1=2,i even 0 1 0 CL; 01 0 A1
Consider the expression n = zo [[/"; (d(b)z;) where,
ag 0 0 0 _
e cdy) = |p, |
0 % 0 1 Yo1 Y22
—a; 0 —a; 0
T = forl<i<m,odd ; x; = forl < j<m,even.
0 a 0 a;

One should note that d o d(b) = 0 because d*> = 0, d being the exterior differentiation.
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Now for the differential d : Qp <

[[{d®)z:}

i=k

—_—

C>(M)

) — QP! <Cf°\(§ﬂ)> of diagram 1.1.1 we get,

00 —d, 0 ﬁ 0 Tiw
0 1 0 a1 | 1=2,1 even leai 0
d(b) yd(zy-1) (H{J(b)xl}>
i=k
0 0 mt —a, 0 0 0
D, II {| ° D,
0 1 i=1, odd 0 a 0 1
0 0 —a’ 0
} D,
0 1 0 ap
m 0 T,
11 7
i=k —T171 0
4
T‘l,a;C ..... al, 0
i 1f keven
0 Tl,ak ..... am
0 Tl,ak ..... Am,
- if k odd
trl,a;c ,,,,, a’ 0
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and

(
_Ta ..... ag—1,1 0
e i if k even
k2 0 _Taa,...,a271,1
[ [{zdb)}d(zin) =
7=0 0 _Ta yeens Q1,1
e - if k odd
{ _Ta{),...,agcil,l 0

The fact that d*> = 0 will now ensure that only the first and last term in the expression

for dn survive. Hence,

FERRPL¢ FN

~ T ah — Ta ,1 Tl ah,...,al 0 _Ta ..... am,1 0
dn _ (1,0 0) A7 5y Uiy +(_1)m 0
0 (Tl ag Ta6 I)Tl A1 yeeeyQim 0 _Ta6
Tl al,al T Tao ..... am,1 0
0 Tl,ao ..... am + Ta6 ..... a1

Case 2 : Let m be even.

One can prove this in exactly the same way as in the ‘odd’ case. The only difference in
this case is a negative sign and it appears because of the presence of (—1)™ at the last
term in the expression for glvn.

Case 3 : Let m = 1. Recall from equation (5.2.5

/
O TCL(],CLl —CL1 O
Tag,a’l 0 0
and hence,
~ 0 Tao,al Tl,af),a'l + Taoﬂhl 0
d: —
Tag,a/l 0 0 Tl,ao,al + Taé,a’l,l

Using the isomorphism in Theorem (5.2.6) we can transfer Connes’ differential

d: Q3 <C’f°\(-1\/41)> — Q! (C’%)) to the differential ¢ : ﬁg — (flj;ﬁ. This will turn
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67; into a chain complex and then we will be able to compute the cohomologies of the

complex (@, 5).
Proposition 5.2.8. For 1 <m <mn, the map
5 Qp — Q!

(wmfla Wm, aTrL717 (’T}m) —

(dwm—1 + (=1)™ (W — W) , AWy, dwp—1 + (= 1) (W — W) 5 dwi)

makes the following diagram

commutative.

Proof. For 1 < m < n take (wm_1, W, Wm_1,W0m) € QTD”. In terms of local co-ordinates
Wm—-1 = Zj1<...<jm_1 gjl...jm_ld.iEjl A ... A dgim
Wi = D i i firin dx™ AN dxtm
W1 = Zj1<..-<jm_1 gjl,,,/\];n/_ldmjl A ... N\ dxim-t
W = D i i f'/il_zdas“ A ... Adzim

—_——

Using Lemma (5.2.3) we see that, isomorphic image of this element in Q7 (C“(M)) is

4

&0

;1f m even
0 ¢
0 ¢

s if modd
€0
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where,

§ :sz'lmimaxilw--,ﬂcim - Tfil,_,imxim,xil,...,ximfl,l

+Z 9511 5T LM =11

and

§ _ G L _ .
i . . i i T —
fll Am T 1,..,ztm Ttm 'l 171

le...zm

+Z gjl.“jm,l)1]1"“71‘7’"171)1

—~—

By Lemma (5.2.7) we see that the differential d : Q7 <C’°°(M)> — Qptt <C’j°\(§ﬂ)>

sends this element to

(
dg +&T 0
sif moodd
0 de + T4
0 dg - 5T1,1
;1f m even
— &, 0
\
where
df - Z Tl’fil'-'i"w'ril""7$im B T]-7fi1<..imxim7xi17"'7Iim7171
+ Z Tlvgjl...jm_l7xj17"'7xjm7171
and

=T
Z 1f11 lm? 7 .7x’bm

T im gl im—
17f21m1m$2m7x 1,..,z'm=11

+ Z l»gjl‘,.jm_lzl"]l7~~~:33'7m71:1

—_~—

The isomophic image of this element in QZLH , under the map ® of Lemma 5.2.3, is
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(A1 — W + Wi 5 AWy, A1 — Wiy + Wi 5 dwy) 5 3f m odd

(AW —1 4 W, — Wiy AWy dwWp—1 + Wiy — Wi 5 dwyy) 5 0f M even

Le. (A1 + (—1)™ (@ — win) s Ay s dwmy + (=1 (W — B)  dey) - 0

Remark 5.2.9. Notice that 6 = ® o d o , and hence 6> = 0. Thus (@,5) s a

—~——

chain complex. Furthermore, the graded algebra structure on €Y, (C’OO(M)) will induce

the same on (ﬁj; ,5) through the commutative diagram of Proposition (5.2.8). So we get

(Q})(C’OO(M)),EZV> = (@g ,6) as differential graded algebras and Theorem (5.2.6) gives

C>®(M)-bimodule isomorphism at each term of these chain complezes.

P

Theorem 5.2.10. The cohomologies H*(M) of the chain complex (QN'D ,5) are given by

—_——

Hm(M) = H™ (M) @ H™(M); for 0 <m < dim(M),

where H*(M) denotes the de-Rham cohomology of M.

0 —_ —
Proof. (1) Let m = 0. Recall that for d € C*(M),
0 g
D, ;0 _ 0 Ty —Ta
0 g Tl,f — Tg,l 0

The isomorphism of Lemma (5.2.3) sends this element to (g — f,dg, f — g,df). Hence

— 0
o - { f;f A =0, ] e C=(}
~ H'M).

P —~—

(2) Let 1 < m < dim(M). Consider 6™ : Q™' — QT and 0™ : Q1 —s Q7+,

Then,

—_—~

5m71<vm727 Um—1, Um—2, Umfl) = (dm + (_1)m71<v/m\7/1 - /Umfl)a dv/r;/la
dvm,g -+ (—1>m71<'l}m,1 — ’Umx,/l), dvm,l) (526)
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e~
e~ ——~—— 1

for all (Vim—2,Vm—1,0m_2,0m-1) € Q57" Let ¢ = (W1, Wi, W1, Wy,) € Ker(d™).

Then we have the following

d(wm) =0 d(wn 1) + (1) (W — wy) =0
; (5.2.7)
d(wm) =0 d(wmr) + (=1)" (W = W) =0

Define

er(6™ m m—
U i — H™(M) © H™ (M)

P

(] — ([wm + W], (W1 + wm_l]) )

This map is well-defined (because of equation 5.2.7) and linear. Now define

®: H™(M) & H™ (M) — 7o)

([vm]> ['Umflb — [(%Umfla %Uma %vmfla %Um)] .
Using equation (5.2.6) one can check that ® is well-defined and linear. Now observe that
Vod=1Id, and

If we can show that

—_—~— —_~—

&= (3(Wm_1 — Wn—1), 2 (Wi — Win), 5 (Wim1 — Win—1), 5 (Wi — W) € Im(6™7),

then ® o ¥ will also be the identity. Observe that

vmat o _1\ym+1l , —~——
5m_1 <07 %(wmfl - wmfl)u O? ( 121 <wm71 N wm71)> - £

using equation (5.2.7), and hence (2) follows. O
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5.3 Computation for the Noncommutative Torus

In this section our objective is to show that the functor F o G is not trivial for the
case of noncommutative torus, one of the most fundamental and widely studied exam-
ple in noncommutative geometry. Recall the general definition of the noncommutative
torus from ([36]). However, for our purpose we consider the following definition of the

noncommutative torus.

Definition 5.3.1. Let 0 be a real number. The noncommutative torus, denoted by Ae,

1s the universal x-algebra generated by U,V subject to the following relations

vvr=U0U=1 , VV'=V*V=1
UV = e 20V,

There is a nondegenerate sesquilinear pairing on Ag given by

(3 U UV, by UV ) o= Y Tyybey s,

T1=81,T72=382

We have the following derivations acting on Ag,

gj (Z am,rzUerTQ) =Vt eram,rzU”Vm for j=1,2.

71,72 71,72

Let §; := —\/—15]» ,j = 1,2. Throughout this section ¢ will stand for /—1.
Our candidate for the even algebraic spectral triple is the following quadruple
0 01 — 109 1 0

&= -’4@7-'4@@@271):: y V=
01 + 109 0 0 -1

Here

m: Ao — End(Ag @ C?)
M, 0
a+—
0 M,
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where M, denotes multiplication by a. Since v ¢ w(Ag) we first apply the functor G
of Proposition (5.1.9) and then compute F o G along with the associated cohomologies.

Note that
HWU)=U,6V)=0,06U)=0,50hV)=V.
We denote d := d; —idy and d* := §; + ido . Hence,
dU)=U,d(U)=U,d(V)=—iV,d" (V) =iV,
dU*) = -U*, d*(U*) = =U*, d(V*) =V*, d*(V*) = —iV*.
Notation : Ap =G (€) throughout this section where G is as defined in Proposition

(5.1.9).

Note that J (.21;) = {0} in this case. Conisder the following linear operators

Top: Ao — Ao
¢ — ad(bc)
Top: Ao — Ao
¢ — ad*(be).
Now observe that

a 0 0 Tl,b — Ta,l
D, = : (5.3.1)

0 b Tio—Ty1 0

and hence each element of 7 (Q%%)) is the linear span of following elements :

0 Tee
such that c,e,d, e € Ag.

—_—

Tow 0
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Let My = span{T,. : Ao — Ao:c,e € Ag} and M, = span{fc:; cAe —
Ag: e’ € Ag}. Then M; and Hl are C-vector spaces and using equation (5.3.1) we
see that 7 (Ql(AN@)> CM & //\;l/l Now the following equality

0 T.. c 0 00 e 0
= D

Tow O 0 —¢ 01 0 e

proves that 7 (Ql(%)) = M, & M,.

Lemma 5.3.2. Let 'V be the vector space of linear endomorphisms acting on Ae. Let Mg
denotes multiplication by §. The vector subspaces { Ms c,ap,) + Ao — Ao : ¢i,b; € Ao}
and {M.od: Ao — Ao : e € Ao} of V has trivial intersection and My C {Meqp)
Ao — Ao} P{Mypod: Ao — Ao} .

Proof. Observe that T;;(e) = (Meqwy + M 0 d)(e) for any e € Ag. Since d(1) = 0 we

have the direct sum. O

Lemma 5.3.3. Let 'V be the vector space of linear endomorphisms acting on Ag. Let Mg
denotes multiplication by &. The vector subspaces {MZ cd ) Ao — Ao 1 i, b € Ao}

and {M¢od: Ao — Ao : e € Ag} of V has trivial intersection and 7\;1/1 C { Mgy :
.A@ — A@}@{Mcb od: .A@ — A@} .

Proof. Observe that f:b(e) = (Meg+v) + Mg 0 d*)(e) for any e € Ag. Since d*(1) = 0 we

have the direct sum. 0

Define

CI’:?T(Q%%)) — Ao @ Ao ® Ao ® Ao

0 Ta’b gk (1) 11y
— (ad(b), ab, d'd*(V), d'l).

Tyy O

Lemma 5.3.4. ® is a linear bijection.
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Proof. To prove ® is well-defined, let > T,.5 = 0. Acting it on 1 € Ag and U € Ag
respectively, we see that both > a;d(b;) and > a;b; are zero. Similarly for the case of
=

Zm = 0. This proves well-definedness and Lemmas (5.3.2,5.3.3) proves injectivity.

To see surjectivity, observe that

0 Tov=v +To1 —Thn @, (a,b,d",1).

Tov« v +Ty1— Ty 0
O

Proposition 5.3.5. 49 ® C* is a .Zlv@—bimodule where the module action is specified by

0 "0
d A(a,b,d" ). f
0 g 0 ¢

= (fag' + fod(g'), fbg', ga' f' + gb'd”*(f"), gV f') .

Proof. If we define

0 0
d (a,b,d',b) =@ D (a,b,a ) |,
0 g 0 g
where ® is in Lemma (5.3.4), then it is clearly a left module structure induced by that

on Q4 (Ag). Now one can check that

/ (a,b,d',b") = (fa, fb, ga’, gb')
0 g

Similarly for the right module structure, we define

"0 "0
(a,b,a',b). d =® | D (a,b,d V). !
0 ¢ 0 ¢
and check that it is equal to (ag’ + bd(g'),bg’,d' f" +b'd*(f'), V' f'). O

Proposition 5.3.6. Qb(;\é) >~ Ao @ C* as %—bimodule.
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Proof. The .Zé—bimodule action on the right hand side is given by Proposition (5.3.5)

and ® of Lemma (5.3.4) becomes a bimodule isomorphism under this action. O

Now consider the following linear operators
Tope: Ao — Ao
e — ad (bd*(ce)) ,
Ty Ao — Ao

e— ad'd* (Vd(ce)) .

Then,

Tope = Maawya(c)+abdd(c) + Mapas(c) © d + Magpe) © d* + Moy © d o d*
(5.3.2)
Ta’,b’,c’ = Ma’d*(b’)d(c’)Jra’b/d*d(c’) + Ma’b’d(c/) od" + Ma/d*(b’c’) od+ Ma’b’c’ od*o d7

where M, denotes multiplication by £. Since elements of 7 (QZ (.Zé)) are linear sums of

ap 0 ay 0 as 0
D7 D? Y
0 bo 0 b1 0 b?
Ta,b,c 0
they are of the form | for a,b,d',b" € Ag. This shows that
0 Ta’,b’,c’

T (Q%%)) C My .//\/l\;, where
My = span{Top.: Ao — Ao},

My = span{m cAe — Ao}
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To see equality use equation (5.3.1) and observe that

Z Ta,b,c 0
a 0 0 0 b0 00 —c 0
> D D
0 —d 01 0 b 01 0 ¢

Lemma 5.3.7. {M;od: Ao — Ao} N{Myod": Ao — Ao} ={0}.

Proof. Let e, = UM V*2 for k = (ky,ky) € Z?. Any element in the intersection must

satisfy
(ea, Myod(ep)) = (ea, Myod (eg)) Va,B € 72 .
Z fkek—I—a ) 65 - Z gkek-f—a ) 63) >
Z fkek+a ) 6,3 >(61 - 252 ngek+a ) 65 ><51 + ZﬂQ)
So,

f/E:(Bl —if3y) = gg:l(ﬁl + i)

fOI' all o = (0517052>7ﬁ = (Bl7ﬁ2> € Z27 i7e'

~

frlan +m —iday —iyp) = gA:;(Ozl + 91 +dag +iv9) (5.3.3)

where 8 —a = € Z*. In order to have nontrivial intersection, equation (5.3.3) must

have nontrivial solution for all o,y € Z%. Let fA; =z and éﬁ; =19y. We get

s(l+m —i—ip) = y(l+mn+i+ip), (5.3.4)

224+ v —2i—iye) = Y2+ + 20 +iv). (5.3.5)
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Now (5.3.5) — (5.3.4) implies
2(1—i) = y(1+i). (5.3.6)

Again equation (5.3.3) gives
1+ —ir) = y(l+n+ip) (5.3.7)

Equations (5.3.4) and (5.3.7) together impliy x = —y. Hence, from equation (5.3.6) we
get x =1y =0, ie. fj; = 0 for all v, which proves the triviality of the intersection. O

Lemma 5.3.8. {M,+ M,od+ M.od* : Ag — Ao} ({Mjodd* : Ag — Ag} ={0}.

Proof. As before, any element in the intersection must satisfy

(ea, (My+ Myod+ M,od")(eg)) = (ea, Myodd*(es)) Va,BeZ.
= (Y aferrar €5)) T () bieria, 5) (B —if) +
k k
(Y Gierrar €0) (B +182) = (D fiera es) (B + B3).
k k

So,
Gy + 0y o(B = B2) + G5 (By +i82) = [5_ (87 + 53)

for all o = (@1,0&2),5 = (61,52) € Zz, i,e.

~ A~

@+ b2 (o + 71 — i — i) + (o + 71+ dan + i)

= Fr((ar +m)? + (a2 +72)?) (5.3.8)

where 3 — a =~ € Z?. In order to have a nontrivial intersection, equation (5.3.8) must

%)

=y, and f;‘:z. So

B39

have nontrivial solution for all o,y € Z2. Let c?; =w, b} = x,
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equation (5.3.8) turns to

w+ w(og + 71 — iy — 1y2) + ylay + 71 +iag + i72)

= 2((1 +m)* + (a2 +72)°). (5.3.9)
From equation (5.3.9) we get

wrr(l+y —i—ip) +y(l+m+itiv) = 2(1+7)2+(1+7)?%),  (53.10)

w2+ — 20— i) Fy2 -+ + 2 i) = 2((24+7) P+ 2+ 1)), (5.3.11)
Now (5.3.11) — (5.3.10) gives
x(1—1) +y(l+1) (5.3.12)

=z2(2+ M)+ 2+7)? -1 +7)* = (1 +7)?%),

and equation (5.3.9) gives
w+z(n — i) +y(n + i) = 2 +13) (5.3.13)
Now (5.3.10) — (5.3.13) gives
p(1—d)+y(l+i) = 2((1+7)"+ 1 +7)" =1 —75) (5.3.14)

Finally, (5.3.12) — (5.3.14) gives z = 0. Hence fA:; = 0 for all v i,e. intersection is trivial.
O
Lemma 5.3.9. {M,od+ M,od*: Ao — Ao} N{M;: Ao — Ao} = {0}.

Proof. Since d(1) =d*(1) =0 for 1 € Ag, this follows trivially. O
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Proposition 5.3.10. The following map

O (QQ(;@)) — Ao ® C®

where
& : Tppo — (ad(b)d*(c) + abdd*(c), abd*(c), ad(bc), abe)

and

—_—

O Ty o — (dd*(V)d() + b d*d(c), dbd(c), d d* (b ), ab )
1S a linear bijection.

Proof. Since d(U) = d*(U) = U and UU* = U*U = I, Lemmas (5.3.7,5.3.8,5.3.9)

prove well-definedness as well as injectivity of ®. To see surjectivity observe that

Tov1,0 — Tav+ug — T—iayv=v — Tigag + T ipyv-v — T ip11

+TCU*,U,1 - Tc,l,l + TE,l,l E) <a7 b7 C, 6) € A@ ) A@ S A@ ) A@

and
Tov-av —Tov-vr — T i vvs — Ligag + T vy — Ty 11
?{;/
+Topsp1 —Twag +Toar — (a0, €) € Ao D Ao ® Ao ® Ao
This completes the proof. O

Proposition 5.3.11. 7 (dJOI(JZé)) ~ Ao ® CO.
Proof. Elements of 7 (dJ&(Av@)) looks like

>.[D,pa+ qbl[D,pe + qf] where } (pa+ gb)[D,pe+qf] =0,
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10 0 0
where p = (1+7)/2 = and ¢ =(1—7)/2 = are the projections onto

0 0 01

the eigenspaces of v. Expanding the commutators and simplifying we get

Tae,l,l - Ta,l,e 0 ZTG,f = ZTae,l
> | ose . (5.3.15)

0 Typa1— Tz Zfbve = Zfb\/fl

The bijection of Proposition (5.3.10) gives
D (Tyer1 — Ture) = (—add*(e), —ad*(e), —ad(e), 0)
& (Tyran — Tory) = (—bd*d(f), —bd(f), —bd*(f),0).

To fullfil our claim it is enough to show that elements of the form
(add* (), ad*(¢), ad(e), bd*d(f), bd(f), bd"(f))

can generate Ag ® C®, where the conditions in equation (5.3.15) hold. Choose any

arbitrary element (ay,aq,as,a},ah,ay) € Ag @ C®. Observe that

(aV*dd*(V),a,V*d*(V), a, V*d(V), d\V*d*d(V), d, V*d(V), a,V*d* (V)
+ (@ Vdd (V*),a VA (V*), el VAV*), d,Vdd(V*), d,Vd(V*), d,Vd* (V"))

= (2a4,0,0,2d},0,0)

and the conditions of equation (5.3.15) also satisfied. Hence (a1, 0,0,a},0,0) € 7 (dJ&(.Zl;)).

Now,

(iazUdd* (U*), iasUd* (U™), iasUd(U*), 0,0, 0)
+ (agV*dd*(V),a3V*d*(V),a3V*d(V),0,0,0)
1 1 1
+ ( — 5(@3 —+ Z(lg)v*dd*(‘/), —§(a3 + zag)V*d*(V), —§(a3 + ZCLg)V*d<V), O, 0, 0)

1 1 1
+ ( - 5((13 + Z(Zg)Vdd*(V*), —5(&3 + Zag)Vd*(V*), —5(&3 + Zag)Vd(V*), O, 0, 0)
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= (0,0, —2ias, 0,0,0)

and conditions of equation (5.3.15) also satisfied. Hence, (0,0, a3,0,0,0) € © (dJ&(;l;)).

Finally,

(0,0,0,id,Ud*d(U*), id, Ud(U*), iab Ud*(U*))
+ (0,0,O,CL/QV*d*d(V),a/QV*d(V),alzv*d*(V))
+ (0,0,0, —%(aé +ia)Vrdd(V), —%(a; i) Vrd(V), —%(a; i)V (V)
b (0.0,0,— (ah +id VA d(V*), — 5 (a + id) Va(V*), 3 (a5 + iah) V' (V°))

= (0,0,0,0,—2idal, 0)

and conditions of equation (5.3.15) also satisfied. Hence, (0,0,0,0,a},0) € 7w (djol(%)).
Thus we get (0,0, as,0,a5,0) € w (dJ(} (;lé)) Similarly one can show that

(0,a9,0,0,0,a}) € (dJ(} (.Zl;)) and this completes the proof. O

Proposition 5.3.12. The following action

z 0
(aq, CL2) = (xalvya2)
0 y
z 0
(a1, az). = (a1y, as).
0y
= (2205 o
defines an Ag-bimodule structure on (iG] Ao ® Ao .
Proof. If we define
z 0 z 0
.(CLl,CLQ) = .<I>_1(a1,a2)
0y 0 vy
z 0 . rz 0
(al,ag). =0 | &~ (al,ag).
0y 0y
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where @ is as defined in Proposition (5.3.10), then clearly it is a bimodule action induced
by that on Q%(.%T@) One can verify that these actions are precisely the actions defined

in question. O

Theorem 5.3.13. For the noncommutative torus we have,
1. 05 (A0) = Ao @ Ao D Ao P Ao , as Ao-bimodule.
2. Q%(:élv@) = Ao P Ao , for alln > 2 as ;t;—bimodule.

Proof. Proposition (5.3.6) gives part (1). Proposition (5.3.10) and (5.3.11) proves part
(2) for n = 2. The fact that the isomorphisms in Propositions (5.3.10,5.3.11) are not
only C-linear but also .AN@—bimodule isomorphisms follows from the defining property of
the bimodule action in Proposition (5.3.12).

We need to prove part (2) for n > 3. For that purpose first note that

4 2 2
00 0 1 1 0 00 01 00 0 0
01 0 0 0 0 01 0 0 1 0 0 0
(5.3.16)
00 10 0 1 1 0 0 0 0 0 00
01 0 0 0 0 0 0 10 01 0 0

These matrices plays a key role to compute Q% (Ag) for all n > 3. Now for any unital

algebra A,

(A =2"(A)@a...... 4 Q'(A) . (5.3.17)

n times

By Lemma (5.3.4) we have
01 00

T (Ql(%)) = (Ao ® Ao) ®c¢ - + (Ao ® Ap) ®c¢ .
1
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In view of Proposition (5.3.5) and using (5.3.16,5.3.17) we get 7 (Q”(Zé)) = Ao ®
C*"@P Ao ® C* for all n > 3 (actually true for all n > 1 by part (1) and Proposition
5.3.10). We will show the following

m <ng(,4~@)> 2 A @CM P A @ CH L Vn>2.
Recall from Lemma (5.1.12), [D? a] € w(dJ}). One can easily prove that
T(dJP) =3 m (VY @ SR Q) Vi > 2

by writing down any arbitrary element of w(d.J§) and then passing D through the com-

mutators from left to right. Hence, for all n > 2 odd

3
|

1 n—1
T <dJ61(./Zé)> = T (Qz ® J2 ® anlfi) + T (Qz ® J2 ® anlfi)
1=0,1even i=1,70dd
n-l 1 0 0 0
2 2
= > |AeeCs + Ao ® C* @
1=0,1even 0 0 01
X 10 . 00
Ao @ C° ® + Ao C°®
0 0 01
, 10 , 00
Ao @ C2n1-0 + Ao ® C?n17)
0 0 01
ol ” 0 1 i 0
+ ) |Ae®C¥® + Ao ®C* ®
i=1,io0dd 00 1 0
5 1 0 5 0 0
Ao @ C° ® + Ao ®C’°®
0 0 01
. 0 1 . 0 0
Ao ® C2n—1-9) + Ao ® C2n—1-9)
00 10
1 0 0
= Ao ®C"® + Ao @ C"M
0 0 01

I

A@ ® C2n+1 @A@ ® Czn-‘rl ]
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Here the last equality uses (5.3.16) frequently. One can give a similar proof for all even

n > 2. Hence, for all n > 3, we have Q7 (Ag) = Ap ® C2. O

Remark 5.3.14. One can also consider

0 d 0 d*
D= or D=
d 0 s 0

However, in that case one will get same answer as in Theorem (5.3.13). Since in non-

d
commutative geometry it is customary to take D = , we provide computations

a 0
with this value for D.
Notation : 6}; = Ap ® C* and 5% = Ao ® C? untill the end of this chapter.
Now we want to show that Qb(;lé) is cohomologically not trivial. For that purpose we

use the isomorphism in Theorem (5.3.13) to compute the differentials on Q}, and Q3.

Proposition 5.3.15. Under the isomorphism in Theorem (5.3.13) the differentials d :

Ao — OL(Ag) and d : QL (Ap) — Q% (Ae) of Connes’ complez Q% (Ae) are given

by
§: Ao — @
a 0
— (d(b),b — a,d*(a),a —b)
0 b
and

5 QL — Q2
(a,b,c,e) —> (b+e,b+e)

1,e. the following diagrams

_d ~ _ d ~
Ao — Qp(Ao) Qp(As) 0% (Ae)
idl ig gl ig
Ag Q! 0! 02
O 5 D D 5 D
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commute.

Proof. Use Lemma (5.3.4) to see commutativity of the first diagram. For the second,

take any (a,b,c,e) € @ and use ®~! of Lemma (5.3.4) to get the following element in

7r (QI(AN@))

0 Tov= v +Tp1 — T,
- (5.3.18)
TCU*,U + Te,l - Tc,l 0
Use the fact
-U* 0 U 0 0 0 0 0 0 d
D, + D, =
0 0 0 0 0 -U* 0 U a0
to observe that (5.3.18) can be re-written as
—aU*U* 0 U? 0 aU* 0 U 0
D, + D, +
0 0 0 O 0 O U
0 0 0 O 0 0 U 0
D, + D, +
0 —cUU* 0 U? 0 cU” 0 U
(a—b)U* 0 U 0 0 0 0 0
D, + D,
0 0 00 0 (c—e)U* 0 U

Applying dod (® of Proposition 5.3.10 and d: QL — O%), we get the following element

(d(c)+2c+2a+b,b+c,dle)+a+b,b+e,d(a)+2a+2c+e,e+a,

d*(b)+c+e, e+b) + w(dJ&(%))

of 02 (Ap). This element is equal to (b-+e, b+ e) € Q% (Ag) by Theorem (5.3.13). O

Before we proceed to show that Qb(;l;) is cohomologically not trivial we first com-

pute the cohomologies for (2%,(Ag) , d), in order to notice the similarity. To do so recall

Proposition 13, in the last chapter of ([15]).
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Proposition 5.3.16 ([15]). For the noncommutative torus Ag, we have
1. Qb(A@) = Ao ® Ao,
2. Q%(A@) = Ao,

3. The differentials d : Ao — Q%(Ae) and d : QL (Ae) — Q2 (Ae) are given by

d:a — (d1a, da)

d: (a1, as) — da(ay) — 61(az)

Remark 5.3.17. For n > 3, the space of higher forms Q% (Ag) vanish. To see this first
observe that [D,a] = 61(a) ® 01 + d2(a) ® o9 where 01,09 are the spin matrices satisfing
0i0; + 00, = 20;;. The isomorphism 0L (Ae) = Ae @ C? is obtained using the linear
independence of 01,09 in My(C). The isomorphism 7(Q*(Ag)) = Ag ® C? is obtained
using the linear independence of Iy and o109 in My(C) and in this way one will obtain
that w(dJ;(Ae)) = Ae ® I. Because of this reason Q%(Ag) = Ag. Observe that
(3 (Ae)) = Ao ® 01 + Ag ® 0y and hence m(23(Ag)) = Ag @ C%. Now recall that J®

1s a graded ideal in Q° and hence we have
™ (2 (Ae)J*(As)) € 7 (J*(Ap)) C 7 (2 (Ae)) -
This shows that w(J3(Ae)) = 7 (dJ3(Ae)) = Ae ® C?, i,e. Q}(Ag) = {0}. Now note

that Q"(A) = Q" (A) @4 ...... @4 Q' (A) for any unital algebra A. Hence, © (" (Ag)) =

(. i

n times

Ao @ C? for all n > 4. Finally, the inclusion

™ (72 (Ag) J*(Ae)) € 7 (J"(Ap)) C 7 (Q"(As))
proves that Q' (Ag) = {0} for all n > 4. This is needed in the next Lemma.
Lemma 5.3.18. The cohomologies H*(Ag) are given by ,

1. H'(Ag) = C,
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2. Hl(A@) =CoC,
3. H2(A9) =C.

Proof. 1. We have

H(Ae) = {a€ Ao :di(a) = ba(a) = 0}

I
@

2. We have

{(a,b) : a,b € Ag;ds(a) = 61(b)}
{(01(a),d2(a)) : a € Ao}

H* (.A@)
Let

a = me/ am7nUmVn — Oé[),O 9 b = Zp,q 6p,quVq — /8070

i,e. a,b ¢ Cl. Then dy(a) = 61(b) will imply

Z Ny, UMV + Z nog, V" = Z PBp UV ZpﬁpvoUp
m#0,n#0 n#0 p#0,q#0 p#0

Let e = U™V, m,n € Z. Then we get
Bpo=0Vp#0; ap, =0Yn#0 ; Nty =mBuy Vm # 0,n # 0.

Let

§ : (67
c = MUW‘/n+ m:OUm+§ :Bo,nvn
mn m n
m#0,n#0 m#£0 n#£0

For m # 0,n # 0, if we choose vy, = Ny, then we get d1(c) = a and da(c) = b

which proves our claim.
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3. Finally,

Ao

H2(A@) {02(a) — 01(b) : a,b € Ao}

Let a € Ag be s.t. a ¢ Cl. Let a = Zm#) or nto Qmn U™V Then

a =3 neznezioy CmnU™V" + 32 o oy OmoU™

Consider b=3", 7 cz 1y “22U™V" and c= =37, (5 “=2U™. Then d5(b) —
d1(c) = a, which proves our claim.

O

Theorem 5.3.19. If H*(Ag) denotes the cohomology groups of the chain complex <Qb(.AN@) ,(5)

then we have

1. HO(Ag) = C,

2. Hl(A@) gC@C@A@/C.

Proof. 1. We have

ey = (| "] ) = 0.a(@ =0.a=0)
0 b
a 0
= { 61 (a) = dy(a) = 0}
0 a
= C.
2. We have
H%) _ {(a,b,c,e) :b+e=0}

{(d(f)vf - gad*(g)ag - f)}

Let M = {(CL?b?CJ _b) ta,b,c€ A@} and N = {(d(f),f—g,d*(g),g— f) s 9 €
Ag}. Clearly M = Ag @ Ag @ Ag. Now define

124



vV NPCPHA/CHC — M
(d(f>7f_g>d*(g)>g_f7 )\1;@7 )\2) — (d<f)+)\17f_g+a7d*(g) +)\2)

This map is C-linear and one-one. To see surjectivity take any (a,b,c) € A%,

Suppose a = Y oy, , U™V, If we choose
f= 2 mpoornzo i AUV
then d(f) = a — oo and we see that
(d(f), £,0,=f, 00, = f,0) — (a,0,0)
Now suppose b =Y £, ,U™V"™. If we choose f = [y0,9 = 0 then
(0, 5o.0,0, —50.0,0,b — Bo0,0) — (0,b,0)
Finally let ¢ = ) 4,,U™V™ and choose
9= mst0ornzo i Yman U V"
then we see that
(0, =g, ¢ = 0,09, 0,9,%,) — (0,0,¢)

This shows that 1 is a linear isomorphism with ¢)(N) = A and hence our claim
has been justified.

This shows that the complex Qb(;l;)) is cohomologically not trivial. O
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