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PREFACE

This thosis titled "liffard algebra, i8a gones
ralisation and their gpplicablons to symmeteles and reles
tivistlc wave equations' ¢omsigts of the work done by the
author during 196771 for the Ph.Dy degreo (Fhys,) of the
University of Madras wnfer the guldamce of Profossor Alladl
Ramaleristnan, Director, The Ingtituts of Mathemat'cal
Selences, Madras«20, Indla, The author wishes to express
his sincere thanks t» him,

In this thesisn, the author purgued the work Inle
tiated Ly Professor Allal! Romalrishnan theough the elegant
paper, 'The Dirac lgniltoninn az o member of a Hierarely
of Matpices'; JMathe/innl.Appley s © (2067).

The nature and range of the wrk necessltated the
author's collaboration with his colleagues and due aclmowlod-
gment of this is made at appropriate placens

Tnolly, the anthor wonld 1ike to expresc his thanie

fulness to the mombers of MATSCINNCE for interesting disenssions
end o the institute of Mathomatieal Sciences for the excellent

facilities of reseavch.

(74 5o Chandrasekaran)
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work starbing vith a mathomatieal procedure called tho
c-=oparation Pepresenting the tranaition from the 2 x 8
Paudi®Pnatrices to nigher dimensional snticommmting matvices. Th
¢« =opgration defined by Rumsikrishnan is a generalisation

of the procodure adopted by Dirac”’ to obtaln the 4 x ¢
natrices ctourring in his famous wave oguation of tho
clectrom, If a linear combingtion of the highor dimensional
matrices is considered thon ifs elgenvoestors Surn cut to be
degencrato. To resolve this degeneracy, Mamakw:stman®
introduced the concept of holicity matrices in elose analogy
with the well known comeept of helioity, It wns also shown®
that onergy ond holicldy belong to a hiersrehy of eigonvnlucs.
| In this thosis, vo extend tho above mentioned concepts
vhich are Pelatod to the C11290md® algotwa of anticommuting
matricos $0 tho caso of tho generaliged Clifferd slgebra of
mmmmmmmummtm

1) senbor hicrarehy
m:.mmn.n.f" .

. "-‘-N% T * e s e
QWM mwmv 3, Hath,
-y %?W&th.

6) WeEeClifford, ‘Avplications of Grassmannt's estensive alpeirat,
Amer, J. Hathe 1, 380, (1878)




gatisfying a goneralised comautation rule, herelinafter
called the .J-commubation where (0 18 a prinitive mth
root of unity. %o then apoly them to the otudy of the
symootey peineiples and olementary particle physicds

To our gurprise, wo found that tho generslised Cliflord
slgobrs was imtroduced as oorly as 19562 by Morinaga and
Nono? and indepenicntly by Tamaseit™, Tho structure
of the above genozalisation of the Clifford slgelwa wos
gtudied by Morinaga and Mono!! and Morsis® . Our vork
epsontially relates to the shuly of the eligenvector and
oiganvalue structure of tho matrices of the generaliged
CLifford algobwn ond thelr possible interpretation in
olasentary partiole physies.

Instead of the antiecommuting proporty botwoen the
basic olements whooe all possibtle products and thelr linear
combinations thoreof comprise the U1:ifford algebra,

o wgommatation Pelation botween the basic olaments ip
considered in the case of tho genorelised Clifford algobra
{hovoattor abtvevisted as 0.C.Ae)y where 4 is a primitive
nth root of wity. In othorwordg, the («1) fastor which 1g
the square root of wmity in anticomemtation relations ig
soplacod By ~ « Tho squaro condition which yiclds the unit

ﬁ L) 2 '
citonio mzﬁ w’ ’” 198°% I ”M"“mﬁm' "5S¢ 2ouyo,
®) i0toroigy ton g gemorsliged C1:fford algsbra’y Guarts




satrix in the Clifford algebra is replaced in O.C.A, by
the rulo that cach Dasic elomont is multiplicd metimes
to get the mnit clamont,

It 10 tnportent o note Shat oven in the GyCeds
fop cach value of m thore are ondy three 0 ecommubing
naterices in the lowest dimengion , m « This ig pimilae
to tho case of the set of the thres Paull maleices which
ie a verrosontation of the ordinary Clifford elgeben,
f{n the lowest nonetrivial dimension 2 (vide Chapter 11},

In tho fizat chanter of this theois tho method of
Ranalrishnan™ called $he o =operstion dgveloped for

the ordinary Clifford elgebwa 1o applied™™ o the G,C.A,
This chapter also contains a dlscussion’> of messloss
particles in highor cimensional spaces, using tho C1ifford
algebra elemente, 4nother metiod of obtaining irreducible
resvosentations using eoncept of ideals of G,Ced, 1o givent®
in Chapter II, sultably modifying results of Rasovesiit™™
Tho mettod™ of odbaining coumuting sets of GuCude of

the same type no and from a given G,0C,4s io deseribed in

| 16) 4uBemalriabnon, 5. ag:devany fslslengenation d
| Lonatein BissarchrY, J¢ Babne iaals ek . 10, (1062)

» deanthonan «Chapdeaselaran, ‘Cliffopd
- ”m!,mmm#amm

and passless nartl
s - “'%mﬁ tations of tho geneseiised Ciifrerd
algebrasty J, phys. N a.%;tmt
13) PeElRasevakiiy '"Tho thoovy of spinoraty 413 Teanslations
{Mnﬂh htMl

14) ieRamgkrd Yoliy tanthalum, PeSeChandrasciarsn gnd
arony huutaly satriont hr o0 omcrallond




Chapber TIT using tho concept of helicity matsicos
inteodueed by Ramalet shnan® ,

Chaptes IV and the succoeding onos constitute
possiblo anplications of the sbove ideass If the Pauli
catrices aro wndorstood timough thelr Lic commutebion
relations they nre recognised to be the clasents of the
Lie algebea of SU(E), the spocial umitary matrices of
gimonston %, In thip thesis, wo also shov™> how the
Lio slgebee of & % O speelal unitary matvices afe
conneotod with tho Lie algebra of Gu04ie vithm = 9
(vide Chapter IV), As a consequence we also obdaln a
generalisation of the Soll«ianneliishijima relations, ;
Tho above rostlis are onslily gonerglised to the 5U{n) caco.
The Parn~lerml operators which vere obtained by Greenl®
in his otudy genavelising tho Farmi-"isac and Foso-Binstein
quentisations are congtruntual? %) in Cnapters ¥ ana VI
uglng GuCeds In Chaptor VIL, the olements of the Lio

* E ST

10) H.S.0rceny "A sed nethod of ficld gquantisation’,
Phiyse Dove 20, 070, (2080),




algobra of 0(n) are giver s’ en acemator venressntation
in toms of the Para~Termi operators, 'n Chaptes VI,
one of tho two genoralised Clifford conditions glone

are inslsted wpon, that is, oath olement when smltiplled
& timos yiclds tho walt mateix and a methed ™ to cbtaln
the mateiz fooPosantation of sueh vatrices is dlstusowis

¢
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11 In this chapter we give first the method of
~opopation introduced by Remakrishnan® to get the
peprosentation of the Dirae™ matrices and tholr genevsli-
satlons stapting from the set of PauliPnatricos,
The Peuli matrices are known to satisfy the Clifford
algotra. Thon the mothod io extended®to #ind the
resresentations of the genorclised Clifford algebra 197
1,8 The C1ifford® algotwa, C') 13 goneratod
bty a gst of b clements o (-=1,: -, Obeying the two

- D llamiltonian as a
" mum umﬁ?mm:m. J, Waths Anal,
Apple S0y Uy ( »

e S
i, S B

4) Alladi Ramakelohnan, B.Vnsudevan, H, and
P 'A ponernlisation trix
nﬂm‘. . anale Apple &y 10, (10685.

8) and T.0eno,; Wn the lineerlisation of a
forn gjh- ite roprocontations’
Je od"gu. ﬂmwm Series 4y 10, iﬁ. (1084),
6) K,Zomazalti, 'On projective representations and ring
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P Slteeiey I GERGE B S

$) WK Clferd, "Applicaking  of Ewammans  sxkenoise  algebr?,
Ay, T, Mﬂ"’h.‘ L, EED:J {127%)




Clifford conditions
By = LR LGt e

“ o)
LAeR (19

where I g tho unlt clement, Tn C, f stands for the
mmber of gonorating eleuonts. - . and 2 the index

to whieh each genorating elonent has to be Faised to gob
the unit clamont as in ege{l.®. Tho well kmown
ezamples of tho algebra characterised by (1.1) and (1.2

1,8 lLot us take e lincar combimation of the
Paull mateices « ,o; and -, and denote 1t Ly

3 2 Az M-id,
- = 3 ‘!..,
LEr - ;;j\g_ﬁ =Zf ?ll[ y{ \;|+':13. _;12)
(R = =
with
e (%) b - wd o (7)) @
1 o ] GE_— ({: ﬂ) 3 = D"'f

vhere ) -: oPe real or pure imeglinary parcnotorss
Using the Clifford conditions (1.1) and (1,0
we have that

By
sz-— (AF 42z +’."tj}"!‘ = .AT_I {1.8)
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tiow if wo @ofine a matrimy L. having (2wl)
parameters ) )., .., Ay Obtelmed fwem [ .. . b

.- " _‘n =
I}I-Zr!—H T LLH_] L~z )
Linm = P T e o IS o (1.7

ed ., 4séafnod through L., - and goeon
in tho samo vaye Hense |- is dofined in terms of L .
Lot us aloo wite

2 in4l
il = EH-H Al iﬁ-
2+ gt {m
and e
- Ai o
i :‘i:. e

(1.9)

Then using (1.7 s (L8, (1,8) vo got

. 2'n <y i
\QP T+ O _,{;("‘- !
[ = ( 20 - sC= b (L A8Y
o L




Applying tho above procedure to 0qe{l.9) till we roach
Pouli matrices, and using the anticomuuting properties
of the Pauli matricos ve soe that the ;;‘t-m“ {L“fr,z,-.-,,zn"rrJ
aenticomomte with one another and tho squaro of oach
is the identity matrix,

Tho sbove method of obteining | ..., feem [ ,. .

.
Le L.?nq—; = C?_'{L:ﬂ—r) .‘m

15 collsd the ¢ -oporation by Ramakeighnan® which
involves tho sddition of two paremoters .. and ):in+
to the got (?"lr,a;‘l?-m"' ;1.:\;ﬁﬂ.:- of Lin—’ and

muléiplying them by unit matrices of sulteble dimensions.

The above procedare brings forth clearly that
tho dlmemstom of V"' (C=1,2,.. ,2041) A8 2"
and (2»l) is the maximel mmber of anticommuting
satricen of dimension " « The linear combination
L.y, eontaining ¢his maximal set of (2nsl) mateices,
vill be cclled tho saturatod Lematrix, Whenm L.,/
containg only fn nonesero narsmetors them i¢ is called
an unsaturated matriz, Ve thus have the talle
commecting tho mmber of parameters, dimension of the
matzriz and type:




Babelz  Hoe of popemobors  Dimepplon Chopgetor
Ly | 3 saturated ()
= 2 2  unsaSurated (00
= ) o s
Ly 4 4 Us
L 5 8 5
Llﬂ-H 2] 2" .S
144 In the fullowing wo will consider the
matrix &
L5 2oy (1413)
5 L=

By the U woporation it is also glven by
by L)

There sre three ways of getting L: atarting from L
by @oplecing anz.one of the three parameters in [ .

by L, 1tsolf and Salling the other two ms ), and 15
and atteohing wnlt matrices of dizension © €0 /and /. .

3ot LAt e ( I Lzrm_c_yl)
3 y - = - - J
LE’:(LE.H“J AT T Qs HBDT  —L3

AsT " AeL- [ij
Lg = ( AaI+ils T/

(1.29)

19



411 *he threo aro comected %o one ancther by similarity
transfommations, Let us consider the fipst of ¢he
throe of oge{led®)s If oy, dy . and * gre
T 9% b fL & o
o - (“TE ﬁ):’q’?': ("'E ay)jdf: “z a)’-
(1.8
I0 i E
P* ( ﬂ—I) o ety = (3 77)

tma;;.fg)ﬂ@ are the Poull matrices) end

ir n&"? (t = 1;9,7,4,% are the components of the
mateix Lo then

5 i, ;
Jaf' = “’rﬁr'} 45: "'f‘a}m’g—‘ d.f-' ) ‘?4- =Sy ;i%j-'ff(m
D-Ef)
a{q':-% Zr,

whore

1,6 If L 1is a lincar combingtion of a sob of
enticommuting matrices with /°- 17 , the eigenvalues
of L aro degenarote botause the dimengien of ([ » 72
and they aro cqual $o0 + ) . Honce the following
Procodure ig used ¢o find tho glgeuvectors. If )\ s
a diagonal mateiz with helf of its clements equal to |
end the rest -, then

)= L+AT
(1a?

11



Lo (1:38)

f.6: the columng of the matrix [/ are the olgumvectors
of L with cigenvalues <+

Henca the U mateix or the oigenvector matrix
for L. (of the firet typo in oge(i.3®) 1

A+As o 35"':.14 A-tAL
o ﬂ—];],:_;t :3||+L?L-; -:‘-_F;'ERJJ- ‘m
}13 +ihg  A-iA; —n=2%s o
A4 Az - A0y o =2
corpesponding %o the elgenvalue -+ for the first
two columns and -3 for the last two columns with
\
L R A R
LA ) {1.20)
In the abovey 1f we put
Ar:f’w) ;?lz:r?; fﬁlszkgj rflif-fﬁf.ﬂg—“*ﬂ) A=k {hm

where [, Py, f, oPe the components of the moments
of a particlo of mass » - /s s then we see that | -
is simply tho Dirge Homiltoniagn for a particle with
onargy E »

12



13
If on the other hand wo set

Nz Pesda= Py, A5 Pz s Aa=m,05=0,0-E  qa.om
than instend of the Dirat equation

(j f;_)—rflw’ )u—‘ Ew {1.09)

wo have the nev Dirse equation

: F S )l{ = Elle (1,08
um.mu-mmun”'
L )( ,f..FJr[!m \1[ ”f{';l > *’f;" +<¢ ™ (1.28)

relating the tvo types of Hamiltonlanu.

The elgenvesters of | ., can be given in
topms of those of L:; o Demoting by ... an elgeuveStor
of [, , withdimension 2™ 1t can be shown that

AUs 4o
Woindy- = ( x{’?i;,mjp) (1.,26)

by ovoluating a and b . Substitubing the chove fumm
of the ..., 1In tho eigenvelne equation

ar
L., Wi = 2 An Romp (1.27)

2y )

W

9) This remark is due to T.O.Ganthanam,
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¥o obtain an eigonvalue equation for the two dimensional
vector with componento ayd

( ﬂl‘m-}-r Am_| .-{‘;ﬂ}_;ﬁ \ a:) 3 .
= '-’Ii.ﬂm
A,ﬂ_l‘ﬂ_.ﬁlzm "J'»zm—h/ ({F (/[r) th“}

yiolding two solutions

4 U = + Mo 4 Qxenigs
e i (1.29)
. *—‘inm —'—;jll,ﬂH Anﬁ_| ~+ ¢ 13

-+

In oquation (3290 U ., ig the elgenvector with
the eigonvelne /A, and ;. cospesponds %0 e
fimilerly we have two more golutions Af we replace

W -0, 0 ogelle®),

1.6 In the following we apply the sbove
considepations to the study® of tho generclised
Clifford olgohes (G.Cale) introduced by EMorinaga
and T,lon0® and independently by K.Yemesakt®,

1,7 The generalised Clifford algshway C . 18
dofinel as the gasocistive algebes generatod by a
gset of ; elemants ¥, ({152, ,P) cbeying the
conditions

R AR R
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am
=1 (1,81

whove © ig @ primitive mth root of uwnity, ™ C [ f
gtands for tho mumbor of ¥ -4 and - tho mumber of
tinos ocach Y 1s mmltipliod by 1%sclf to got the unit
notriz, Tho oguations {1,30) and (1.31) ere sinilar
to the oguations (L.1) and (1.9 roopootively. Tho
erops in ¥ indicatos $hot wo aro working with tho
goneeators of G.Cefs hom tho mumber of gonorators io
oven : p-2n  wo con shov that the algobwe io sioplo
(Thio vill bo dooo in Chaptor II in a dotolled fashion)
0o that the dimencion of the algobra &8 m° and the
natyiz roprosontations is of dimension ' o Whom m= 2
p=2 ve have the Pauli algobra ond the explicit
depivation of tho Pouli natericos themsolves will bo
congiderod in Chaptep IX, In tho next cape when =3
and p= 2 wvo got tho Pouli-lilzo mateices

pl 0

5 6
- (34) 5an (355 ) e (o) o

as tho gonorators of tho CeCels f:ff « (Thooo moteices

mmmmmbra.amma”mmﬁwn
vo vill cetunlly dopive them) Tho olamont ecorsosponding

to U‘E':r'f‘iﬁ'? in C% is P;"Q in Czj o

15
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In tho ronatning of this chaptor wo i1l coheorn
mummmmm‘“orm 0 =oporation
to construct tho revrosentations of the algobra c:‘;
having nore mumbor of genorators otorting with tho
linoar combination of tho mafwices Py Q amd K- PQ
copreooponding to the case n=J and n=sl, This
procodure 1o onsily applioed to tho gencrel cane of
arbiteary o « Uezoafter (in thio chapter only)
linecar conbinntions of tho gencrators in S,Cele
cinilar to ogellsd) will bo donoted by ] . o Sioiler
to 0q+{1:3} wo hove

ﬂ& A+ Az 0

ﬂ_.. = o DAz A F“-'I"‘J?:Al
3 ) (1.59)
Jr"lH‘ﬂz_ o w 2_3 '

vhore « is a prinitive cube oot of unity. Dy the
Teopagation one gots the moteix /| ..+ eondaining
(oel) parencters by feplacing 1 [, the parometer 4
b 1. endealiing J: ad A: a8 )T
ad .., vhero I ig the unit mobriz of gultablo
dinonoion, In other words wo can define

;‘].zn.ul Loy ted, I 0
H_MH = 0 g Ly, 4%

E;m-i +&-n'I B L-:‘lf].zn-yr 1.34)

16
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fractng [ , , to [ . backwands vo noto that tho
Gimengion of [,,,, 18 3" and the component
pateicos « wcomomte ond thele cubes give tho unit
netize In oge(2.89) vo could have selaced A.
o A by [ ... ond nened tho othor two a9 7., T
e A, T e Put this would noan that tho matrices
aosocioted with )9 A2, ,)p iR p-an+
w111 not be opdered (vide eqe{1.20)) o tho indox
value of ) Aineveason. Dut this ordering can Do
modo explicl$ by oultebly podofiming A (=2, )p)
as 2.‘}13‘:_._..’,'1; go that 1| corresponds to ¥1
and 5o cms Thio is to Lo contrasted with thoe ordinary
WMM&MMMWM
- of ) -+ ip not ot cll nocossary.

1.8 Thomateizm [ given Dy ege(1e33) has three
elgenvalues A1EHJ Az and 44__]::3) vhore -

-A1 {1?] 3 _(’j-! A A1E‘2j = H}ﬂj 2 ﬂf faj = t-ﬂ:jlf

. Ve
A, = HJ-F;[‘E .3 £
| (I .E'f'ﬂ;;) (1..28)

Sintlor %0 oqe(2e27) with a and D given by oge(1.79)
ve havo the olgenvector coppesponding B0 A, () ; ((=1%3)

17



1
-ﬁ,‘“) - As

Ditw Az

(AL =) GA 1D oA (1,30
e e Ao

(f}‘l"f"":’!'ﬂ?_) {: A ]--f"mq' ﬂz)

since [L..i, 4o gemeratod fren L. wo
mwwnmmmﬂrmnm
o2 [ ..+ ¥ _0 icaon arbiteary voetor of
dlmension 37 tho vector of dimenmsion 27 defined
as

=P £
| Ay () 1— Azage L
iz 4 (1.9
-ﬂ, - Lln_i-i'@ﬂéhj:
_.__f.}_h H—-‘zn_1+:}12ﬂI _{1

T A e VO

s on oigonvector of I .., with olgonveluves A, L)
vhoro

A2 = s A+ anni) (1.28)

and N, (0 fer & = 1,08, stands for Sfn 5 w4,
ad (o). respectivelys

13
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It is to Do noted that thomateix [ ., ., has
only three oigoovaluos A, o 4. and «*ln though
it has 2" oigenwoctors, The U-nateiz, dofined in
analogy with equation (19) for [ ..., 18

U = (ﬂ._i,l_, + [L_an.Hﬂ = 1 z"_\_;) (1.79)

AT
i
i ( e AR L o

wvhere 1 cthe

whore

Itk it sateriz,.
For emanplo tho U.mateix of olgenvectors for [ |
¢an be written as

1;-} A DAL (An,) (WA - 095)  (Arkod, )(a ko) \
(+afA)(349)  OFOSHAL+A2) O -0 o
(M4 22)(a7 o) Ot (k00) (A #2524, 442)

1.9 Dogeneracy 15 precent even in the case of
the olgenvectors of [ ... of the ordinary Clifford
algBips charectarisod by oge.(l1) and (12)s This is
boeguse | ., has pot only two olgenvalues

+ Ny o= {F’HL'JL-’LZ‘*'"“* 2-!:-,&;:}?“ (1.4



hrﬂwﬁswmww
a oot of nmatrices

Ls ?
Ls
an—1
Lzh""'?( I—zﬂ—F)J WO ( .'.L (1,49)
]

with elgenwvalues

iﬂﬁ) '-I! EL-_.-..H) ‘1"3' 'iﬂ,i tw

n- %
I ooge(2ei4d) | ., ¢ k<} -z ocouss 2 times

on tho diggonal go that all the matrices of ogelles3)
are of dimongion " .

Taliing the particuiar case of L. ond Saling

A= bryde =Py Asote, hz0, Asom eddy =2 (Rel)

wo have

/ Pty the - /?’{

vhich ip an olgmweluo of |, o Tho sot corros-
ponding to 0q.{1,89) %o given by

21



Sinco hellelty 1o the clgenvalue of the onerator

= = ey
g s -,«—,f, |
IFI A, -
we have
+ A, = holieity . A\, (1,49)

Honco helielity multiplied by a pogitive mmarical
factor /A and encegy aro mesbops of on hiorarchy of
eligenvalues,

In o oimilar way tho degsheracy of the eigene
voetors of [ ..., for the w2, case
can be resolved by congtructing n matrices

Loy, L,
Lan-w ) ! !]_'M = } o == ) 'Lad_ (1‘”
Dy, L

£ |

: 3
s Cz_n.

wore [ . (m<n) occues 2" 7 times oo that
'hmmammmmq.tma ta 3" o
110 The omtonsion of the above procodure

 when . ip oty intoger (10 ©7- 1 ) and when
. the mmber of genoratows equals /=21 ecan beo made
divectly and the olgenvoetor mateiz U has the fom

1= [I._m_] -}-ﬂ_h::ﬂ+----r A"

24

(1.50)

21



22

whoro
L7 = (AT = (7 HA2 + A
Fisd . (18D
and |
e mza I
.ﬁ{z-
A ,
- (2,59
A (=)L /
vharo
-Aﬂ ti )= WAl (L5

end [ dg the © 2 © unit mateiz,



23

1,11 €112ford Algobra And Massleos Parbiclogil

in tho following wo Ueiofly doscribo tho
application of tho ordinavy C112fond algebra in tho
etudy of massloos particlos. Tho froedan ono has to
& linoarioing the KloineGordon oguation has boon
usol! to doseribo tho massloss spine-half particles
(nouteino) in two differont woys. The firet, weil known
of courge ic to deseribe 1t through & woy oguation of
the Dirae typo in which tho naso paromoter 1s sot ogual
to soro go that tho oguation deseribing £t is

0% 'M'\)L = (2,50

?:;LJ"H T YR ¥ 9y -1—3"'13413335 (1.55)
whore 7. ave tho Dirae matirices and tho Ju are the

difforential oporator with pespoct $0 space and Sinme

and the summatlion emvention for repoatold indices has
boen used, Tho equivalenco of thip egquation o the
fontlior tuowcomponent one 1o woll mown ™, An alternate

1) T.S4Conthonm ond PyefeChondrascloran, 'C1ifford elgobra
ﬂm%mmmmm.tm&.

18) TaDelioo and CulleT Parity noneconsarvaotion and
$o oo Mﬁ“umm*,mm.:&.

e "*On the lavs for weali interactions’
%&m,t . .

R R, B ion ot esteto s
noteite; tugoe Rove 40, 0% CBORe T O
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equivnlont way io to uce singulor idempotent natrices
vithout explicitly putting the mess paPanotor ogual

o soro, This has boan dome in the 1iterature long
dact®®) Rocantly, ateention has Doon drewn to this oot
by ZTotsacte™® ana 1,0, 0engupte™, In this case one
woos oli the five sntlcomubing mateices in four
dtmensions and the equation of motion can bo written as

@_—L}‘}fa&ﬂﬂ'rﬂ,: f!ﬂ:}"s)) )b: 0 (1.50)

ueing tho Diroe metedoes ), Ve, 7, 74 and Vs
It 29 cloor that oguations (1.58) ond (1.58) are
froquivaolont, mw*:'tmemmtﬂﬂthm
‘Bass as 1t doeo mot mallo 1its appoarance in the Eloine
Sordon oquation) has Doon intorproted as tho dogree

of chirality,

| In this chapter, wo shov that oven in the caso of
smmMMummmmwtmn

ﬁmmmwm'mmm.

Sazs Goce ARG, 07, (1546)

e 5’%‘“" s Hove Hod, rm.. 2y anny e,

Hh '&wﬂ.dm“ﬁm' Progs Thoots

0 LREREN TSI S
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‘of tho Diracetypo involving only four enticomouting

matrices, when the pasticlo is magssive, On the obier

hendy 1n tho caso of tho magslogs particlos, tho equation
111 involve five enticcmoubing mateices, ono of them

in @ singaler Ldampotont conbination with tho unit

natriz. Ve ghow that oven 1n thig case wve can reduce

tho cuuation to tho eriginal Dirac form without the

naso torme

142 Tiow, vo betofly Poview tho work of N,DeSenguptal> *
The oquation of motion vhich uses all the five mutually

anticonmuting natrices in four dimensions ¢éan Le writteon

“ :
G"‘E'}?,/{.L bl —+ """":7% -;—ﬁw;_j }’/.‘_n

(1.5

wero ). wMl ave hevmitcan matwices. It
folloup that the squore of the Humiltonian

HE = ]-Fr]'z-i-{wf—m,f) {1.58)
were | F)° 18 the square of tho uodulus of the
 ponentumy | e

I oge(1467 ip multiplied Ly an oporator
J
S ) g

@-;}zfq’gﬂ i) _&L= B (1.60)

2h



,wa': R/ _ (e

m.f: (Pﬂzl‘-— rﬂ;l_) u..m

liowy the ’)ﬁ; —< pre not Hormition, However, by a

= .
ﬁu’: £ 5?9{“_{ i (1,09)
vith o
oqe{1.00) reduces o
CiYa o m! ) =0 (1,65
~ shero e ;
I h % |
AN (1,00

flonoe, even if tho complete sot of antisuumuting
patrices were used in writing the oquation of motion,
by a sultable trensformation, tho oguation can be brought
%0 the stendard Divec form. Tho damonstratim is true
mptgm® bt oqelle89) and (1,60) @0 not
in wvhich cace the cquation of

26



into two, correononding to tho two signs + o » as

Goud™ 3 (298 ¥y = o0 (260

-

and the tuwo oquations are connoctod Ly a changs
conjugation oporator. It ig intorcsting to note that
(1+75)  1s pingaler ond ideopotent, Argments have
boon ofdvancoed that 77, can be interproted as the
degree of Chirality™>,

1412 It io shown below that in the case of
masoive espinshal? particlos, oven 1f vo doscribe 1t by
:’&;?amumm 2" dimensions tiwough en equation
ﬁmlmumummuuw
to tho standard Diree form involving only four aptie
coonuting netrices by o sultable transformation, In the
taso of massless particlosy the eguaticn can beo reduced
o thd form of eguation (1,67) involving five antie
. eammubing mateices. In this case, the oguation imvolves
a singular idempotont matriz,

It 19 Mmown that thero are (2nel) mutually antie
 eomputing matrices of dimension 2P which form the
completo set of clements satiefying tho Cliffosd algehers
Clu. Theso uat®icos aro easily construsted waing the
alogant method due to Humakeistnanl). Tho most cemoral
wave oquation of a spiner particle vhich mghos use of



all those (fel) matricos enn bo written as

9 = Jr-:“':la-'f'ﬂ J;*’ da&*ﬁ%
?’ L E':-":":J_’}

l“}é: ”:)2‘* !’mzl;-z == m-E.E" - miﬂ-—a)
I¢ wo multisly oge{2.68) on the left by

O’ Ve e e st Tens e
- an-2
[ _}_ln -2 = -Z-_ H ]

Gt 4y = °

m n=% ¢ k
??1;: (m:n-‘_ E, mt)

T )
Gt[‘*; ';"m} rl-"f' “!-Fﬁzn-‘j Jzn T " 1)&&:‘&'

vhore
!
rjﬁ S }—ﬂ/‘ ty 2, 3
and
FeTS AT~ g S e,
o E?EJ pof = besy caan
with

(1,08

(L.90)

(1.%)

(2.7

(1,72

(L.72)

(1.70)
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AT/

This can be brought to the nosmel Hormition form by o

transformation
- % :
- sﬂ& Y
uhoro
b7y ]_f.g: f"-"f'hﬁa—_‘-lriﬂ
;{ = {-E—E_jm‘:t)v.?
: in =3 .
“ {Z mfa)!ﬁ/mmuz
tw?{?= L=y
(1,78)
0 that /
- G-‘.t.'fj&ém-}* ;)4”':@
A
I:— £ PP

ih-=2
2

10 above 0qe{le?5) o not volid when m_j_f Z o/




Pr;‘_ +rj“"‘ ]—F = ﬂ;_,zl-:ﬁ_,hz)_;

Bow 0ge{0.34) talros form

{ELFJ‘JAL+ Man-e (’-f TI)) 4): & t‘hm

" which has the sepe form oo 0qe{l67. [+ are

agein idcmpotent and singulare The parameters
™My o, oo Mase3 appear oply in the repe-
scatations of | @atvizme
1,14 It ig vorth pointing out hore thet evan in
the case of mascless perticles, we cen otill describe
#hon *hrough an eguatien inmvelving only four ankicomrublng
‘patricos and in this eagse cne cots o wave funchion
jﬂlm!.amaiamqofﬁmmwmm. Pop
4¢ wo multiply oguation (1,67 by the singaler operator
(05%)  we got
(?:f- s %—: ) =12 j vl 1
.; =l H:'?/5)|b

_ (1,78) invelves only four enticomwubing matrices
and thic 1g Just the Dirae equationy with =0F0 Bagts

1o irtoresting to note thet (L.72) fo /5 invarient

@ (), ave clgomstates of 7; « This is aloo true
y 0ase of (1,79 vith the nceesoory changeds /s — |
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CRARZER X

2.1 ?ﬁism.wmwlﬂwﬂnd”m
Listng that Rasoverts™ fop obtaining the reprosantations
of ¢ho 0,C.A, Vo prove that the G,C.A. gonorated by
an ovon mumbor of clements ig simple. Uhon tho mmbes
of gonerators is old thoro cxicts goveral inegquivalent

reprosentations.
8,2 Tho gonoraliged Cl:ffoxd algebra is dofined
as tho assoelative algobra goncratod by 4 elments
X (C=1,2,.-, 1) ovep a field k contalning the mth
and tath roots of unity such ¢hat
¥ & SUE USRS U EE I
2" T

vhore < ig @ primitive mth poot of wnity.

te call this algebra as c;” using the notation
of Borpis™s A bar across ¥ has been introduced in the

N e e L

Allpdi HRemolopd T mﬂl" wm.
" ‘ﬂatlnwmh ‘B‘érm nﬁw
Agobra'y Je Math, Phyne 0ley .&m.tqu.

ﬁhhlluq%l t!myg:.'-’nnifm&&!zﬂ.mim
‘5 106 l 1657 also Tov_ow fm
m# w 5 simany T .Banﬁnnnm
. .

oo anﬂﬁdﬂ
1570 %‘“ Proscy feTay Uiks
-!) mﬂ cum algobra'y cuarts

%m. B 7 (106Ms "
e dies vet A an & C, i"l ]
K. Merinaga and T Nivo , T Sci. Hivoohima Univ, Sevies A, 5, 3, (19522

(. '}"A\mu'?-ﬂ‘-rbf J. Fae, Sev- BaiE n’ _fnh‘d-p , Srxef d , ﬂ:!lll 147 5 E1E4D
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above oguations to denote that ve are working with
the gonerators of G.C.4,

23 Lot /=20 (ovends IS is shown™ ghat the
Muﬁnpu”. '

Locma. Pop oven valugs of o the elgobra C,”
conteing nmo tuo sidod 1denle excopt the muli ideal and
itself, In otheruords, It 1g simplo,

Peoafe Lot T be any two oided ideal in ()7
ad lot | Lo difforent from tho null iden/. Any clement
of tho algebra vill Lo a lineor combingtion of the
elments of the forn

k k. b
3,7 , ‘gz E"‘ngh (2.1)

wvith 0§ R gm-1y E=0,20., 2"

The total number of olements given by (9,2) 48 " ,
Any olement of tho ideal [ 4s also g linesr condination
- of elaments which 1g a gubset of the clements given by
(2:1), Let A be o lincor combination of this subsed
belonging to 1 . Without loss of gonerality we will
_ @sgwme that A contains constant terms also. Let ‘2’ Do
@& Bembor in tho linoor combination A and
Q = £h£&~ﬁﬂ

ke

(2.2

- PeBsChandrascharan (to be pubiisghed),
Vide Appendix  for definttions of fdeal of algebra,
~ miaple algoebra ets, ) ' .
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with .
O e M=y o4 =hdcan

Uflabie g e ) =Syt o2n

Pop purposes of coovon:anco lot us aooune, first,
that thoro oxisto ao 5%.! goeh: that J“":i"i.af----;ck
Lat A= PPt +F o ouchithat 4 1g nod
divipidbio by m « Then 1t follows that

= - ) =L i

e o N R
" o hjf‘;*l-f’:.—f"" + P
- (2.0
Since ¢ 1g o prinitive poot wo alvays Havo
A s e T A (26)
® tho dogree d 19 divisible by m thon cach factor in
o o (22) gives tho fuetor 1 so that (2,9) roads
=1 I m—f
e s — m —

Tho abovo considerations whill hold good ovem 1€ J - ),
® ., -, op ( wvhon we drop the § tom in counting
dofined obove. Tho rocult of equations (2.9) and (2.0)

ad 4f 3 happens %o be greaterthan ir or l.or. .ol
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Let us now congider tho oum
e =1

‘ by
A= A+ E, 3 .455’1 ey
Thon betanse of (2,8), (2,8 and (2,6} somo torms in
A got cancolled with that erising from tho second tomm
mmmmmmm mm
.iq:l_ J‘ﬂfi'} E :%L rfam_t

e (2D
-t ‘
fop e Aec 1L e ] (27 o
Bocause of (9,9), (2,8) and (2,8 A, contalng only
constant tesmee
Tho above 1g tpuo for any olement AS [ ona
henco for [ 1toolfs By tho dofinition of the ideal
16 follovs that | '
i = E} s I:?m+25¥ lLﬁfr“
h',IL
+ Ifznlf -

. m 1' C in :I - W t&al\[ t&ﬂe’to“&‘n’

wo havo that ||-C = conste () oo that (., fu siuplos
&mmmﬂmﬂmmmuﬂ

i e e

'.ﬁ.t He Dogenor, Representations of Groupa'y Hoeth
lolland Puby .




one irwodueiblo poprosentation of (. of dimenslon .. .

ve w1l 11lugtrate the above rosults of equations
(2:3)s (2,8 and (2,6) by considering tho emammple of (]
In thisp cane |+ w +05w>=c vhore © iga
peimitive 46h rot of unity.

Lot a-¥'¥, o+ Gero d=Sandnsg, o0
that n does not divide 4,

Cangde J<iict¢ <y mmm&.

..1:.1:2 B =3 Hov congider ERVL(#E-‘%:;,):?: )

M;mm d=lsz¢3 o Uow,
b R L R SR Y
=G Yl (vido ogoe (23) and (8,8
Gosafa u«mmmofommfﬁ:ﬁ,w
B ol (k> . Lat us conoider the sum

j - ’ ¥
Z & ()8

vo lave tolen J:E-:L} « The above s 1o
1 to (vido oqno.(2,9) and (2.8) X7, (Vi) - —wiy

GaseD. | ‘o groster than scme index in the
L“L“.,.J Ly, (k=2)® To illustrate thio case
a= %%

e




g0 that choosing = %
3 + o
Z ;hf‘?i ( élrz icg,):lf:i*' : = {m?.;_ Uw—fﬂ“_);_!l?;’j
=1 .
= -é‘_""'—gﬁ
Let us 1llustrate the nature of tho ogns.(8,7)
0 (27, 10 ghowing that C? is slmples Hewe ifw

£o e prioitive eubo-root of uR®y, |+u+w'- o .
ot A- oo I+ x %%+ XL g Y’ (cay)

Wore 1o, x, @4 A, aro scolora ond T ‘g the
mwit clement. Thon :
A A Tyt
- Aw 206+ [wrw?) 9T Y GCREDNF
“Fa2x Y*
T 3X, T 3 (R -2 Y + o) By &

=350 T+ 32, ¥)°

=2
]
1

4 2 g 2=
Ay 402 £ ¥ L, L e
(=
s A +b T+ Blwtw) Y7,

R e N 5
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Hemco Aen (hewe v -1 ) contelns only a constent tern
24 Uhen the mmbor of clenmemts 18 oveny there

ezists a sinllarity tronsformation S5 whieh tolies®

overy gonemator ;%0 w¥(e The tronsfomation

TR I e I

so that

(28)

s ¥ S = wH G =R )

(saydte. syt =yl (i o

. Dut vhon tho mmber of generators 1g odd:=fn¢l, the trense
formation 1s not possidle. Por in this case > € G,
19 also a gonoratos (~>4)

2o = S : (2,10)

90 that oven though
(57)d e s’

(1) S Es4= (571 ) (Renvr) S

|
£
.
?g{
\__-
.
'l r‘!
]
5
LY ]
e
B
=
N

maﬁﬂl w e W, ™ e {cnf,?, a1 )
five Ploo to inoguivalent roorescntations ceeh of



I8

on "y Honeo C imu S8 Soonosphic to a s
nmmmmmofﬁem
"'_‘._.. r'n.
mmmsmmwm”wu
mdwuwwmnmmmut
3 of tho primitive 1dcmpotosise ‘horoas
?_HMﬂMIﬂMMMHmm
0,6 In deriving the explicit mabtriz ronroscntas
$ion of (', Mopeieuses the mothed of Drguer and
':_mummmmﬁm'nrmm
)« Howover, vo ouplicitly devive the matriz
'.'.'-’ of tho generators of ¢ , from C"e Inthis
%0 omorelise the methed of Reswveett® e the
mmmmmmﬁtm
ﬁ&mmmwmm

3 ST

A=t

Vo dorivo thoco from Rasovskii's approach itvelf applied
; cf the ordingey Clifford aloebra generated Wy a
pinglo clanont,

;_- ! I_._'.:m:. ik

ﬂ:{r(:n)JG: (Eﬂ) (2,10
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%7 mmmman;am&qtﬁ

for us to consider the -mﬂmﬁm"ﬁ;‘& tho algobra _
when the mmber of genorators is oven 1,0 ¢ 0. ‘
An arbitrary element A of ¢ 1s given as

; : b g b b
A = A, L + a-;ﬁl'-z'”[-n)h"-é‘f 52 Jli‘ t&m

: J-_—,I;'.?_J,.._rn

b Ld'qf"ﬂ-'
~ where wo have uged in the above oquation the sumation
econvention for pepeated indices and 4-+5 are the

- sealars.

Wo divide the " elements of C.) isto n sets

e IR vid TR ok S 5
(2,14)

ere (C7): conbaing terms of A0gree [ med 0 oach
";"- g "' elaments, Ve now construct genoralising
312,15 mothod® the ropresentation of c M o the
ire gonerated by ©On generators satisfying the

i ¥ c vt e s

3{"}; :méﬁ‘-’ e it T
et 8 ) ¥L AR R S o Lo {E.m

@7 T
(2,16)

Allodt Ramclcs stman, o5, Santhanan and, P..Chodragdiava,
algebra’y Jy Hath. A um 2, 907, (1969)




=

e marping
5
A‘ — Hgt ;J ¥t- = CI: S =250
A =€y

other n olenonts of (,, are obtained as the

. £ Z -1 m- L
A = 5 & [‘”m A B B e ] e

£=] for n odd
=@

for & oveon.

o foctor £ is mocossary whem m is oven to ensure
(Fg-L)M:I' mm é:u EE 3 'JEZn
__-Mt:ohut.a mm-wumoc

Gasal. Por the first n clememts L),l:, &
ho proof is obwious oince

%‘—é‘:{l} ?A éﬁt &l]-t 7, E{J ] Etft;;‘: f% N t&m

L EE .
‘A_ ;"——+ﬂ¥‘,¥¢ yneg ] _;-JJf.-a,z,...J:-i (2,20




(i P A A
B gf% < w%é&, I;{l{_ o = I -:_1.121_”,!1
< S (2.20)
£:. g;h.E:. {*‘nr"-:wwg}
/qh = A Llé;. =%l'."" 1:'-(1 = ,»‘1-
m e (a2
1
Lt")l (J.Et')m: =i M L= fJZJanJJr‘l ‘&m’

>

Caae 8. Top the next (.. oloments wo use the
truction in ogs(2%18). 7€ has to be moted that
Ac i Of GOEFO0 ( rmodm e LA ig OFf Gegree (C+1)

©d ny Henco

_.ﬂ. g
e e En#—l [ - Ly —5 I
N+ Endj 2 ¥ a[éJ [m: 3N i m;—q.pt----f-uﬁ [4M_JI&W

L}

i
'g‘ch i t:,gj'*:h:'-;"u

.

U g I T e i VAL

)™ E‘,ai.=f,r?;'--.r’l
e é{] =i n%_j s ramttsall) i Shadr it
#l

“ A L e PR L U S N S
:H}EH—U g-.ﬂ-i-f_ ,‘{J.thgf ¥ [Ter il |

(2. 20)

(Ejﬂﬁjrﬂ;;l 3 E.,'—'IJZ_J_.,,:}q. ‘&m
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Gosad, Lot us consider tho olomenmts &
4
é‘ .

x = e TR 8 m 0},_.‘ = ¥, .-"_; -y
A
: E(' ?T-t;f

& % [M G Y LR e~ i ?L.ﬁim_,)éf:h{&m

& &) U™ “paipan®=Tar 4. M"?';;mdﬁ (2.00)
X

whero tho ognoe.( %34} and (2,18) havo boon applied o eq) @29

ARy

(2,20)

1

A T A
Ef.,' E'ﬂ'bf =) g?'l—!? EL' 3 f.fﬁ’h;"ﬂzi"u“‘l t&m}

mations (2,00), (2,00), (%00, (220 end (2,00)
jeeribo o systen of gamemators L) L2 s b2y
P the algoben (7 end the [, L. L.,
pngtituto o 1 dimonsional matrixz roprosentation

£ tho gonomators £/, ¥ .. ¥ 02 CY,

2,8 Tho above considapntions are now used to
grivo tho matriz roprosontations of the Pauli matrices

p




fch aro the analogues of tho Paull mateices in tho
0 of the algebea C; .

Lot us conoidor tho algobwa C, 1,04 the
gobra gonceated by o single clament o/, ouch that
St T . Any arbitvary clment A of C; 1o given

g
A —i?ﬂny, ~d11+daéﬁ‘ ‘m
A Ay (gﬂ
r’{aa) - af) ¢ :
A &
te ) = (i'c' = Fo¢

w conoidor the transformation

(2.28)

(2,90}

(2.40)




i A
s £) end &2 furnioh the © ® 2 reproscntation

ﬂ

J'll
5&:

" A
:_gz"g!

Pall slgobea (2 o

A= Ao L ‘I""{'I.*';gi ‘f"ﬂze‘-LLél'z

iar the trancformations

”

T4

Qg L + a4, ¥, 4 a4, ¥°

6 A¥, - (.- T49 %+ % %)
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(2.4

(.42

,. 20 Lot us now consider the algohra C; 1e0s
0 algobre genceatod by o singlo cladent ¥, gaeh
ot V- T , Any arditwery clement A of C. 1s

(2.47)

(2.449)

(246)

(2.,40)




Mmmmﬂdﬂhw

A E'*' ez, [mzaﬁwﬂr%“#q”g‘z)

= 1(:-.‘31:13 :@1 + wa, ;-glz +4; ;%;5) { 2. 47)
ot o
3

e represettations of L and £, of the gunerators
C; are the onos assmod by Morpis™, Similarly
the highor-dizensicnal represontations can bo worlkoed
for the algebra gonorated by oven number of elaxnto.
The peinoquivalent reprosentations in tho case when
Mmmmwmmw)mmm
hmtlﬂmmmn“t!.m
generatod by the nearost oven mmbor (onaller than the

i L«JMFL ond B .

oog

0z A
i))@zjzl—

(2.48)

B = ——




CHARZEAR I
Holledty Hateicog™ *?

- 8,1 In thig chopter wo first give the results
fned by Remalrloinan™ , for tho ordimary C1ifford
mbﬂm Then the procodure 13 crbonded
ho coso™ of the gonoralised Clifford algeben,
hs The mazimm romber of anticocomuting olenents
h algobra with ™n gengrators fecs (., 45 (2med)

afe of dimoncton 9P Those (2»1) mnticommting

teos of dimansion T have tho product nropertys
B = L + Thorefore, Imoving 2n
‘$hoge wo can consteuct the last one. From theso on
atricos wo con obboin n sets of generalised Poull matrices,
@oh sot [ M) conelgting of threo mutually onticommuting

{H'j - E HL-;' y HE ) H_!Elj ,'l‘-' 152

e
Lot uo now defing®
B = 6,
Hg = Z’fzn taiﬁ
H‘; - j{':..ﬂ‘.,

ohnan, ‘Coneralised Holleity Hatricos®
' 32 Hotne aook. Avpls 20, 0y (i) - g

ﬁ mm%efw natricos far w

nlgebea'y J. lath, Anal, Appl. 28, 276 (1668)
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ho ot [ 47, Hi HI] has the roquired
opertics of Poull matrices e0. -], HY) and HJ
_ ﬁmmmmmmofmiam

(0e2)

¥, = A0
. Lol e, L2 GOy o B *{I}Mnm
mutuelly sntloamuting nateices cach of whoso
— givon tho unit natriz,.

o noxt define anothor sob

Hﬂ;* £ L %zn——é'nwzm;ﬁ}
=2 a3
TS @it s (2.4

L B R )

hio sot ogain conoists of three anticommbing mabrices
oach of wvhogse sguare is tho unit naterin Ll.0. it has

#ho chusactoriotics of a Paull sots Vo nov foctor out
th‘i foan 3“_44:1}_]-._%;,,*5(1)“--; &‘1{131 and

kmhth « H }(n 4 (2)

b&.n-—& €1 L' Hn:-r cn-5.62) (2.9

%00 = T R
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P'EMMMMIMMWWMN
i
at
i H; = L-by'lz f”"'.‘}uy] (n=-1)

Hj.:, = ({ﬂl['nrlj (2.0
Hjﬁ: “&1 frﬂ" r:f}
Any membor of tho sot [ H'/ comubes with eny maubor
) :
of another get | H/) « Yo now dofing tho
helieity nateix H' as the lincar combination of the
oot H‘;}H[E e H'. and choose in particular
Hﬂ:: Azpi H_: + Azn '-'f:’_-’r_z'lﬁ.l H;
WL s HE b Ra HY o+ Agnl
' (26D
Al ’ A HE + A Hi
s ekl s AziieE
whaoro
2
2 2 14‘"‘ 'f;:'lzf-l.
i (248)
“ £ 1'. ‘I‘ ‘rq:zl: 2
—A:E-I - ?lzl'_,_.l -+ ;2[-—2 (= 1
L (2.9)
z 2 )I
E (H" )R = AZT = lAaa? ap HAan!
S5 (Aby dat A
kot =gt _
( _ (2.10)

LME#E}J’A;)I

(A




mf‘Hmeﬂw{Hijm 1) o w0 2ind it
18 10 possible to dain cigonvestors of Loy (s oo
combination (onel) anticonouting matrices® of dlmenclon
o whteh are oimultenoous eigenvoctors of tho Mmoliolty®
olgotvaluos A, Laor, ooy Ay pospectivelye

T mfmmmmmwmmm
mmﬂmmefM'ﬁﬂ.mmmmd
alldit a8 Y, and any one of tho PeRGining 89 %,
and fopm tho fiwat oot [ M7} . after factosing out /!
foen tho renoining (fned) sight have taken Kn-2 %0 DO
wmotm:uﬂmﬂnm{nmm{mﬂ This
mmnmmmﬂwmw
Regalkrl shnort™ o

8.4 In tho following holielty matrices fow
wamwmmmm”. as in
the opdinary C11€%0nd olgebee caso ve have teinlets of
MMMmmmnﬂmmw
mmﬂmﬁﬂﬂ&oﬂiﬂmgmw
oquations (le30) end (1,34) but with ()= '~ ol
tho third 1o a product of tho firct tuo, Tho maxi-wm
meber of Datrices saticfying conditiong (1ls30) and
(Le31) of dmupaion =7 is (fpsl) for the algebra L .

M

® Ploase seo Chopter I,

3)Alledl Remokrlsiman, 0n the gholl steuctupo of an
Lepatrin'y ?-M%M(thﬁﬂﬁ’t
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If we nov dofine

W=y AL A e BT H] aan

whero
= gormn ot

e ‘l’i'
=W ses m oven.

moset ; /(7] (t=1.53  oatisfios the Poquived
gonoralised C11€fard conditions, though /(. 13 not e
nember of tho sok . ((='7 o) which
gonerate C; -

In a complotely analogous vay %o oge(3.2) we

defino ‘
Ce (g M) Rl = a
?gf_. (&E‘&z 1 ) 1 (2,10

~ =l

1e8s W0 faotor out (A7) frem oach one of the
penaining mateices of the pob L . Tmem X, (7), £z (1),
(1), v ;‘z.ﬁmif) form @ sot of
(on-1) matrices which obey the gencralised C1!fford
conditionn.

Yo next procood to defime
O N ) R )

N ) e {7e13)
qﬁfn; ¢, [;ﬁff“r‘r;;. m—f[ 2 :-f)




=t
Thic set 55‘6 j LU= 2,3 again sntiofles
tho poenoralisod Clifford conditiongs. The procedure
ean bo itorated €111 we nrrive at the oot

1= Y, ()
uﬁf—i = %-H ot —2 {Bﬂm
A= 8 (#A)"7 (#2)

Any manber of the seb /7' commtos with any mesber
of tho sot /7/) when (4 «  Wo now dofine
the heolicity matrix as the linear combination of the
noubers of tho sot / 7'/ amd chooso in particulay

;‘},"{Tl = /?.Eﬁ-ﬁ' ;({;} '.f"' ?liﬂ Bﬁgg "L_-"'l:l-,q._l,r ?{;

= Aoy Ve KA u; VD
Al Ay R+ A+ h A

]
ﬁzp = ( A+ A.zm S 'qu'Hf"lfm (7.10)

Sineo {7} commutes vith /7' vbes 4,
we £ind that 1t ig posoible to obtain the olgenvectors

of in+l
ﬂ'lﬂ'-}-.i B ? /-rI‘ ?-Eér..

(=

which are tho sioultancous ofgenvectors of the ‘hellcity!
matrieos Y7 °, -, " coresponding to the

o1



olgenvaluog
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COARSERE W

4,2 Tho Fodl! moteicos vhich € .m ¢he Ponroomntoe

tion of ¢ho onitnory CLISC0d qlgobes in e lowest
dinension, nepely 2, undor Lio multiniication glvo the
U olpobens Otopting with tho aocotiative alpgobra
of tho Pnulf meteicos wo got tho SU(D) algobes by defining
g nepgociative nuitiplicntion Dotucon tho olmants
of tho Youll olgodro. In thip chepter wo concorn
ourooives vith o copposponding problan with rogord €0
tho agootlative structupe of tho algobee C; ond fn
moiufd;"? « I turno out that copresponding to
vo hove the 50({8) algebra ond Im genceel to C7 eorrose
ponds tho "(m) algobres

o2 If 2 18 on goocelotive clpgobes tnce tho
oroduet 0 ond 3 4.4 €U then a-4 Sk o Tow
@ofing o Sov reoduct "¥' , which 1p nonascoelative, botweon
the clamen®o of « and gall tho now algobrs, coulipned
with tho "' madtindioatt o oo UT. I8 tho 'K mulsiplie
eation harnons to Do o carubator thon % bocones e Lie
clpobro. Tho fancus DipkEDff-Coincopd-iitt lama asserto

-
e ¥

L]

D Cafel LegT. Paipo, Jordon Alpcheas, in Stulie in lModeen
Apetra ( (o fra e ADODE) (r.n }d’nﬂaw g.lg Hathoamaticel
lotion of Aoorl 100 Aloo eODOCR,
130 i3 gotpns, bl cheeme

torpeloneg. UDET




ghal given ey epscoctative algele: ono con cluoys obtain
o Lio nlgebre fwem 1%, Uanco tho emlstence of tho Lio
algoben obtaine? fron tho asscelotive aligobre C )

(Coo Wiy oh vo 9ol spootalioco) pogos Do pEOlAdD

4,9 Tho aiBodrn C2 s generatold by Two
alemrnts ‘gr ,ﬂ@z_ ouch €hat
é—'el !'k."/;:: '-'-"*z}éz—n‘c';
(4.1
%3: gzz—_ =L

ware . i o peinitive cube poot of unitys Tho algebee
has ning olchonbo
5 - (2.
i :réigp,'é-:t%_J ﬁ,zja‘{; Y ¥, %,?T;E'ZJ ég,;gEJa‘-f—;lﬁal
tie powrlte the above nloo alomonto into octo OF throo

mﬁmﬁthnﬂmmuﬂ'ﬂlmmbnmmhmiuomﬂﬂ,-'rmcafs'
and © mod 2 pesectivolys '

(1 ; gﬁ;&_;‘ipgf) : (%,gajgiz‘%})j féf]i:f a'i(.:!i.) z]ﬁj {&4}

I8 1o aloo nobiced “hat 1f vo ooltiply on clanent vith
the dogreo 2 mod P vith oo clanent of dogroo § mod 8
thon the proluct 1 of degroe () wod B hen ve now
innose ecomutation cn tho clcmcnto in (4.4 {leaving the
ity I) thoy cloce uniee tho oncration of coxmtation




29

and give rise to a Ide algobra. In Cartan canondeal
forn of a Lic algoiya vo have eartain Cartan oporators
H{&A = 152, and operadors Eﬂ( and E.—g_'ﬁ
vhich lovor and riso tho elgernvalnos of the vectors
of Hi-» . These are called tho leddor oporators
or lovering and riging oporators ond the commutation
volotiono among the H: < ed £ -+ oM £ - send
as

123

[Lrt Hj =y f‘s\'qﬂ{]‘
Ak T e
[HiEx]_ = f*'fgd
(4.}
EEEHJ E/&:], = Mnr;% EEH;S
(4.7
m Nq‘rla_‘? T}- o 1: “f-f'llr-’b u '—Imﬂ“ m
algolen
Pl L;_ Ltfs o Ef-el E—_q. Ji 2 -:?#:n"tl H¢

The abovenontioned npoporty of the sets in (4,4) comes
in handy in gotting the opevators H -= amd £ -
end ( -+ which have to satiafy (4.8), (4.0 and (4,7,
Por exnmpley olamento of the second ond third sots have
to be used in comstructing [ -+ boesuse by (4,6) on




N

00
tho pipht hond side wo heve L, egein uwhich is possilBlo
mywwmxm.rmﬂarmatmamﬂsma
got with O mod 8 set, This 1o DoSmoo the Hi—: ave
obtatned Prom tho © mod 8 scts UMoreover we notlco that |
claente of $ho O mod 3 pot (logving tho ity D comuto
with ono grother ao do the .~ in eguation (&0l -
With tho defindtions for || -s(=,2) amd €4 —
and ‘—C._a;l‘-é an :
i
(m :léfi‘f_g‘gigzl)/mf_p-mﬁ (4 '
e J%(%Jﬁz-fm%l?.%’a) |
(4.0) ‘
£ - L(f0rd Fie)
(4.10)
*H .LL.;éq. +fﬂ¥l +§]%‘i—)
(2,11)
E-E: ‘15 (%rzﬁ- ¥;1+m alé:i“".z)
(4.,12)
£ k(S %o +w HL)
_ {4.29)
£s = ﬁ%ﬁm%s*‘%?‘ﬁ)
(de1)

E 3= Jj ( «-‘%!z-i‘ ngsaz i “‘:’26%5%1)
£ ' (4ol



vo pecognice that tho systen of omations (@) = (4,13
pospescnts tho SUY) algebws, special unitary clpoben
of 8 = 3 nateices.

As in the comoction botwean tho opdinary Clifford
alpeboa (assoctative) and the (0(P) algelwrs, the
connection betvoon the seneraliged Clifford olpetea, 3
and SUCS) ig only an algelwnlic focmornbign. Ac the
varions penpescntatiocns of *ho 5(® algebra aro not
obtatnablo fron tho O = P Puull mofricoo the highore
Asnonsional pesrosentations of ¢ho G0N alpebra oro oloo
not obtoinablo fren the 2 = O natelcos ¥ amd %,
given as

sl O :“;Ugi)

&= (O{';; 'ﬂ) and o= (, St (4.20)

Uolog eguaticns (6,8) « (4,10 ond thoe ronroccntos
ticno of Y apd £, in (4,10) wo eon pacs oo o the
Hesoition Dasio ond we con obtain tho Gell«lionn ropPe-
sentotdeng of the 2 = 8 matrices of (), Por this
pipet vo 1ot tho product olments ¥ k £.L (K, £=01,2)
(leaving the mit mateixnd.

S A Wi L _ 6 ol : B 0w o
% = "”rﬁé)J é‘{ﬁ 3 (Lﬁ% A T T
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Tho Colleilann matetecs N (i=12., 8 now tobe tho
form |
A= (Zcr; % ): ;-[f ¥;2+m ¥, + %) (¥ +' Eotio %_n_:’féffll
(4.19)
Ap= (E _Ef E) S é[{%,‘+ngl+%¥;)_ (¥ +0 %, +m'"${r?'5if)7}
g E | . 2 E N et
ﬂ): [@3 I )J /mf;_m)
LA (4.20)
G) [{% il o B ) b (ke e o 47|
= (4.0}
[ L i
a) 2 Z(% s +‘~1'.¥r,%;_/)£,1) LY+ 2+ »“Lﬁ)j
5 (Ge0D
! N
{:, ) - EI[ %i o L+ %ll"fzz/}-f- {L%Ei—@z%;ﬁ-m‘%&ﬂ
& o (4, 70)
A "5) [( 20 )~ (40 1 ) |

j?% : g 5 X (M
e H>~ Hil;”s' (%iﬁz—mf—jl&/

(G750
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ded In tho iast fou years, attonpts have beon
aode to closoify varicus clcnentory particlon by
aosuning that thoy are conmposed of thwee fundamontal
objccts called quarkis (a triplet systen) which avo
olmiltonoous olgonotates of N, and D5 le0e the
opcpators eorrosponding to tho third component of
tho lootopie spim Tz and hypeschorge Y. 8ineo I
ead Y esn be erprossed in toms of Y. and ¥ v’
vo wigh to gupggect that tho stetes of the triplets
can be congiderod as tho sfmuitancous eipenstates
of ¥l amd V¥ .

Aclabelling for convenlience of nmotation XY
md X ¥ as M) end M:> ond thelr efgenvnlues
as i ond M, vospectively, wo have the folloving
todle, giving tho quork quantum mombers in torms of
M w8 Mz o

(22
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V: = Jj %&{f*m’;ﬂ}’)

(4.7%

4,5 Tho sbove type of anglysis can be earvied
mmmwﬂmwmﬁn'm 2, o ¥,
vhose nth power gives tho unit sateiz (In tho above ¥
and ¥, oooh Paiged to the thind pover give tho unit
mateis) olong with the O comwtation < being a
prinitivo nth root of the wity . In thig caso
thore are (owl) camuting ovgeators

;ﬁ,k! é{z Ji"e

oo Ay A, =0

Lot us ¢alli tho olgenvalues of these samuting matrices
viiieh aot oo H -~ {in oqedsBy 2.6} for the S5Tim)
algobre as

B ) Sy S

1.0 they are the Clifford gquantom mmbers (ao m/;,
anl ), aro In 0qe(d.00) and (4.o?) viore A can
toko any value of the mth roots of wmity axd
'EK:FJ-LE I,uj’k:.!.-‘-j‘ Ia M=t

f’ff D IR S 4 Danss =) t%m’




b1

doftne n scoler quantun mmbers(lits ( & Y o9
N 0ge(8,96) ond (da2®) 4 , Ao,

v K
) &
vith the restriction that
./'z‘g.‘f +f6_?_ + At —'f'- I_,.r‘f:,ﬂ - = D {4.::9}
and thay are given in tarms of f_ﬂr.ﬁ on
o e
/j(| = _%*_1‘1 (’J-ll +¢/A-T? + _if".l 1’1‘1—.)
= _.L 2 e I"._"'}'|—f
™ (ﬁj"? e K /0 /
z J = g W
f"-im.-rl — -_:—_-ﬂ (Ll'-i"’ff h mj"‘;l =V e 1 ;'JI ) )
o = 1AL i
Airni= Ry .s—ﬂ mi’,ﬂ-—r 4 m% S ‘Jﬂ'(_"gl-} / 1) )

PR Ok com i+ HomH)™]

(4.20)

o con aleo dofine veeter guantun mmbero (like Lz in
tho 52} cusad

VBT () —Ai+ ) /e
' (2e08)
20 that ve have
et Ve = = Wy =0
Sogiming thot

i = A




o the pasticulor cooe of S5U(2) we can oot

A= Q
.,-ij:_ "Q"!‘Y , j
y {4.23

=

MQMHMMWMWWWW
and

vy = 12 Z- somponent of igogpin

=W Z=  m U spin
v g et 2 ¥ opin (4,27
20 that
lz = _{3. = \’.:'_Q
= =
b, I —ii (4,88

The tatle for the walves &, £, .
begie oultiplet SU(m) quark is

sy A= for the

Clua-r& ,ﬁi | /'S..-‘: e ’__,.g =
A m-l PN i
Az _-f H-q.i -

‘ ¥ rlﬁ S = ] -I-J-_-ﬂ
| WS SIS e N
}qﬂ teal YTl rl

Similasly tho table fop the U—: fop the Lasie reproe
ocntation 1g given ag

Glunsk aAr
¥ A~
A I }; : 5 q}_"“ =)
< o =i
A /z
< — "
IR R

Am—i 0 o L yﬂ'
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4,6 In tho sbove coalysig which cotatlighes
conneetion botugen tho Comorpliged CLifford Alpebra
and the spocial wn!tary alpobra 1o sinilar to that
vhich ariots betwoen the Paull glgebra (tho ordinary
Clifford alpotre vith two clooonbo) ond the D)
slgobroy Az the highor poprecantations of tho SU(D)
algotre are net attainebdle from tho (uniguo)d w{‘.ﬂ-
tion of the Paull algedro, in the gomorsl case the
othaer ropfosentations of JU(Y) or 3U(m) alpgebra aro not
obtatngblo from tho (unigue) reproscutations of <
and £ (vido Chapter ID,
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CHARZER ¥

8,1 In thip chaptor vo firgt givo the ossontials
of tho Eemer™ algobra and then lator give a mothod
of construction of tho Hemmer olaments using goneralliged
Clifford olemontos

Ss2 Tho Dirge cquation dlseusced in Chopter I
corresponds to opin L/2 particles. This suggests tho
gquestion ag to wvhethar one could rewrite tho equationsg
for arbitrary opin in the form of a first order matrix
differonticl eguation,

/@wc)/g,u—j— ’Xj‘,b:c:
To bozin with lot usc consider tho spinm pe®0 case
ardl considor the KloineGordon ecuation

(B-%%) b=o (52

(5el)

vhon: (1 ip tho do Alemboption oporator axd X the
tiaos of the perticle and [ tho vave function, Lot us

® Alladt Romalzeisiman, 2eVaondevan, Pef.Chandrascharen
- “iemmer olgebva from -
Bl onet chameata 1oy, Hathe lnote oo, l0oaii, (3060)
1)R.J,0uffin, *0n tho charectoristic ngtrices of
mm&tﬂﬂ'- -Png’;' e, E;é“‘*.u{"”l‘ﬁ:j- Cembe
hite So8e 20, 195, (104%)s ,
G.Potiauy Thosls, Paris, (1980)



use for tho gralient veotor tho ayubol

Yu= -4 dup (548)

Using this (5,1) reado as

{?M%: — X\ (5,8
The sot (8,3); (5.4) is equiveiont to (5,2 sinco ooy

second ordor difforential oguation can Do put into the
forn of a oot of scimultancous oguationsy of £irst

opdeps Writing (5,8) and (5,0 in dotall glves
AP+ 064 0+ o 4 7L = o
C rb Lo+ 0 + A = o

&

TP +&5q}+ﬂ +?‘r"’bj =6

(B5,5)
2 ke 40 b+ A, £ 0
qu’; $ —,‘%% +d4Pat q L = p
Introducing tho fiveeclomont eclumn-uatelz
CP; 'PI H‘-l} &!4}
% I‘lf’.? o -fi?_\b
A = | = ~Lad
#: ’J‘? — 494\ e
#. Vs v

eq«(5.5) con be givon o compact motrix form

(faf?,m 44 L) P=o (87




O
bb
m a = =B ool & .5 0 & D
b =] & 6 B oo e & 2 o
I'II‘? 2.8 O3 O 0 i&: = s = mw .
B e ool 2 | P Y- S -
i & &L DD o = e e "

e N o = T e B e |5
= -~ T T
o - I+ S R = T

A L T
Bl s ) 3( 0
(5.0)
Bqe(5:? uith tho [ -matrices given by (85,8 is
called tho Eomor oguation Pop opin 3000,
By direct calevlation ono verifics that

A honns
A bk a _
MR /fi.. —/fg, e
}f“j’,o,/i]/;@ = M FY amd ms /:5.3:3?4{;3-11

LB B = 5 p4I4
2,02 :
fﬁ.‘-l"’ﬂ = f,%?-/fj'ﬂ_

The cot of eguations (5,8) can bo sumariged as
}/ﬁ!f% bl = 5‘/&11/‘; ig 'ﬂ;aﬂfi }_ﬂ:?];:";“";f-*’r".tw}
8s7 In the nbovo tho Fanmor algobra hag foup

gonorating edements : (5,2, £ £« It will, thorofore,
Yo donotod as BE{4), Ue will demoto by K(7) the Remmer




algobra gencratod - b7
relation
fsfﬁm&ﬁ ""/%Tﬁ!ﬂ/-l’ A.'rﬂﬁ'l Jnmf{ Lo A By Ty W

It 4o i=portant to note that the algobra K(r)
hao alvays got an irpoduciblo ropronontation of
dimension v+ « To obtain tho bagic * gemcrators,
lot us conoidor tho clamento of the generplised Clifford
algebra C';H le0s Bonoratod by clanents ¥ w¥1
puch thot

‘g;kz:m%éﬁ
Vire |
f!T-H-‘— %z =" {Mm
Lot us congidor the olecmonts of C‘Urn s
= =t ) At
:_E,;‘ = 'T]“_-!“! Z g}ﬁf{t 72;’1’ 5?2 ; E*J‘:IJEJ'":VM
J ke (5e10)
Thoso entitics pocsoso an ivportant property ac ghonm
by AsOgtlorpie™
Er'J' El?l :. (ﬁd'k Er_f_ (5,14

o= - s

o) A.OMH ? Wm' . {M).mﬂ'




mmmﬂmmnfm é:j"‘nﬁ;r elooonts
E-:",vﬂ B EAREAgai..

and dofine /5 - ouch that

f%: = L‘E:‘J.H-r E?#IJ; ._/ 620 (Be38)

!

It 1o castly chockod Shat |© —* ocatisfy the Kemmer
solationse In porticular whon - 4 4 we cbtain the
Sedinonolonal roproscntation of the Heswer matrices
relating to spin serc particlos,
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GHARZER ¥

Gl Uo firot givo a briof povicw of para-
gtotisties vhich containg as speeipl cases both Fermie
pipnc ond Dogeo-Singtein stotipties. Using the
conatruction given in Chapter V for the Hemsor algebra
ve got scoe of tho peducible representations of

algebra vhich cortaing as e spocisl caso,
thoe FormieDiree algobra of anticommubtation relationg.

3.2 Among tho outstonding Alfferences betwoen
progont-doy quastm mechanies end classicel mechanics
ig the gymooteization postulate that quantun mothanieal
states of nore then ono particle must be elithop
syemotric (bogong) orF entisymmotric (fermions) under
poroutationg. Tho question vhether other tynes of
oymaotrice unlor perputation can exist for a oystom
of idombical particlos (or other statisties) can be
napguod in two Aifforent frumevoris, gquantin wochaniecal
and the £1¢ld theorotiecals The equivalence of tho two
approgehios is well ostablighod for Dose and Fermi
particluge Fer other types of particles the equivalsnco

e I A ETEE

* Alladl m,m‘lmmdhﬁu 9
‘Nopeosentations of Para-lepnl pings and
C112%0r@ clamnto'y J Vathe Angle Apple I3y 1 (2070).

1)H,8,0rcon, * eonn?g g mothod of figld guantisaticen’
Phyoe Rove g8, 290 e ?
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ig not guito oloar,

o the quantun nechanical fremovosi:, the symotrie
sation postulato says that allowed statos belong ¢0
oneg=dinensional reprosontations of the pormutation
group. Tor gemepal types of symmetey an obvious way
wuld bo %o use tho highor dlpensional irrodueidle
Poprosontations of the symmoteic groups

G2 For £2¢c Dose o Femi particlesy tho
observables such as thoe chergy momontun and other
operators can all ho construsted in a simplo waye
starting from tho mmber operators

A= (6y2)
wiewe 7, ood ¢ are the enmihilaticn and creation
Oporators for g particle in guostum stato Be These
operators obey tho comsutation relations

) o bn e A
[ae, 4 ] = Jee ; [20% T, *[Q’“J%]Ftﬂ.ﬁ

whore (A, 81+ - Az FEA  and the upper (lower)
oign holds for Dose (Fermi) particles, The Fook

PorTwentntion which 1g uged to represert the onerators
A a4 19 charocteriged by the vaewmm state <&,
sueh that

Qe &, =0 (Ge®)




whoro &, 1o the eyelic neparticlo veetonio) From
oquations (Gl and G,2) we have the commutation
relations

C”’A&'; ] = -dp % g[”ki %" I = 2% a (6.4

ad

[??‘1‘.’)?%{3'3__25 (G0
Pron oquations (6.2 and 6,8) and (G.4F 1% follows
imodiately that tho < have integer elgenvaluos
04148 sse Tor Dogse particles and O or 1 for Femml
particlo, It is frpoptaont to snote that the definition
oge(6.1) and the commutation relations, egnss (S.4)
and (6,5 of the nwmber oporators aro the same fop
both tho Pormi and Doge easen. From the Boso and Feml
camutation relations 1t follows that many particle
states cen eitior do symotric or antiesymeetric,
rospoctivoly, under pornutations,

Hany perticle statos that do not obay the
synmotrication po tulate which are due to differaent
quantigetion oehasos vore obtained by Green™. He
uoed tho dofinition and commtation relations of the
mmber oparators co o olne and realisod that the

1) 1.8, Groon, "A gouoralised mothod of ficld guantisew
tion, ¥ Phys. -love R0, ©%0, (1080),




i._,J" i e

propertion of quantisation follow from oge(d) oo
that any change in the dofinition of the mmbop
operators which prosorves ogs{6A) will loed to

an intoresting quantisation cehuno. Oeon replaced
tho dofinition of tho mmber operators definmition
(C.1) by

I 2T T

vhere tho uppor (lover) sign refers to the genera-
1ipation of Dose (Peemi) quantisation whieh weo cpll
para~Booe (Pora=Formi), Vith oge(Ced) ond (6,0)
Groon obtained g otroager oot of teilinoor commtlae
#icn rolationg that are Imown es the basie paraficld
eccamutation ralations,

[faﬁﬁdﬁji_Jaﬁ]_ Ul —_—

[[a!e,%:‘i)ﬂmj_ = © -
and hence

[fﬂklf’*.ejt ,ﬂiﬁ_ < 2D B £ 20y, (69

By tal:ing hormitien odjolnt of the nbove three
ocuntions we obtain still othor relations.

Also from the above ecamutation relaticn 1%
mhmﬁmmmtmm Ry 2 *

EE iy %05 the_ cymnobrioas

12



acting on tho cyolic veetor (o> ylolds
f-clka_g‘;rl’ﬂ? = /3!;)!__( ’ﬂ) .ﬁdﬁ)

for al2 R, { ondp is o positive intogor.

God Groon® fognd an infinito oot of soluticns,
labelled by inbogors f 7/ for thoe ogquations (C.T
and (G.8).thon #- 7 his solutions are thoe usal Bose
and Porpd oporntoPs. Do aloo shoved that oporators
oatiofying (G7) and (6,8) can to deconposed as
z;-fégﬁd}

L=

e = (61D

vhere 6‘:&:@) are conmting Formi opoPators in the cese
of Papa-Pommi aystome and gnticommuting Dose operators
in the caso of Papa=Boge oystonse That igy in the
forner opo fom o given « 5 b, —+ Dehave as Farmion
opmummﬂﬂwsmtmwor«’ gy «, andy,
Q‘"Jm /&fﬂm. In he laber eage for tho swde
woluo of « tho [ -5 Dohave as Dose operators but
for AifToron® voluos of « they enticoncute, In tho
Parnelormd cogo charactorlised by p tho Groon's ansats
(1e0s Oge Goll) yiclde the Poosul®

f+;_ﬂ :
@L") S fnalk (6,29

3
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-
0«8 So proocod furthor o8 uo suroge that thoso
aro 7 opnthilntlon OpePObORSs Li i /2, V)
and coproopobMngly croation oporatons @ ¥ (4 = 12D
and Gofino 2v hornitlan operators ) ¥& :
f%_i:—. == ("{t "Lﬂﬁ"’c#) 5 ok = > (‘i‘f'ag "
J‘EI"—‘".!Z.J"-;”' ‘ﬂll!ﬁ}
Ustng oqe(Ce?) ool (C.8) for tho poro~-hormitisn wo
bavo that
A . (o)
&%3 £f§"‘;ﬁzhj*j.__ = Jl,“ﬁfw fF Jl?\'ﬂ/iu Ge
Tho conlition (G.1M {uvhich ig truo only for tho parae
fomnl cono) Deconos
o P
C/a'g':;_, "Lf%k) =0 SRS Pz 0 (cam
and
[ £a% Toy

: P! .
[(Foeey = e ) F0 0 pedsp

fgan end Colopcher’ obtolned tho algoben of tho

potation promp 1o (2v+) dfnmenolons using tho (-

SIG.mm'E‘-c hs HWTMMW
fornt pingn'y (Ricde Phyce 42, 7, (100),

tlsation ond

W end T,Tal:ohachiy 71
» tistico'y ITml: Fhyce &' !.ﬂ:l? "




dofinod above. I8 wns agnin chown By then that
whon f-2, A-5  dofincd Ty (GelD), (Gedd), (0,18)
andl (Gud0) gilvos pafoo to tho Bamor algobea and o
Dothod 0f obtoining tho basic ronresentotion of
Qipenston (2 v +1)  for the Bommoe olgobea
ung givon in Chantor Ve

Dow wo oholl glvo o nathod to coagtruct the nost
highor ivpeduciile ropresantation of dlmensicn
Nz 2ve: TC, . T cbtein this, ve tobo all
comoubators [fw, 2, ) = J-n  of tho genopoting
olmonto, ~'C, in oumbes uhore [, J. meane ccmmubas
tione I wo add tho zv goncratoro s -I.=J,., 80
thd abovo vo pot o ologed oot tnder cummlations Vo
can talzo the J,,.-.s %o constituto o Wootor spuce
and congider tranafomapticng onto 18self oo that we
can got a roprooantations Lot us tolio an agorogote
in thip veotor onoce which g any olanont of tho algobra,
say A

A = 2 %wnTman L MM mon=n, 02,20

(CAD

A

Lot us nov dofine meonings S 74 gush Hhot

/A -—95;‘\1 = E:’q; -3;_,:j_'E[ﬂJJca]_FHd:f"-ﬂ‘r b
It ig onpily vorificd that

A B, =y o ( 3
LEAJ[E}FJ&JH]_ = J},u:l- & — oty o

19
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Thus wo have the popgescntation of tho genorators
of tho Ramor gloobra /r(2v) uixich 1o of dimoncion
2y A, « Tt 1g to Lo notod ¢hnt we nood not
tnou tho sctuel natein roprosontation of the A<
sheugolvos 0 ottaln & Datricose

3,6 Ta #hig goction o mothod obtalining rerpescntas [
tions of the >  satiefying (G,1d), (6,15 and I
(G.10) is pivon for any codor p of the Poro-Porni 2ing.
o be spocific we donote By &{P) (k=1;2..,2r)
ghe genorstors of tho pth opder poroformi Ping,

bot [ (%) vo congtructed as

1 -
Fffe”): oty 2@/ L Pt (Gel)

vhoro Yk—5 oro tho clenonto of tho C1iffond
algoben C,, e0s tho clgobwe of 27 ontieccouting
olaments cach of whooe square yicldo the unit of tho
algobros Starting fron tho Peul: matricos, goncrators
of C'2_ con bo obtatned by the ¢ -opcration, due to
Renai:piotnon®™ Aigensced in Chapter I Tho dimenoion of
r:/ke(:::ris ,V . E¢vootort with [f -5 wo have

r‘i{ﬁ: 7/"' @IL41 @:}1’-’) (G.0
W |
8) nlladi Bemelivicinon, *The 4 mmmm mm

M?mmafam* J. 0,




i ———

17
It %o cnolly goon that oinco ,f,t%') ero the Ecmer
clomento and /i ove the Cliffond claments that 5 ©
mmmmmmmmtqm,

{C.18) and (C.10)s Uoc haoo boen made of tho facts

that

C‘;&;_ E—"ﬁ?—f )'1: 5 (G 10)

2 z ) 5
(/Q&E)_ 3 .E{;J =y fwd':.a nv'} (e o

fo  fr J <3
(G, B

Soilarly defining
2 3)
/?;Ef‘), 7@@4 +J_®,fi( (e

that the rolations copposponding €0 tho pora-formi
statistics for opdor p o 4 are obaved,

In gonoral ouel(C,fl) i found %o be volid for all 1.
If wo otort vith the 2v+1 dfmenciongl reprcoontatlon
o 3/ =1,2,.2v) thon tho aimensionally of
L) Ch = iy 2 iyl turng out %o bo

Lrp=2)
N T (2v+1) 5 p=34. ek (Gt

Anothar typo of construeicn starting again
with tho olememts /(%) (k=1,2.,~v) (of the Eemsemigotra)




would Do o defino
20 (=) ) '
/3& = F-EMJE'I-FI 4] {‘:L wvhien j:..: 2 v, titon (c.™m)

and
{:;:,m+r') ! (2w
/]R <=t _)g @I b I@{i ar e ﬁ'_';“ﬂﬂ* ool

+ MG (C.t0)
Agnin 1f vo hod stortod with the (2v+/) dimonclioned
soppesontation for A7 (k-1,2,.,2v)  the dimension
B of $ho Porwocantation of the nth ovder 2 () (k-1,7,20)
is glven by

2=l {iﬂ_.z_v.qr

N = (2v+) < (6,50}

vhepe 1o tho biggest intogor cuch Shob .Z”c/b e
llowovary 12 ve hod bogon with

2) | 3
B TR (62D

and nPocoeded glong according ogel{Ge) tho dimension

-

of the veprosestation at the pth stege would be 2/,
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7s1 DNocently, Aifforens sehenos™ % tave bean
built up wvith the objoct of avreiving at paresficlde

by cssociating intornal dogroos of fegodom with the
ordingry statisticc of elonentary porticlos, Gmm”
gives a construction to achicvs tho gbovesa’d gin, in
tho caso of sceond epder L =2 Povoefosel algobea
for the SU(2) gooorgtors. In this chapter the congtruction
to got SU(n) gonerators fron Parc-formi oporators of
ordor f- i glvens

70 Pizet o beiof roviow of tho vork Covoriovs
is made. In addition our congtruotion for the OG0
elgebea 19 alao given in tomms of somond crder , -z
Paraeiione oporatoro, Hztonsive use of Groen's ononts
{(Chaptop VI) ip nale in thooo dorivationg, £t i
foportant to nots that in Groon'c construstion
(og.(G11) 1f ono abtaches phace factors o the
diffaront Portl cooraters /th*’ Co =1 ,2,, p)

the comutation pelations defining paraatatistics,

‘Whg%lg of a ﬂt‘l WM '

“ﬁ-h Cluster
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nancly ognoe (G?)y (G3) and (G0} are unolitored, T™is
particiior proparty woo firot noticod by Poslbach and
m@mﬁmﬁ’. ,

7.3 Por construeting the S5U(D) coorators, lot
us considory tho p = 0 Pavo=Sarnl algctes obtained (oo
tho oparators @, ool 4.7, £ Doing the momontun indom.
9y Goeen's cnoats’) wo have for /=2 DarosTorml Caso
- Qe = /%-“J““f‘k@ (7e1)
wevo f, o 47 ave two seto of comuting Pom
oparators L.0e the onorators of sot L ;<=1 cocumto
with tho operators of tho oot Oy feCs, <=2 Lot uo

A (1) 1 62) (%9
@ k: J_‘;C '_"'{T{t "

It 15 cogidy oocn that Uy aleo Biko 2 sotlofles
tho Pora~lormi olpolre of ondor 8 Donoting tho gonepa=
tops of OHD oo T, T, and T; aad If thay ave defined®
w E

Z[fgﬂﬂkl (7.2)

ST
= iz

T R — e 5 A A AP TR o i DR T T A e R T
0) [.8,0roon, *Aw%mmdmmmi

Phiyoe Rove

& A.Poshbach ond ﬂ.!mnsmnﬂm! 'Mm rulog fop
patasparticlogty MIT

® mwmammewmn aliphtly,
Moo ¢ 2 iotieatos commutntion ool tin&aﬁn
anticanmatations
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then St 18 ongy to vorlfy that
[—T'L.} T‘J.]H: EE“O}.I{ T_ﬁ: = Efa‘jk:r_:a;; t?'ﬁ}

1e0s tho nlgeben of (D 25 obtolnod,
Tovovery 1€ vo hovo startod vith Pargelono
oparators (4, —s ond using Oroen's ansats Cop

p =2 P )
ﬂr'i - /,&. I¥ f{zj
& “« + A& (7D
& G J
ne g ). /‘lgl" 1 f. roAL2)
Lﬁtk e T {7.51

Tk = [ BCn e T8 (70)
. Brr o
= A (B 2 o)
Bl o g LT (710
and
=) __1;._' -’f"q'/ _ -
5 5 L% LAkl adl e (72D)
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82
tho *T{J._Js fLL':lJEJ_.g"] mwmﬂ{ﬁgn
coonutntion »olations:
[T'JT.E,]‘_‘— = T JC—QJJT;j-z Llf" (?.m
ETE!;J Tlfj = LT-"':.”/

7«4 SU(3) algodea and thw Poro-Poral fiodd of
opder thoro.

in this gomtion wo give an cznlieit congtruetion
of tho pgonerators of 00{D) paling use of the Para«llormi
flalds of order threo Gofined through the nodificd
Croon's aneats dgoeribed in scetion Te8

mmmmwmoﬁm
treo as 4, (i donoting tho mementun index) then, by

Coeofdts onoatz wo havo
€1 (2

Qg = Ay + Mg (7.3

(7.12)

(7,12




L N [tJ
and /f; = _A:
P4

!f:

(7,20

o L)
It 25 to Do motod that the [, s  ave Fomi
operators vhich commmbe for A1fforent walues of ¢ .

Lot us aguin de’ino objects £ (KO  guch that

\ 2 ENF 7 Af“i-:’
elo)- AT (R B
=R AAEs v

(7.1

oy . f: . :J‘ ; Rl — s Fis
bk e L L s P

80 thot ??HEU '

k=i
flance only two of the /) (<) 4 ave lincarly indepeniont
ond wo thus hovo pot sin limowely independent oporetoro
ubilch aro ¢loged wmior comuty PRSP
e along wién #(4) can De
geouped into tiwee I,u,V  spin algedeas of FW(D)a
It 19 olgo noted that the moniiagonal opovators have

83
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the canmutation Mo
¥ { L
(ESpef ] = ks - 4, & (700)

In torms of the theoe comuuting /(L) - tha 4w
Carton oncrators are

ol Sae 2(Hte) - 4 (2>) (2513

Honoo wo have tho S(3) elgebres It 1o also to be
noted that werieus guthove have congtruoted SU(S)
slgobtere frem Bogon operators cnly of Femmion opepatoro
uhere tho construction hero usces esoentinlly the Crecn's
ancats since Pero=fernl operators ean o oplit W into
ceeruting sote of PMornl slpobeno.

7.5 Tho ponorators of 50(n) from Parg-Formi
£2cldo of ordods

Tho ebove nothod 19 cosily capablo g@horalisation
to tho GU(IN enso uslng Croen's angatsz for the oporators
baing Pore=Fornl ongrators of tho nth cedor, Extonding
the nrocodure of s00 T« vo dofine

7L .:'J'.-
/&rr‘ = é ;:%- /g-ri ) = 3{ Ao (7.09
=/
and , 3
A fed ¢?
B =1 ()= A (7e2)
Uhore

()
Ct‘i: B =0 "{"-r

e

by (700
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Tho = raising and ‘: lovoring onorators
are definod os

5 (o) 54 A9 -39 T (N

ksl ¥y k=1, ,---.nrJ (725

Lot up oloo dofinoe a guantity U as

I z‘Z[Q& @{t,})%(ﬁ ﬂ{”“)/ (”T-f%fkv(/ﬁéf

,-LI = -' E&, L&‘
wrhere P b & Ft'rfﬂﬂt“h”"' of [ii bzyuta]

pr b (B -AYR) il it (=A%)
Tho n commting opeeatees M () -+  ove Gefined to

be
. ‘ -ﬂ{:’.) (f ¢, )
) Sl i = /?,,:,; /5 ;;.)
H{i’)’gff’ﬁ’ ) ﬁ’"’)n,g )lﬁm g

€7, 00}

whoeo (, toiios all voluee Teen o oab L (oiz . sin ]
cxcopt that of 4 which aguin Is en clement of tho

8ot i, .,i. o« With this definitiom of [/ (§) s
e bee




=an !
=~

commutation folations

[H({&)} H {Lk)__]._ =18 LJILJ‘E :Ll”l:z'*' i : (7:20)

[H (I‘Jj_; E :J: ] 2 = (%‘t at “hJ'I ) Ei:i ; {7202

i 11 [ - ¢
- LS S _ L) L
[Eflc ; ["m ]_ J‘t{ [fm E E:'L. ‘:ﬂm (7.00)
(B2 b by =500, 0t0)
which aro BEBRG othiof than the N(n) comcmtation rolaticnse
Pocanoo of tho condition (7.28) only (=e1) of H(‘J)'f'ﬂ

are 1inoarly indoponicnts
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8«1 Tho algotwalc propertics of notrices which
patinfy tho conditiong

T ML (8.3
have rocoived cotigldergblo abttontion in Pocan® JFOOro.
Tho ponurcl pothesaticnl formuiotion has boon oode by
Horinagn ond Hono® ; oo™ ond topris™ uhile its
rolation to phyoico through the otuly of tholy specific
poncesentations hos boos nole eystematienlly by

2’:*’"“"
wr llonoy H)%tgmkm!mtm of mﬁaﬂ.
TVey 307100 Ay VoleG, Hosl, 13 Ea T
oh i
mw.ﬂmﬁm W m‘gﬁ
Tolyo, H00tion 1y toi.ﬂ.ilxdl‘. {
3) AJOJlorri '
E.Wﬁo H& m' Vel.28s 7 ”
4) Allad! Bomaited mu? flaniltonion oo o BooboR
of a MWWMM' « Ulothy Anal.
M P t -
Alladi a.vam
Pﬂ.‘:h% oaan of ¢tho h-mm
hierarchy*, m&. mrpt-. Velellls mt (1068)
Alladl Ronolrlsimol, VeleC

":m
? Lunthm ?nﬂtﬁ ﬁm
2" i vohior, Wio ga'sel o Siggora

m% groung'y Ja ligthe Anale |



Ve

In thvo Chaplrve otudy oateiecs fmosing only the
firet condition in oge(1)s Tho cave vhon m = 2 has
becn atudtod by 2™ ond horo vo oztond thooo soaultn
for goneral B .

iile in ho vaso of noteicos obeying both the
conditions the luwent dimonedon of the watricos will
be m % 0 whon they ore lepelueiblo, it turns oot thnd
in the ogoe of the matricos cabisfying conditicn (1)
¥ill hove induced mateives® of ony dimension ® which
arg oil irpeducibla,

Tho fomeed materiz can be consldored as a transfornos
tion aeting on a vector uhose esop vanto ore of tho gqth
degroe homogoneous mUCnialo N Hygessyd, voro B ig
the diponcion of the given matrigy the élmennion of the

qth fnduced natelz being (“‘4‘1) 2

If Ay the initiclly given moteiz is inwolutery, oo
ore the indoced matricos, Iff

p= (39 (20

““‘“‘E’é&mwﬁ?’hﬁﬁﬁm.m

ioo8, (ieG2

G) Delie L "Tho thoury
m - tion of m'% Univs Press
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89
i fnvolutary thon o ® «@ and adsic = 1, Tho firct

indoced sateds 1oy for cxanple, given by tho Grongfore
ogtion

2 < a? 2af A" 22
tx;.vxzf = [ ac  adte Aot 42z
2
xé’j = Zed A= '?.22 (Q.G}

Using a @ »d and ad=be = 1y the © = O atriz in 0g.(0)
i vorifiod to Do also fovolutory. It Do Loon polinted
out by Ramateistna?? Shat the infucod motriz een DO
asrived ot by nalting noe of helicity natwelecs® dofined
by him vhon tho cateig t0 bo induced 1o invclutory.
Hamma@twlamimawgsmm
vootors on which they et as (2, )BL and I ®(F)
the conbired effeet of I, fl, i on 80

that if :
If‘ ./ X : i
é{z’.) E’(w.:’) > et (’fz)@[“&
vo hove thot
A% al fra A.’rz
at ad Ac  fd
A®BA =
E,g cl- .?{{ d.'.ﬂ- tﬂ.ﬂ
ct o R d?

? Allad) Ramol=istngn, Peivate commmmicotions

8 Allgdl Bemalkeiohnon, ‘Oeoncolised helicity matrices',
J, Math. Anole apple Volefll, 834 (1900) 4




90

As pointed out by Mo oge (3:3) 4o nothing but tho
teoctrnetod ! fomm of on.(8,4) by which is moant that
the two piddlo column and poveo of the 4 = 4 nateiy in
og«(-4 coalecos in a porticulor way to give tho 8 2 9
Batrlz in ogecd)s Tho involutary nature hove folloun
fram the Afsect protuct otructure of I, O, ¢hooo squaro
yvields o mwobopr tirgs tho 1dentity. Tho caso consideras
tion apply to She concrel caso ag woll,.

Thon, ve swmerise the work of Kin® on the
gencrating equation mothod of finding the induced
natriz elaments for *ho ecaseo o ® 0, Lator, tho
goncrating equations for tho qth inducod matriz of a
(2 2 3) matriz gro caloulatods It io further shwn
that a 2 2 8 patriz whose cube 4o tho unit nateizm eon
bo witten in tearmo of o fov gonaralised Clifford
clanonts vith the poncralised hyporbolic fupcticns ag
copficionts, DMinglly the glgewnlues of the above
aateicos are studicds

82 Involutional tponcformations of GL(D): The
ocooplote sot of qbth degree polynomiclsg in two voriatlen
zoady

55 )= z¥7y?

(2.6

sy d=es gy




%5 taion ao tho baots sot. An olement 1'% op Gi(e)
1 glven by tho gonornl (2 = O catrizn (nonepi guiop)

2 'ﬂ’{r) e Gl ; '
L (Ci 0.9

whotc 0ybyCyd aro arbiteory paramotors. Tho (gel)
&ponslionnl roprosontotion R‘%in farnishod by tho
gth intuced mateiz of 8'T ond ig given by

(?(z ) - @x'f-/ﬂ‘rtjj ffﬂf:::'c—f—-=ﬂ"-|‘.3¢-J""3

o (R m)ﬁ Ft%)
/'I.t-—'ﬂ

(s.8)

ho aplicit ofom of 3:9 15 cbkained by doveloping
Boe( %) 4n pover sories and one roto

Y —Ar =) i _ & o if
@%zi)g,u =, "’“C'ﬂg@) @'k)(ﬁ (849)

Hw.m¢W1mtmw.=% of o mateiz A 19 dofined by
mm@

Ayhy = (M) (2e20)

m«aq 1s the oatriz vheso cotPies are polyncalinls in
the cloapenta of tho mateiz A, fecn uhich 16 casiily

foliows thnt
(flqr)m: (A" ]y = @7y = #YI  (gany
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A" = RI
(2,100

Mel.q ig of dimension (gevl).

mamthmmumersﬁ
the {2 = ) motein in ordor thot Pg.(8.19 i catinfloed,
autenaticolly loavos A tovolutiondls ¥heo k= 1
the involutionol oateiz 4D invelves only two parcnoters
nﬂ.mninﬁ:hﬁamn#dnnammul.-lﬂanﬂm
Can be ezpressed o

(8,20)
vhore
1
Gz = (a—f)
(D120
ondl B(6) 1 tho rotation in two dimonsicns with
dofined by
|
o™ = s
(Bs15)

2,9 Ocnerasing Squations for the gonersl Involutional

mateicess By an exzactly similar procedure as thob
utllioed for the easc of mw = O, wo define the gth dogroe
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93
homogenoous polynonfals in throo voriallesy =y ¥ ond o

- R
F[-*'q,i;){"-‘i)t A | lﬂgﬂqz"{?
(2.1
vhore the nooe-nogativo integors o] 9 «, oObey
oy 4 d, ¥ 5 (817

mummmwu‘mmm
doonsions s givee Dy a O = 2

Qoo Aoy oy
(3)
R = e A Ay (0,10

\ 42p ) oy

mm;n*nmmmhmm Tho qth
indnced matedx 8 2P lnvoiving nine paremetess is Ehon
simply given by the equastion

E_Z-J ! )UQ [3.71_:) e {Qnﬂx +Qm";_fr+ﬁnz ?)6}_41-_,3
L IR =
(&, X+ + iy 2 ) .
(ﬂzn‘{ '}'a.zly +42; E){R (8,29
i (
ML
D

l’:“{ I’_p‘{gf

E.,.y5)
R (</147)

W = (YJVJEJ

-2
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vhore tho matein ns"’ 10 Yaballod by tho A1fforent
partittong of tho nonenogative intogevs (o a’;)
ad («,d,) satisfylng
o, (48 car
e b (5 20)
Xytds G4
| ﬂumtmaiammara‘;mmpugﬁmwﬁmm
of solutlons (o, % of DgufE.20) vhich in this caso
18 aqual to (‘1 * 3).
2
Obv: ously n“f’ poduges to A'Y whon q = 1. For
convenionce ve ¢an ¢hooge the nortiticns in doorensing
origr in ¥ for a glven value of ) +¥. ol
increasing order in o) A2 for lobolling the mateixm.

The sismio pouoe sorien omnanoion of 20.08.19) yiolds

on euplieit ezpression for ﬂgm, vize
20 a R A q,_q.r o, o

T .
(\E )(ﬂﬁ )"‘L)["*‘ln .J-'f ) CH—Z‘I‘D (ﬂ_y ) P 1 |-ﬂ2ﬁ" X
s [(V=de «q) ) h

ﬁf:;:_f( iy )(#; (4-%#—“ = /[ﬂz (

2,7

( o .+-f. /7 {.4 - fa.lﬂ'>jéi ( fozts, I,.A{E

8 |

'{..7_ -—/'!121?.1,_ ('ﬂnn &z %)%/

X (i“if"i) ﬂl( — (®-21)

Ay 22




This 15 vory oiniler So tho laurioolle “wetlon)’ cmcont
for o torn.

mmma;mmmmmwm
con be oasily gondroligod o the caso of on arbitvery
(n = n) nateiz 2% piven by

ﬁﬂ)ﬂ d'a.’-.. L aﬂ_,n—;
3 ﬂ.g_,ﬁ iy o ‘x";n-r
e (Be02)
ﬂ-w_r‘,lr. aﬂ,ui 3. aﬂ-j.’ W=t
In this cage we define the gth degreo polynomialg
FE“'.U“‘IEJ'"J o("—u )U"} -e mm &"..'&
LR
Y- Yl
F b, (I-l) = =y 9(2. 'i.., ;‘{H
f'{',r"rzj"'; n_;:? (&m)

1t

T (%5 oo, 7o)

2} J. Glatar, ‘Generalise! hyporgopotric "anctlons?
Cambpidpe Univ, Press o7, (1005)
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vith non=nogative Intepors o) ootisfping Sho nantition

i o | (oo

The gth in'ucod roprosentotion of B0 :g given ty the
mnna“‘ deTined by

C /1 "_lq’ .
F{#U'{M'“j“ﬁn_,] (Rm?;J i Cqﬂn L "f"dhp-'-'f,-}--- + A, iw.) E LX
T =l
X TH (E* ik %, ) ¥j
d=, k=g
()
A [ Ry y
R C¥3 ;i ytny YT 3l 540, ) (B0

X @:’Jd;}...J .;_;'_IJ{IP:}
uhoro tho nateiz ‘o labolloed by the distinet nartitions
given Dy Dolf824, Ue e choose thm im tho docrensing
oo (v ch,.ny Enor) for o given vnluo of
Cop#dat - 4o ) 5V

Tho Gimenston of A% 1o Just given by the mmbder
of colutioms of the partitions oquction Bo.(8.29: vhich

i mwu (’“ :- i)z(nftnq:ll

Lot us now specialico tho nothod of ‘nduction to the
Caso of fovolutional matrices catiofying tho eguation

E} {nd = 2 i
L (24 90)
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As in &he coce of (0= 8 anteis the conditions on B¢
oo thet 1t satisflon Bae(8.26) leave 1ts gth inducod
roprosontation a&n} to oboy

(% . g
(Ryy J = ¥ (0D

™hig followp directly from the nronoety of induced natricos
which forn o opootal case of tnvapiant motoices catisfying
Saef810, Tho conftsons on N'Y implied by fo.’8.260)
vhon 0 = 0 are alnnly givon by tho chapncteristic equation
o o' ymich ave |

=ik e a7 =S T [R) = (oe0m

0% un cocglder tho opoclcl case of a (9 = ¥) ooteim
satlsfying the ogoabion

(AP)’-x (e )

Tho efgewalucs of A% aro then given by tho cubo moots
of mity - 1,0, « Ao mwmaa‘ﬂ. ol

[rea— N 1
P USSR a—— . e . T =k i
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aon e potuced to “he foom
32 1 {2 0
Ffa.?.. : ay B ATRCE ST o i \
()= VATV [ w4 wd)™ £02
ER 3 E}
ll.:'_;g -'f;{'} mz.ﬁrfi/ (B‘m}

whore tho !:'*“ ape tho penccligod typestolie functlon™’
of crier threo with apgument A0 wAMR A - Cp ML %
baing o pricitive cube root of mnitys It s incosontinl
o canputo the matniz U whope enigbonoo can be inforpod
fren $ho 200t thot both A% and PP aro nonecigguiar
ool 0atiofy .{8.29 .« Tho £% areo functiong of tho
antrios of tho matotz AV, Thoy satlofy the dotommie
nantal condidion

; bl
3 rd
j,{:i f{ﬂ} {3’1 = T
]
| j"_fﬂ fF"J ijn (2,3L)

mfiﬁmmWWMMu functiong of
mm’é{mwwﬁmum

(37
ﬁ{ ()= } ;F mf:«ﬁ) e

10) foulp A PR 'eyel.’mel fmeotiono opd Pernutation
Bﬂtﬁ'ﬁmﬂ'. g?ﬂ w m (Mﬂ.



|\I'

iy
ol

gt (§) esn be exroosed oo

E®m)= B %) (832)
wvhora
(=) (‘T 55 )
B e 0w o,
ot 8890 19 tho matets
5 b e
R0y = (wh & wh (026

mzf—z wy £

Tho intorosting point 1s thot 3{31(9) can be cmprosood
= i

RPp)- HI+ o™ PP £wCpe)*
(Pa20)

§, T+ % (SPP) 4 & (S P2)F
(G207

whore thoe patein

P H). g a::l'r 1:; )

= 1 ¢ 0 (7.08)
13 e bage clament of the penoralicod Clifford olgebra
Gy C(Uide Chapler T0).
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ho dotorminentil condition 1.08.31) @nn aloo De written

&8

e = %006 2)"

C=

3 a8 Al o~
_ ok = & A (e
L=
=1 ' {400

Ppon the above ve havo that

b i =7 : (2))2
FO%p) = VAP C g 4(0D I+5 )Py £060D))

il

G £xp 77 L 8= he

It hao beon nointoed ont by rwamm that 28
Ter = MeahE

with My = wNM 5 @™y

and 0 SN S

ya
wvhore « 1o a prioltive poot of 7y we nlways have
thet [Tn] =1« B0 tho cbove ccoo of o ® n D matris
o a partieuliar onas of the geuorel rules

e B Lomce o e - R e

11) A’10d% Romolrishnan, Private Comsunicotion.
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Mo above discussicn enn nov bo corried for an
erbiteery (n 2 ) involutionnl matrim

AL“_-]' 1Fj: qr
[ J (na4d)
which cen be transformmod %o the foen
(m)y, - (") O,
VATV = F™MeY- B R TR P
whero
1 o o (]
B[ﬁ'j 2 &y B o § \
=g e s (DeaD)
ad

WUE 1, o sy a prim R m*ﬂ;‘*:“”?
B )

i =N (544%

-4 0
(R
nn
ﬁ-‘L
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umolmmta!ﬂnmunmcnﬂmdnzmcg-

The dotesninontol eondition on the hyporbolie ond
trigononotric fuotiong of order n 10 sionly given by

ek TR

L=

" = (" ) -
= ot %"*H“‘%JM"”@L)H (2ea0)
=4

Tho £'s aro fumctlons of tho oubeles of the nateizm AV
and tho oxoliclt pelation Lo of 1ittle co carn O us.

The extstente of V'™ 1g agnin guarentood by tho oot
that #‘B) and F"”’L’E} cre both nonegingnlor and ooticfy

EgsfB.41).

Bed Eigenwaluos of aé’“ o nfln’ i In thip
soction wo fipot ecalculate the oligonvalvas of the gqth
induccd natein B‘qw of tho materim E‘m given by Bae(3,10)
and spocialise to the eoso vhan R;D) is invoiutionnl,
The onleuwlation 49 based o the o'ople thooses that 10
tho patetz 8% 1o emionmiar, thon f6s induced matets
n;“’s.n aloo trfansuiar in shapo stmdler to A%, Thig
theoren hos been proved by Tal? fop n e g, and 28 1o
Sruo ovon In tho gonornl coocs Conoider for cuempleo o
cege of no 8, I a'® oo o fom ‘
s L= =
R, - ("‘“’ e ) (6447

E.?_gp EI_.” Q_:z
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it follows fron Eo.(8.89) that

(i 2 =
[.R Ay ‘—{{:‘"‘,J'J =] &

unlegs ' ¢ %: ond e S wharo
o= fiali)) oty and 2= (4 4D « Thood
afe girmmiy the confitiong for tho potxix f.lg"} to Go

trianpuior in chono pindlqge O ﬂ{"“. It g not hord to
wove tho acope rooult for ang D
In fact it follows direetly fron Hqe.(2.07 that 18
tho natein Hn 1o triongulor then, ginee 6‘{;;’1' ==y .:'a:CEb }[3’? E:‘J =gr

unlons
=1 | P
z '#-L' g oy
(=k f=k
f"i-"‘,é‘,...}nﬂ tn'é.ﬁ]
Theno oro cinply tho conditi na for ;i{m to bte telonguliae

)
and sdmiler in shove o ng“-"'ﬁ. Boe(0adB) Eneldontally

oatl ofying
g = v
0 \f,'(:;-r_,l L e I,u"ér .:- 'f/)
By ikt B, §F
vhoro




10y

104
The ganoreting equntion (8,28 for the induced motein

a}lﬂmmw

=y

- Tt
TT ( HJ-‘fzbh) d }

J_._.ﬂ_ R:u
B, R p P (%) (2450}
X
With |
/';ﬂ' = Cy’) ﬁ.ﬂ' = 0
(84 50)

Bn0e(8e25) and (7,80) are complotely equivolonts
flow 18 10 clvays sosnibile to tronsform the matety ALY

into the trianmiar pateiz BT
=l
E_f'i}"l" A é_ s )
?i By =37 -

through o oultable wmitary teonsformation. lore the ;-.,a are
comctanto and the <sare the elgenvalues of 8¢,
Subatituding 1.08.52) 1n 80.18.21) vo obtain

£ il
_ Qrscl el il 41)[ !"‘1_ )( nh-#‘?&-—‘ﬂ)x
[REE;T ]-!;,J" =S - %(1} "+ AN
S A SR S e
X CEz)?}@?) | 5;,_ ik C%J
zf' é‘-’ 2 ;1’-) c;.-; £0
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bobohck=o
| (2.80)
ho eigeavaluos of a?’m ‘hen given by
éf’r'q‘rdz e e%e .
o +4; 9/
The dotorminant afnf* 18 given W
Aet Ri;} = Vi éfh'f"ﬂg:‘e;’z
i) | (2,59
= (g€ )[1":1)‘—‘ ﬁﬂﬂj

dhore D danotes the dotominent of ALY,
mmnmutn;m is plvan by

Tf R"—LE.U = ( I}@:r“Ez‘}'CﬁE;'Ej_} ce ]—‘Eg)D X

Y+| G G+
¥ [E,Ez (-E:”—’ <, T) ey (G YD
e, (eP E,‘HD:I

LE EI'*EE*E_a
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(E;
AP
2 > ' €= &= Ea- (0.5
The above formila can De fmaedietely genoraliced to
yioda
) (Wras)
Aet R 2 = A (3.,58)
vheroe
a = E_' Ez = o
(2.8)

1o tho fotceminant of 8%, Durthos
. - P +)
o = Ho |
I Eﬁ;) - JT &E-<) lezf- e (ﬂ: - :
- +

(0.00)

Su o < o,

X =

W = L éz I Ej T gﬂ n | j.
n=1
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Avotho> intorgsting proporty of a’&“’m ch: con Do onnily
verlfiod feon fn,(R.25) 1 thot i
_ s . ‘
< ORg”
TR ol dases 9 D
"k s Y (8.0
LH-_-D ?
The above discusaion con now De gneoiciised to tho case
of genorol Involutiongl (n 2 n) ngtrin n{“’. ™ho
eigenwnluce of &(n} aro given Uy
E-‘I:g; E;:mEJ ey E5 2laithe
W= 4 (9.69)
In thic case ve have
7 b "Ir’ L
Tr "J“fiz} = Gy & Clf "+ W+ i 2
| (3.68)
thot
T,-r A '::L"{ﬂ} =0 fop @’;I: 0 e el

s
"*f:"‘}':—.' f{w‘ﬂ?: 2 mn o=l

mammnragﬂ ig given by
(@:Q-JJ
et f’rqfﬂ)z @hw(:})
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A Deftnition of en Asscelstive Algaboo:
A sot MY of ol {“’h'-“ ihm
assooiative algebwa over the fleld X , if

£) B 19 o voolor opale cilee KK

11) an oporgtion of multipliegtiont ' 1s
in A and catisflon: dofined

G

ﬂ.'{‘-{-"{'} = of {iﬂ-'x‘t!_jl
CI-I{/'E'.--I:\I,I - La.;[‘_}L
ﬂ-[rl}.“f‘ﬁj 2 I'_-I';{r 4 ﬂ-_c
(a+h): C

= At il

¥egadc €A it T

In ¢ho following vhen wo ooy on algebes, Vo clVuys maan

A gubset L of un algobea 1s called a loft =
4) L is a vector subspaco of A 1denl
1) <<l gl o< toplios Shat ax eL

-
In other words AL <L,

R R R R R I e



AsS wzyaummnumum
AR CR. :
A8 If ICA umthnmmrimmm:
43 ealled a tvo-aided ldosl op Just an 1deal.

A8 Ang clgebre & containg the fdeal A and (o]
An ideal Aifforent from A is called nwoDOT. It is important
to noto thot the idontity oporatar of tho algobra Ay
connot belong to any pronar ideol.

A6 Definition of o Sinplo Algobeat

mmmmmmmmmm
then {o! 1 colled alapdos

A,7 Rodnric:
An olpchea which 1o mot siuple 1 colled somi-ninplos

4.8 In the Policwing wo state without proof tho
Cemonis thooren of Vodderburn®) ¥ which wo have used in
Chapter 2.

Thegpam: A olmnlo algobra A of B° clements 1s
:swﬁmemmlabammmﬂf{n:ﬂ
patpieesguet e feeld K
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