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ABSTRACT

Let Gy be a simply connected non-compact real simple Lie group with maximal compact
subgroup K. Let Ty C K, be a maximal torus. Assume that rank(G,) = rank(Kj) so that
Gy has discrete series representations. We denote by g, ¢, and t, the complexifications of
the Lie algebras g, & and t, of Gy, K and T, respectively. Denote by A the root system of
g with respect to t. There exists a positive root system known as the Borel-de Siebenthal
positive system such that there is exactly one non-compact simple root, denoted v. We
assume that Gy/K) is not Hermitian. In this case one has a partition A = U_,.;-»A; where
a € A belongs to A; precisely when the coefficient of v in @ when expressed as a sum
of simple roots is equal to i. Let G be the simply connected complexification of Gy.
Denote by L, and L, the centralizer in K, of a certain circle subgroup S of T, and its
image in G (under the homomorphism p : Gy — G defined by the inclusion gy — g)
respectively so that the root system of (Lo, Ty) is Ag. Any Ly-representation is regarded as
an Ly-representation via p.

Let y be the highest weight of an irreducible representation of Ly such that y + p, is
negative on A; UA,. Here p, denotes half the sum of positive roots of g. Then y +p, is the
Harish-Chandra parameter of a discrete series representation ., of Gy called a Borel-
de Siebenthal discrete series representation. The Ko-finite part of m,,, is admissible
for a simple factor K; C K. It turns out that Sy C K; and K;/L, = Ky/L is a Hermitian
symmetric space where L; = LyNK;. One has a Hermitian symmetric pair of non-compact
type (K;, Ly) dual to the pair (Ko, Ly). The element y also determines a holomorphic
discrete series representation 7, ,,, of K.

In this thesis we address the following question: Does there exist common Ly-types
between the Borel-de Siebenthal discrete series representation r,,,, and the holomorphic
discrete series representation 7., ? We settle this question completely in the quaternionic
case, namely, when ¢; = su(2). In the general case, affirmative answer is obtained under
the following two hypotheses—(i) there exists a (non-constant) relative invariant for the
prehomogeneous space (Lé)c, up), where u; is the representation of L on the normal space at
the identity coset for the (holomorphic) imbedding Ky/Ly — Gy/Lo, and, (ii) the longest
element w? of the Weyl group of K, normalizes Ly. The proof uses, among others, a
decomposition theorem of Schmid and Littelmann’s path model.
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Chapter 1

INTRODUCTION

Let Gy be a simply connected non-compact real simple Lie group with maximal compact
subgroup K,. Assume that rank(G,) = rank(K) so that G, has discrete series representa-
tions. If Gy/K, is Hermitian symmetric, one has a relatively simple discrete series of Gy,
namely the holomorphic discrete series of Gy. Now assume that G,/ K| is not Hermitian
symmetric space. In this case, one has the class of Borel-de Siebenthal discrete series of
Gy defined in a manner analogous to the holomorphic discrete series. Let L, be the cen-
tralizer in K, of a certain circle subgroup of K. It turns out that Ky/L, is an irreducible
compact Hermitian symmetric space. See $ 2.4.3 of Chapter 2. Let K, be the dual of K,
with respect to Lg. Then Kj/Ly is an irreducible non-compact Hermitian symmetric space
dual to Ky/Ly.

In this thesis, to each Borel-de Siebenthal discrete series representation of Gy, we
will associate a holomorphic discrete series representation of Kj. See §3.2 of Chapter 3.
The main aim of this thesis is to compare the restrictions to the compact subgroup L, of
Gy which is also a maximal compact subgroup of K, of a Borel-de Siebenthal discrete
series representation and its associated holomorphic discrete series representation under
certain conditions. In fact we address the following question: Does there exist common
Ly-types between a Borel-de Siebenthal discrete series representation and its associated
holomorphic discrete series representation? We settle this question completely in the so
called quaternionic case. See Theorem 1.0.1. In the general case, affirmative answer is
obtained under the following two hypotheses—(i) there exists a (non-constant) relative
invariant for the prehomogeneous space (Lg,ul), where u; is the representation of Ly
on the normal space at the identity coset for the (holomorphic) imbedding K,/Ly —
Go/Lo (see §4.3 of Chapter 4), and, (ii) the longest element w? of the Weyl group of
Ky normalizes Lj,. See Theorem 1.0.2. The proof uses, among others, a decomposition
theorem of Schmid and Littelmann’s path model which are discussed in §2.5 and §2.6 of
Chapter 2 respectively. We also discuss Ly-admissibility of a Borel-de Siebenthal discrete
series representation of Gy. See Proposition 1.0.3.



Borel-de Siebenthal Discrete Series

Let Gy be a simply connected non-compact real simple Lie group and let K, be a
maximal compact subgroup of Gy,. Let Ty C K, be a maximal torus. Assume that
rank(Kj) =rank(Gy) so that G has discrete series representations. Note that 7 is a Cartan
subgroup of Gy as well. Also the condition rank(Kj)=rank(G,) implies that K|, is the fixed
point set of a Cartan involution of G,. We shall denote by gy, &, and t, the Lie algebras
of Gy, Ky, and T, respectively and by g, ¢, and t the complexifications of g, £, and t, re-
spectively. Let A be the root system of g with respect to the Cartan subalgebra t. Let
A* be a Borel-de Siebenthal positive system so that the set of simple roots ¥ has exactly
one non-compact root v. The Killing form B of g determines a non-degenerate symmetric
bilinear pairing (, ) : t* X t* — C which is normalized so that (v, v) = 2.

When Gy/K) is a Hermitian symmetric space, one has a partition A = U_;.;<;A; where
a € A belongs to A; precisely when the coefficient n, (@) of v in @ when expressed as a
sum of simple roots is equal to i, and the set of compact and non-compact roots of g, are
Ao and A; UA_ respectively. Let A7 = A*NAg. Then A" = Aj UA,. The root system and
the induced positive system of (¢, t) are Ay and A; respectively. If y is the highest weight
of an irreducible representation of Ky such that (y + p,, @) < O for all @ € A, theny + p,
is the Harish-Chandra parameter of a holomorphic discrete series representation 7, of
Go. The Ko-finite part of ., is described as @,0E, ®S"(u_1) where E, is the irreducible
Ky-representation with highest weight y, u_; = @,ea_, g0, 9o being the root space for a € A
and S"(u_;) is the n-th symmetric power of u_;. See §2.4.2 of Chapter 2 and also [8], [20].

Assume that G(/K, is not a Hermitian symmetric space. This is equivalent to the
requirement that the centre of K| is discrete. Then there exists a partition A = U_,.; o A;
where @ € A belongs to A; precisely when the coefficient n,(@) of v in @ when expressed
as a sum of simple roots is equal to i. Denote by u the highest root; then u € A,. The set
of compact and non-compact roots of gy are Ag UA, UA_; and A; U A_; respectively. Let
A5 = A*NAy. Then A" = AJUA;UA;. The root system of ¢is Ay = AgUA, UA_,, and the
induced positive system of A, is obtained as Ay = AJUA,. Let G be the simply connected
complexification of Gy. The inclusion gy < g defines a homomorphism p : Gy — G.
Let Q C G be the parabolic subgroup with Lie algebra g = (®u_; ®u_,, where u; = 3 s, go
(-2 <i < 2), g, being the root space for @ € A, and [ = t®u,. Let L be the Levi subgroup
of Q; thus Lie(L) = . Then Ly := p(Gy) N Q is a real form of L and Ly := p~'(Ly)
is the centralizer in K of a circle subgroup of 7). Note that Gy/L, is an open orbit of
the complex flag manifold G/Q, Ky/Ly is an irreducible Hermitian symmetric space of
compact type and Go/Ly — Gy/K| is a fibre bundle projection with fibre K/ L.

The Borel-de Siebenthal discrete series of Gy, whose systematic study carried out by
Arsted and Wolf [18], is defined analogously to the holomorphic discrete series as fol-
lows: Let y be the highest weight of an irreducible representation E, of Ly such that
(y + pg,a@) < O forall @ € Aj UA,. Here p, denotes half the sum of positive roots of
g. The Borel-de Siebenthal discrete series representation 7., is the discrete series rep-
resentation of G, for which the Harish-Chandra parameter is y + p,. @rsted and Wolf
proved that the Ko-finite part of m,,, is in fact K;-admissible, where K| is the simple
factor of K, corresponding to the simple ideal ¢; of &, such that E(IC contains the root space
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g, They described the Ko-finite part of 7, in terms of the Dolbeault cohomology as
®n=0H’(Ko/Lo; E, ® S™(u_;)) where s = dim¢ Ko/ Lo, E, and S"(u_;) denote the holomor-
phic vector bundles associated to the irreducible Ly-module E, and the m-th symmetric
power S (u_) of the irreducible Ly-module u_; respectively. See Theorem 2.4.1 in Chap-
ter 2.

R. Parthasarathy [19] obtained essentially the same description as above in a more
general context that includes holomorphic and Borel-de Siebenthal discrete series as well

as certain limits of discrete series representations. We give a brief description of his results
in the §2.4.4 of Chapter 2.

The K;-admissibility of the Borel-de Siebenthal discrete series also follows from the
work of Kobayashi [15] who obtained a criterion for the admissibility of restriction of
certain representations to reductive subgroups in a more general context.

Associated Holomorphic Discrete Series

Recall that K/L, is an irreducible compact Hermitian symmetric space. Let K be the
connected Lie subgroup of G with Lie algebra ¢. Let K] be the dual of p(Kj) in K with
respect to Ly so that K;/L, is the non-compact irreducible Hermitian symmetric space
dual to Ky/Ly. Note that ¢ = Lie(K;) ®g C and that t C [is a Cartan subalgebra of ¢. The
sets of compact and non-compact roots of (¢, t) are Ay and A, U A_, respectively. A] is
a positive root system of (¢,t). Let € denote lowest element of A, (that is, 8 > € for all
B € Ay). Then the unique non-compact simple root of A; is €. The positive system A; is
a Borel-de Siebenthal positive system for K.

Since the space K;;/L is Hermitian symmetric, the group K;; admits holomorphic dis-
crete series. See §2.4.2 of Chapter 2.

Let ¥ + p, be the Harish-Chandra parameter of a Borel-de Siebenthal discrete series
representation of Gy. Thus 7y is the highest weight of an irreducible Ly-representation and
(y +pg. B <O0forall B € Ay UA,. This implies (y + p,,8) < 0 for all B € A,. Here p,
denotes half the sum of roots in A;. Thus, y + p; is the Harish-Chandra parameter for a
holomorphic discrete series representation 7., of K. This is the holomorphic discrete
series representation associated to the Borel-de Siebenthal discrete series representation
Ttyip, Of Go. See §3.2 of Chapter 3 for details.

Main Results

It is a natural question to ask which Ly-types are common to the Borel-de Siebenthal
discrete series representation ., and the corresponding holomorphic discrete series
representation 7., . We shall answer this question completely when ¢, = su(2), the so-
called quaternionic case. See Theorem 1.0.1. In the non-quaternionic case, we obtain
complete results assuming that (i) there exists a (non-constant) relative invariant for the
prehomogeneous space (LS, u;) or equivalently, there exists a non-trivial one dimensional
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Ly-subrepresentation in the symmetric algebra S*(u_;) and (ii) the longest element of
the Weyl group of K preserves Aj. See Theorem 1.0.2 below. Note that the second
condition is trivially satisfied in the quaternionic case. The existence of non-trivial one
dimensional Ly-submodule in the symmetric algebra S *(u_;) greatly simplifies the task
of detecting occurrence of common Ly-types. The classification of Borel-de Siebenthal
positive systems for which such one dimensional Lj-subrepresentations exist has been
carried out by @rsted and Wolf [18, §4].

We now state the main results of this thesis.

Theorem 1.0.1 We keep the above notations. Suppose that Lie(K,) = su(2). If go =
so(4,1) orsp(1,1—1),1 > 1, then there are at most finitely many Ly-types common 1o .,
and m,.,,. Moreover, if dim E, = 1 then there are no common Ly-types.

Suppose that gy # so(4,1) or sp(1,1 — 1),l > 1. Then each Ly-type in the holomor-
phic discrete series representation ., occurs in the Borel-de Siebenthal discrete series
representation ., with infinite multiplicity.

The Theorem 1.0.1 is proved in Chapter 6. The cases Gy = SO(4, 1), S p(1,[-1) are ex-
ceptional among the quaternionic cases in that these are precisely the cases for which the
prehomogeneous space (Lé)c,ul) has no (non-constant) relative invariants—equivalently
S™(u_1),m > 1, has no one dimensional Ly-subrepresentation. In the non-quaternionic

case, we have the following result.

Theorem 1.0.2 With the above notations, suppose that (i) W?(Ao) = Ay where wg is the
longest element of the Weyl group of t (with respect to the positive system A]), and, (ii)
there exists a 1-dimensional Ly-submodule in S™(u_y) for some m > 1. Then there are
infinitely many Lo-types common to m,., and m,,,, each of which occurs in w,,, with
infinite multiplicity. Moreover, if dim E,, = 1, then n,,,, itself occurs in w,, with infinite

multiplicity.

The Theorem 1.0.2 is proved in Chapter 7. We recall, in Proposition 4.3.1, the Borel-
de Siebenthal root orders for which condition (ii) of the above theorem holds. We obtain
in Proposition 2.5.2 a criterion for condition (i) to hold. For the convenience of the reader
we indicate the result in §4.2 in the non-quaternionic cases.

The second part of Theorem 1.0.1 is a particular case of Theorem 1.0.2 (when Lie(K;) =
su(2), the common Ly-types are all in 7., ). The proof of Theorem 1.0.1 involves only
elementary considerations. But the proof of Theorem 1.0.2 involves much deeper results
and arguments.

The existence (or non-existence) of one dimensional Lj-submodules in &,,515"(u_1)
is closely related to the Ly-admissibility of ., . Note that Theorem 1.0.2 implies that,
under the condition wg(Ao) = Ay, the restriction of the Borel-de Siebenthal discrete series
representation is not Ly-admissible when »,,.,.S " (u_;) has one dimensional subrepresen-
tations. When ¢; = su(2) and ,,.o S " (u_;) has no one dimensional submodule, the Borel-
de Siebenthal discrete series representation is Ly-admissible. In fact we shall establish the
following result which is proved in Chapter 5.
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Proposition 1.0.3 Suppose that S™(u_;) has a one dimensional Ly-subrepresentation for
some m > 1, then the Borel-de Siebenthal discrete series representation m,., is not Lj-
admissible where Ljy = [Lo, Ly]. The converse holds if t; = su(2).

We also obtain, in §3.2 a result on the Lj admissibility of the holomorphic discrete
series representation ., of Kj. Note that any holomorphic discrete series representation
of K; is Ly-admissible. (It is even Ty-admissible; see §2.4.2 or [20]).

Combining Theorems 1.0.1 and 1.0.2, we see that there are infinitely many Ly-types
common to 7, and 7., whenever §"(u_;) has a one dimensional Lo-submodule for
some m > 1 and wl(Ag) = Ao.

We make use of the description of the K,-finite part of the Borel-de Siebenthal discrete
series, obtained by @rsted and Wolf in terms of the Dolbeault cohomology of the flag va-
riety Ky/Ly with coefficients in the holomorphic bundle associated to the Ly-represenation
E, ® $™(u_). This will be recalled in §2.4.3 of Chapter 2. Proof of Theorem 1.0.2 cru-
cially makes use of a result of Schmid [22] on the decomposition of the Ly-representation
S™(u_,) and Littelmann’s path model [16], [17].






Chapter 2

PRELIMINARIES

As described in the introduction, corresponding to a Borel-de Siebenthal discrete series
representation of a simply connected non-compact real simple Lie group G, there ex-
ists a holomorphic discrete series representation of a connected non-compact semisimple
real Lie group K dual to a maximal compact subgroup of Go. The aim of this thesis is
to compare the restrictions to a certain compact reductive subgroup L, of G, which is
maximal compact in K, of a Borel-de Siebenthal discrete series representation and its
associated holomorphic discrete series representation under certain conditions. For this
purpose, we recall in this chapter certain well known definitions and results. In §2.1, we
discuss some basic notions of representation theory including admissible representations
and discrete series representations. In §2.2, we discuss Riemannian globally symmet-
ric spaces and its duality and irreducibility. §2.3 deals with Hermitian symmetric spaces,
particularly bounded symmetric domains. In §2.4, the notions of Borel-de Siebenthal pos-
itive system, the holomorphic discrete series, and the Borel-de Siebenthal discrete series
are discussed. §2.5 deals with Schmid’s theorem and its application. In §2.6, we discuss
about Littelmann’s path model. In this thesis, it is assumed that the reader is familiar
with differentiable manifolds and Lie groups [23]; the structure of finite dimensional Lie
algebras and the theory of finite dimensional representations of compact Lie groups ([10,
Chapter III], [12]) as well as the abstract theory of compact groups [13, Sections 5, 6 of
Chapter I].

2.1 Basic notions of representation theory

We follow [13] for this section.

Let G be a topological group. A representation of G on a complex Hilbert space
V(# 0) is a homomorphism ® :— B(V)*, B(V)* be the group of all bounded linear
operators on V with bounded inverses, such that the action map GXV — V is continuous.

Let G be a locally compact topological group and V = L*(G, d;x), where the measure
is a left invariant Haar measure. For g € G, define ®(g)f(x) = f(g~'x) forall f € V =
L*(G,d;x). Then @ is a representation of G on V, called the left regular representation
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of G. The right regular representation of G is given by ®’(g) f(x) = f(xg) on L*(G, d,x)
(the measure is a right invariant Haar measure).

A vector subspace U of V is called invariant under @ if ®(g)U C U forall g € G. The
representation @ is called irreducible if it has no closed invariant subspaces other than 0
and V.

The representation @ is unitary if ®(g) is a unitary operator on V for all g € G. For a
unitary representation the orthogonal complement U+ of a closed invariant subspace U is
a closed invariant subspace.

Two representations of G, ® on V and @’ on V’, are equivalent if there is a bounded
linear map E : V — V’ with bounded inverse such that ®’(g)E = ED(g) forall g € G. If
® and @’ are unitary, they are unitarily equivalent if they are equivalent via an operator
E that is unitary.

A matrix coefficient of @ is a function G — C defined as g — (®(g)v, w), where
v,w e Vand (, ) is the inner product on V.

2.1.1 C* vectors

Now assume that G is a Lie group and ® is a representation of G on a Hilbert space V.
Let g be the Lie algebra of G.

A function f : U — E, where U is an open set in R” and E is a topological vector
space, is differentiable at x, € U if there is a (necessarily unique) linear map f’(xp) :

R" — E such that
i J(x) = f(x0) — f/(xo)(x — x0)
im =
=30 llx = xoll

0

Now End(R", E) is a topological vector space in a natural way, since R” is finite dimen-
sional. If f is differentiable at each point of U, then x — f’(x) is a map from U into
End(R", E). We say that f is of class C! if x — f’(x) is continuous, of class C? if
x — f'(x)is of class C!, and so on. We say f is of class C* if f is of class C* for all
k>1.

The above definitions can be carried over to a smooth manifold in the obvious way.

A vector v € V is said to be a C* vector for the representation @ if g — O(g)v is
of class C*. The set of C* vectors is denoted by C*(®) (or V). Evidently C*(®) is a
vector subspace of V.

Now we will associate to @, a representation ¢ of g on C*(®) as follows:
Letv e C*(®) and let
f(x) = OexpX)v for X €g

Then f is of class C*. Put
pX)() = f(0)(X)

8



Then
¢(X)(v)

f7(0)(c4(0)), where cx(r) = tX forre R
(f ocx)(0)
S oex(®) = focx(0)
d(exp tX)ﬁ) -y
4
So ¢(X) is a linear map from C*(®) into V depends linearly on X.

lirnz‘—>0

= 1imt—>0

The map ¢ has the following properties:
e H(X)(C®(D)) c C*(D) forall X € gand ¢ : g — Endc(C*(®)) is a representation of g.
o If @ is unitary, then ¢(X) is skew-Hermitian for all X € g.
o O(2)(C®(D)) C C(®) for g € G and D(g) o #(X) o D(g)~' = #(Ad(g)X) for X € g and
geq.
e C*(d)isdensein V.
See [13, Chapter III] for proofs of the above properties.

2.1.2 Admissible representations

Let g be a reductive Lie algebra over R. Let 6 be an involutive automorphism of g and
¢ and p be the subspaces of g corresponding to the eigenvalues 1 and —1 respectively.
Assume that 6], ,; is a Cartan involution of [g, g]. Let G be a connected Lie group with
Lie algebra g and K the connected Lie subgroup of G corresponding to ¢. Assume :

(i) K is compact,

(i1) The map (k, X) — k.exp X(k € K, X € p) is a diffeomorphism of K X p onto G.
Note that with the above assumptions, K is a maximal compact subgroup of G.
In this thesis, by a connected reductive Lie group G with maximal compact subgroup KX,
we always mean that G and K satisfy the conditions given above. See [24, Section 1.1.5]
for detailed exposition. Note that these conditions are satisfied when G is a finite cover of
a connected reductive linear Lie group.

Let G be a connected reductive Lie group with maximal compact subgroup K. Let &
be a representaton of G on a Hilbert space V. A vector v € V is called K-finite if 71(K)v
spans a finite dimensional subspace of V. Let Vi denote the subspace of K-finite vectors
in V. The associated representation of g on V= is denoted by the same notation 7. We
set Vo = V¥ N Vg. Then n(X)(Vy) C V, for all X € g. Consequently a representation
m leads to a representation of g on Vj,. Also Vj is a K-representation in such a way that
n(k)r(X)(v) = n(Ad(k)X)n(k)(v) for k € K, X € g,v € V. The representation Vj, is said to
be the associated (g, K)-module of 7.

When K acts by unitary operators, by the Peter-Weyl Theorem, we have

g = Zn,r 2.1)

ek

where the sum is a Hilbert sum, K is the unitary dual of K, that is, the set of equivalence
classes of irreducible unitary representations of K and n, is the multiplicity of 7 in m|x.
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Note that n, = dim(Homg(7, 7|¢)) and is a non-negative integer or is +co. The equivalence
classes T with n, # 0 are called the K-types that occur in 7. It is obvious from (2.1) that
the subspace of all K-finite vectors is dense.

A representation 7 of a connected reductive Lie group G on a Hilbert space V is called
admissible if K acts by unitary operators and if each 7 € K occurs with finite multiplicity
inm | K-

Theorem 2.1.1 [/3, Th 8.1, Ch. VIII] Let i be an irreducible unitary representation of
a connected reductive Lie group G on a Hilbert space V. Then the multiplicity n. of the
K-type T in ntlg satisfies n, < dim t for every T € K.

So, by the above theorem, irreducible unitary representations are admisible.

For an admissible representation r, every K-finite vector is a C* vector thatis Vy = Vk,
and m1(X)(Vk) C Vi for all X € g. For an admissible representation rr, Vi is the associated
(g, K)-module of 7.

Two admissible representations 7 and 7" of G are called infinitesimally equivalent if
the associated (g, K)-modules of K-finite vectors are algebraically equivalent (that is, if
there is a linear isomorphism commuting with the action of g).

If 7 is an admissible representation of G on V and U is a closed G-invariant subspace
of V, then evidently the K-finite vectors in U form a g-invariant subspace dense in U.
The following theorem suggests a converse result. (Note that, the closure of a g-invariant
subspace of C* vectors need not be G-invariant. For example, consider the left regular
representation of R on L*(R). Then U := the subspace of members of C* (R) with support
in [0, 1], is a subspace of C* vectors for the left regular representation of R. U is invariant
under the Lie algebra action but the closure of U in L*(R) is not invariant under the group

action).

Theorem 2.1.2 [/3, Th. 8.9, Ch. VIII] If G is a connected reductive Lie group and nt
is an admissible representation of G on a Hilbert space V, then the closure in V of any
g-invariant subspace of Vi is G-invariant.

As a corollary we obtain the following:

Corollary 2.1.3 /13, Cor. 8.10, Ch. VIII] If n is an admissible representation of G on
V, then the closed G-invariant subspaces U of V are in one-one correspondence with the
g-invariant subspaces Uy of V, the correspondence being Ux = U N Vi and U = Uk.

Hence for an admissible representation w of G on V, n(G) has no non-trivial closed
invariant subspace in V' if and only if n(g) has no non-trivial invariant subspace in V. The
representation r is called irreducible admissible if any one of the equivalent conditions
is satisfied for 7.

10



If 7 is an admissible representation of G on V, then for u € Vg and X € g (regarded X
as a left invariant vector field on G),

X(n(g)u,v) Xcuy(8), where c,,(g) = (m(@u,v) forg e G

= Xg(cu(;)
= d)’g(a' (Cur), where y,(1) = gexpzX forr € R
=

d
d_ ‘t:O(cu’v o Yg)

= d—(ﬂ(g exp tX)u, v)’z:o
= d—(n(g)ﬂ(exp tX)u, V)LO

- jt(ﬂ(exp fX)”’”(g)*v)L:o
= (@(@)r(Xu,v)

Hence
D(n(g)u,v) = (n(g)n(D)u, v) (2.2)

for all D € U(g%), where U(g®) denotes the universal enveloping algebra of the complex-
ification ¢© of g.

A matrix coefficient g — (n(g)u,v) (u,v € V) is said to be K-finite if u,v € V.
Equation (2.2) gives the action of U(g®) on K-finite matrix coefficients.

If 7 and 7’ are infinitesimally equivalent admissible representations of G, then they
have the same set of K-finite matrix coefficients. Conversely, if 7 and 7’ are irreducible
admissible representations of G with a non-zero K-finite matrix coefficient in common,
then they are infinitesimally equivalent. See [13, Cor. 8.8 and Cor. 8.12 in Ch. VIII].

If 7 is an irreducible admissible representation of G on V and L : Vx — Vg isa
linear operator commuting with 7(g), then by Schur lemma, L is scalar. Hence for an
irreducible admissible representation 7 of G, each member of the centre Z(g%) of U(g%)
acts as a scalar operator on the space of K-finite vectors of m. In fact there exists an
algebra homomorphism y, : Z(g®) — C such that 7(z) = x,(z).Id for all z € Z(g°).
The homomorphism y, is called the infinitesimal character of 7. The action of U(g®) on
K-finite matrix coefficients given by the equation (2.2) suggests that the K-finite matrix
coeflicients of an irreducible admissible representation are eigenfunctons of Z(g%).

An admissible representation & of G on a Hilbert space V is said to be infinitesimally
unitary if Vi admits an inner product with respect to which 7(g) acts by skew-Hermitian
operators. Evidently a unitary representation is infinitesimally unitary. There is one-one
correspondence between irreducible unitary representations upto unitary equivalence and
infinitesimally unitary irreducible admissible representations upto infinitesimal equiva-
lence. See [13, Cor. 9.2, Th. 9.3 in Ch. IX].
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2.1.3 Verma module and Harish-Chandra isomorphism

Let g be a finite dimensional complex semisimple Lie algebra and b a Cartan subalgebra
of g. Let A denote the set of non-zero roots of (g, ). Choose a positive system A* of A.
Define n, 1= ) ,ca+ 890 @nd n_ 1= ) ca+ 0-q» 9o being the root space for @ € A. Then we
have, g = n_ ® h @ n,. Let b denote the Borel subalgebra h @ n, and let p := % Daen+ @.
For any A4 € p*, let C,_, denote the one dimensional h-module on which h acts by the
function A — p. Then C,_, is a b-module by extending the action of n, trivally on C,_,,.
Hence C,_, is a left U(b)-module, where U(b) denotes the universal enveloping algebra
of b. Note that the universal enveloping algebra U(g) of g is a right U(b)-module with the
usual multiplication. Define V(1) := U(g)®y ) Ca—p. Then V(1) is a left U(g)-module and
hence is a g-module and is called a Verma module with highest weight 4 — p. By PBW
theorem, we have U(g) = U(n_) ®c U(b) as vector spaces. Hence V(A1) is isomorphic to
U(n-) ®: C,_, as a vector space. Note that A — p is the highest weight of V(1) and its
multiplicity is 1 in V(1). Also V() has a unique irreducible quotient and we denote it by
L(A). If A—p is a dominant integral weight, then L(A) is the finite dimensional irreducible
g-module with highest weight A — p.

Let Z(g) denote the centre of U(g) and let v be a non-zero element of C,_,. Then for
any z € Z(g), z.(1 ® v) is a weight vector in V(1) of weight A — p. Since the multiplicity
of 1 —pis 1in V(1), we have z.(1 ® v) is a scalar multiple of 1 ® v. Hence there exists a
function y, : Z(g) — C such that z.(1®v) = y(z)(1®v) for all z € Z(g). Note that y, is a
algebra homomorphism and is called the character determined by 4. Again since Z(g) is
the centre of U(g) and V(1) = U(g).(1 ® v), Z(g) acts on V(A1) by the character y,. Hence
Z(g) acts on any submodule and quotient module of V(1) by the same character y,. So if
A — p i1s a dominant integral weight, then Z(g) acts on the irreducible finite dimensional
g-module L(1) by the character y,.

For any a € A, choose E,(# 0) € g,. Define

P .= Z U(g)E,, and

aeA*

N := Z E_,U(g).

aeAt

Then we have,

Theorem 2.1.4 [/4, Prop. 5.34, Ch. V] (i) U(g) = U(h) ® (P + N), where U(h) denote
the universal enveloping algebra of .

(ii) Also any member of Z(g) has its P + N component in P.

Let ¥ : Z(g) — U(h) be the projection map on U(h) component. Define a linear map
7:h — U(h) by

T(H)=H - p(H)1 forall H €.

Then 7 can be extended to an algebra homomorphism on U(h), by the universal property
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of U(h) and we denote the extended map on U(h) by the same notation 7. The Harish-
Chandra map v is defined by

Theorem 2.1.5 (Harish-Chandra) [14, Th. 5.44, Ch. V] The Harish-Chandra map vy is
an algebra isomorphism of Z(g) onto the algebra U(h)", where W is the Weyl group of
(g,h) and U)W :={H € U(y) : wH = H forw € W).

Note that for any A € b*, A(y(2)) = (1 — p)(¥(2)) for all z € Z(g) (here we have taken the
algebra homomorphism U(h) — C defined by A, by the universal property of U(p)). In
view of Theorem 2.1.4, we have y,(z) = A(y(z)) for all z € Z(g). Hence for A, u € p*, we
have y, = x, if and only if u = wa for some w € W, using Theorem 2.1.5 and some little
work. Also any algebra homomorphism Z(g) — C is of the form y, for some A € p*.
See [14, Th 5.62, Ch. V].

2.1.4 Discrete series representations

Let G be a connected reductive Lie group with maximal compact subgroup K. For an
irreducible unitary representation  of G on V, the following conditions are equivalent :
[13, Prop. 9.6, Ch. IX]

(1) Some non-zero K-finite matrix coefficient of x is in L*(G).

(2) All the matrix coefficients of 7 are in L*(G).

(3) The representation 7 is equivalent to a direct summand of the left regular represen-
tation of G on L*(G).

When these conditions are satisfied 7 is said to be square integrable and we say that
n is a discrete series representation. By definition, a discrete series of G is the equiva-
lence class of an irreducible unitary square integrable representation of G.

When 7 is a discrete series representation of G, there exists a positive number d,, such
that

f(ﬂ(x)ul, V) (X, v2) dx = d; (uy, u2)(vy, va)
G

for all uy, uy,vy,v, € V. d, is called the formal degree of 7.

For G compact, every irreducible unitary representation is a discrete series representa-
tion and is finite dimensional. If Haar measure has total mass 1, then the formal degree is
the degree of the representation, by Schur orthogonality. See [13, Section 5 of Chapter I].

If 7 is a discrete series representation of G, then the Plancherel measure for the de-
composition of L?(G) assigns mass d, to the one point set {x} in the unitary dual G and
vice-versa. See [7].

Recall that the rank of a Lie group G 1is, by definition, the dimension of any Cartan
subalgebra of Lie(G).
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Theorem 2.1.6 [/3, Th 12.20, Ch. XII] Let G be a connected semisimple Lie group with
finite centre and let K be a maximal compact subgroup of G. Then G has discrete series
representations if and only if rank (G) = rank (K).

Note that if G admits a discrete series representation, then G cannot be a complex Lie
group, since rank (G) = 2 rank (K).

Let G be a connected semisimple Lie group with finite centre. Let K be a maximal
compact subgroup of G. Assume that rank (G) = rank (K). Denote by g, the Lie algebra
of G and by ¢ C g, the Lie algebra of K. Let g = ¢ @ p be the corresponding Cartan
decomposition. Let t C ¢ be a maximal abelian subalgebra of ¢. Then t is a Cartan
subalgebra of g as well. Let

A = roots of (g%, t©), and

A = roots of (¢, ().

Since root spaces are one dimensional and
[T C¢® and [¢5,p%] €5,

each root space is contained either in ¢* or in p©. The roots in A are called compact or
non-compact accordingly. Clearly A, is the set of compact roots. Let A, be the set of
non-compact roots. That is, A, = A\ A,. Let W, and W, be the Weyl groups of A and A,
respectively. Then W, C W,. Let (, ) be the positive definite symmetric bilinear form on
(it)* induced from the Killing form of g©.

Theorem 2.1.7 [13, Th. 9.20 in Ch. IX, Th. 12.21 in Ch. XII] Let G be a connected
semisimple Lie group with finite centre and K be a maximal compact subgroup of G.
Assume that rank (G) = rank (K). Let A € (it)" be non-singular relative to A, that is,
(A4, a) # 0 for all @ € A. Define A* by

At i={aeA : (1,a)>0} 2.3)
Define A] = A" N A,. Let
= ! Z a and = ! Z 10
pg - 2 a€EAt Pe= 2 aeAT '

If A + p, is analytically integral (that is, A + p, is the differential of a smooth function
on the Cartan subgroup of G corresponding to t), then there exists a discrete series rep-
resentation ©t, of G with the following properties :

(a) 7y has infinitesimal character x , (recall from §2.1.3 that y, is the character of the
Verma module of g© with highest weight A — p,).

(b) m,|x contains with multiplicity one the K-type with highest weight

A=2+p; —2p,.
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(c) If N’ is the highest weight of a K-type in m,|k, then A’ is of the form

N =A+ Z nqa for integers n, > 0.

aeAt

Two such representations m, and nty are unitarily equivalent if and only if 1 = wA’ for
some w € W,.
Upto equivalence these are the all discrete series representations of G.

The A as above, is called the Harish-Chandra parameter and A is called the Blattner
parameter of the discrete series representation i, of G. The positive system A* defined
by the equation (2.4.2) is called the Harish-Chandra root order corresponding to A.

All the parameters wA for w € W, give the same infinitesimal character. According
to the theorem, exactly |W,|/|W,| of the discrete series representations ,,;, are mutually
inequivalent.

2.2 Riemannian symmetric spaces

We follow [10] for this section.

Let M be a connected Riemannian manifold. M is called Riemannian globally sym-
metric if each p € M is an isolated fixed point of an involutive isometry s, of M.

Examples

(i) R" (n > 1) with the usual metric, is a Riemannian globally symmetric space. For
p € R", 5, 1s given by 5,(x) = 2p — x for all x € R".

(i) $" (n > 1) with the Riemannian metric induced from R"*!, is a Riemannian glob-
ally symmetric space. Let vy € S" and {vo, vy, ...,V,} be an orthonormal basis of R"*!
extending vy. Define s,, : R™! — R™! by s, (vo) = vo, 5,,(vi) = —v; (1 < i < n) and
then extend linearly. Then s,,(S") = S" and vy is an isolated fixed point of the involutive
isometry s,,|s» of S".

(iii) The upper half plane = {z € C : Imz > 0} with the Poincaré metric is Riemannian
globally symmetric. For the point i, s; : z — —% is an involutive isometry. Since the isom-
etry group PSL,(R) of the upper half plane acts transitively, so each point is an isolated
fixed point of an involutive isometry.

Let M be a connected Riemannian manifold. Let N, be a neighbourhood of 0 in 7,M
(where 7,M is the tangent space of M at p) such that if v € N, then tv € N, for all
t € [-1,1] and Exp » is a diffeomorphism of N, onto a neighbourhood of p in M (See [10,
Chapter I] or [5, Chapter 3]). Let N, := Exp,N,. For each g € N, there exists a geodesic
¥() in N, with ¥(0) = p and y(1) = g. Put ¢’ = y(-1). Then the mapping s, : N, — N,
defined by g — ¢’ is a diffeomorphism and is called the geodesic symmetry with respect
to p. Note that s,> = Id and (ds,), = —Id. If for every p € M, s, is an isometry, then M
is called a Riemannian locally symmetric space.

If M is a Riemannian globally symmetric space, then for p € M, an involutive isometry
s, 1s the geodesic symmetry on a normal neighbourhood N, of p (that is N, is a neigh-
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bourhood of p defined as above). So there is only one such s, and M is a Riemannian
locally symmetric space. Also M is a complete Riemannian manifold. Let /(M) denote
the group of isometries of M. With the compact-open topology, /(M) is a Lie group and
the action of /(M) on M is smooth. Since M is complete any two points p,g € M can be
joined by a minimal geodesic. If m is the midpoint of this geodesic, then s,(p) = ¢. In
particular /(M) acts transitively on M. Let I,(M) denote the connected component of M.
Since M is connected, Iy(M) itself acts transitively on M. If p € M and K denotes the
isotropy subgroup of Iy(M) at p, then Io(M)/K is diffeomorphic to M. Also K is compact
and there exists an involutive automorphism o : G — G defined by

o(g) = spgs, forall g€ G

such that (K,)y € K C K,, where K, is the subgroup of G of all fixed points of o and
(K)o 1s the connected component of K,;. The group K contains no normal subgroup of G
other than {e}. See [10, Th. 3.3, Ch. IV].

2.2.1 Riemannian symmetric pair

Let G be a connected Lie group and K a closed subgroup of G. The pair (G, K) is called
a Riemannian symmetric pair if

(i) there exists an involutive automorphism o of G such that (K)o € K C K., where
K, is the set of fixed points of o and (K, ), is the connected component of K, and

(i1) Adg(K) 1s compact.

If (G, K) is a Riemannian symmetric pair, then in each G-invariant Riemannian struc-
ture on G/K (such Riemannian structure exist), the manifold G/K is a Riemannian glob-
ally symmetric space. The involutive isometry sy at 0 = eK € G/K is given by

s0(gK) = 0(g)K forall gK € G/K

where o is an involutive automorphism of G such that (K,)g € K C K,. See [10, Prop.
3.4, Ch. IV].

A compact connected Lie group G can always be regarded as a Riemannian globally
symmetric space as follows :
The mapping (g1, g2) — (g2,&1) 1s an involutive automorphism of G X G, whose fixed
point set is G* = {(g,g) : g € G}. Hence the pair (G X G,G") is a Riemannian symmetric
pair. The manifold G X G/G* is diffeomorphic to G via the diffeomorphism given by

(81,82)G" — g182~"

A Riemannian structure on G X G/G"* is G X G-invariant if and only if the corresponding
Riemannian structure on G is invariant under left and right translations. So G is a Rie-
mannian globally symmetric space in each bi-invariant Riemannian structure. See [10,
§6, Ch. IV].

16



2.2.2 Orthogonal symmetric Lie algebra and Riemannian globally
symmetric space

Note that each Riemannian globally symmetric space gives rise to a pair (g, s), where

(i) g is a Lie algebra over R,

(i) s is an involutive automorphism of g,

(iii) €, the set of fixed points of s, is a compactly imbedded subalgebra of g, ! and

(iv) €N 3 = {0}, 3 denotes the centre of g.

A pair (g, s) with the properties (i), (i1), (iii) is called an orthogonal symmetric Lie
algebra. It is said to be effective if, in addition, (iv) holds. A pair (G, K), where G is a
connected Lie group with Lie algebra g and K is a Lie subgroup of G with Lie algebra ¢,
is said to be associated with the orthogonal symmetric Lie algebra (g, s).

Let (g, 5) be an effective orthogonal symmtric Lie algebra. Let g = £ ® p be the decom-
position of g into the eigenspaces of s for the eigenvalues +1 and —1 respectively.

(a) If g is compact and semisimple, (g, s) is said to be of the compact type.

(b) If g is non-compact, semisimple and g = ¢ @ p is a Cartan decomposition of g, then
(g, s) is said to be of the non-compact type.

(c) If p is an abelian ideal in g, then (g, s) is said to be of the Euclidean type.

Let (g, s) be an orthogonal symmtric Lie algebra and suppose the pair (G, K) is as-
sociated with (g, s). The pair is said to be of the compact type, non-compact type or
Euclidean type according to the type of (g, s). Let M be a Riemannian globally symmet-
ric space. Then M is said to be of the compact type, non-compact type or Euclidean
type according to the type of the Riemannian symmetric pair (/o(M), K), K being the
isotropy subgroup of I,(M) at some point in M.

The decomposition of an effective orthogonal symmetric Lie algebra into three others,
which are of the compact type, non-compact type and Euclidean type respectively, leads
to the decomposition of a simply connected Riemannian globally symmetric space M as

M=MyxM_xM,

where M is a Euclidean space and M_ and M, are Riemannian globally symmetric spaces
of compact type and non-compact type respectively. See [10, Prop. 4.2, Ch. V].

Let (G, K) be a pair of non-compact type. Then K is connected, closed and contains
the centre Z of G. K is compact if and only if Z is finite. In this case, K is a maximal
compact subgroup of G. Also the pair (G, K) is a Riemannian symmetric pair. I[f g = ¢®p
is the corresponding Cartan decomposition, then the map ¢ : p X K — G given by

(X, k) = (expX).k for Xep, ke K

is a diffeomorphism. Hence the Riemannian globally symmetric space G/K is diffeomor-
phic with p and so G/K is simply connected. See [10, Th. 1.1, Ch. VI].

! For a Lie algebra g over R, let Int(g) denote the connected Lie subgroup of GL(g) with Lie algebra
adg(g) € End(g). A Lie subalgebra £ of g is called compactly imbedded in g if the connected Lie subgroup
of Int(g) corresponding to the Lie algebra ady(£) is compact. A Lie algebra g over R is called compact if g
is compactly imbedded in itself.
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Note : Since g is semisimple, the Lie algebra ¢ is compact. Hence ¢ can be written as
t = ¢, ® ¢, where the ideals ¢, and ¢, are semisimple and abelian respectively (see [10,
Prop. 6.6(ii), Ch. II]). Let K; and K, denote the corresponding connected Lie subgroups
of K. The group K, can be written as K, = 7 X V, where T and V are connected Lie
subgroups of K, which are isomorphic to the torus and the Euclidean space respectively.
Define K’ := K,T. Then K’ is the unique maximal compact subgroup of K. This group is
also maximal compact in G. See [10, Th. 2.2(i), Ch. VI].

So if G is a connected semisimple Lie group with maximal compact subgroup H and
rank (G) = rank (H), then rank (G) = rank (K’) (where K’ is defined as above), for any
two maximal compact subgroups of a connected semisimple Lie group are conjugate un-
der an inner automorphism of G (see [10, Th. 2.2(ii), Ch. VI]). But rank (K’) = rank (K)—
dim(V). Since rank (K) < rank (G), so rank (G) = rank (K”) implies rank (K) = rank (K").
Hence V = {0} and K = K’. So K is a maximal compact subgroup of G. Therefore the
centre of G is finite.

Let (G, K) be a pair of compact type. Then K is closed. See [10, Prop. 3.6, Ch. IV]. If
K is connected then G/K is a Riemannian globally symmetric space in each G-invariant
Riemannian metric on G/K. See [10, page 349, Ch. VII].

For a Riemannian globally symmetric space G/K, the following theorem describes
I/(G/K) :

Theorem 2.2.1 [/0, Th. 4.1(i), Ch. V] Let (G, K) be a Riemannian symmetric pair and
M = G/K.

Suppose that G is semisimple and acts effectively on the Riemannian globally symmet-
ric space M. Then G = Iy(M) (as Lie groups).

More generally, if G is semisimple and if N denotes the kernel of the action of G on M,
then G/N = Iy(M).

The duality

Let (g, s) be an orthogonal symmetric Lie algebra and let g = ¢®p be the decomposition of
g into the eigenspaces of s corresponding to the eigenvalues +1 and —1 respectively. Let
g© denote the complexification of g. Define g* := ¢ @ ip to be the subspace of g. Then g*
is a Lie subalgebra of g© over R. The mapping s* : T +iX +— T —iX (T € ¢, X € p) is an
involutive automorphism of g*. The pair (g%, s*) is an orthogonal symmetric Lie algebra,
called the dual of (g, s). Then (g, s) is the dual of (g*, s*). If (g, 5) is of the compact type,
(g*, s¥) is of the non-compact type and conversely. If (g;, s1) is isomorphic to (g,, 5,), then
(¢}, s7) 1s isomorphic to (g3, 53). 2 See [10, Prop. 2.1, Ch. V].
The following proposition shows that the non-compact real forms of a complex semisim-

ple Lie algebra g* (up to conjugacy) are in one-one correspondence with the involutive
automorphisms of a compact real form of g© (up to conjugacy).

2(gy, 1) is said to be isomorphic to (g,, 57) if there exists an isomorphism ¢ : g; —> g, such that
$os; =500

18



Proposition 2.2.2 [/0, Prop. 2.2, Ch. V] Let g be a compact semisimple Lie algebra.
Let 51 and s, be two involutive automorphisms of g with corresponding duals g} and g;
respectively. Then s, and s, are conjugate within the group Aui(g) if and only if g| and g
are conjugate under an automorphism of g©.

A pair (G, K)) is called dual to a pair (G,, K>) if the corresponding orthogonal sym-
metric Lie algebras are dual to each other. Let M, and M, be two Riemannian globally
symmetric spaces. M, is called dual to M, if the pairs (Io(M,), K;) and (Io(M>), K,) are
dual to each other, where K; (respectively K5) is the isotropy subgroup of I,(M;) (respec-
tively Io(M;)) at some point in M; (respectively in M5).

Irreducibility

Let (g, s) be an orthogonal symmetric Lie algebra, ¢ and p be the eigenspaces of s for the
eigenvalues +1 and —1 respectively. One says that (g, s) is irreducible if the following
two conditions are satisfied :

(1) g is semisimple and ¢ contains no non-zero ideal of g, and

(i1) the algebra ad, () acts irreducibly on p.

Note that (g, s) is irreducible if and only if the dual (g, s*) is irreducible.

Let (G, K) be a pair associated with g, 5). One says that (G, K) is irreducible if (g, 5) is
so. A Riemannian globally symmetric space M is called irreducible if the pair (I,(M), K)
is irreducible, K being the isotropy subgroup of Io(M) at some point in M. Any simply
connected Riemannian globally symmetric space of the compact type or the non-compact
type is the direct product of irreducible Riemannian globally symmetric spaces of the
same type (the type of M). See [10, Prop. 5.5, Ch. VIII]. Let (G, K) be an irreducible
Riemannian symmetric pair. Then all G-invariant Riemannian structures on G/K coin-
cide except for a constant factor. We can therefore always assume that this Riemannian
structure is induced by +B or —B, where B is the Killing form of g.

The irreducible orthogonal symmetric Lie algebras of the compact type are :
L. (g, s) where g is a compact simple Lie algebra and s any involutive automorphism of
g.
II. (g, s) where the compact Lie algebra g is the direct sum g = g, ® g, of simple ideals
which are interchanged by an involutive automorphism s of g.

See [10, Th. 5.3, Ch. VIII].

The irreducible orthogonal symmetric Lie algebras of the non-compact type are :

I11. (g, s) where g is a simple non-compact Lie algebra over R, the complexification g©
is a simple Lie algebra over C and s is an involutive automorphism of g such that the fixed
points form a compactly imbedded subalgebra.

1V, (g, s) where g = (%,  being a simple Lie algebra over C. Here s is the conjugation
of g with respect to a maximal compactly imbedded subalgebra.

Furthermore, if (g%, s*) denotes the dual of (g, s), then
(g, 8) is of type Il if and only if (g%, s*) is of type I,
(g, 8) is of type IV if and only if (g*, s¥) is of type 1.
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See [10, Th. 5.4, Ch. VIII].

Let M be an irreducible Riemannian globally symmetric space and (g, s) be the orthog-
onal symmetric Lie algebra associated with M. The space M is said to be of type i (i =1,
I, 111, 1V ) if (g, s) is of type i in the notation given above.

Note that the Riemannian globally symmetric spaces of type IV are the spaces G/U,
where G is a connected Lie group whose Lie algebra is g~ where g is a simple Lie algebra
over C, and U is a maximal compact subgroup of G. The Riemannian metric on G|/U
is G-invariant and is uniquely determined (up to a factor) by this condition. Clearly the
Riemannian globally symmetric spaces of type IV are simply connected.

The Riemannian globally symmetric spaces of type Il are the simple , compact, con-
nected Lie groups. The Riemannian metric on a such group is invariant under left and
right translations and is uniquely determined (up to a factor) by this condition. See [10,
Prop. 1.2, Ch. X]. The simply connected Riemannian globally symmetric spaces of type
IT are the simply connected, compact, simple Lie groups with the (up to a factor) left and
right translations invariant Riemannian metric.

The classification of involutive automorphisms of compact simple Lie algebras (up to
conjugacy) leads to the classification of irreducible orthogonal symmetric Lie algebras of
type I and hence of type III (up to isomorphism). These lead to the E. Cartan’s classifica-
tion of simply connected irreducible Riemannian globally symmetric spaces of type I and
111. See [10, Ch. X] for details.

2.3 Hermitian symmetric spaces

We follow [10] for this section.

Let M be a connected complex manifold. A Riemannian structure on M is called
a Hermitian structure if the complex structure on each tangent space is an isometry.
Let M be a connected complex manifold with a Hermitian structure. M is said to be
a Hermitian symmetric space if M is a Riemannian globally symmetric space and for
each point p € M, the involutive isometry s, is holomorphic.

The complex vector space C" (n > 1), the Riemann sphere S2, the upper half plane

with the Poincaré metric are examples of Hermitian symmetric spaces.

Let A(M) denote the set of all holomorphic isometries of M. Then A(M) is a closed
subgroup of I(M). The group A(M) acts transitively on M, since it contains all the sym-
metries. Hence Ay(M), the identity component of A(M), also acts transitively on M.
Therefore M is diffeomorphic to Ao(M)/K, K being the isotropy subgroup of Ao(M) at
some point p € M. Note that the pair (Ao(M), K) is a Riemannian symmetric pair.

Conversely, let (G, K) be a Riemannian symmetric pair and Q be a G-invariant Rie-
mannian structure on M = G/K. Suppose J is an endomorphism of the tangent space
To(M) at 0 = eK such that

() J? = -1d,
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(1) Qo(JX,JY) = Qp(X, Y) for X, Y € To(M),

(ii1) J commutes with each element of Adg(K).
Then J defines a unique complex structure on M such that the action of G on M is holo-
morphic and the induced complex structure on 7o(M) is J, the Riemannian structure Q is
Hermitian and M is a Hermitian symmetric space. See [10, Prop. 4.2, Ch VIII].

For a Hermitian symmetric space M, Ao(M) is not necessarily equals to Io(M). For
example, if M = C?, then Ay(M) and Io(M) are different. But one of the groups Ay(M)
and Iy(M) is semisimple implies the groups are the same, that is Ao(M) = Iy(M) [10,
Lemma 4.3, Ch VIII].

A Hermitian symmetric space M is said to be of the compact type (respectively of
the non-compact type) if the Riemannian symmetric pair (Ayo(M), K) is of the compact
type (respectively of the non-compact type), K being the isotropy subgroup at some point
p € M. A Hermitian symmetric space of the compact type or non-compact type is sim-
ply connected [10, Th. 4.6, Ch. VIII]. A simply connected Hermitian space M can be
decomposed as

M=MyxM_xM,,

where M, = C" for some integer n > 0, M_ and M, are Hermitian symmeric spaces of
the compact type and non-compact type respectively. See [10, Prop. 4.4, Ch. VIII].

Let (g, s) be an orthogonal symmetric Lie algebra and M;, M, be Riemannian globally
symmetric spaces associated with (g, s). It may happen that one of them is a Hermitian
symmetric space but the other is not. For example, the Riemann sphere S? and the two
dimensional real projective space RIP? are associated with the same orthogonal symmetric
Lie algebra. Note that S2 is a Hermitian symmetric space but RP? is not. But there is
exactly one simply connected Riemannian globally symmetric space associated with an
orthogonal symmetric Lie algebra.

Let M be an irreducible simply connected Riemannian globally symmetric space and
(g, s) be the orthogonal symmetric Lie algebra associated with M. Then M is a Hermitian
symmetric space if and only if the fixed point set ¢ of s has non-zero centre. So in
particular, a Riemannian globally symmetric space of type /I or IV cannot be Hermitian
symmetric. If (g, ) is an orthogonal symmetric Lie algebra associated with an irreducible
Hermitian symmetric space, then the centre of the fixed point set ¢ of s is one dimensional.
Any Hermitian symmetric space of the compact type (respectively, non-compact type) can
be decomposed as a product of irreducible Hermitian symmetric spaces of the compact
type (respectively, non-compact type) [10, Prop. 5.5, Ch. VIII].

2.3.1 Bounded symmetric domains

A domain in CV (for some positive integer N) is an open connected subset of CV. A
bounded domain D of CV is said to a bounded symmetric domain if each point p € D
is an isolated fixed point of an involutive holomorphic diffemorphism of D.

If D is a bounded domain, there exists a Riemannian structure coming from the Bergman
metric on D [10, page 369, Chapter VIII] which is a Hermitian structure and, with respect
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to this metric, any holomorphic diffeomorphism of D is an isometry. In fact, any bounded
symmetric domain equipped with the Bergman metric is a Hermitian symmetric space of
the non-compact type [10, Th 7.1(i), Ch. VIII].

Conversely, let M be a Hermitian symmeric space of non-compact type and (go, ) be
the orthogonal symmetric Lie algebra associated with M. Let gy = & @ po be the Cartan
decomposition corresponding to the Cartan involution s. Let ¢, denote the centre of €.
Then ¢y # {0} and we have j3,,(co) = €. Let typ be a maximal abelian subspace of ¢. Then
¢ C to and ty is a Cartan subalgebra of gy. Let g, &, p, t, ¢ denote the complexifications of
90, L0, bo» to, co respectively. Then t is a Cartan subalgebra of ¢ as well as of g. Let

A := the roots of (g,t) and A, := the roots of (¢, t).

Note that A, € A. Let A, := A\ A,. A root is compact (respectively non-compact) if
it is in A, (respectively in A,). Note that a root a is compact if and only if « vanishes
identically on ¢. Choose a basis of icy and extend this to a basis B of it). Now consider
the lexicographic ordering of the dual of ity with respect to the basis B. This ordering will
introduce an ordering of A. Let A* denote the set of positive roots in A with respect to
this ordering. The positive system of A* is defined to be a special positive system. Let

A} = A* N A,. Define
b= Yo and p= Y g

aeA) —aeA
g. being the root space for @ € A. Then p, and p_ are abelian, [¢,p,] C py, [&,p-] C p_ and
p=psDp_.

Let G be the simply connected Lie group with Lie algebra g and Gy, Ko, K, P, P_
be the connected Lie subgroups of G corresponding to the subalgebras gg, £, & py, p-
respectively. Note that M = G(/K,. The map exponential induces a diffeomorphism of
p, onto P, and of p_ onto P_.

The Harish-Chandra decomposition
Note that P, KP_ is an open submanifold of G with Gy ¢ P,KP_, GoKP_ is open in
P.KP_, Gy N KP_ = K, and there exists a bounded open connected subset D of p, such
that
GoKP_ = (expD)KP_.

So there exists a holomorphic diffeomorphism of M = G(/K, onto D.

Let u = ¢ @ ipy be the dual of (g, s) in g and U be the connected Lie subgroup of G
corresponding to the subalgebra u. The mapping uK, — uKP_ is a holomorphic diffeo-
morphism of U/K, onto G/KP_. Therefore the Hermitian symmetric space M = Gy/Kj
is an open submanifold of its dual U/Kj.

2.4 Holomorphic discrete series and Borel-de Siebenthal
discrete series
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2.4.1 Borel-de Siebenthal positive root system

Let (go, s) be an irreducible orthogonal symmetric Lie algebra of the non-compact type
and gy = & @ po be the Cartan decomposition corresponding to the Cartan involution s.
Let g, ¢, p denote the complexifications of g, £, po respectively. Assume that rank (gg) =
rank (). Then note that g is simple. Fix a maximal abelian subalgebra t, of ¢. Then t,
is also a Cartan subalgebra of gy. Let t be the complexification of t,. The construction
of Borel-de Siebenthal [2] provides a positive root system of (g, t) known as a Borel-de
Siebenthal positive system such that the corresponding simple system ¥ contains exactly
one non-compact root v and the coefficient of v in the highest root 4 when expressed as a
sum of simple roots is 1 or 2. Let n,(a) denote the coefficient of the non-compact simple
root v in a root @ when expressed as a sum of simple roots.

If the orthogonal symmetric Lie algebra (g, 5) is associated with a Hermitian symmet-
ric space, thenn,(u) = 1, ¢ = t@upand p = u_; Suy, where w; = 3, )= g0 for -1 <i <1,
g. being the root space for the root @ of (g, t). Note that ¥ \ {v} is a simple root system of
(&, ).

Otherwise, n,(u) = 2, ¢ = u, ®t®u and p = u_; ® uy, where u; = >, ,)_; g, for
-2 <i < 2. Inthis case, (‘¥ \ {v}) U {—u} is a simple root system of (¢, t).

Note : In the first case, a positive root system of (g, t) is a special positive system if
and only if it is a Borel-de Siebenthal positive system.

Conversely, let g be a complex simple Lie algebra. Choose a Cartan subalgebra t of g
and a simple root system of (g, t). Let u denote the highest root.

If there exists a simple root v such that n, (1) = 1, then g = u_;®Idu;, where [ = t®uy, the
u; are defined as above. Define ¢ := rand p := u_; ®u,. Note that rank (¢) = rank (g). There
exists a unique (up to an inner automorphism of g) irreducible orthogonal symmetric Lie
algebra (go, s) of the non-compact type such that g and ¢ are the complexifications of g
and ¢ respectively, €, being the fixed point set of s. Also the chosen simple root system
is the simple system of a Borel-de Siebenthal positive system of g, with the non-compact
simple root v. The orthogonal symmetric Lie algebra (g, s) is associated with a Hermitian
symmetric space.

If there exists a simple root v such that n,(u) = 2, then g = u_, @u_; & [ u; & uy, with
[=tDuy. Define t :=u_, ®[Du, and p := u_; ®uy. Like as above, rank (¥) = rank (g) and
there exists a unique (up to an inner automorphism of g) irreducible orthogonal symmetric
Lie algebra (go, s) of the non-compact type such that g and ¢ are the complexifications of
go and & respectively, ¢, being the fixed point set of s. The chosen simple root system is
the simple system of a Borel-de Siebenthal positive system of gy with the non-compact
simple root v. In this case, &, is semisimple.

2.4.2 Holomorphic discrete series

Let Gy be a connected non-compact semisimple Lie group with finite centre and K, be a
maximal compact subgroup of Gy. Then (G, K) is a pair of non-compact type. Let g, €&
denote the Lie algebras of G, and K|, respectively. Let gy = € @ py be the corresponding
Cartan decomposition. Assume that G,/ K, is a Hermitian symmetric space. Let ¢y denote
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the centre of €. Then ¢y # {0} and 3,4,(co) = £. Let ty be a maximal abelian subspace of ¢,.
Then as in §2.3.1, t; is maximal abelian in gy. Let g, &, p, t, c denote the complexifications
of go, £, po, to, co respectively. Then t is a Cartan subalgebra of ¢ as well as of g. That is
rank (G) = rank (Kj) so that G, has discrete series representations. As in §2.3.1, let A*
be a special positive system of (g, t). Let A] and A} denote the set of all positive compact
roots and positive non-compact roots respectively. Define p, := %Z%N a. Suppose
A € t* is analytically integral such that

(A,ay =20 forall a € Ay and (A+p,,B)<0 forall BeA]. 2.4)

where ( , ) denote the positive definite symmetric bilinear form on (ity)* induced from the
Killing form of g.

Note that A + p, is non-singular and is a Harish-Chandra parameter of a discrete series
representation 7, of Go which is called a holomorphic discrete series representation
of Gy. The Harish-Chandra root order corresponding to A+p, is A{UA,, where A, = —A}.

n?

) 1
Therefore the Blattener parameter of ma,,, is A + pg + 3 Z a— Z a = A (see
@EATUA, el

Theorem 2.1.7(b) in §2.1.4).

The space of Ky-finite vectors of a holomorphic discrete series representation 7., is
described as @,0EA @ S"(p_), where E is the irreducible Kj-representation with highest
weight A, p_ = X ,en- 00 @8 in §2.3.1 and S"(p-) denotes the n-th symmetric power of p_.
See [8] and also [20]. Hence the (g, Ko)-module associated with 7., is the irreducible
quotient of the Verma module of g with highest weight A with respect to the positive
system A*.

2.4.3 Borel-de Siebenthal discrete series

In this section we describe Borel-de Siebenthal discrete series. The notations introduced
here will be used from Chapter 3 onwards unless otherwise stated explicitly.

Let Gy be a simply connected non-compact real simple Lie group with maximal com-
pact subgroup K,. Assume that

(i) rank (Gy) = rank (Kj) (hence G, has discrete series representations), and

(i1) Go/ Ky is not Hermitian symmetric that is, Kj is semisimple.
Let go, & denote the Lie algebras of Gy, K, respectively and gy = & @ py be the cor-
responding Cartan decomposition. Let t, be a Cartan subalgebra of ¢, which is also a
Cartan subalgebra of gy. Let g, ¢, p, t denote the complexifications of gg, €y, po, to respec-
tively. Let A be the root system of (g, t), A" C A be a Borel-de Siebenthal positive system
and YV the set of simple roots. Let @ € A be any root and let n,(«@) be the coefficient of v
(the non-compact simple root) when « is expressed as a sum of simple roots. Note that
n,(u) = 2, where u denotes the highest root. One has a partition of the set of roots A
into subsets A;,i = 0,+1,+2 where A; C A defined to be {a € A | n,(@) = i}. Note that
Ay = ApUAUA_; and A, = A; U A_;, where A, and A, are the set of compact roots
and non-compact roots respectively. Define q := [® u_; ® u_,, where [ = t ® ug, the u;
are defined as in §2.4.1. The Killing form B of g determines a positive definite symmetric
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bilinear form { , ) on (itg)* which is normalized so that {v,v) = 2. Let v* € (ity)* be the
fundamental weight of (g, t) corresponding to the simple root v of ¥ and A, € ity be such
that v*(h) = (h, h,-) for all h € ity. Then the centre of I is Ch,.. Let G denote the simply
connected complexification of Gy. The inclusion i : gy <= g defines a homomorphism
p: Gy — G. Let Q, L, K be the connected Lie subgroups of G corresponding to the
subalgebras q, [. £ respectively.

Note that ¢ = 1®uy ®u_,. Let = Adg(exp %”hv*) = exp(adg(%rhv*)) € Aut(¥). Since

adé(%hv*)(X) —0 forall Xei and

ade(%hv*)(Y) = inY for Y € w,
= —inY for Y € u_,.

We have 6(X) = X forall X e rand 8(Y) = =Y for all Y € u, ® u_,. Hence 6> = Id. Notice
that %Thv* € ¢y. Therefore 6(t)) C &y and (&, 6l,) is an orthogonal symmetric Lie algebra
of the compact type. Let Iy be the set of fixed points of 8,,. Then I is a real form of I. Let
Ly be the centralizer in K|, of the circle subgroup S, := {exp(ith,-) : t € R} of K. Then
Ly is connected and Lie(Lg) = [y. Define Ly := p(Ly).

The Borel-de Siebenthal discrete series of G, whose systematic study was carried out
by @rsted and Wolf [18], is defined analogously to the holomorphic discrete series as
follows: Let y be the highest weight of an irreducible representation E, of Ly such that
Y + p, is negative on A; U A,. Here p, denotes half the sum of roots in A*. The Borel-de
Siebenthal discrete series representation r,., is the discrete series representation of
G for which the Harish-Chandra parameter is y + p,.

Let E(lc denote the simple ideal of ¢ that contains the root space g,. It is the complex-
ification of the Lie algebra ¢; of a compact Lie group K; which is a simple factor of K.
It turns out that uy,u_, C B(IC. Let & be the ideal of ¢, such that ¢, = & @© &. We let
[? = E;C N1, j = 1,2. Note that & = [ and so [ is semisimple. Thus the centre of I is con-
tained in [(1C. Let L; C K be the centralizer of S, C K. Then L; C Ly and Lie(L;) =: [; is
a compact real form of . Let K be the connected Lie subgroup of K, with Lie algebra
t,. Then Ky = K; X K; as K is simply connected. Also Ly = L; X K. It will be convenient
to set L, := K.

The map p : Gy — G defines a smooth map Gy/Ly, € G/Q, since [, C g. Since
dimg(Gy/Ly) = dimg(u; +u) = 2dimc(G/Q), we conclude that Gy/ Ly is an open domain
of the complex flag variety G/Q. Note that one has a fibre bundle projection Gy/Ly —
Go/ K, with fibre K/ L. Note that K,/L is a Riemannian globally symmetric space which
is isomorphic with the complex flag variety K/(KNQ). With this complex structure, K,/ L
is a Hermitian symmetric space. Since Ky/Ly = K;/L,, it is irreducible. We shall denote
the identity coset of any homogeneous space by 0. The holomorphic tangent bundles of
Ko/Ly and G/Q are the bundles associated to the Ly-modules u, and u; & u, respectively,
since we have the isomorphisms of tangent spaces 7,Ky/Ly = w, and 7,G/Q = u; @ u,
of Ly-modules. Hence the normal bundle to the imbedding K,/Ly, < G/Q is the bundle
associated to the representation of Ly on u.
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We regard any L, representation as an L-representation via the covering projection
pl,- Any Ly-representation we consider in this thesis arises from an Lj-representation
and so we shall abuse notation and simply write Ly for Ly as well. Define Y := K/ L.

We recall the following result due to Parthasarathy [19] (see §2.4.4 below) and Orsted
and Wolf [18]. Let y be the highest weight of an irreducible finite dimensional complex
representation of Ly on E, and suppose that (y + p,, @) < Oforall @ € A; U A,.

Theorem 2.4.1 (Parthasarathy [19], Orsted and Wolf [18]) The Ky-finite part of the
Borel-de Siebenthal discrete series representation w,,,_ is isomorphic to ®,>0H*(Y;E, ®
S™(u_y)) where s = dimY and moreover, it is K,-admissible.

The K;-admissibility of the Borel-de Siebenthal discrete series also follows from the
work of Kobayashi [15] who obtained a criterion for the admissibility of restriction of
certain representations to reductive subgroups in a more general context.

The set A, is the root system of ¢ with respect to the Cartan subalgebra t for which
(P\{v})U{—u} is a set of simple roots defining a positive system of roots, namely, AjUA_,.
On the other hand (¢, t) inherits a positive root system from (g, t), namely, Aj := A5 U A;.
Let € denote the lowest root of A, (so that 8 > € for all B € A,). Then ¥, := (W \ {v}) U {€}
is the set of simple roots in A}.* Lemma 2.4.2 brings out the relation between these two
positive system. Also A := Ay is the root system of ([, t) for which ¥, := ¥ \ {v} is the set
of simple roots defining the positive system A; := AJ. Let w! (respectively, w?) denote
the longest element of the Weyl group of (¢, t) (respectively, of (I, t)) with respect to the
positive system A} (respectively, A[").

Write y = yo + tv*, where (yy, v*) = 0. The assumption that y is an [-dominant integral
weight and that y + p, is negative on positive roots of g complementary to those of [
implies that 7 is ‘sufficiently negative’. That is, 7 is real and it satisfies the conditions (see
[18, Theorem 2.12]): #

1< =1/2(y0 + pgpty and 1 < —(yo + pg, W[ (V). (2.5)

The adjoint action of L; on g yields Ly-representations on u;,i = *1,+2, which are ir-
reducible. The highest (resp. lowest) weights of u_,u_y, j = 1,2, are —e, —v (resp.
—U, w?(—v)) respectively. Let € € (ity)" be the fundamental weight of (¢, t) corresponding
to the simple root € of the simple system ¥, and let wy := wiw?.

Lemma 2.4.2 (i) € = ||€|]>v* /4.

(ii) wy(A§ U Ao) = AT U Ay, W = wy((P\ VD) U {—u}).

(iii) If A € ¢, then A = X' + av* where a = (A, V*)/|V*|> and A’ € (¢ N [1, ()" = {(v*}*.
(iv) The sum Y e, B = c€* where ¢ = s|l€*|1?/2llell> (with s = |A,|) is an integer:

3@rsted and Wolf [18] denote by W¢ the set (¥ \ {v}) U {—u}.
4The decomposition of y = ¥ + #v* used in [18, Theorem 2.12] is different.
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Proof: We will only prove (iv), the proofs of the remaining parts being straightforward.

Observe that if E is a finite dimensional representation of [, then the sum A of all
weights of E, counted with multiplicity, is a multiple of €*. This follows from the fact
that the top-exterior AY™£)(E) is a one dimensional representation of [ isomorphic to C,.
Applying this to u,, we obtain that > 5.4, 8 = ce”. Clearly c is an integer since the 3 are
roots of € and s0 Y 54, B is in the weight lattice of ¢. 0

2.4.4 Realization of Borel-de Siebenthal Discrete Series from
Parthasarathy’s Construction in [19]

Here we give a brief description of Parthasarathy’s [19] results on his construction of cer-
tain unitarizable (g, Ky)-modules, which includes those associated to the Borel-de Sieben-
thal discrete series. We also explain how to obtain the description of Borel-de Sieben-
thal discrete series due to @rsted and Wolf as Borel-de Siebenthal discrete series from
Parthasarathy’s results.

Let Gy be a non-compact real semisimple Lie group G, with finite centre and let K|
be a maximal compact subgroup of Gy. Assume that G, contains a compact Cartan sub-
group Ty C Kj. Let P be a positive root system of (g, t) and let p, (resp. p_) equal }; g,
where the sum is over positive (respectively negative) non-compact roots. Suppose that
[p+, [P+, p+]] = 0. Let B denote the Borel subgroup of K = Kéc such that Lie(B) = t® ). go
where the sum is over positive compact roots. Let P, and P, denote the set of compact
and non-compact roots in P respectively.

Write p = (1/2) 3 ,p @ and we, w, the longest element of the Weyl groups of ¢ and g
with respect to the positive systems P, and P respectively. Let A be the highest weight of
an irreducible representation of K, such that the following “regularity" conditions hold:
(i) A + p is dominant for g, and, (ii) H/(K/B; A%(p_) ® L12,) = 0 forall 0 < j < d,0 <
q < dimp_ where d := dim¢ K/B and L, denotes the holomorphic line bundle over K/B
associated to a character @ of T extended to a character of B in the usual way. From [11,
Lemma 9.1] we see that condition (ii) holds for A since [p., [p+, p+]] = 0. Parthasarathy
shows that the ¢&-module structure on @,,-0H%(K/B; L 1+2p ® 8™ (p.)) extends to a g-module
structure which is unitarizable.

Suppose that A + p is regular dominant for g so that condition (i) holds. Then, the
g-module @,,50H*(K/B; L 1420 ® $™(py)) s the Ky-finite part of a discrete series represen-
tation r with Harish-Chandra parameter A + p and Harish-Chandra root order P. The
Blattner parameter is A + 2p,.. See [19, p.3-4].

Now start with a Borel-de Siebenthal positive system A" where G is further assumed
to be simply-connected and simple. Assume also that Gy/Kj is not Hermitian symmetric.
The Harish-Chandra root order for the Borel-de Siebenthal discrete series mr,., is Aj U
A_jUA_,. The Blattner parameter for 7, ., is y+ > gea, 8. Thus, setting P := ATUA_jUA_,,
we have P, = A_q, p, = u_y and [p,, [p+, p+]] = O holds.
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Finally, we have the isomorphism [19, equation (9.20)]
HY(K/B; Ly, ® S™(p1)) = H (Y3 Epiap, @ By ® S"(p1))

of K-representations where k = ) 5.4 , 8. Note that [E, is the canonical line bundle of Y.
From Parthasarathy’s description of the K,-finite part of the discrete series representation
7.+, and using the above isomorphism we have

= @uz0H (K/B; L 112 ® S"(p,))
= EBmZOI_IS(Y; IEj/l+2pn ® EK ® Sm(]ﬁ—))
eamZO[_IS(Y; IE:/l+2p,,+/< ® Sm(p+))
SnoH (V5 E, ® S"(u_1))

(T[/l+p)1(0

where y := A + 2p, + k. Note that y + p, = A + 2p,, + k + p; = A + p. Therefore, by [18],
the module in the last line is the Ko-finite part of 7., . Hence we see that Parthasarathy’s
description of (r,., )k, agrees with that of @rsted and Wolf.

2.5 A theorem of Schmid

Let go be a non-compact simple Lie algebra over R with g := the complexification of gy,
is simple. Let gy = & @ po be a Cartan decomposition with the corresponding Cartan
involution sy. Then (go, o) is an orthogonal symmetric Lie algebra of type I/I. Assume
that ¢y := 3¢, 1s non-zero. Let G be a connected Lie group with Lie algebra gy and K, be
a Lie subgroup of G corresponding to the subalgebra ¢,. Then the orthogonal symmetric
Lie algebra (g, s¢) is associated with the irreducible Hermitian symmetric space G/ Ky
of the non-compact type. Let t, be a maximal abelian subalgebra of ¢. Then ¢y C t
and t( is a Cartan subalgebra of gy. Let ¢, p, t, ¢ denote the complexifications of €, po, to,
¢o respectively. Let A := the set of non-zero roots of (g,t) and A, A, denote the set of
compact and non-compact roots in A respectively. Let A* be a special positive system of
A as in §2.3.1 with ¥ := {1, ¥, - - - ¥,,}, the set of simple roots in A*. Then ¥ contains
exactly one non-compact root, say €. Let Ay := A* N Ay and A} := A* N A,. Let u denote
the highest root of g. Then u € A. Define p; := Ygen+ gp and p_ 1= 3 _gear gg. We have
py, p_ are abelian; [&,p,.] C p,, [&,p_] Cp_and p = p, ®p_. Infact p, and p_ are irreducible
Ky-modules with highest weights u and —e respectively. Let (, ) be the positive definite
symmetric bilinear form on (ity)* induced from the Killing form of g. Let 8;, B> € —(A)).
Then (;, 3, are called strongly orthogonal roots if 5, + 5, and 5; — 3, are not roots of
(g,t). Since p_ is abelian, 8; + 3, is not a root. Hence f3; is strongly orthogonal to 3, if
and only if (81,B2) = 0. Let I' be a maximal set of strongly orthogonal roots in —(AY).
The cardinality of I' equals the rank of G(/Kj, that is, the maximum dimension of the
Euclidean space that can be imbedded in Gy/K as a totally geodesic submanifold. See
[10, §6 of Chapter V, Cor. 7.6 of Chapter VIII].

We now consider a specific maximal set I' ¢ —(A}") of strongly orthogonal roots whose
elements vyy,...,7Y, are inductively defined as follows. Fix an ordering of the simple
roots in A* and consider the induced lexicographic ordering on A. Now let y; := —¢,
the highest root in —(A}). Having defined 1, ..., 7;, let y;;; be the highest root in —(A?)
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which is orthogonal to y;, 1 < j < i.

Denote by E, the irreducible Kj-representation with highest weight y. We have the
following decomposition theorem due to Schmid [22], which is a far reaching general-
ization of the fact that the symmetric power of the defining representation of the special
unitary group is irreducible. See [14, Theorem 10.25].

Theorem 2.5.1 (Schmid [22]) With the above notations, one has the decomposition S™(p_)
as an Ky-representation

Sm(p—) = e9Eanq+~-+a,y,

where the sum is over all partitions a; > --- > a, > 0 of m. O

Let € be the fundamental weight corresponding to the non-compact simple root € and
¢* be the dual space of ¢. Note that ¢* = Ce*. Hence E, is one dimensional precisely when
v = ke* for some integer k. Now we see from the above theorem that S™(p_) admits a
one dimensional Kj-subrepresentation precisely when there exists non-negative integers
a; > -+ > a, > 0 such that } ayy; = coe* for some constant ¢y. The first part of the
following proposition gives a criterion for this to happen.

Proposition 2.5.2 (i) LetT" = {y1,...,7y,} be the maximal set of strongly orthogonal roots
obtained as above. Let wg denote the longest element of the Weyl group of (g,t) with
respect to the positive root system A*. Suppose that wg(—e) = €. Then ) i, vi = —2€".
Conversely, if ), <<, aiyi is a non-zero multiple of € where a; € Z, then a; = a; Y1 <
i,j<r and, wg(e) = —¢

(ii) Moreover, for any 1 < j < r, if the coefficient of a compact simple root « of g
in the expression of ,1<;<;Yi is non-zero, then ... ;v is orthogonal to a (without any
assumption on w).

Proof: Our proof involves a straightforward verification using the classification of irre-
ducible Hermitian symmetric pairs of non-compact type. See [10, §6, Ch. X]. We follow
the labelling conventions of Bourbaki [4, Planches I-VII] and make use of the description
of the root system, especially in cases E-III and E-VII. Note that —wg induces an automor-
phism of the Dynkin diagram of g. In particular, —wg(e) = € when the Dynkin diagram of
g admits no symmetries.

Case A III: (go, ty) = (su(p, q), s(u(p) X u(g))), p < q. The simple roots are ¥; = & — &;11,
1<i<p+qg-1.1f p+qg>2,then —wg induces the order 2 automorphism of the Dynkin
diagram of g, which is of type A,,,_;. Thus —wg(t/l i) = Ypig-j in any case. The simple
non-compact rootis € = i, = £,—&,41, all other simple roots are compact roots. Therefore
—wg(gl/p) = ¢, if and only if p = g. On the other hand, the set of negative non-compact
roots —(Ay) ={gj—¢g |1 <i<p<j<p+qglandl ={y;:=¢p;—¢€p_jr1 | 1 < j<p}
If p=g,then X1 e, Vi = Xicjeg Eprj — 2ia<j<p Ep-j+1- Using the fact that 3,y & = 0,
we see that X0, 7, = —2(X1<j<p &) = —2€"if p = q.
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For the converse part, assume that };;a;y; = me*,m # 0. It is evident when p < ¢
that ) a;y; is not a multiple of €* (since &,,, does not occur in the sum). Since the
¥j»1 £ j < p, are linearly independent, the uniqueness of the expression of €* as a linear
combination of the y; implies that a; = a, for all j.

To prove (ii), note thaty; = —eand y; = —(e+y_ju1 +-+Yp1 +Ypi+- - +Ypijo1),
2 < j < p. So the only compact simple roots whose coeflicients are non-zero in the
expression of ., vi(j > Darey; (p—j+1 <i<p+j-1,i+# p). Note that
Di<i<jYi = —(Epjur + o+ &, — Epy1 — - — &,1;). Hence (X4 vi-¥i) = 0 for all
p—j+1<i<p+j-1,i#p.

Case D III: (so*(2p),u(p)), p > 4. The simple roots are ; = & — €41, | <i < p—-1and
Y, = €51 + &,. In this case the only non-compact simple root € = , = g, + &,; € =
(1/2)(X1<j<p €5)- The set of non-compact positive roots is A; = {g; +¢; | 1 <i < j< p}
and I' = {y; = —(gp2js1 + €p2j2) | 1 < j < Lp/2]}. S0 X1cjpny v = —2€ if pis even.
On the other hand wg maps € to —e precisely when p is even.

When p is odd, it is readily seen that };; a;y; is not a non-zero multiple of €* since &
does not occur in the sum.

To prove (ii), note that y; = —eand y; = —(€+ Y p2js1 + 2 pnjio + -+ 20, 0+ p_1),
2 < j < |p/2]. So the only compact simple roots whose coefficients are non-zero in the
expression of >, vi(j > Darey; (p—2j+1 <i < p—1). Note that },,.;vi =
—(&p-2js1 + -+ ). Hence (X ic;vi i) =0forall p-2j+1<i<p-1.

Case BD I (rank= 2): (so(2, p),s0(2) X so(p)),p > 2. We have € = Y| = &1 — &,€" = &

and wi(e) = —e. Now A = (g1 +¢; | 2 < j < p} U (e} if pis odd and is equal to
leiteg; |2 < j<p}if piseven. Forany p,I' = {y; = —(&/ — &), ¥, = —(&1 +&)}. Clearly
aryi + ayy, = me” if and only if a; = a,. Since in this case rank is 2 and y; + y, = —2¢€",

(if) is obvious.

Case C I: (sp(p,R),u(p)), p = 3. The simple roots are ; = & — €11, 1 <i < p—-1and
Y, = 2¢,. Wehave € = 2g,,€" = 3, &), and wi(e) = —e. Also A} = {g;+¢&; |1 <i <
J < p}. Therefore I" = {y; := =2¢, ;;1 | | < j < p}. Evidently }’,;.,v; = —2€".

The converse part is obvious in this case.

To prove (ii), note that y; = —eand y; = —(€ + 2¢,_ju1 + -+ 2¢p_1), 2 < j < p.
So the only compact simple roots whose coefficients are non-zero in the expression of
2a<i<iYiG> Darey; (p—j+1<i<p-1). Notethat 3 ,.;¥i = —2(gp-j11 + -+ + &)).
Hence (3 1.<;vis i) =0forallp— j+1<i<p-1

Case E 11I: (¢6.-14,50(10)®s0(2)). The simple roots are y; = (1/2)(eg—&s—7+&1—2—&3—
&4 —85), lﬂg =&+ &, I,[/3 =& —&1, lﬂ4 = &3 — &y, (//5 = &4 — &3, lﬂ6 = &5—&4. In this case the
rankis 2, e =y = (1/2)(eg—eg—€7+€1— &y — €3 —&4—&s), and € = (2/3)(eg — &7 — &¢).
We have —wi(e) = ¢ # €. Now Ay = {(1/2)(g5 — &7 — €6 + Li<ics(—1)*Vg) | s() =
0,1, s(i) = 0 mod 2}. There are five roots in A_, which are orthogonal to y; = —e.
Among these the highest is vy, = —(1/2)(eg — &6 — &7 — €1 + & + & + &4 — &s). Thus
I' = {y1,v2}. Now ayy, + ayy, is not a multiple of € for any a;,a, > O unless a; = a, = 0.
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NOte that ')/2 = —(6 + lpz + 2{#3 + 2{#4 + lpS), ’)/1 —+ ’)/2 = —(88 — & — & — 85). Hence
(y1 +y2,:) =0forall2 <i<5.

Case E VII: (¢7-25,¢6 ® s50(2)). The simple roots are | = (1/2)(es —&6 —&7 + & — & —
E3— &4 — &) Yn = E1+E,Y3 = & — &L, Yy = & — &, s = &4 — &3, = &5 — E4,Y7 =
& — &s. In this case rank= 3, € = 7 = g5 — &5,€" = &6 + (1/2)(e5 — &7), w(g(—e) = €
A ={es—€j,66+€,1 < j <5 U{gg — & U{(1/2)(e5 — &7 + €6 + Ni<jes(—1)'Vg)) |
s(/))=0,1,%;5(j)) = 1 mod 2}. Now I' = {y; = &5 — &6, 72 = —&5 — &6, Y3 = &7 — &g} and
we have y; + ¥, + y3 = —2€". The converse part is easily established.

We have Yo = —(€+l//2 +lﬂ3 +21ﬂ4 +2I7[/5 +2lﬂ6), Yi+y2 = —286. Hence <’)/1 + Y2, lﬂ,> =0
forall 2 <i<6. Alsoy; + vy, +y3 = =2€". So (ii) is proved. 0

As a corollory we obtain the following.

Proposition 2.5.3 Suppose that Gy and K, are as above and K| be the connected Lie
subgroup of Ky corresponding to the semisimple ideal [¢, t] of t. Let r,,, be a holo-
morphic discrete series representation of Gy, where p, = % Daen+ @ If wg(e) = —¢, then
the Ko-finite part (mty,, )k, Of Ty1p, is not Kjg-admissible. Conversely, if a holomorphic
discrete series representation ., of Go is not Kj-admissible, then wg(e) = —€.

Proof: One has the following description of (1, )k, due to Harish-Chandra: (., )k, =
Sp=0Ey ® S™(p-). Suppose that wg(e) = —e€. Then by Proposition 2.5.2 and Schmid’s the-
orem 2.5.1 we see that E, ® E_, occurs in (m,., )k, for infinitely many values of a.
Since E_. is one dimensional, it is trivial as an K -representation. Hence (7., )k, is not
K{-admissible.

Conversely, since m,,, is not K)-admissible, in view of Proposition 5.1.1 we have,
(y1p, )k, 18 nOt Kj-admissible. Suppose that wg(—e) # €. Any Kj-type in (7, )k, 18 of
the form Ey ;.. (considered as Kj-module) for some weight « of E,. Since the set of
weights of E, is finite, (7,4, )k, 18 not K| admissible implies S “(p_) is not K admissible.
If Ey ;) = Ex s,y as Kj-modules, then Y (a; — b;)y; is a multiple of €*. Proposition 2.5.2
implies thata; = b;,1 < j<r. 0

We conclude this section with the following remark.

Remark 2.5.4 Let I' be the set of strongly orthogonal roots as in Proposition 2.5.2 and
suppose that wi(e) = —e. Then:

(i) It follows from the explicit description of I' in each case that wo(y,) = y,.1-;, =
-wo(yj),1 < j < r, where wg is the longest element of (¢,t) with respect to the posi-
tive system Ay and wo = wiw{. In particular —u € T.

(ii) For any w in the Weyl group of (¢, t), X er W(¥) = W(Xer ¥) = —2w(e*) = —2€".

(iii) Note that ||y,|| = ||€]], 1 < i < r. This property holds even without the assumption that
wi(e) = —e.
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2.6 Littelmann’s path model

Although Littelmann has constructed his path model in the generality of complex sym-
metrizable Kac-Moody algebras, we shall contend ourselves with the finite dimensional
case. Let g be a finite dimensional complex semisimple Lie algebra and h a Cartan
subalgebra of g. Let X denote the weight lattice of (g,h) and ( , ) be the positive def-
inite symmetric bilinear form on X ®; R induced from the Killing form of g. By a,
say, closed interval [a,b] C Q, we mean the set {f € Q : a < t < b} and define
IM:={n:[0,1] — X®; Q : x is piecewise linear with 7(0) = 0}. Two paths in IT are
considered equivalent if one can be obtained from the other by a piecewise linear order
preserving reparametrization of the interval [0, 1]. (We regard members of II as equiva-
lence classes of paths.) Let A* be a positibe root system of (g, h) and ¥ the set of simple
roots in A*. For an element w of the Weyl group W of (g, h) and a path 7 € I, let w(rr) be
the path given by w(m)(¢) := w(n(¢)) for all ¢ € [0, 1]. Let 7y, 1, € II. The concatenation
of two paths 7, and 7,, denoted by 7 * 7, is defined by

« 70o(1) 1= m1(21) if0<tr<1/2and?t€Q;
TR ) +m@e-1), if1/2<r<landreQ.

For @ € ¥, the Littelmann’s root operators ¢, and f, on Il will be defined now. For that,
let 7 € IT and A, : [0, 1] — Q be the function defined by

2n(1), @)
(@, )

Let m, = min{h,(¢) : t € [0, 1]}. Then m, is attained by #A,.

h, (1) := for t € [0, 1].

Definition of ¢, : Let #; € [0, 1] be minimal such that £,(¢;) = m,,.

If m, < -1 thatis, h,(0) — m, > 1; fix ty € [0, #;) maximal such that A4,(f) > m, + 1 for
t € [0,1]. Note that h,(ty) = m, + 1, h.(t;) = m,, and for any € > 0O, there exists t €
(o, to + €) such that m, < h,(t) < m, + 1. Choose a partition 7y = 5o < 51 < -+- < §, = 11
of ¢y, t1] such that either

(1) ho(si-1) = ho(s;) and hy(2) = ho(si-1) for t € [s;-1, 5:], or

(i1) h, 1is strictly decreasing on [s;_1, s;] with h,(f) > h,(s;—;) fort < s;_4.

Setting s_; := 0, s,41 := 1 and m;(¢¥) := n(s;—; + 1(s; — 5;-1)) — w(s;_y) for all ¢ € [s,_1, 57],
forO<i<r+1;wehavem =my*m %% Tppq.

Define .
eu () 1= { 0 if m, > -1, (2.6)

Mo *1M %M %+ %1, %m,, otherwise;

where n; = n; if h, is asin (i) and n; = s, () if h, is as in (i1).

[si-1,5i] Si-1,5i

Definition of f, : Let #, € [0, 1] be maximal such that A, (7)) = m,,.

If h,(1) = m, > 1, fix t; € (ty, 1] minimal such that A,(t) > m, + 1 for t € [#,1].
Note that h,(t)) = mg, ho(t;) = m, + 1, and forany #; — #p > € > 0, there exists t €
(to,t; — €) such that m, < h,(t) < m, + 1. Choose a partition 7y = 5o < 51 < -+ < §, = 11
of [y, t1] such that either

(1) ho(si-1) = ho(s;) and hy(f) > ho(si-y) for t € [s;-q, s;], or
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(ii) h, is strictly increasing on [s;_1, s;] with h,(t) > h,(s;) for t > s;.
Setting s_1:=0, 5,4 :=1 and ﬂi(t) = 7T(Sl'_1 + t(S,' — S,'_l)) — 7T(Sl'_1) forall ¢t € [si1, sil,
forO<i<r+1;,wehavem =m*my * % Tppq.
Define

0 if h,(1) —m, < 1,
o %My %1 % -+ %M, %, otherwise;

Ja(m) = { (2.7

where n; = m; if h, is as in (i) and n; = s,(m;) if A, is as in (ii).

[si-1,5i] [si-1,5i]

2.6.1 Some properties of the root operators

1. If e, # 0, then e, (1) = m(1) + @. Similarly if f,7 # 0, then f,n(1) = n(1) — a.

2. If e, # 0, then f,e,m = mand if f,m # 0, then e, f,m = 7.

In fact if e,(r) # 0, then for the path e,7, the minimum value of the function e

2 @ 1 ) . -
defined by ¢ w is g + 1. Therefore fiy(1) = (g + 1) = hy(1) +2 —my — 1 =
a,
ho(1)—m,+1 > 1, since m, is the minimum value of the function A,. So f,e,m # 0. Note

that if 7, and #, are as in the definition of e,, then #, is maximal such that A, (z)) = m, + 1
and #; € (ty, 1] is minimal such that h,(f) > m, + 2 for t € [#;, 1]. In the interval [z, #,],
the behaviour of the function /, is as in (i) or (ii) (in the definition of f,) according as h,
behaves as in (i) or (ii) (in the definition of e,). Hence f,e,m = 7.

The proof of the other part is similar.

2(n(1
3.enr =0ifand only if n > |m,| and f!n = 0 if and only if n > w — My,
a,a
4. Let 7 € II be such that 7(1) € X. Let n; and n, be maximal such that e}'7 # 0 and
2(n(1
foim # 0. Then M =n, —n.
(@, @)

5. e, = O for all @ € V¥ if and only if the image of the path r shifted by p that is, Im(p + )
is contained in the interior of the dominant Weyl chamber, where p = % DA+ @.

See [17] for further properties of the root operators.

Let A be a dominant integral weight and 7 € I1 be a path such that 7(1) = A and Im(7) is
completely contained in the dominant Weyl chamber. For such a r, let B, denote the set of
all non-zero paths in I1 by applying the monomials in the root operators f,, ez (@, B € '¥)
on mr. Then 7 is the only path in B, which lies completely in the dominant Weyl chamber
and any element of B, is of the form f,, fo, . .. fo, 7, for some a;, @y, - -+, a; € Y. See [17].

For A € X, denote by m, the path r — tA. If A is a dominant integral weight, we will
denote by B, the set B,,. If n € B,, we say that 7 is an LS-path of shape 1. See [16]. Note
that if w is an element of the Weyl group W of (g, ), then w(rr,) = m,,,.

Proposition 2.6.1 If A is a dominant integral weight and rt, is the path t — tA, then for
any w € W, w(m,) is an LS-path of shape A.

33



Proof: We will prove this by induction on the length /(w) of the Weyl group element w.

24, @)

(@, )
is 0, then s,(m;) = m,. Otherwise, s,(m;) = f*“x,, by property (3) of the root operators.

In any case, s,(,) is an LS-path of shape A.

If I(w) = 1 thatis, w = s, for some @ € ¥, then s,(7,) = 7,,,. Indeed, if a,, :=

Assume that n > 1 and the proposition is true for all Weyl group elements of length
n—1.

Let w be a Weyl group element with I[(w) = n. Write w = s,w;, where @ € ¥ and w,
is an element of the Weyl group with /(w;) = n — 1. By induction hypothesis, w;(r,) is
an LS-path of shape A. This implies wid = A — .oy ngf3, Where the ng are non-negative

2wid, @)  2(A, ) 2(6, a
_ _ _ Z ng

Be¥

integers. Hence a4, o := (@, @) (@ a) (a, @)

> 0, since {1, a) > 0 and

B,a) < 0forall @ € Y. If a1, o = 0, then w(my) = s,(m,,1) = 7,2 1s an LS-path of
Awid, @

shape A. Otherwise w(m,) = $54(m,0) = fo 1, Which is also an LS-path of shape A.
This completes the proof. U

Proposition 2.6.2 Let Ay, A, be two dominant integral weights and ny, n, € Il be g-
dominant paths with (1) = A, and ny(1) = A,. Assume that 1, € B, and n, € B,,. Then
fora eV,

| (fom) xma, 0f fim # 0and ey, = 0 for some n > 1;
fa(’]l * 772) - { m * (ﬁyUZ)’ otherwise. (28)
Similarly,
| mx(eamn), ifenm #0and fin = 0 for somen > 1;
Colm #1m2) = { (eam1) * 12, otherwise. (2.9)

21 (1), )

Proof: Denote by m;, the minimum of the function ¢ — @)
a,x

2 (1), @)
(@, @)

,t € [0,1] and by

ms,, the minimum of ¢ —
(see [17]) and

, t € [0, 1]. Note that m,, m, and n;(1) are all integers

: 2(m (1), @)
" , ifm < ———— +my;
Folm x ) = § et i A < =2 S s
m * (fun2), otherwise.

< 2(mi(D), )
T Aa,@)

(3) of the root operators; which in turn equivalent to the condition m; <

n
a

Now fn, # 0 and el:n, = 0 if and only if —my = |my| <n — my, by property

Zm). @)

<a/’ a) ny.

The proof of the other part is similar. This completes the proof. 0
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2.6.2 Applications to representation theory

For a dominant integral weight 4, let V; denote the finite dimensional irreducible g-module
with highest weight A.

Theorem 2.6.3 (Littelmann [17]) Let A be a dominant integral weight. If 1 € Il be a
g-dominant path with n(1) = A, then Char Vy = 3, cp. e,

Theorem 2.6.4 (Littelmann [17]) Let Ay and A, be two dominant integral weights. Let
my,my € Il be two paths such that m(1) = Ay, mp(1) = A, and nry, n, are g-dominant. Then
the tensor product V), ® V,, of the finite dimensional irreducible g-modules V, and V,,
decomposes as

Vi ® Vi, 20V,

where the sum is over all paths 1 € B, such that rr; * n is g-dominant.
Let [ be a Levi subalgebra of g. Thus [ is a reductive subalgebra of g containing . The
positive root system A* induces a positive root system of (I, h). If x is a dominant integral

weight of [, let E, denote the finite dimensional irreducible I-module with highest weight
K.

Theorem 2.6.5 (Littelmann [17]) Let | be a Levi subalgebra of the Lie algebra g as above
and A be a dominant integral weight of g. If m € Il be a g-dominant path with n(1) = A,
then V, as an I-module can be decomposed as

Vi = ®E ), (2.10)

where the sum is over all I-dominant paths in B;.
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Chapter 3

HOLOMORPHIC DISCRETE SERIES
ASSOCIATED TO A BOREL-DE
SIEBENTHAL DISCRETE SERIES

Unless explicitly stated, from here onwards we keep the notations of §2.4.3. In §3.1, we
discuss the irreducible bounded symmetric domain dual to ¥ = Ky/Ly = K/K N Q. In
§3.2, we will see that for every Borel-de Siebenthal discrete series representation of Gy,
there is a naturally associated holomorphic discrete series representation of K which is
the dual of K in K.

3.1 Hermitian symmetric space dual to Y

Recall that Y = Ky/Ly = K;/L; is an irreducible Hermitian symmetric space of the com-
pact type. Also recall that & = Adg(exp %”hy*) and (%o, 6l,) 1s an orthogonal symmetric Lie
algebra of the compact type with [, the set of fixed points of 6|,. Notice that 8(¢;) C ¢ and
[; s the set of fixed points of 6|,,. Hence (¢, 8]¢,) is an irreducible orthogonal symmetric
Lie algebra of the compact type and is associated with Y. Let ¢; C ¢ (respectively, ¢ C E(IC)
denote the non-compact real form of ¢ (respectively, ¢) dual to (¢, 6l,,) (respectively,
(¢1,6le,)). We have ¢ = ¢] @ ;. Let Kjj denote the connected Lie subgroup of K with Lie
algebra ¢; and K7 the connected Lie subgroup of K corresponding to the Lie subalgebra
t]. We have K] = K{K; and X := Kj/L, = K|/L; (denoting Ly, Ly by the same notation
Ly and similarly for L;) is an irreducible Hermitian symmetric space of the non-compact
type dual to Y .

A well-known result of Harish-Chandra (see [10, Ch. VIII] or §2.3.1) is that X is
naturally imbedded as a bounded symmetric domain in u; = 7,(Y), the holomorphic
tangent space at o = eKj of Y. Denote by U., C K the (unipotent) Lie subgroup of K
with Lie algebra u., C ¢t Then the exponential map is a diffeomorphism from u., onto
U.,. The image U, in K/(L.U_,) is an open neighbourhood of o in K/(LU_,) = Y.
Thus X is imbedded in Y as an open complex analytic submanifold. See §2.3.1.
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3.2 Holomorphic discrete series associated to a Borel-de
Siebenthal discrete series

Recall that ¢ = ¢ ® C and that t C [is a Cartan subalgebra of ¢. The sets of compact and
non-compact roots of (&), to) are Ag and Ay U A_; respectively. The unique non-compact
simple root of W, is € € A,.

Note that the group K; admits holomorphic discrete series. See §2.4.2 or [13, Theorem
6.6, Chapter VI]. The positive system A; is a special positive system of (¢, t) as in §2.4.2.

Let v + p, be the Harish-Chandra parameter for a Borel-de Siebenthal discrete series
representation of Gy. Thus vy is the highest weight of an irreducible Lj-representation and
(y +pgB) <O0forall g € Aj UA,. Clearly (y + pe, @) > 0 for all positive compact roots
a € Aj. We claim that (y + p,,8) < 0 for all positive non-compact roots 5 € A,. To
see this, let 8; € A;,i = 1,2. Observe that 8; + 8, is not a root and so {8;,53,) > 0. It
follows that (pe. B2) = (0g = 1/2 Zcn, B1.B2) = (0gB2)=1/2 Tpen, B2} < (pg. o). SO
(Y +pe.B) <y +pg.B) <O0forall B € Ay. Thus y + p; is the Harish-Chandra parameter
Jfor a holomorphic discrete series representation m,,, of K;, which is naturally associated
to the Borel-de Siebenthal discrete series representation ., of Go.

The Ly-finite part of ., ,,, equals E,®S *(u_,), where E, is the irreducible Ly-representation
with highest weight y (see §2.4.2). Write y = A + « where A and « are dominant weights
of 1T and 1§ respectively. We have E, = E; ® E,. Hence (7y+,,)1, = E«® (E;® S*(u_2)) =
E.® (m+p <C) ;> where Masp, c is the holomorphlc discrete series representation of K} with

Harish-Chandra parameter A+ Pec-

We have (7y.,,)r, = E(® (mﬂ, c)L1 Therefore n,,,, is L{-admissible if and only if
T, 18 Lj-admissible, where Lj (respectlvely, L') denote the connected Lie subgroup

of L (respectively, L;) corresponding to the semisimple ideal [y, o] (respectively, [I;, [1])
of Iy (respectively [;). Since K is simple, and since wg(e) = wgc(e), it follows from the
1

Proposition 2.5.3 of Chapter 2 that r,.,, is L, admissible if and only if wi(e) # —e.

38



Chapter 4

TWO INVARIANTS ASSOCIATED
TO A BOREL-DE SIBENTHAL
POSITIVE SYSTEM

In this chapter we shall associate to a Borel-de Siebenthal positive system two invariants.
One of them is the first Chern class of the Hermitian symmetric space Y = Ky/Ly =
K/K N Q (with notations as in §2.4.3). The other is the degree of the algebra generator of
the algebra of relative invariants of (u;, L). See §4.3. The relation between them will play
a crucial role in our proof of Theorem 1.0.2.

Recall that G 1s a simply connected non-compact real simple Lie group with maximal
compact subgroup K, such that

(i) rank (Gy) = rank (Kj), and

(i1) Go/ Ky is not a Hermitian symmetric space.
Recall that Y = Ky/Ly = K;/L, is an irreducible Hermitian symmetric space of the non-
compact type.

4.1 Spin structure on Y

We have seen in Lemma 2.4.2 that the sum Yz, 8 = c€”, where ¢ is an integer. The
parity of ¢ will be relevant for our purposes. We give an interpretation of it in terms
of the existence of spin structures on Y. The cohomology group H>(Y;Z) is naturally
isomorphic to Z[€*] = Z, the quotient of the weight lattice of K, by the weight lattice
of Ly. If A is an integral weight of K| its class in H*(Y;Z) is denoted by [A]. Thus
[A] = 2(¢A, €)/|lel®)[e*]. The holomorphic tangent bundle 7Y is the bundle associated
to the Lo-representation uy = } e, gg. This implies that ¢;(Y), first Chern class of Y,
equals Y gen,[B] = cl€7] € H?*(Y;Z). Consequently Y admits a spin structure if and only
if ¢ is even. The value of ¢ can be explicitly computed. (See, for example, [1, §16].)
This leads to the following conclusion. The complex Grassmann variety CG,(CP*?) =
SU(p + q)/S(U(p) x U(q)) admits a spin structure if and only if p + ¢ is even and that
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the complex quadric SO(2 + p)/S O(2) x S O(p) admits a spin structure precisely when p
is even. The orthogonal Grassmann variety S O(2p)/U(p) admits a spin structure for all
p. The symplectic Grassmann variety S p(p)/U(p) admits a spin structure if and only if
p is odd. The Hermitian symmetric spaces Eq/(S pin(10) X SO(2)) and E7/(E¢ X S O(2))
admit spin structures.

4.2 Classification of Borel-de Siebenthal root orders

The complete classification of Borel-de Siebenthal root orders is given in [18, §3]. But it
will be convenient to recall here, in brief, their classification. We list the quaternionic and
non-quaternionic cases separately.

Let gy be a non-compact real simple Lie algebra with maximal compactly imbedded
subalgebra ¢, such that rank (gy) = rank (&) and ¢ is semisimple.
Having fixed a fundamental Cartan subalgebra t; C go; a positive root system of (g, t)
containing exactly one non-compact simple root v, is Borel-de Siebenthal if the coefficient
of v in the highest root is 2. Conversely, let g be a complex simple Lie algebra. Choose
a Cartan subalgebra t C g and a positive root system of (g, t). If there exists a simple root
v whose coefficient in the highest root is 2, then v determines uniquely (up to an inner
automorphism) a non-compact real form gy of g satisfying the conditions given above
such that the positive system is a Borel-de Siebenthal positive system of gy.

If ¥ is the set of simple roots of a Borel-de Siebenthal positive system of gy and v € ¥
is the unique non-compact root, we denote the Borel-de Siebenthal root order by (\¥, v).
Corresponding to gy, we can have several Borel-de Siebenthal root orders. Given one
such, we have its negative (—¥, —v). We list below the Borel-de Siebenthal root orders up
to sign changes.

The quaternionic case is characterized by the property that highest root u is orthogonal
to all the compact simple roots and hence —u is adjacent to the simple non-compact root
v in the extended Dynkin diagram of g.

Asin [18], we shall follow Bourbaki’s notation [4] in labeling the simple roots of g. We
point out the simple root which is non-compact for gy and the compact Lie subalgebras
e, 0, = & C . We also point out, based on Proposition 4.3.1 below, whether the
algebra A := A(uy, L) of relative invariants is C or C[f]. In the latter case we indicate
the value of deg(f). See [18] for a more detailed analysis.

We also indicate the non-compact dual Hermitian symmetric space X := Y*. In the non-
quaternionic cases we point out whether or not w(Ag) = —A (equivalently wi(e) = —e).
For a proof see Proposition 2.5.2 in Chapter 2.

Borel-de Siebenthal root orders.
(a) Quaternionic type: We have ¢ = su(2),[; = so(2) = iRv*. AlsoY = P!. X = YV* =
SU(1,1)/U(1), the unit disk in C. The condition wg(e) = —e€ is trivially valid.

1. go =s0(4,2[-3),] > 2. Then gis of type B; and v = ;. I = sp(1) D so(2[—-3). A =
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CLf1, deg(f) = 4.
2. go = s0(4,1). Then g is of type B,, v = s, [, = sp(1). A = C.
3. go=sp(l,/—1),] > 1. Then gis of type C;,v = ¢, =sp(I—1). A =C.

4. go = s0(4,2l —4),l > 4. gisof type D;,v = Yol = sp(1) @ 502l —4). A =
CLf1, deg(f) = 4.

5. go = s0(4,4). gisoftype Dy, v = ¥, I = sp(1)@sp(1)@sp(1). A = C[f],deg(f) = 4.

6. g0 = 92:4,.4,, the split real form of the exceptional Lie algebra of type G,. g = g, v =
Yo, b = sp(l). A =C[f],deg(f) = 4.

7. g0 = fa.4,.c;» the split real form of the exceptional Lie algebra of type Fy4. g = f4,v =
U1, =sp(3). A= C[f],deg(f) = 4.

8. 90 = ¢ca4s2. 0 = ¢, the exceptional Lie algebra. v = ¢, = su(6). A =

CLf1, deg(f) = 4.
0. 90 = ¢7:A,,Dg,1- 8 = €7,V = lﬁl, [2 = 50(12) A = (C[f],deg(f) =4,

10. g0 = €8:A|,E;- 9 = €8,V = l//g, [g = ¢7. A = C[f],deg(f) =4,
(b) Non-quaternionic type:

1. go =50(2p,2l-2p +1),2 < p <[l > 3. gisof type B, v =1, ¢ = s0(2p),l; =
u(p),l, = so(2l — 2p + 1). The variety ¥ = SOQ2p)/U(p),X = SO*2p)/U(p).
wg(e) = —e if and only if p is even. A = C[f] (with deg(f) = 2p) if and only if
3p <2+ 1.

2. go = s0(2L,1),1 > 2. gis of type B, v = ¢1,t = £ = s0(2]),1; = u(l). The vari-
ety Y = SOQI)/U(), X = SO"(2)/U(l). w(e) = —€if and only if lis even. A = C.

3. g0 =sp(p,l=p),1>2,1<p<lgisoftype C,,v =i, 8 = sp(p),ly = u(p),p =
sp(l = p),and Y = S p(p)/U(p), X = S p(p,R)/U(p). wy(e) = —e. A = C[f], (with
deg(f) = p) if and only if 3p < 2/ and p even.
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4, go = 50(21 - 4,4),l > 4, g is of type D, v= lﬁl_g,fl = 50(21 - 4), I = u(l - 2), L =
su(2)@su(2). The variety Y = SOQ21-4)/U(I-2),X = SO*(21-4)/U(l-2). wg(e) =
—e if and only if [ is even. A = Cifl > 6. When [ = 5,6, A = C[f] with
deg(f) = 6, 8 respectively.

5. g0 =s0(2p,2l - 2p),2 < p<l-2,1>5.gisof type D;, v = ¢, &, = s0(2p),l; =
U(p), , = 502l —2p). Y = SOQ2p)/U(p), X = SO*(2p)/U(p). wo(e) = —€ if and
only if p is even. A = C[f] (with deg(f) = 2p) if and only if 3p < 21.

6. go = fa.8,, the real form of f; having €& = s0(9) as a maximal compactly embedded
subalgebra. v = ¢4 and ¢y = &, [; = iRV ®s50(7). Y = S0O(9)/(SO(7) xS O(2)), X =
S00(2,7)/(SO2)x SOT)). wle) = —e. A =C[f],deg(f) = 2.

7. 90 = ¢6:4,.45,1, a real form of eg with v = 3. € = su(6),[; = su(5) ® iRV*, [, = su(2).
Y=PX=SU(,5/SUQ)xU®)). W(E)(E) +—e. A=C.

= ¢7.4,.0,,2- aTeal form of e; with v = 6. £ = s0(12), [; = s0(10)®iRV*, [, = sp(1).
S0(12)/S0O(2) x SO(10), X = S0x(2,10)/(SOQ2) x SO(10)). wi(e) = —e.
C.

90
Y
A

9. g0 = e7.4,, areal form of ¢; with v = . & = £ = su(8), I = su(7) ® iRv*. The
variety Y = P', X = SU(1,7)/S(U1) x U(7)). wg(e) # —e. A=C[f],deg(f) =17.

10. go = eg.pg, a real form of eg with v = 1. & = & = s0(16), [; = iRV" @ so(14).
Y = SO(16)/SO(2) x SO(14),X = S00(2,14)/(SO(2) x SO(14)). wi(e) = —e.
A = C[f],deg(f) = 8.

4.3 Relative invariants of (v, L)

The action of L = Lg on u; is known to have a Zariski dense orbit. See [14, Th 10.19, Ch
X]. It follows that the coordinate ring C[u;] = S *(u_;) has no non-constant invariant func-
tions, that is, C[u;]* = C. However, it is possible that u; has non-zero relative invariants,
that is, an & € C[u,] such that x.h = y(x)h, x € L, for some rational character y : L — C*.
It can be seen that the subalgebra A(u;, L) € C[u,] of all relative invariants is either C or
is a polynomial algebra C[ f] for a suitable (non-zero) homogeneous polynomial function
f € Clu]. It is clear that a homogeneous function 4 belongs to A(u;, L) if and only if
Ch is an L-submodule of S™(u_;) where m = deg(h). @rsted and Wolf [18] determined
when A(uy, L) is a polynomial algebra C[f] and described in such cases the generator f
in detail. See also [21].
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Proposition 4.3.1 Let A* be a Borel-de Siebenthal positive system of (g, t) listed above.
If go = s0(4,1),sp(1,1 — 1)(with | > 1), e6.a, 4515 ¢7:4,.0,2, 90 = 50(2p,r) with p > r > 1,
go = sp(p, q) where p > 2q > 0 or p is odd, then A(uy, L) = C. In all the remaining cases
A(wy, L) = C[f], a polynomial algebra where deg(f) > O. O

In the case when gy = so(2l, 1), or sp(1,1 — 1), the Ly-representation S™(u_y) is irre-
ducible for allm > 0.

Proof: Only the irreducibility of the Ly-module S™(u_;) when gy = s0(2[, 1), sp(1,1— 1)
needs to be established as the remaining assertions have already been established in [18,

§41].

When gy = s0(2/, 1), L = SU(]) and u_;, as an L{-representation, is isomorphic to the
standard representation. Hence S (u_,) is irreducible as an L{,-module—consequently as
an Ly-module—for all m.

When g = sp(1,1-1), L = S p(I-1). Again u_y, as an Lj-representation, is isomorphic
to the standard representation of S p(/—1) (of dimension 2/—2). Using the Weyl dimension
formula, it follows that for any m > 1, §™(u_;) is irreducible as L,-module and hence as
an Lo-module. L]

Remark 4.3.2 The centre CH,- C I acts via the character —v*/||v*||> = —||€||>€*/(4l|€*]*)
on the irreducible [-representation u_; and hence by —k||€||*€*/(4]l€*||*) on S*(u_;) for all
k. Suppose that A(u;, L) = C[f] where f € S*(u_;) with deg(f) = k > 0. Let E,e- = Cf
be the one-dimensional subrepresentation of S*(u_;). Then g = —kl|€|*/(4]|€*||%).

When gy = sp(p, [ — p),2 < p < 2(l — p) with p even, it turns out that k = deg(f) = p
from [18, §4]. In this case ||€]|> = 4, € = v* and ||€*]|*> = p. Hence ¢ = —1.

When gy = f4.5,, k = deg(f) = 2 from [18, §4]. In view of our normalization IvII> = 2,
using [4, Planche VIII], a straightforward calculation leads to ||€*]|* = [V*|]* = 2, ||el|* = 4
and so g = —1.

It follows from §4.1 that when Y does not admit a spin structure and A(uy, L) = C[f],
the value of q is odd.

In fact it turns out that in all the remaining cases for which A(u;, L) = C[ f], the number
g is even. In view of §4.1 we interpret this as follows: Denote by Ky the canonical bundle
of Y and let IE denote the line bundle over Y determined by the Ly-representation E := Cf.
Then the line bundle Ky ® [E always admits a square root, that is, Ky ® E = L ® L for a
(necessarily unique) line bundle £ over Y.
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4.4 K)-types of a Borel-de Siebenthal discrete series rep-
resentation of G

Let y + p, be the Harish-Chandra parameter of a Borel-de Siebenthal discrete series rep-
resentation 7., of Go. @rsted and Wolf described the Kj-finite part of the Borel-de
Siebenthal discrete series representation ., in terms of the Dolbeault cohomology as
®n=0H*(Ko/Lo; E, ® S™(u_;)) where s = dim¢ Ko/ Lo, E, and S"(u_;) denote the holomor-
phic vector bundles associated to the irreducible Lo-module E, and the m-th symmetric
power S "(u_) of the irreducible Ly-module u_; respectively. See Theorem 2.4.1 in §2.4.3.

The highest weight of any irreducible Ly-submodule of £, ® $™(u_;) is of the form
v + ¢ where ¢ is a weight of S™(u_;). Thus ¢ = a; + - - - + @,, for suitable ¢; in A_; (not
necessarily distinct). Now if @ € A_; and 8 € A,, then f—a 1s not a root. Hence (a,8) < 0
forall @ € A_y, B € A,. It follows that (y + ., 8) < (y+p,,5) and (¢, 8) < Oforall 8 € A,.
Since (y + p,, ) < 0 for all § € A,, therefore (y + p, 8) < 0 and (y + ¢ + pe, B) < 0 for all
B € A,. Hence, by the Borel-Weil-Bott theorem ([3], also see [6, Th. 1.6.8, Ch. 1]), the
highest weight of H*(Y;E,.4) equals wy(y+¢+pe) —pe, since wy(AgUA_,) = AgUA,. See
Lemma 2.4.2 in §2.4.3. We shall make use of this in this thesis without explicit reference
to it.
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Chapter 5

Lo-ADMISSIBILITY OF THE
BOREL-DE SIEBENTHAL
DISCRETE SERIES

We begin this chapter by establishing, in §5.1, Proposition 5.1.1 which implies that there
is no loss of generality in confining our attention throughout to the Ky-finite part of the
Borel-de Siebenthal series rather than the discrete series itself when the Kj-finite part
is Ly-admissible. Up to the end of proof of Proposition 5.1.1 we shall use the symbols
Gy, Ko, Ly etc., in a more general context described in §5.1. In §5.2, we discuss the
Ly-admissibility of a Borel-de Siebenthal discrete series representation of Gy and prove
Proposition 1.0.3.

5.1 A general result

Let K, be a maximal compact subgroup of a connected semisimple Lie group Gy with
finite centre and let 7 be a unitary Kj-admissible representation of G, on a separable
complex Hilbert space H. Denote by Hk, the Ky-finite vectors of H and by mg, the
restriction of 7 to Hy,. Thus Hk, is dense in H.

Proposition 5.1.1 Suppose that g, is Ly-admissible where Ly is a closed subgroup of K.
Then any finite dimensional Ly-subrepresentation of  is contained in H,. In particular,
7 is Lo-admissible.

Proof: To see this, suppose that v € H is contained in an irreducible (finite dimensional)
Ly-submodule of H. Then }},.,.,, cim(x;)vo = v for some Ly-highest weight vector v, of
weight, say, A, for suitable x; € Ly,c; € C. Let {v;} be an orthonormal basis of H
consisting of Ly-weight vectors, obtained by taking union of certain orthonormal bases
of Ly-isotypic components of Hy,. Write vo = 3;a;v;. It is readily seen that a; is zero
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unless v; is an Ly-highest weight vector of weight A. This means that vy belongs to the Ly-
isotypic component of g, having highest weight A. Since g, is Lo-admissible, it follows
that vy € Hx,. Hence v € Hk,. O

5.2 Restriction of a Borel-de Siebenthal discrete series
representation to

For the rest of this chapter we keep the notations of §2.4.3. We denote by L{j and L],
the connected Lie subgroups of L, and L, corresponding to the semisimple ideals [ly, lp],
[11, 1] of 1y and Iy respectively. Any irreducible finite dimensional complex representation
E of Ly = L; X L, is isomorphic to a tensor product E; ® E, where E; is an irreducible
representation of L;, j = 1,2. In particular, if E; is one dimensional, then it is trivial
as an L] representation and L, acts on E, via a character y : L;/L] — S!. If E, one
dimensional, then it is trivial as an L,-representation.

Applying this observation to S *(u_;) we see that one-dimensional Ly-subrepresentations
of S¥(u_,) are all of the form Ch where h € S*(u_;) a weight vector which is invariant un-
der the action of L X L,. That is, & is a relative invariant of (u;, L). See §4.3. If h € § Fu_y)
is a relative invariant, then so is &/ for any j > 1. If y = Y ,ca_, Fo@, 7o > 0 is the weight
of a relative invariant h, then, as L acts trivially on Ch, we see that y is a multiple of v*.

When ¢ = su(2) we have L; = S'. Let x be a representation of G, on a separable
Hilbert space H. For example, 7 is a Borel-de Siebenthal representation. We have the
following:

Lemma 5.2.1 Suppose that  is K,-admissible where €| = su(2). Then n is Ly-admissible
if and only if w is Ly-admissible.

Proof: We need only prove that L, admissibility of & implies the L, admissibility. Note
that L, = L,. Assume that 7 is not L, admissible. Say E'is a L, type which occurs in 7 with
infinite multiplicity. In view of Proposition 5.1.1 and since Lj = L,, the L,-type E actually
occurs in g, with infinite multiplicity. Then, denoting the irreducible K;-representation
of dimension d + 1 by U,, we deduce from K;-admissibility of r that the irreducible K-
representations Uy, ® E occurs in  where (d)) is a strictly increasing sequence of natural
numbers. Without loss of generality we assume that all the d; are of same parity. Notice
that U, as an L;-module, is a submodule of Uy, if ¢ < d and ¢ = d mod 2. It follows that
the Lo-type Uy, ® E occurs in every summand of @»1 Uy, ® E. Thus 7 is not Ly-admissible.
0J

Proof of Proposition 1.0.3: Let 7 € S*(u_;) be a relative invariant for (u;, L) with
weight y = rv*. Denote by L the holomorphic line bundle Ky x;,, Ch — Ky/Ly, = Y.
Then £ = E, and so E, ® L% = E,,, is a subbundle of the bundle E, ® S*(u_,) for
all j > 1. Hence the Ky-module H*(Y; E,, ;) occurs in the Borel-de Siebenthal discrete
series 71y, . The lowest weight of the Ky-module H*(Y; E,., ;) is w(y + jx + pe) — wipe =
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w?()/o) + (tV* + jrv*) + X 4en, @ Where y = rv*. As observed above, e, @ = 2sv* /|Iv¥12.
Since v* is in the centre of I, the irreducible L, representation with lowest weight w(yy),
namely E,, occurs in H*(Y;E,, ;) forall j > 1. It follows that &, is not Lj-admissible.

It remains to prove the converse assuming ¢; = su(2). We shall suppose that 7,
is not Lj-admissible and that "™ (u_;) has no one-dimensional Lj-submodules and arrive
at a contradiction. By Lemma 5.2.1, r,,,_ is not Ly-admissible. By Proposition 5.1.1,
the Ko-finite part of m,,, 1is not Lo-admissible. In view of Proposition 4.3.1 we have
go = s0(4,1) orsp(1,/— 1) and the Ly-module S™(u_;) is irreducible for all m. The highest
weight of $”(u_;) as an L,-module is m(—v — av*) where av* is the character by which
L, =Ly/L, = S" acts on u_;.

Now Hl(]P)l ; Ey ® Sm(u—l ) = H' (]P)l ; ]E(Hma)v* ® E_y—mar ® Eyo) =H' (]P)l ; E(Hma)v*) ®
E_ iy —mar ® Ey, as a Ky X Ly-module. Since the Ko-finite part of 7., is not Lo-admissible,
there exist a b and an L,-dominant integral weight A such that the Ly-type E = E,,» ® E,
occurs in H'(P'; Eemay) ® E_yy—may ® Ey, for infinitely many distinct values of m. This
implies that E, occurs in E_,,,_,. ® E,, for infinitely many values of m. The highest
weights of L,-types occurring in E_,,,_4 ® E,, are all of the form —mv — mav* — «,,
where «,, is a weight of E,, . Thus A = —mv —mav* - k,, for infinitely many m. Since E,, is
finite dimensional, it follows that for some weight x of E,,/, we have A + x = —mv — mav*
for infinitely many values of m, which is absurd. 0

47



48



Chapter 6

COMMON Ly-TYPES IN THE
QUATERNIONIC CASE

As usual we keep the notations of §2.4.3. In this chapter we focus on the quaternionic
case, namely, when ¢ = su(2). This case is characterized by the property that —u is
connected to v in the extended Dynkin diagram of g. In this case Ay = {u},L; = S',Y =
P, L, = [Lo,Ly] = L, and, ' = [1,1] = (5. Also, since both u and v* are orthogonal
to tg, A 1s a non-zero multiple of v*. Write u = dv*. Since u = 2v + 8 where 8 is a
linear combinations of roots of [g, we obtain ||ul|> = d(v*, u) = d(v*,2v) = d|V|* = 2d as
V> = 2. Since s,(u) = u — dv is a root and since u — 3v is not a root, we must have d = 1
or 2. For example, when gy = so(4,2/ — 3) or the split real form of the exceptional Lie
algebra g,, we have d = 1, whereas when gy = sp(1,/— 1), we have d = 2.

Clearly E‘lc =g, ® Ch, ® g_, = s1(2,C), where h, € (itp)" is such that (h, h,) = u(h)
for h € (ity)*. The fundamental weight of Efz equals u* := u/2 = dv*/2. We shall denote
by U, the (k + 1)-dimensional E(f—module with highest weight ku* = dkv*/2. Also, C,
denotes the one dimenional I(f—module corresponding to a character y € Cv*.

In §6.1 the ‘sufficiently negativity’ condition (2.5) for the quaternionic case is dis-
cussed. The Theorem 1.0.1 is proved in §6.2.

6.1 ‘Sufficiently negativity’ condition in the quaternionic
case

Let y = vy + tv* where v, is a dominant integral weight of ' = [g and ¢ satisfies the
‘sufficiently negative’ condition (2.5), that is,

1 <—=1/2(yo + pg, ) and ¢ < —(yg + pg, W/ (V).

We have the following lemma.

Lemma 6.1.1 Suppose that ¢, = su(2), y = yo + tv* where 7y, is a I'-dominant weight.
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Then t satisfies the ‘sufficient negativity’ condition (2.5) if and only if the following in-
equalities hold:

t < —j—f(|A1| +2), and t < —(yp, W(»)) — (1/2)(2 aillgil®)

where W?(V) = Y, apb; is the highest root in A,.

Proof: Since vy is a dominant integral weight of I’ = lg and since u = dv* is orthogonal
to [g, we have (yp, u) = 0. Since p; = (1/2) 3 pen+ @, We get{p,, 1) = (d/2)(Z(Y€A3(a, V) +
Diaer (V) + Ypen,{a, v)) = (d/2)(A| + 2|A,]), since {(a,Vv*) = iv,v") = i whenever
a € A;,i = 0,1,2. Since |A;| = 1, we have t < —(1/2)(yo + pg,u) if and only if ¢ <
—(d/H(A ] +2).

Now wl(v) = 3 a;i; is the highest weight of u;, which is indeed the highest root in A;.
Therefore (pg, W) = (X ¢t Y apy;y = (1/2)(X aillyill*). This completes the proof. [

6.2 Proof of Theorem 1.0.1

We now prove Theorem 1.0.1.

Proof of Theorem 1.0.1 : Write u_; = E; ® E, where E; is an irreducible L;,-module.
By our hypothesis L; = S' = {exp(i1H,)|A € R} and so E; is 1-dimensional, given by
the character —v*/||v*||> = —u*. On the other hand, the highest weight of E, is —(v — u*).
Hence E, = E,-_,. Since E; is one dimensional, we have S"'(u_;) = C_,;- ® S"(E+_,).
On the other hand u_, is 1-dimensional and is isomorphic as an Ly-module to C_, = C_,,..
Therefore S™(u_y) = C_gppye.

The vector bundle E over ¥ = K;/L; associated to any L, representation space E is
clearly isomorphic to the product bundle ¥ x E — Y. Therefore the bundle E, ® S"(u_;)
over Y = P! is isomorphic to Eq/g—my ® E,, ® S™(E,-_,). It follows that H'(Y; E, ®
Sm(u—l)) = HI(Y; E(Zt/d—m)y*)®Eyo®Sm(E,u*—v) = U—2t/d+m—2®Eyo ®Sm(Eu*—v)~ By Theorem
2.4.1 we conclude that

(Tty1p k) = Ouz0Uim-21/a-2) ® Eyy ® S™(Ey_y). (6.1)

We now turn to the description of the holomorphic discrete series ., of K; = K{K>.
Now recall (see §2.4.2) the following description of the holomorphic discrete series of
K7 determined by nv* = (2t/d)u*, namely, (ﬂ(zt/d)/_t*_'.pe?)Ll = Dr20Co/aps ® S™(up) =

®,50C21/a-2ry - It follows that the holomorphic discrete series of K determined by vy is

(Tty1p )0 = ®20C21/a-2rpr ® Ey,. (6.2)

Comparing (6.1) and (6.2) we observe that there exists an Ly-type common to (1., )k,
and 7., if and only if the following two conditions hold:
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(a) E,, occurs in Ey,) @ S"(E_,).
(b) Assuming that (a) holds for some m > 0, (2¢t/d — 2r)u* occurs as a weight in U,,_2,/4-2
for some r, that is, 2t/d — 2r = (im — 2t/d — 2) — 2i for some 0 < i < (m — 2t/d — 2).

First suppose that g, = so(4,1) or sp(1,/ — 1),/ > 1. In view of Proposition 1.0.3
and Proposition 5.1.1, the Borel-de Siebenthal discrete series ., 18 Lo-admissible and
any Lo-type in 7, 1S contained in (7,4, )k, Also S™(E,_,) is irreducible with highest
weight m(u* —v) (see Proposition 4.3.1). Recall that the highest weights of irreducible sub
representations which occur in a tensor product £, ® E, of two irreducible representations
of [g are all of the form 6 + « where 6 is a weight of E,. So if (a) holds, then vy, =
m(u* —v) + 0, for some weight 6 of E, . This implies yo — 8 = m(u* — v), which holds for
atmost finitely many m since the number of weights of E,, is finite. So by (a), there are
atmost finitely many Lo-types common to 7y, and 7,.,,,.

Moreover, if yy = 0, then the trivial Ly-representation E, occurs in E,) ® S"(Ey-_,) =
E,—y) only when m = 0. Since 2t/d — 2r < 2t/d < 2t/d + 2 for all r > 0, (2t/d — 2r)u*
cannot be a weight of U_5;/4_, for all r > 0. So in view of (a) and (b), there are no common
Lo-types between 7, and 7y, .

Now suppose that g, # s0(4,1),sp(1,/— 1),/ > 1. In view of Proposition 4.3.1, we see
that A(uy, L) = C[f], where f is a relative invariant (hence is a homogeneous polynomial)
of positive degree, say of degree k. Then the trivial module is a sub module of the Ly-
module S#(E,._,) for all j > 0. So E,, occurs in E,, ® S*(E,._,) for all j > 0. That is (a)
holds.

Let r be a non negative integer. Then (2t/d —2r)u” is a weight of U jx_»/4-> for some j > 0
if and only if 2¢/d — 2r = (jk —2t/d — 2) — 2i for some 0 < i < (jk — 2t/d — 2) if and only
if jkis even and jk > 2(r + 1).

So in view of (a) and (b), each Ly-type in 7,,,, occurs in ., with infinite multiplicity.
This completes the proof. U
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Chapter 7

PROOF OF THEOREM 1.0.2

Recall from §2.4.3 that G is a simply connected non-compact real simple Lie group and
Ky is a maximal compact subgroup of G, such that rank (G,) = rank (K;) and Gy/Kj
is not Hermitian symmetric. Also recall that ¥ = Kj/Lj is an irreducible Hermitian
symmetric space of the compact type with the non-compact dual X = Kj;/Lo. The Aj is a
positive system of (I, t) with ¥, = ¥\ {v} the set of simple roots and Aj U A, is a positive
system of (¢,t) with ¥, = (W \ {v}) U {€} the set of simple roots. The simple root € is

the unique non-compact root in ¥,. If wi(e) = —e, then wi(A}) = Aj,wd(A) = A, and
wy(AD) = Ab,wy(Ay) = Ay, where wy = winw?. Hence wi(A] U Ay) = Al U A,. This
implies w2 = Id. Also wY(e) = —e implies wy(e") = —€". Let " = {y1,...,7,} C A, be

the maximal set of strongly orthogonal roots obtained as in §2.5. If y + p, is the Harish-
Chandra parameter of a Borel-de Siebenthal discrete series representation ., of Gy,
then the K| finite part (7., ), of 7y, is isomorphic to ®,-0H*(Y;E, ® S"(u_1)). See
Theorem 2.4.1. The L, finite part (rr,.,, )z, of the associated holomorphic discrete series
representation mr,,,, of Kj is isomorphic to E, ® § *(u_). See §3.2 in Chapter 3.

In §7.1, we establish three lemmas which will be needed in the proof of Theorem 1.0.2.
We shall use Littelmann’s path model described in §2.6 to prove these lemmas. Up fo the
end of proof of Lemma 7.1.3 we shall use the symbols r,m,, etc., paths in the sense of
Littelmann and are not to be confused with discrete series. The main result of this thesis
Theorem 1.0.2 is proved in §7.2.

7.1 Branching rule using Littelmann’s path model

Recall from §2.6.1 that , denotes the path ¢ — 1, 0 < ¢ < 1, for an integral weight A of
¢. If in addition A is dominant, then w(rm,) = «,,, is an LS-path of shape A for any element
w in the Weyl group of (& t). We also have the action of Littelmann’s root operator f,
(a € ¥¢) on the concatenation of two paths. See (2.8) in the Proposition 2.6.2.

We denote by V, (respectively E,), the finite dimensional irreducible representation
of & (respectively I) with highest weight A (respectively «). If V is a e-representation, we
shall denote by Res, (V) its restriction to I. Since [ is a Levi subalgebra of ¢, we have the
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branching rule (2.10) of Res(V).

Lemma 7.1.1 (i) The restriction Res\(V,e) to | of the irreducible t-representation Ve
contains Viy—pe ® Cpee for 0 < p < m.
(ii) Suppose that wg(Ao) = A¢. Then Res(Ve) contains Res(Vip—pyer) @ C_per.

Proof: (i) Note that 7.~ equals the concatenation 7, p)es * Tpe-.

Let 7 be an LS-path of shape (m — p)e* which is I-dominant. Then 7 = f,_ -+ fo, Tm-p)e
for some sequence ajy,...,a, of simple roots in W,. Then f,, ... fo,(T@m-pye) # O for
1 <i<gq. Itfollows that f, ... fo,(Time) = fo, - - - Jor (Ron-pre *Tpe) = Ja, - - oy (Tm-pyer) *
Tper = T Mpe SINCE €4(,e) = 0. Thus we see that if 7 is any -dominant LS-path of shape
(m — p)€*, then 7 * 7, is an LS-path of shape me”. It is clear that 7 * 7, is [-dominant.
Since Eripety = Exqyipe = Exqy ® C,e and since for any path o, 0 * T, = T * Mpe
implies o = 7, it follows that Res,(V,,¢) contains Res(V(;,—p)e:) ® Ce- in view of (2.10).

(ii) Suppose that w(Ag) = Ay. This is equivalent to the condition that w?(e*) = —¢*,
which in turn is equivalent to the requirement that V. is self-dual as a ¢-representation
for all ¢ > 1. Since Res(Viy—p)er) ® C,e is contained in V., so is its dual. That is,
Res|(Vin-pyer) ® C_,e is contained in Res (Ve ). O

Lemma 7.1.2 Let 0 < p, < --- < p; < po < m be a sequence of integers. Then Res\V ¢
contains E, where k = me* + pyy, + - - p,y,. Moreover, if wg(Ao) = Ay, then E, occurs in
Res (Ve where 1 = (m —2po)e” — (Xi<j<y PjYre1-))-

Proof: Recall that y; = —e. Since the y; are pairwise orthogonal we see that s,.s5,, =
Sy Sy Also since y; € A, (€, ;) = (€, —€) = —|l€ll?/2. As noted in Remark 2.5.4(iii),
all the y; have the same length: |ly;|| = ||€l|. Using these facts a straightforward com-
putation yields that s,(¢") = € + vy;,s,(y;)) = yjfor1 < i,j < r,i # j. Defining
Dre1 = 0, it follows that s,,..... Sy, (Tp—pinye) =: m; is the straight-line path of weight
(pj — pj+(€ + y1 + --- + y;) and hence we have f(7,—p,)e) = 7; for a suitable
monomial in root operators f;; of simple roots of ¢ for all 2 < j < r. So, writing
Tmer = TMper * M, —pper * = % W(py—py)er * Mm-pyye We have fi (Te) = 7 % T, —p e *

CE Tpo-pyer * Mm—pye» iN view of (2.8). Clearly f(n;) = O forall 2 < j < r. Also
in view of the Proposition 2.5.2(i1), if the coefficient of a compact simple root « of ¢
in the expression of )}, ;7; is non zero, then f,(r;) = 0. Now for a simple root «
of ¢, if f, is involved in the expression of f,, then the coefficient of « in the expres-
sion of }i.;<(j+1)¥i is non zero. Hence f,(7j;1) = 0 for 2 < j < r — 1. Therefore
Jb oo J1,(pes) = T % Ty % - % 00 % Mo pyyer, 1N VIEW OF (2.8). Since f(rr;) = 0 forall 2 <
J<rand 77 (Mun-pye) = Tpi-poer—e) * Mm-ppyer, We obtain 7 := fE77 fi L fi (Me) =
TOp %+ =% T % T, — py)(e—e) * M(m—py)e» again by (2.8). The break-points and the terminal point
of Tare p€" +y1+ - +¥), Pri(€ + Y1+ V) + DY Pr2(€ Y1+ Y2) +
Pr1Yrt ¥ D5Yrs - DA€ Y1 +Y2) + p3ys+ oo+ Py PI(€ + Y1) + p2ya+ -+ pry, and
me* + pyy, + p2y2 + -+ - + pyy.. All these are [-dominant weights (since p; > p, > -+ >
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pr = 0) and so we conclude that 7 is an [-dominant LS-path. Hence by the branching rule,
Eper+piyi+payssetpyy, OCCUTS IN Ve

Now suppose wg(Ao) = Ap. By Lemma 7.1.1, we have ResV,,~ contains Res,V, . ®
En-pye- By what has been proved already ResV, o contains E, e i p iy +pyystipry, =
E. Since V- is self-dual, Hom(E, C) is contained in Res;V,,-. The highest weight

of Hom(E, C) is —poe* — Xicje, pW)(¥) = —po€* = p1yr = p2ye1 + -+ = pyy1 using
Remark 2.5.4(1). Tensoring with E,,_, ) we conclude that E,; occurs in Res,V,,- with
A= (m—=2po)e" — pyyr — pr1Y2 = — P2¥r-1 — P1Yr- O

Write y = vy + te* with (yo,u) = 0. Then vy, is t-integral weight and ¢ is an integer
(y being a e-integral weight). Also vy is [-dominant implies that y, is [-dominant. Since
(y + pe, 1y < 0, we have £ < —2(p¢, p1)/l€ll*. Assuming w?(e) = —€, we get (wy(yo), @) > 0
when a is in A and (wy(yo), €) = 0. So wy(yp) is ¢-dominant integral weight.

Lemma 7.1.3 With the above notation, suppose that w(e) = —e and that E is a subrep-
resentation of Res((Vyue). Then E,, ., (r) is a subrepresentation of Res\(V\, (yo)+me*)-

Proof: Letr denote the path 7, *7,,,(5,). Then Im(r) is contained in the dominant Weyl
chamber (of ¢) and 71(1) = wy(yo) + me*. Since E; is contained in Res(V,,-), there exist a
sequence aj, ..., @, of simple roots of ¢ such that f,, ... fo,(mme) =: 1 is [-dominant path
with (1) = 7. Since 7,y 1s ¢-dominant path, 6 := f,, ... fo,(7m) = 7 % m,,,5,), In View of
(2.8). Clearly 8 is [-dominant and 6(1) = 7 + wy(y,). Hence by the branching rule (2.10),
E\y (y0)+- occurs in Res (Vi (o) +me)-

Let ® : Ky — GL(V,,) be the representation, where Ay := wy(yy) + me*. Then
¢ :=d0 : t, — End(V,,). For k € K, and X € ¢,, we have

Dk o p(X) 0 D(k) = Pp(Ad(k™H)X) (7.1)

Let v € V,, is a weight vector of weight A := wy(yp) + 7 such that it is a highest weight
vector of E,. Now wy = (Ad(k)|;;,)" for some k € Ng,(Ty). Then ®(k)v is a weight vector
of weight wy(4) and it is killed by all root vectors X,, (@ € Af), in view of (7.1); since
wy(A5) = Aj. Hence ®(k)v is a highest weight vector of an irreducible Ly- submodule of
Res((Vy,). Therefore E,,, 1y = Eyjwy ) Occurs in Res (V). ]

7.2 Proof of Theorem 1.0.2

We are now ready to prove Theorem 1.0.2.
Proof of Theorem 1.0.2: Write y = vy, + te* where (yy, u) = 0.

We have
(ﬂ'y+pe)Lo = Ey ®S *(U—Z) = EB(E)/ ® Ea171+~~-+ary,)

where the sum is over all integers a; > --- > a, > 0. (In view of Theorem 2.5.1).
S0 (7y4p, )1, cONtains £, 4 1...sq,y,, for all integers a; > --- > a, > 0.

55



Let k > 1 be the least integer such that S*(u_) has one-dimensional Ly-subrepresentation,
which is necessarily of the form E. for some g < 0. Now (7., ), contains @ >0 H*(Y; E, . j4e),
by Theorem 2.4.1. By Borel-Weil-Bott theorem ([3], also see [6, Th. 1.6.8, Ch. 1]),
H*(Y;E,, jse) 1s an irreducible finite dimensional K,-representation with highest weight
wy(y + JG€* + pr) — pe = wy(yo) + (=1 = jq — ¢)€" since w(€*) = —€", where Y50, B = c€”
for some ¢ € N. Define m; := -t — jg—cforall j > 0. For0O < p, < --- <
P1 < mj, Eyeiipiyvap,y, 18 @ subrepresentation of Resy(V,, ), in view of Lemma 7.1.2.
So by Lemma 7.1.3, Ey e~ piy,——py 18 & subrepresentation of Rese(Vi,(yp)1m,e*) since
wy(¥j) = =¥r+1-j, forall 1 < j < r by Remark 2.5.4(i). Now H*(Y; E,., j5e) is isomorphic
t0 Viyioytmjer- S0, for 0 < p, < -+ < p1 < myj, Ey e pry,—py 18 @ Lo-submodule of
HV(Y, ]Ey+jqe*)'

Fixa; > --- > a, > 0, where ay,...,a, € Z. In view of §4.1 and Lemma 4.3.2, g is
odd when c is odd. Let N’ = {j € N|(jg + c)is even}. There exists j, € N such that for all
j € N with j > jo, —(jg + ¢)/2 > a;. Define p,1_; :== —(jg+c¢)/2 —a;, 1 <i<r Then

NOW Y icicy PiVrrl—i = Di<icr Pre1-iYi = Xi<ie(—ai — (jg + ©)/2)y; = (jg + c)e* —
> 1<i< Gry;i in view of Proposition 2.5.2(i), since w?(e) = —e by hypothesis. It follows that
Yo — M€ = Dlicicy PiVre1-i = ¥ + Di<icr iYi- So forall j € N with j > jo, Eyiay)4vay, 18
an Lo-submodule of H*(Y; E,, j,e). That is, for all integers a; > -+ > a, > 0, the Ly-type
E, ia1y,4+a,y, OCCUrS In 7, , With infinite multiplicity.

In particular, if y = rv*, each Lo-type in &, occurs in mr,,, with infinite multiplicity.
This completes the proof. 0

There are three major obstacles in obtaining complete result in the non-quaternionic
case. The first is the decomposition of S (u_y) into Ly-types E,. Secondly, one has the
problem of decomposing of the tensor product £, ® E, into irreducible Ly-representations
E. Finally, one has the restriction problem of decomposing the irreducible K,-representation
H*(Ky/Ly; E,) into Ly- subrepresentations. The latter two problems can, in principle, be
solved using the work of Littelmann [16]. The problem of detecting occurrence of an
infinite family of common Ly-types in the general case appears to be intractable.

We conclude this this thesis with the following questions:

Questions: Suppose that there exist infinitely many common Ly-types between a Borel-de
Siebenthal discrete series representation mr,,, of Gy and the holomorphic discrete series
representation ., of Kj. Then (i) Does there exist a one dimensional Ly-subrepresentation
in $™(u_)? (ii) Is it true that w?(A¢) = Ag?
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