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Large U Hubbard Model and Failure of Fermi Liquid Theory

G.BASKARAN
The Institute of Mathematical Sciences, Madras

Lecture - I

There has been renewed interest in the Hubbard Model ever since the discovery

o(bit;h temperature supen:onduclon1• It was Ander!lOll2who suggested that the low

~ physics oC the COO based ceramic snpereonduetore is described by a one band

Hubbard Modd with l~ U. Historically, the Hubbard model has been discovered by

~ authors - by AncIereon3 to deseribe the magnetism in Mott insulators like MnO,

by Pamer, and Poople to describe the physics of the system! organic carbon p - 11'

by Kanamoris, Gutzwi1Jer8 and HubhardT to describe the narrowband systems with

a particular aim to understand itinerant ferromagnetism. Hubbard" and much later

Brinkman and Rice' used this model to understand Metal insulator or Molt transition.

A Jattice ~ YenlionOf liquid Be3 also leads to a Hubbard model.

Hubbard model is a ti&ht binding model or fermions with the only two. body in-

teraction being an onsite repuWon between fcrmions of opposite spins. In its simplest

~ it bas one orbital per site - the onl1 twoparameietl! Me p, the ~ number of

eJectroolJper site, and U/t.. the ratio bet'W~ the onsite repulsion and the nearest neigh-

bow' boppin& matrix element. We are png to concentmte on this one band Hubbard

model, as this is most meYI!.Dtfor understanding the high T" superconductors.

The phase diagnun of the Hubbard model in the UIt. - 6 plane is believed to be

Ycry ridt, containing -mrioue phues like Molt insulator, band insulator with Bntiferro-

~ic order, conducting spiral spin structures, itinerant ferrornagnets, fermi liquid.
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and a non-fermi liquid. This is the reason why the Hubbard model has been used to

describe various condensed matter systems exhibiting many different properties.

Our present understanding of the Hubbard model is not satisfactory inspite of the

enormous study that has gone into it - of course it depends 011 which region of pnrruneter

space one is in. For exacUy half filled band i.e. 6 = 0, and U/t > I, the Hubbard

Hamiltonian r~uces to the Heisenberg model, as shown by Andersorr' and the low

energy excitations are apin fluctuations. We understand the physics in this region to thc

extent we understand Heisenberg Hamiltonian. Even the Hartree-Fock approximation

describes the physics very well as far as magnetic order is concerned for all values or UIt

for Ute half filled band. Subtle questions related to nllY Iunrlnrucntnl differcnce between

a Motl antiferromagnet and band antifcrromngnet, however, remain unsettled though

some attempts have been made in this direction 10 •

Real problems arise only when we consider the doped nntifcrromngnct for large UIt.
In this region the effective model is the t - J modell,lI. All the recent attempts have

been to understand this model. For U = 00 or J = 0, we hnve Nngnokn Icrromngnet Il

for small 6. In this region again the understanding is not complete eVCIlthough there

are some interesting recent worksl3.

There are a few milestones in the development in our understanding of the Hubbard

model. The notion of upper Hubbard band, indicationsof violation of Luttinger's

theorem, the notion of Gutz~iIler'9 projection and nil the recent insights that Anderson

has brought in mostly single handedly. In fad my lectures will be mninly 8. quick

review of the insights that Anderson has brought in recently together with 1\ few of my

own ideas. A good review of earlier results. withcriticnl, comments arc found ill the
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excellent book by Conyers Herring I~ and a good review by David Adler in the Seitz

and Turnbull U series.

Fermi Liquid Theory

Electrons in metals and many conductors are remarkably robust in the sense that
. .-

their low energy properties are essentially the same as that of a"fiee'fermi gas inspite of.
the long range coulomb interaction. The same is true of liquid He3, which is a neutral

fermi system with a hardcore lype short range repulsion. Starting from Sommerfeld's

free - electron theory of metals ending with Landau's formulation of Fermi liquid theory,

this idea is central. The essence of Fermi liquid theory IS is the one to one correspondence

between the low lying spectrum of free fermi gas with the interacting fermi system.

Landau formulated the Fermi liquid theory in terms of quasi particles and their

intcrnct iou ill momentum space, close to the fenni surface. The quasiparticles carry spin

ami charge together 11Ildarc "adiabatic continuation" of the non-interacting Iermicns.

The quusipurticlcs arc infinitely long lived at the Fermi surface and close to the Fermi

surfncc their life lime r(E) ~ (E - (F)]. The quaal particles do internet nnd thiR is

parnmct rized by the various Landau parameters. The mass of the quasi particles IS

rcnormulizcd.

The Fermi surface remains intact "in the sense the momentum distrihution function

Ilk exhibits u finite discontinuity at the Fermi wave vector "F' A neat characterization

of the Icrrui liquid is in lerms of the analytic structure of the fermion propagator.

00

G1(w) == j(OIT Ck~(t)Cl.,(O)iO)C;Wltlt
u

For n lion intcruct.ing Fermi gns

(J

~lw)
'" - ('1 - 1')

It hWi a pole 011 the' ~eo.laxu.. In a Fen;li Ji'luiJ, "ll.e pole moves inlo the ullphyaicnl

sheet in the complex w plane for n general k.

1
G,(w) = w - Ck - E.(w)

where~li(w)is the self energy. In partieuinr the imngillluy part of energy, the inverse

of the fermion life time upproachea zero as [e - //)1 as k -+ kF• Aud the residue of 'the

pole at k"= kF remains finile :

Gl,.(W) Z., .
w _ (f.,. _II) + tt1colicrcnt

where . Z. ~ (1- n::.!",ll ••.•o)-I

As long lIS the residue Z1, whicll is lhe Wave [unction rcnorumlizntiou coustnnt

remains finite, the interacting systelll remnius a Icrmi liquid. f
I

The wnve Iuuctiou renormnlizntion constuut Z, CIUI nlso he expressed M

..jZ!fl (N + l,klcl.lN,G)

where IN,G) ill the groundstate of the interacting N particle system and IN + l,k)

is the grounds tate of the N+l particle systelU having n momentum k. When the stutc

C!.IN,G} has evolved in time, the stale IN + l,k} is supposed to be the coherent part

tllo.l ia left behind after infinile time.
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F:tilu.:-c of Fermi liquid theory

It is unlikely that any interacting fermi system is a fermi liquid in its ground state.

The rcsiduu.1 weak interactions among the quasi - particles will lead to a ground state

with spontaneously broken ground state. This could be a spin density wave or charge

density wave or a superconducting state. This is ",hat happens according to Kohn

and Luttinger in the case of an electron gas at very low T. In the Hubbard model,

we nre not interested in the failure of Fermi liquid theory arising in the above sense

- fundamentally a fermi liquid with n. spontaneous symmetry breaking modification.

What we arc looking for is 0. fundamental modification of the "normal state" . That ill

we do not envisage Il fundamental symmetry difference between the Fermi liquid and

the non - Fermi liquid. The difference arises in the behaviour and nature of the quasi

- particles.

The Lultinger liquidl1, wlliel exiets in several 1 - d models, including the 1 - d

Hubbard modellS is one such example where the Fermi liquid theory fails without any

spontaneous symmetry breaking.

Lecture - II

As mentioned in the last lecture we are looking for a correlated novel quantum liq-

uid which hast.he same symmetry as the fermi liquid, but differs in the ground state

correlation and the nature of the excitation spectra. Hubbard's various decoupling

approximations7, the presence of the upper Hubbard band and the failure of Luttinger

1 U

theorem nil pointed to the presence of a non - f('rllli liqllid. It. ,':;,,, A::<k:':'Cl!i'~ "PI" c'-,-

ation of the anomalous normal state properties nnd his insightfu! analysis of ll •..~ 1 - .J

model which is revealing to us the real nature of the 1I01l Ierrui liqllid stitlt'.

This novel correlated quantum liquid has been named M Lut t ingcr liquid b::

Andersonlo borrowing !I. terminology that Haldcne'" hns used lo describe certain clits:.;c::

of ::'-ti interecting systems with non-iermi liquid ground stale. Andcrsorr's nrgllllle:.t i,:

that the physics is similar in two dimensional Hubbard model. One or the impor t an!

properties of this new quantum fluid is the spin-charge decoupling. There nr e two kiJld~

of low energy excitations, one carrying only "pin culled spinons 11m!tho other cnr r yinr;

only charge called h2l2na.

The above is true in the one-dimensional Hubbard model. This is essentinl ly n

new understanding of the (Lieb- Wu) exact solution II of the Hubbard model, which has

existed as a mathematical solution for the last 2 decades, that Anderson has brought

out. III f!lc~b lhe one dimensional Hubbard model the insulating half-filled band cnse

and the conducting non-filled band, all have fradionalization of quantum numbers.

For the Heisenberg AFM, the spin 1 and spin 0 excitations are scattering statc:3 of

more fundamental spin-~ excitations which are the spinons. Thus the fundamental

excitations nre neutral spin-~ excitations. These excitations resemble electrons to the

extent of having the same spin, Unlike an electron it is neutral nnd hus II. collective

solitonic (~opological) character.

These spinon excitations are believed to survive after doping in the 2-d Hubb ard

model. Its neutral character is only an asymptotic statement: the effective charge

carried by the spinous tend to zero as the energy of the spinon tends to zero. The zero
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energy spiuou cxcitutions define a line ill the Brillouin zone which we cnll as the 8pinon

fcrmi surface or pseudo fermi surface. In simple mean field theories 21 these: pseudo Ierrni

surfaces coincide wilh the fermi surface of the corresponding lion-interacting electron

system. It is not completely clear if the apiuons arc Icrmions and whether thcy have a

Fermi surface.

Excitations which carry only charge are also believed to occur on surfaces ill the

momentum epace. The spins of these excitationavanish as the energy lends to zero.

It is also believed that the charge Ierrni.surface or halon ferm,isurfllce coincides with

the Icrrui surfncc of the Icrromugnctically polarized Ccrmi gWl (Nl1gnoka-!ermi surCace).

This Icrmi surface has twice the volume oC the normal fcrmi surface as this counts all

the charges irrespective of their spins:' The spinon and holons are non-trival collective

excitations. It is useful to think of the Luttinger liquid vacuum as

• ! ~ J. • (.•" \0) = 0 k -+ kF

1.

11.)0) = 0

0.10) = 0

as k -+ k~. where (h is the spinon annihilationoperutor for spinon and h" aad 0" are

([IRCfor holons and antiholon respectively. Then kf, aad k} ar.e the holon and splnon

fermi surface momenta.

Haviug defined a Luttingcr - Anderson liquid interims of the excitation spectrum, we

will briefly see characterization interrns of electron propagators. The one dimensional

Hubbard model helps us in this as well. It ill known 19 that the electron propagator

12

acquires a branch point in the 1 - d Hubbard mood u Ir: --. kF

G.(w) •..• 1
(w-p)<,

when Q is II parameter which in general depends on the ratio U/t and 6. i.e, the pole

haediseppeared giving riseto a branch cut. We expect tbisin the doped 2 - D Hubbard'

mood. This ill far from being understood. Even the vanisbingof Z., is not established

satisfactorily.

It should be noted that II branchpoint structure docs not mean a simple spin charge

decoupling ill the low energy excitations. Much work needs to be done ill the novel

departures from the conventional fermi liquid theory,

I have developed c, model which exhibits spin-charge decoupling and holon, spinon

excitations. Ita relation to Hubbard model is being investigated. The model 1S called a

momelltu~ll Bpl\CC t - J model defined 118

11. = LE.cLc ••.+- I&.c- LJu.S".Sl'

where

~ C' ~ CS" = "",ao/l It/I

With appropriately chosen form of Ju' it exhibits iIOIIleLuttinger liquid like behaviour.

Lecture - III

In this lecture we will briefly see what is the origin of this non-fermi liquid behaviour

and aummarise II recent attempt to understand this using scattering theory, When the

aVD theory was proposed by Anderson he emphasized the importance of Gutzwiller
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projection. It is aclually a statement that in the tight binding Hubbard model, for large

UIt, the double occupancy is only virtual in the ground and low lying sta~. Thus any

l~Llcmptto solve the large U Hubbard model should treat the on site repulsion UEnilnil

as lIo and the kineti.c energy should be treated as a perturbation. '.

This is what leads to the t - J n::.odel

H = -tEC!.C;.+h.e.+J ESiSj
<ij>

with the important local constraint En••.
•

-F .2 for every. site. 11Usprojec:tion

or constraint is the origin of noa-Iermi liquid behaviour. This greaLly reduces the

<.iimen~ionof the Hilbert spece in which low energy states: participate. It also forces

new correlations in the ground state.

A feelingof the importance of the reduction iu Hilbert space can be goUen by study-

int; a two particle problem in a Hubbard model. This two particlt" problem was studied

by Hubbard' several years ago who diec:uaaedthe antibound state. Thi.anlibound staLe

was rediscovered by-Hsu and myseltD in the context of RVB theory while trying to un-

dcrstand the origin of superconduc:ting correlations in the Hubbard model. Consider

a two particle problem in the Hubbard model. We wi)) consider only the spin singlet

state, which aIone is affected by the OIl8iterepulsion term Cortbis two particle problem.

TIle cigellfunction for the ocbital part ia

IIIL·t~
"'(nhn,) = c--:-O-:cp(na - U2)

where K is the centre oC mass momentum of the pair and' cp(na - ,n2) is the relative

coordinatewave function, The Schrodinger equation for cp(n) is

-t L: cp(nl - n, + 6) + U6•••••acp(na - n2) = ECP(UI - n,)
A.:ll
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In the relative coordinntc it is thus the Slutcr-Kootcr oue impurity I'rClhl'~1IIin tl",

tight binding model:

-t(cp(n -1) + cp(n + 1»+UOn,ocp(lI) = Ecp(lI)

When 'U = 0, the case oC no interaction, the spectrum is continuous and extends from

-t + E(I() to t + E(I(). Where E(I!) is the centre of millisencrgy. When U t- 0

and positive an isolated atate splits off the top of the continuum. Since it exists I\S I\II

isolated state with no overlap with the contimuun or scattcring atatC!l(lfl tlac !,,,siti ve

side of thc cnergy ax.is, it is celled an enribouud state.

What is important is that even '~l inlinitesimal U cnuses an orthogonality:

Ecpi:(n,U = O) cps(n,U) = 0 at E = -t + e(k)tlIltl WI!,U > 0
•

A way to understand the above result is interms of a finite phase slaift for the lIcaUerilll'.

states at energy E = -t + E(k). In two dimensions also this happens for any posit ive

U.
This means that the two particle atate at the bottom of the scnttcring contiIIUUIII i!l

made orthogonal even by an infinitesimal U. TJle question is how docs this two particle

phenomenon 1lI1UliCealaitselCin tile caeeof fiuitc dCllllityof pnl·ticlclI?IIIanp;inc n".lill~ 1111

extra particle to a system of free fermi gas in its ground state. Wc will also adiabat ica.lly

tune a Hubbaed U but only between this-particle and the rest of the particles. This test

particle will be scattered by all the particles and in particular by those close to the fcrmi

surface. It is likely that the scattering phase shift that was there for thc two particle

will lead to an orthgonality of the manybody wave function. This is what Anderson has

demonstrated recently..
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Let us consider the one dimerWollal problem. We can ea.mly'calc'ulD.tet.lic phase
. .

ahift u.illg tbe IItandard phase ahift theorem. FC11lowillgAllder80ll~o''wCn~m'consiaer

slrulding waves ill a given bounded domain and do the 6nalysis(It ·is more like 11reaction

matrix}. The phase shift is given by

~ (0- Eq=o
-; =Eq. -Eo-o

where (0 is the lowest eigen Yalue of theintera.c:tW& twoparlideprob1C:u. And'U.e eum

of kinetic energies
Q2

Eo = '-K+<J+ (K-Q s::s :UK + ~

Here 2K is the centre of mase momentum and Q is the relative momentum of the two

pnrt.icles and Q = T' The above formula tdla UIIthat the ratio of the energy shift to

the unperturbed energy Ievel.separation gives us the.phase shift..

The cigen value equation for the two particle problem can be easily obtained from
i
!

I
the Schrodiuger equation

L
U = E 1( ':::E

Q

When L is the number oCsiLcs in the -I-d chain and Eo = (HQ + tk_Q and Q =7-.

We will consider the lowest eigenvalue ( = f{i. We CNlwrite the sumue the IlHS'Il3' n

pciuci:>nJintegral nnd a siugular term :

L
U

1 L J dQ
(0 - £Q=o - 211' Ql .

f .
1 L Ls::s

L
U

to ...c.EQ=o 2'ir1r

1 L2
~ . '. --,-,

(0 - EQ=o '211""

E '" .>And EQ, - Q=o = V

,:;::::;~,,::::=:-:::::::,-:-:~ __",., __.:::;a _ .u' ••• ,.. • _,", ,." ••• " ••• _ ""_ •••
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L 1 1 1= -~~
U (0 - EQ=o 2€Q, - EQ=o

6 (o •.•..EQ..o
1- = =7r EQ,-Eq ••o

Thue we find that the s~ttering phase. shift:is 7r. In one dimension the result is therefore

independent uf the-centre of maes momentum J(.

When, we r~peat the same analysis in, Lwodimcnsions for zero centre of mass mo-

men.tUlll we geL

L2 "
2;:2 f

Q=(!.!>
The principal value integral is logarithmically divergent.

L'
U

1 27rQdQ
""Q2=

(0 - EQ-o

So we gel

6 (;0 -E9=0

EQlo-EQ=o

1
In L= =7r

Here L' is the no of sites in the system.

The phase shift in two dimensions is finite for finite systems and tends

to zero logarithmically as L -+ O. However, the. scattering length

diverges but only logarithmically.

This logarithmic divergence of scattering length does not. cause failure of fermi liquid

theory when the density.°ofparlicleap1.ends to-zero, However, tll~6I\i~c:d~.sjtl has

to be treated carefully - we have to consider at least tbtl~lqcki.l,lS)q{tll;~. fermi

sphere to the two particlein'termediate states in the scattering processes.

Anderson shpws that. tbi~ blocking alone leads to a finite phase shift. The calculation

is as follows.

L2
U.

• 1
..1: €.,...~=

••

il

tl

,
I
j

/.
r
tV-
i

~
i.

Wr~
!
I.
I
l
f..,
F'

l'
..,

••
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where the prime in the summation indicates that the two particles do not get scattered. ,

into the £ermi sea. We will also consider the centre of momentum to be 2kF. As before

the summation can be separated and is :

L2 ~ 1 _ ...!.- .[pJK'. 27[QdQ .9:... + J' '27fQdQ]
U to - EQ-o 2•.2 ',Q2 ik} q2

q, K,

The fil'8t term in the square bracket denofes ICatterin~ involving small momentum

transfer (£orwanl scattering). It is remarkable that this term converges. Therefore

1...:r. , ' , ;.i..' "
fO - Eq-o ~ L2 Ilnkyh""\IIW

where n(O) is the density of sla~es, a~ the ft;mli surface aud kF ~ the fermi ~ya.•c vector.

Therefore

6 r- = :::L:
1f 1flln kFI + ..(OIU

Notice that what has contributed to finite phaseahift is the <:onvergenc~ of the

principal value integral, in particular the forward scattering part. This phase shift

vanishes when the particle density vanishes and also when U vanishes.

Anderson argues that this finite phase shift at the Iermi surface causes an orthogo-

nality catastrophe leading to the vanishing of ZKjo' This part of Anderson's argument

is not transparent to me. Basically what he'sl!j':J'is that a phenomenon similar to An-

derson's orlhoganality catastrophe that occurs when we add a local sLatic one-body

potential toa free fermi sea happen in this case as well.

Below I summarise some of Andereon's results.

1) Mallybody theory should be done in a meaningful way not losing track of what

16

is our aim. Infact he beautifully demonstrates that naive nnalysis will lead to a wroug

\
i, statement that the phase shift is ,zero in two dimensions.

2) The nnite phase shift leads to a long range interaction between electrons close to

the fermi surface. i.e. the K space is responding in an incompressible way to the Cact

that Q = I( - I(', the relative momentum of the two injected particles, cannot be zero.

No two oppoeiteapin particles may occupy exactly the same momentum slnle chose to

the £ermi surface., '

3)ZK,i~~~"

ZK, N-I!12

4) Both t: and 1i are anomalous at the Iermi surface, and ~ '" _w-I!1
2

•

1wish to dose Ui.esummary oC Anderson'. work by saying that the singular forward

scattering lead~'io along range exchange interaction between particles in momenfurn

space. However. it is not clear how tbis failure of Icrrui liquid will lend to spin charge

decoupling. InCact, a model that Ihave constructed, (reprintcd aa an appendix to thia

lecture) which Ibriefly mentioned in the second lecture leads to spin-charge decoupling

arising from a specific long range interactaonin momentum space. The best place to

read Anderson's work is the Ander.on.Ren paper and chapter VI of the Princeton nook.
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The basic idea is to concentrate on momentum space rather than real space,
Recall that one of the attractive features of the DeS reduced Hamiltonian is its
simplicity in momentum space which leads to its exact solvability and also to thc
non-trivial Des condensed state. Interestingly. we find that a simple two-body
intcrncrion can be lidded In momentum splice to the free particle problem which
modifies the ground stijlcrqllalita{ilJ,ely, lending to single occupancy ill some region
of momentum space resulting ill spin-charge dccoupling. We arc also motivated
by the fact that real-space double occupancy constraint leads (0 somewhat similar
constraint in momentum ~pa¢e. This is explicit in thesplit band picture thllt
comes in Hubb:l:d'~ decoupling approximation'? as a reduction in the Fermi
surface volume by two. This is also an explicit assumption in the RVU transport
theory of Anderson and Zou. II

In this letter we present a simple version of our model, find the ground anti
excited states, and discuss the thermodynamic and transport properties. Our
model is

AN EXACTLY SOLVABLE FER(\.UON MODEL: SPINONS,
HOLONS AND A NON-FERMI LIQUID PIUSE

- I(,~- p)C!.C4• + J(IS/ - J ~ S! (5)

G. BASKARAN
TIJ~ lnstitut« of Ala/Janna/iral Sciences, C 1. T. Campus. Madra 600 II J. India

An inleraelin& f.rmion model in d-dimensions isinlroduced and 501~.d .","elly. Low
energy •• citations have COI/Ipl./~ spin-charge d~pling. The, hoIon spcclrun, is g.1p1rSS
and e.hibils a pseudo-Fermi surface. Spinons have a gap and. as in the 1·0 Hubbard
model, the lPinons Clisl only in a limited region of the Brillouin Zone. As • tuncrion of
.~tlron, cOReenlralion lhe syslem e.hibi" melal insulalor lr.nsitiolL

The low energy physics of high-T, superconductors I is well-described by the t-J .
model. Andersorr' introduced this model as an essential part of the RVU theory
of thl normal and superconducting properties of ceramic superconductors. While
a satisfactory, systematic and quantitative many-body theory is still lacking,
Anderson and collaborators and othersl-Il have gained qualitative insights
through some novel approximation methods and also largely from the anomalous
normal state properties, More recently Anderson' has brought in more insights
and some quantitative progress inspired by the high resolution photo-emission
experiments, tunnelling and also the Lieb-Wu spectrum of the I-D Hubbard
Model. The emerging physical picture of the normal state is a novel Quantum
fluid, where Fermi liquid theory fails. The simple pole of the electron propagator
close to kF is converted into a branch point resulting from spin-charge
decoupling. The resulting spinons and holons have their own "Fermi surfaces".

The /-J model seems very difficult to solve at the present moment and the
anticipated spin-charge dccoupling has not been shown to exist in a satisfying and
quantitative fashion. The aim of the present letter is to construct a model which
has a non-Fermi liquid 'phase exhibiting spin-charge decoupling, It is not at all
obvious that our present model is an "adiabatic continuation" of some aspects
of the /-J model. It may perhaps teach us something about the mechanism
underlying spin-charge deeoupling and the emergence of holon pseudo-Fermi
surface in strongly correlated systems.

Ours is a modified t-J model. Instead of the absence of double occupancy in
real space. it has absence of double occupancy in momentum space for low energy
states. Electrons in momentum space have an infinite-range exchange interaction.

j [ - Uk C!" CAt<+ rJu'SA·S., (I)

where

S4- CL aft" Clfl (2)

is the spin operator in momentum space and is not the Fourier transform of S/-
CLaftflCifl, Let me iloinl out that for simple choices of Ju' it is possible 10 get
spinous, halo 115 and tll:: desired shapes of their pseudo-Fermi surfaces, To make
the dramatic effect of exchange interaction in momentum space clear. we will
concentrate on a simple choice:

Ju"· 'J(l :-du-) and J> 0 . (3)

Again for simplicity we will assume t" - III ~ 12m instead of the tight binding
dispersion. The Hamiltonian is

110 - I(,,, - p)C! ••C". + J !.'S"Sl' (4)

PACS Nos.: 74.6S .• n, 71.21 •• d. 71.30.+h, 7S.IO.Hk.

For J - O.ti.e ground slate is a free Fermi sea, As we increase J from O. the Fermi,
sea gets rearranged close to the Fermi surfnce as explained bclow. The first tcrm
of Ell. (5) favours double occupancy in rnomcutum state, The second term docs
not mind single occupancy - it only favours total singlet in momentum space,
The third term minimises the energy· if the k states are singly occupied. It is very.i'·"
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in the singly OCcupied annulus n. This enormous degeneracy can be easily shown
to be lifted by an appropriate choice of )id ••. The resulting ground states will be
called momentum-space RVB states.

Eleclrons in the annulus represent singly OCcupied bUI singlet paired stales.
Holon-anlihololl pairs can be created out of thls stale as follows. M=onsider thestate>

- "-. -, ,~.
where P, is a singtcr projection operator, GirlS any k~depcndenl spin configUr:1lioll
ill the momentum space in Ihe singly occupied ann-ulus'Q'of rndi] ",and k2 such
that ~t'<ltlt:S:-O. _'-,;'

The radii k, and k2 arc delermined by the two equations

'"",'r ..••• (£., -£Jr) - J (7)

t ,"
Ps C.;.Cl~ 1G)

where k' > k2 and k, < k < k2• The enerEyof this state is t/,;. _ t/,;. The electron
that is in a stale k' outside the annulus is singlel paired to all the electrons in Ihe
annulus.'ThuSlhis'particle does not have any definite spin: This is. the antibOlon.
Similarly the hole created in the annulus at momenlum state k docs not have a
spin and it is in an environment otsinglel paired electrons .in k-space: This is a
holon: As 1k I, I k' I - k2 the excitation energy goes to zero. Thus I k 1_ k 2

-defines the ho/on pseudo-Fermi surface. Note that even though we have usedthe
word pseudo-Fermi surface for~o/ons,we do-not claim that holons are fermions,
Work is _in progress to find out the statistics of holons,
.r The importance of the singlet projection in defining the holon-aiUiholon pair

state is seen if we consider the following triplet state, which incidentally produces
an electron-hole pair:

~') ."

and

I
•• <141 < 4.

I
4,>141 >A, (8)

where kr is the Fermi wavevector o(.the non-interacting Fermi sea. The above
state is a lilled doubly occupied Fermi sea upto a radius k,: between the radiik,
and k2 il is Jingl,l' occupied and all the electrons in Ihis annulus form a
momentum space singlet (Fig. I). The energy 1051 by the kinetic energy term in
this new ground state is exactly compensal\d hy the energy gain coming from the
exchange term.

As is obvious the ground state has a large degeneracy equal 10 thclolal'iiulUbcr
of singlels Ihat can be formed with Nil spins. where Nil is the number of k-poinls

Qntiholon
CD

"/'T C:. Cl 1 G>' ,
I ,

where PT is the (riplet projeclion operator. and assume that k, < /k 1 < kl and
I k' 1 > k1• The energy of this state is CA' - £" + 2J. This slate has an Unpaired up
spin electron with momentum k' and a holon wilh 1lI()lIle'~lum state k with an
unpaired spinon unifonnly dislribuled in the shell n. This is an clel"lrun-hole polir
eXcilntion. As k, k' ~ k2 the energy - 2J. Therefore we have a gap lor physical
eleclron-hole pair excilation spectrum,

Apart from the halon pseudo-Fermi surface, there exists a charge carr)'ing
spectrum which is also gapless:

.&&ct,.

SPinon

~r::::"'~'~:

hoJon
•F,rmi sur'oc,·

Ps C:" CA, 1 G)

where Ikl < k, and /k'i > k2• The energy of this excitalion goes 10 zero as
k' - k; and k- k t- This defines Ihe Fermi surface for this excitation, Notice that
as ) e;cccds 4cF, k, shrinks 10 Zero and k2 expands 10 2"" kt'. where 1/ i~ the
dimensionality. In such a silualion we have only the holon Pscullo-Fermi surface
and all the filled slates are singly occupied.

Spinon excilalions can also be easily created, They have all energy gap .
Consider Ihe fOllowing stale:

• J

Fi~_ '- The modified Fcrmi sea in mOl1lcnlUI1I space containing a holon. an an.iholon, a ~pinon, anrkCI rou .1I1<Ja hole.

j,U' C·I r C' C 1 G-S 4','-.'. A, .,' )

b Pi.
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where k, k' e n, The above state contains an electron in state k, and an elect run
in state k',. The singlet operator I~k' singlet projects the rest of the Nil - 2
electrons. Thus the above state contains two up spinons with momenta k and k'
and energy 2J. For our simple choice JkI.;' the spinons 'Imvc a gap and have no
dispersion. Since the spinons have a gap the ground state is more like a
short-range RVB in real space. At the moment we think of the momentum k of
the spinon more as a label rather than the actual crystal momentum carried by
the spinon, There are some subtleties associated with the actual momentum
carried by the spinon which we will not discuss here. Also it is possible 10 collapse
the spinon gap along a desired pseudo-Fermi surface by a suitable choice of JkI.;'

without affecting the holon pseudo-Fermi surface. When J> 4t:F' the region n
expands and we have only a singly occupied holonFermi sea. It is easy to see that
theallowed momentum of the spinous is within this Fermi sea only, S[1;1/0115.II';th

momenta outside n simply do 1/01 exist! Analogous phenomena are known to
happen in 1-0 Hubbard model and XXZ Heisenberg model.

TIle electron propagator Gt(w) has an interesting structure for k - k., implying
a gap in the electron spectrum, When we inject an electron at k - kF• we get a
doubly occupied singlet at k - kF leaving an electron somewhere else unpaired
(depending on whether we have even or odd number of total electrons), It is easy
to show that the enormous degeneracy of the ground state makes the wavefunc-
tion rcuormalization Zk vanish for all k lying in thc annulus, To understand this
lei us consider the definition of ZIc:

lit T - O. However, the ground state is not supcrconducting since Ihere is 1/" phusr
rigidity of anykind associated with the change in the ground state. The formal
expression for the partition function can be written as a finite-dimensional
integral owing to the infinite range of the integration. The expression for the
partition function of this model is

Z - I Q D III
k
(r)e:" If 1•••1

where flmd is the free-energy functional corresponding to onc momentum k in
an external time-dependent imaginary magnetic field mIl):

J.lm] - _pol In {Tr 1"exp - I: [(1:4 - ~1)(lIl' t I/l;) t J Sf) dt

xexpi f"2Wm(r)'Sk(r)dr - If f"m2(flllr}.
0.. II

Thus the partition function is a functional integral corresponding to one vector
degree of freedom IIIdt). Without evaluating this explicitly or even numerically,
the low-T specific heat and susceptibility follow Irom the low-lying excited states
we have found. The specific heat at small T is

C. - const. T

due to the existence of the pseudo-Fermi surface, One of the peculiar fc;!lures of
our model is that ill spite of thepresence of finite gall for Spill cxcira: ion it h;IS
zero spin susceptibility. This is due to the fact if we polarize a fracI ion Hi\' of spin<;
by external uniform magnetic field then the energy Ch;III)!l'l'(Ullill)!110111 IlIl' term
(1: Sd2 is proportioual ro a1N2• Thus the low-T'susccptibility is identically zero.

The metal insulator transition in the tight binding version of this model is very
easily seen when we choose J > 2dt. In this case, the region U expands and all the
occupied states are only singly occupied. When we have one electron per site
(half-filled band) this singly occupied band fills the entire 1110 me IIIUIII space
leading to an insulator. The gap for charge excitation is 3J/2. This is the analogue
of Mott-Hubbard gap in the sense that there IS no spontaneous symmetry
breaking in this ;\Iotl insulator. It is a paramagnetic insulator - il cannot be
expressed easily as a single Slater determinant (even though it C;1Ilhe written as
a singlet projection of a single Slater determinant for simple choice of Ju'). All
the insulating and conducting states that we have discussed so Iar have the
character that they have no long-range magnetic or CDW order.

Our model has a long-range force in momentum space and this is rt'~Il(lIlsihk
for the intcrcsting epin-chargc decoupling. The inlinle U Hubbard model,
believed to be at the heart of understanding the normal suuc propcniev (If hi~h-l~
superconductors, has long-range gauge forces":" owing to the double occupancy

.fZk - (N + I;kiN + I;k, exact) ,

where

)N + 1. k) - c1_ 10)

and the state IN+ I; k, exact) is a "relaxed" state which contains definitely one
electron at state kC1 with the rest oi the electrons relaxed 10 obtain minimum
energy consistent with the quantum numbers or IN+1. k). If the relaxation is a
qualitative rearrangement, ZIc goes to zero. In the present case the rearrangement
happens for the simplereason that there is a large ground stale dcgcnemcy. /I
is possible to remove the degeneracy and still have Zk zero. It is also easily seen
that Zt is zero for all k in the region n. In th actual t-J model Z~. goes to zero
because of a qualitative rearrangement arising from some kind of onhoganality
catastrophe.· The momentum distribution function is constant:

", - 1 for ken.

In this region the particle and hole Green's functions have identical structure,
The holons and spinons do not scalier agai..,st each other. This, together with

the presence of low energy current-carrying excitations. makes the resistance zero
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constraint. I'erhaps our long-range forces may be explained as arising from the
constraint ill the infinite U Hubbard' model. In this sense the 1. of our model may
not be directly related to the 1. of the 1-1. model.

It is easy 10 incorporate an additional DCs-like. attraction bel ween electrons
which leads to llOiril;U I~(hulml.t rather than of electrons. Deluils or this will he
published elsewhere. II wiU be interesting to see If the recently studied
infmite-rallge or infinite-dimensional Hubbard model 11 has any or the properties
exhibited by ocr mood.
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the electroriicallyrelevant structural feature commonto

all the high-T cuprate superconductors .1s the square-planar Cu02

sheets with relatively weak inter-planar coup11ng. separated by

the spacer layers of other ox1des. that act merely as charge reserv-

oirs. The eJ.e<:tronic structQ1'e of the Cu02 sheets involves the

crystal-field 'split copper 3d X2.y2 orbital hybridized with the

oxygen 2px and 2py ligand orbitals. It is knownnow that in the

limit of strong hybddization this can be reduced effectively to

a 2-d:l.mensional one-band t1sht..,binding I-klbbardHamiltonian, para-

metrized by the on-site repulsion U, the hopping matrix element

t and the deviation from half-filri~g~(controlled by cation doping

or oxygen stoich10-metry>' 1his is the minimummodel. presumably

generic to all cuprates- this 1s consistent' ~ith the fact ..that

all cuprate superconductors have similar phase diagrams,and Lndeed

Structure of holes in a Matt insulator

Indian Institute of Science, Bangalore

J ::.;

their Tc·s. nonlalizecj with respect to their respective ,Tc max,
''-.,\ !1I'L' "_lie

\!hen plott~',~gab~~I.li~~.",cardes c()ocentration & (IIpre.preclsely

*b III deter~~i by th4ih}..qP$;lQn.,peJ¥!tntion,depthl ,dd:,superpose.

~,;-:

The 20 Hubbard mba~ 'h;.'!1 been studied in't~nsively in the
,. ~~j , ,;.,,",.",'

context of a purely electronic mechanismof superconductlvity in
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these novel cuprates. It 15 nowreaHzed. hoI.cver. that the nor_l

state el.ectr.ical resistivity (r) of these cuprates is highly

aoo••alous in that It 15' l1near In te-perature fra. the highest

temperature (>600 K) 00..'0 to Tc. \ohlch c,,",be, 118~ ~ "sll811er

than the transport Debye tesperature as In "Bi 2201". Purely

phenollenolog1cali~. such a te.perature dependence of reslst1~ity

\oQdd bply a Ilarg1na1 Ferll1-l1quJ.d \ohic:hin turn correctly i!llplies

not: only the Other nol"ll81-state behaviwr observed exper1~lly.

but also attractive interaction (th~d1.electr1c functlon)

necessary for superFQOduct1vlty. This connection bebleen nonaal

state resistivlty and_superCQOduct1vlty 1& also suggested by the

near equality of the transport relaxatlon tiE and the pair

-brealdng tl_ assoctared with the superconducting fluctuations

close to Tc, Superc:onductiv1ty IQSt be 9-COIIIp3tible!

this simple physical picture of 'dephasing' to the gauge-theoretic

tTeatment of the Nagaoka problem (U '-(0) \!here the longitudinal

gauge-field representing the non-double-occupancy-constrnlnt should

cause dephasing.

It is not ckear at the IlOIIentif U -DO limit has superconductivity

at all. On the other hand, finite U (J/ 0) an lead to paiTing

(local) of these vacancies through the 'magnetic string' mechanislI.

The Autolocal1zation of a quantull vaca~y and its delocaUzation

by pairing leads to -a phase dtagraa general Ly consistent with

observations.

RefeTences (Author Is \brk)

It is proposed that the 1101'1181state resistivlty arises as

the diffusive .:>tloo of charge caulers (quantUAI vacancies)

Tesulting frOil "dephasing by ortlxlgoo.tlity".

N. Kumar, Phys. Rev. B42, 6138 (1990).

N. Kumar, Phys.Rev. B 40, 844 (1989).

11IUS,for U - 00 (or J-o In the I:J IIOdel\ohich is equivalent
,~;1,.:' :'

N. KumaT,Journal of Solid State Chemistry, 88, 207 (1990).

to the ~lJbbard IIOdeIin the 5trong coupUng 11alt U/t»1) the quan-

tua vacancy IIOVeSin the para.gnetic baCkg;~ of spins that

have no dynolll.cs of -their 0_. It b clear then'that the partial-

8lipHtudcs for the propagatlon of the quantWi vaa.ncy beb;een t100

given points, along the alternative paths A!S,t add incoherently
:.".>••

because these alternative paths leave the back, ground spins In

octhogonal ~igurations. This would yield a diffusion constant

typically of _gn1tude ~ 1-·. lhe latter wouid l!11plyvia

E1nsteins' relatIon aT-linear resistivlty if the vacancy-gas could

be treated as 000- degenerate. It should be ~slble to Telate
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W. Id••••IfJ. -l, louublti'J- 01, ••• N•••••~. r."""'" •••••.., ••••• oI,ho U - _ 1I_.d 1IIOCk1"

We ~ ripou.J, lbal ro, ••••• ~caou.h bok COftCcft.n,ion Ik rcUCNlNPC' rouCun ~ "' •.••.
Wilt, .1I1l rapcc:1 to owcnw"'_ ••••••.•••• ctcctroft .t ,laC- 'Fci•• .,iNe ••••,.a.c••• h •• 11Mhot-
leND or. cIow••••••••••••••. ftfJ .." •• b, cor,ela,_ '.CClL We a..d • Inw~ac'&' w:_k 1M
laND.••••• ,'- Ih~ •••.•• -co.""'.li..n. lilt lhe .form of • ..,. ••.• .-.c· •• i.ncu eh•• is ."ach un.ller
•••••I••r._ •••••••••ppro•••• """ ,.1••

In Ihi. propct wc prcacnl •••me vori.l"ional .nd e •• cl re-
lulll conccn.inC"lhc lIubbord model I" Ih.limil of lorIe
U -pcn.inin~ m.inly 10 Ih. II.bilily or otherwise of Ih.
N.,.oka Icrrom •• ne t, The rnull of Nllaok.' lac•• Iso
Thouleu1) is or considerable imporl.nf;c since il is. QOn·
IKflurbatiYe and C11Cl "alemen' about the Hubbard
modt! ror Ilron, .ouplin,. Le.• ' U - _, The recenl re-
vival of inler •• 1 in Ih. lIubbard model ror lar.c Cbul no'
infinilel U. (onowin. Andenon'l .uUCI.ion' o( i••
relevanee in hl,h·T, luperconduc,i,lIy. h•• feeused "
moinly on the so-ealied Heiscnbcr.·Uubba,d model.
which in ract conlain~ the U - OCt Hubbard modelltinrtic
.ner.y .s one o( il' ,wo rice es, In .ddilion. the Iheory of
ilinerDnl electron tcrromas:nctisin :ha,s tradi~io,,~Uyrelicd
upon the Na,."ko f."omalncl a•• clearly dclnonilrabi.
ease of 1M existence of '(crromalncliim in' I 'onc·band
Hubbard model"

Given the imrortancc o( the Na,aoka (crrom.,.net, the
".hermodYRllmic (rail'f" or the me. hods used 10 prove i.
have been I source of ecncern In lC'\leral workers over the
years. NlIloh show. Ih•• Ih. ruJly saluraled f.""",.,·
net is • ,r"und I'.lc in rhe C.!Iof of one hole Imcasurcd
f,pm half·fillin,_ (or U - II: and on .pprnprialc 1.lIleel.
Thi, method r.iI, 10 prove (uromaJneth.m for I few II

two hNcs_ In rael in tht ca!'tC of Iwo holes wc can rcadi.)'
lho.-. h)' cllenliaU,. • reic,', (ont'ruclion. that. ainll"",,"I. mull Clisl wilh In encrCYonly OCIlL 'I .bo,. Ib.1
or Ihc (err_.,ncl Cwo could cui Ih. liiticclnlo 1_
equal clarnoinl and coBline one hole inlo Cach•• ftd (ur·
Iher (orm Ih. Ilr,CSI Irin ••• te for each dom.in .nd eou-
ple Ihese lwo dom.in (crromoln ••• inlO a sinllcl-Ihc
enern cOS! il only • bound.ry elreell, I'or I Iherm •••
dynamic cOIICenlr•• ion of hol••• luch consider.lionl , •• 1.
Iy do ItOI •••• c" •• rroper ,uidCl. Howc •• r. lhe on.·
dimentionll Hubbard modd. wilh U - ••• h••• "p.I.·
lion of chlrlc .iwI lpin •• nd 10 It it impoasiblc 10 Ind a
SIIIC wilh lower cncrlY Ihln .he N.,.oIo. 11.le al .ny
conccnlratiot> 01 hoIn. Thil leads 10 a poasiblc occDlrio
ill whiell Ih. (crron •• cn., could lu,.i,c C.I U - _) In lwo
and thr« dimenlionl rOt ",., bole conccwu.,ton.

It Ia Ih. pu'poIC oIlhi. paper '0 shaw lbo. Ih. preeed-
Ins "scenario i. r.IK-_C prcscnl a yariational wa"c rune·
tion wilh one spin down wil"h a !inial wa.,t veerer, Ie,.
which" h•• a Jpwcr .n.rIY lhon" Ih. NaJan ••• " •• e in .wo
and rhree dimCA,iont for a "s\I(flcicnt'y lar,t conccnna·
,.on of holc~_ au, ··,acita'ion tfte.,)'" .1 • Itract" urrcr
bound 10 tht UW cac,talHUI CIK'I)', and bcCOIaeS or, •...
tive rOf 'a,.c enn\l,h 6 hJt.ui'y of holed but ;1 ,emain1
non.nfJa""e in onc dimcn\inu. In r.c., our crilC'riun for
the intl.hili., of.he (e"o ••• ,nel (n.ftt(ly .be ·'cae'a.aion
cnrr,y'" loine nf,ali"c) car.u't~ "it' luhtklit. or ahe
Na,aolr.a thcur~m treleted In the ,i,u\ u( I ht Iturrin, me-
uix titnltn. P&I noubip;uI'IC buiccd \\"c :.hl' rrc'cnt
"'a/ia.ion.' fJtimaln un how hH~C' the Coulomh interne-
lion U mt.llt be in ordcr 1(' "ilhi"lut .be" Icunnl:lfud.
ThtSC' are, however. ftdI npnmel (u, ~II A" Wt eetieve
thai this ilthr fint ruhli, .•cd dcmUMlf31inn f'r Ihf in\13·
bili,y 01 the Na,aoka ~l.lr Ior nuy h(II(' cOnCtlllfliion lat
U - •• ) whic;:h ha~ a "'ilfi~uionill (;and hence rl,orou~)
basis. and which if. Ihcrmod)"nao,ic:ltly rcl('\ ant.

In order In motivate our "'''''t runcliun ••_ ~"t 'llJOllld likf"
10 rtwiew. bric-ny. "'ht work f'f RichnloncJ ilnd
Rick.yun.' who rt'r(or",rd IIn ,nlue,'in,: c:.lcuhui"Jl
_ith a simU.r PbjrclivC' '" ours. These aUlho" Ilhn coe-
lider .hr rrnbkm of N,-N,II-bt ur I-~"ift. clCClfOnJ
.nes onc"6a"n I~'rint r'cenon ,...• hct"~ .tir numhc-r nr I.,..
lice siln. and C'on"uuct a vari3ttOnilf "'"3\-r lunc'in •• nl't-
t.incd by rre•• i", Ihe mo.i" •• cor .h. d_n <Ice""" Ind
101.•."" eX.'II)- for .he Ur"ctn:lrNl ,:al whtch "".- ~C"c~•
limrlc po.enlial ••• uerer ('''cn,lh Ul •••• ne .;,." Thc
u,...lcctron cner,ie' ',e shirreLlh~ 01 I/S,le.d •. and Ih.
ne' COtI i. 0111 ••• ho.ca. Ih••••••• ibili.y ,., 'inv.ny .d·
mi&j"J the doubly occupied 'silt ,ain, an tlchan,t f'n('·
11. Thc Bnel concluaion or Ihis ••udy i, .ha! .he NI,.oko
rtllO(l'la,Acl I,. "nstable witb r~'f't'ci In rttlutinl U from
inllni'J-h9wc.er. IheJ find Ih., .1 U - r. .h. NI,_okl
r•• rom •• nc. il .I••.•y. ","bl. (0. any 6.

It appco •• Ih.1 Ihe pre.ed;n, "."ilil~" or Ih. NaJ.oh
r,noml.ntl .ri,es in thC'i, calcuiatin" hy the- inabiluy "01
t~ •••• e function to .t~w the' down.,.,;n ,1,('lIon 10 hOI"

!1 13" @I~ lh. A_ric.,,"'~oie" Soci<r'J
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a'ound. Th. owert.med .lccl,on ••ovid p••fa 10be In •
bi,hl, ckloc.liled Iiaic. Fo,. if we _,in. III< full,
'rin.polariud Sioner· I'.'c hrrhtclt la jus. the N••• ok.
llal •• 1 U ~ •• Ianlll.itcb 011'U. Ihc. lhe leadin, insla·
bili.)' _uld c•••.•npond 10 dn"oyiJl, '.0 up'clccl'OD•• 1
lhe ISlonc,.N.,aoItaJ Fermi lurfacc .nd c'''lin, • do•••
electron a. the band: bouom. This pklurc imlD(di.aIl:ly
IU,,,,," Ih.1 .n .pprop,lllo ,".1<11 for Ibc 1a" •• U
p<Dblem.ouid be 10 I.kc IUch a "FCnnl lu,f •••• alor-
i.," eaeil.lion .nd 10correel fQr""~ Co~lomb "P""
eIoto b)' a va,lallonal p,ojcclion.

Eapliclllr we wrile lhe !lamlll"nl •••

H - - :I. "/C.~CJ' + U 1:-,,-u .
'J ,

In 1he U -.0 lim; r, the above conaidCfallonl &cadus 1o
•be w.ril.ional ••.•. c function'

IX.>-(}",I-'" ;,"'-C!,II-_ •• IC".IF). 121

where IF) 11 'he (crroma,nelic N•• aok.·Sloncf Il.lc
n.:!J6I!.,C:.hac) •••nd 1, uJCrI '0 Ofte of tbe FUlnt
lurf-cc nelon. A lua.,hllor.ard c.akulalioo &iVDthe
tACia.ltan ener.,

(X.\lII-£.llx.)/('1'.II.) •

.-here £••• the cAe,.y of lhe Na,.H.-Sloner I.ale,.'

1.ltl-IP-I,I+I.bll-p'II','I.

lie,. ,..1-6. p. -£./IN61. and <,.1.,. wilh

t" - -fl/N,I::I'4J,""'·-·II.
.J

I -coordin.lion numtKr .nd rurther we Illume llul
'II -, lor 1.1 ncarCl1 nci,hbor and UtO olhcrwilC. I"
(trUlI ollhe denlilY of 11.IClpel) pcr aile .nd per apin we
h.ve: .

w w
Ph- J •• <piI letI .ndb- J "'phldl.

" "

i

I
I

wh~rc U'•••••is the band lop tnuIY, •.hence [T ~p ~ W••••
I. Eq. 01•• h. '''0 '.,ml a,c. '.lpoe.i, •• lr.lhe .""&1 Iou
of the up I"illl, brou,hl .bout by the up tlc-clron, h •••.in.
to .'Void the- in"Cflcd down Irin IiI is • nd Iou liace
fl ~ (,I and the cnercy Jlin olthc down clCCU'OA tha' C.1Ii

move .round on Iht .••c.nl Iilrs Idl behind in the fer·
rom'lnel. The coefrlcienl or c

f
in 01 rep,cun" the

drCCli'f'C' ·'h.ud widl"" U'ductlon r.ctnr or the do•.••
declron-whlch II. In I.el.lh. hol.·d.n.Ir,-hole-d.n.lly
corrdltion runction a' nc.rul·nciahbor acral'lion In the
N.".olu ruroma,ncl divided by 6. The rhYlicl of lhit:
IrrOl is simply that Ji .•rn a hole at I .ite. a down spin ••
inuUtd there. and its horrin. requires I hole II • nclah-
borin. Silt-Ihu, we nced the conditional probability o(
hnt.linJ a Jr'cond holt a' I ncarell-nci.hbol sile .iyen ORC
holt al • silt.

Clnrly IlIl' lowes I .••Iue of "'riq) b obtainl'd by Ictlinl
c
f

as Ihr band bOil om encrl)" -1 ••••••1. We dis.tinluish
."'0 cases hrrt drrrndin& on whether I.) W ••••- zhl 0' tbJ

III

w•••«\II. Case lal applies 10 the ~ •••,~ lallice, Ihe ui·
.n,ular'lauice wilh , <0, Ihe IilDpi. cubic. Ihe bee lal·
Iiee, alOCllbe fee lallic e w ilb" <0. Case Ibl eor,npond.
10Ih.lrian,ular and fee 1.llicol wilh I > O. We asurt fo,
aU Ibdallicn in case IbllJr •• Ihe.ferromaJn., is un.l.bl.
(01 ubilr.,ily-sm.U la: abe iAs,.bilia, R,_oI.course C'Jl.cily
wbat N•••••ka·1 Ibcor.m would·p redicl for a lin,:l.
hol.- II arisel in 01 beeause Ih. firS! le,m is a posi.i.e
number or 0161.nd lhe_ond il also or 0161 bu. n'I.·
\Ive, wiI~ alar"'cocllicicPI. Cascl.1 is•.bo •••ever. mo,.
lub.\c. Tt.c r"l tlial 'W~-."r'lllOCl Eq. 1411mplJ Ibal
Ijl/JlJ'· •...a.·.o·1 as 6-o;wll< ••••• he aocond 'erm In 131
II or 016'1.· ..'"';.'·' ••••• 1_ .hallbcrcmllS! cAisl a
DO"UIO ",ioft-.rountt·6-0 where·A•. il'non ..•••e•• ti-yc-
this .obuancu of the Na,.ok. (enoma,net in .his else
,Urn" I.om the r.lhercurious· rael 'hat die hole-
dcnsh,-h~k-dens.il)· conelalion (unction of the Ier ..
rom.JMI •• t ftcarna-nciCbbor s.cpa.ration. is o( 0(6))
ralbcr tban 0 Ct.'. a, one mi,ht ••a'wely care-ct_ In clrcel
holn rcrel wery Ilran,I)· in this caw lhcret-y cnillnc"n,
Ih. II.hili., of .bc N.,.nka ••• ,e, Tablt I lillS Ih. erili·
-c.1 w.lue, of Ii lbovr which A.•. ,on. n~'I.i.C' in yarioul
casn. It. is seee lhal there I,r surprisin~ty liable
CIK,.-Ik caW' ta' l.ian,uY, I.uicc and fee I.uice,
which .ppcN 10 be .ood candiditci '(W' hinc-•• n. Ier-
'OIId,Mlism.

It.win. found In cacitlliOli •. ith ponibly ow.ni.hin, en-
U17-. weohtC',yc:thlt IhC' precedin, ~nl.abilil)'hu • w."c
wrctor corrcsf'Ol'dinc 10 the- Sionr~-N ••.• okl r:crmi
monaatiunI relaliwe 10 the band bonom Il.te·s momen-
tum. TJUa is ••. ellC' ••••.•lCd l('Iin ••.• we .,ilh • lfiJ,ed)
nouao .awe ow,cc'" 9 -4.,:_~,.d,bt.in,". UI. In Iht' qun-
liD" or lb. IGClldsIoncl Io;,' •••.••• len.lh Ipin w•••••
whkb •• vsl onlymRt(UI,founds panus I va.nidiin, en-
crlY. t We .herrla.r conSUue! I .••ril.i"an.l ••.-ave rune·
•.ion which consains lon,.wavcien,tb srin "'I'-U end .Iso
in'e,roIalel 10cont.in the lead;nc in, •• bility .lrrldy di" ..
cUlled as

III

141
I~)_ I ua .••••.

V{JIN.-NI ::.. -~" C!III-ft~. Ic"IFl.

m
whue i. is In unl(lC'CifiedImrliludC' for (hl' •..•V( ••eclo,
1. The wave r"r.etioA- I.) i" ch.rlcteriud h)' Ihe wave
"cclor f. aDd is moli .•••ed bylhe RI'A CRef. ql which can
bo ,ceo •• ,ed by •• ,I.cli., Ihe Ip,oj_clinnl f.clor
11-_ •• 1. If •• choose of, 10 bo a K,oneeker " runelio.
al 1 -i,.lhis ,tduccllo our Wave function Ix•.) in Eq.
121. If ••.•acl f -0 .nd Ie• .,.. he ind.,.."d<n' or ~. Ih.n
I.) Is slmplJlh •••••• oIo•• ln<d b, ae.ln, on IF)••.lIb Ih.
lOlal spin Iowtrinl ope:r.lor. and bence is dtJener.le
• i.h IF).

The conlalnlp in "Iis determined b}' normaliulion II

/1- :I. 1#.1'1.+ ,,16 1: "';.,.,1,/, .
I , ,.A

161

.-herc fa -e((,-(..) .cSUicls lhe sum 10 Ihe Stoner·
Nlfaab Fermi XI. Wc cakulalc the ··spin-w.vc·· n,d·
,.,ioA .nclIY (i .•.• (~IIII-£.I1.»).o bo
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TABU;; I. The .pin._ •••• 111"••••• 10our acll<mc.nd I" Ih. RrA.la _1101" .h.,. ,I. lloecoo,di.
""Iion Aumber 'or dil'crcnl leu.c~ ••• nd Ihe eri,ieal hole concenC'.'~ I" .he",,' 5. en i. ::.'~";...-..-...,,.

Sq•• ,. Tnon,k •• bee Ice

0.02) 0.0)',
0.009 0.0\6

6-0.1 D.,A
D

6-0.2 DUA

D

61,

0.1>44
0.014

0.•9

I
llfl-Ii f,,·lfl,: •• I.

I+ PN I.1.I,t;'.Klk.p;ql., ., .

where

A.lql-P-_<. +611-p'lzz,Zlt •••

.nd

K Il,p ;9Ial<. +. +t,+. 1+lplarKt. +t. +,•• 1.

191

V.rrin, wilh r•• peci 10 f:. wllh the p.eeedin, normall-
%Ilion conllr.int, ••e find the ei••••• alli. 'qllalion

1<191-1•1,1) •• - ~, ~/, IKlk.p;91- t(19) It, .
1101

Thil inl •• ,al equalio •• h.u IWIIcI••••• of IOlulionl. Ihe
eonlinullm or •• all.finl •••••• obl.ined by Omilli'll the
rilhl-h.nd lid. I••.hich shihl Ih. ene,.in only by
OIlINI) and a bound ".1 e, the IGokllloacl .pin ••• ve,
start in, at zero enerl), al q -0. The sc.uerin, conlinu·
urn is an.lo.ous '0 Ihe Sioncr particle-hole continuu.m in
Ih. w•• k-couplin, f.rromaJn.l •• nd is bounckd from
belo••.bylh. minimum or A,I.,1 (0' a Jiven ,. III.alue al
9 -0 i. Ihe e!l'eellv. uchan,e 1,.lillin, in Ihis ",on,.
eouplinJ Ih.o,y. Th. in••abililJ discussed in Ih. p, •• ioul
Icelionl is rreciscly conlained In Ihi~ ICheme. ,ince.A.lq'
It q - kI has a minimum a. k - - k,. thus our rrevioul
di•• ullion il lanl.mOllnl 10 Ihe Iialemeni Ih.1 Ih. 10••.••
ed,. nr Ih. scal\.rin~ eonlinullm ha•• minimllm AI
q -k,1 and Iha. this minimum comes down with incrcls-
intt 6. IInlil al ""me c,ilieal .alue. il hilS Ih•• b!ICissa.li,-
nifyinl Ih. inSiabilily nf Ih. f."omaJn.l. 10 Thi. scheme
aiM) conlains lhe Goldstont mode, Ii nee I calculalion
Ihn ••••Ih.1 Eq. 171.in Ih. limil or ., - 0, has • "'0 oi,.n·
..Iue wilh Ih. ';,.pfunelion ••• ind.pond.nl of k. IThil
phenom.non il a Iialemeni or Ih. rOlalional in•• rianee or
our ocheme.)

Th. Imall .• Ipi.- ••a.e IpoeUllm'can be •• "ael.d from
Ih. lsepa.abl. k.rnell inl •• ,al .qualio. 1101. W. find Ih.
eilenfunclion

•.•-I+q.~.+Ol,!l.

0.0)6
0.026

'0.011 0.01 0.006
0.D06 Il.OO5 0.004

O.OH O.OU 0.01
0.001 0.006 0.006

O.ll 0.32 0.62

(7)

and';, I.Dbl.ined a.

u,. 1

~.- A.IO) l+zP1I1261
IIIl

whcre

(II
V" -lil/il". k ••

and

1-IIIN,I:I./a.lIA.IOI.. .
These arc .pproprial. in .11 Ih. lallic •• of case 1.1. with
ene,., 1nC'."u,cd in uni.s of at'.",.. In .he rem.indc, of
Ihe parer. we 11K 1M-same unit!.. Tht cons. ant 0"" 1 in
aUc••••• Ieepl Ih. IlianJula, lalli ••••. here 0 ~ 2. and "'t
lrc.' 1m, lauicc as I squ.re lallice Iw.lh bUicc'FOIls'.nl
••».nd .U dia,nnal bonds n.nninle •• y. northe.sl. The
spin-wlwe CftCIC' .~.~

tl ••.19!-~;,,'+01.,·1 •

wich .he- stifrne",·,iwC'n tin units of 1'1» by

D-D II' I: I•••• P911+P[./2SI·
1121

wh.,e Dar ••-Sfl61" NOlc Ih.11 i, alwlYI "",ilive. and
hence Ihe srift wawn,.re al"..ay~ WIrier than what RrA
.u,:,nl'. In T.ble I w. lill .h. 5Iill'•••• fn, I••.n 'ypieo'
•• Iun of 6 10.1 and 0.21 and al", Ih. RrA •• Iu~. fo,
compa.i\Oft.

II il remarkabl. Ih.1 Ih. "i!rne" i. much Im.Uer IhanD.,.•.and 2 ard.rs or m.~niludc: I••.• Ihan JI il alm",' .U
Ih. c•••• cnn.tdc:,ed. Thi. In•••·.n"l7 •• ale of Ih. lone·
waVtkn,lh C'J,cit •• i("I' would Irld ta I tran,jlion 'em~r ..
a'u" Ih.1 is eon.id •• obl)' 10••·••• han Ihe SI"n.,-/l.,,, •• ·
Fock .llim.I.I. and h•• a ••••• in' ClnIhe qu••• inn 01why
th(' 7~ or i.inc,.nl Icrronl:.Jn('t~' i, V) 10.,11 brin ..••.·.,·t
Iheor)," fn< Ih.limpl. cubic IOllic. fo, "~O.2 "'ouid ,iv •
a T, -0.029 .1,\1. In any C.'It our c.kul.'inn Jiv•• an
"rpor bound on Ihe 'pin.w •• e lIilrn.... A lini,. •••
eh.a,. cnc'l), ,,'/.(J)w.ollid ,edllce Ibil fUrlh••.

Fo, I.neral nonlt'o q. Ih. iAI.~,al ''lua.io. 1101
reduces to • s.cl of.l,cb,.ic ,:quI.ionJ hy u~in, thc ser.'-
abilil)' or Ihe ker~l~ .nd ••.•• IOI~ednll",.,ieaUy. In Fil.
I ••e Ikelch Ih. bound.s.alt,"pcclruni.'~od Ih. scr"trin,
continuum fo, the squire I.uice in IW,.Il ca~n; one else

r
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FIO. I. The ",",""." ""'IY holicl ...d •••.•.• ~ .ad
II•• ""'_ •••••••••• e •••• __ .••••••••• ...d dcMlod
••• -..1 10< • tiN ••••1-1l.)4. '"""""'J .••••• "".dd ••••le
•uk. ., ••••••,10l000,11.11 tlirrC1••••~

i!'.

CUrTnporocb '0 ••••• a ._,h 6 Cor ••1Uc~w ••••• 1, h•••
ro~" .•c-dC"""c udl."Oftl. and the: IC"COIld coffaponds
'06-0 .• 9 .1 "biclll'" Na.ooh Ce"om'lnub .IoK 10~"," .n....bIe:.

F.o", Fir- 1.11 Is _. lha •• be .pi ••.••••• bo.IDd It&ttle
.1 • mvc. Io_cr JC.ak:lba. la..t unllc:."..,..lkle c._liRU •••••.
and ••.••Iih·. in Ihe ••, •••..•• cak~01Jp6na, caK. d:ocs not
C_lcr the coa.in ••••• rOf •• y t. Tbc: ciCCI of _realUt,
I he hok dcadfy " to "'ia, do .•• the cadlc CCMUi.••• u.In
rapidl,. and .10. 6;\, a•• -1, •.•.""ipi1 ••••aI,. Tbls .i•••·
.;.,.. Is ",,",.wha •• tllllai>c ••• 0( aon .aodn J.. C.noel«·
1rie,. but is a mocr K9C'C' iauJ.bUhy sltKc Hacali.II)' an
inini~r ••lNnbrr of t.{a.iC.1 ue 10M, JaIL TK Jpi_ .••.•. n
••• ,.- by ,";a, >Of•• 1;"IotIJ bel.". f -1,. and ~ultbe
bo4l0M orlbe Coal •••" ••• rOt "rlcr 9.

We•••.•e also v~d a limrak ,cMraKuu. 011_" •••
1••• ,1011 0( Eq. 1lI '0 d"<r.1ac ••••• , ••1eaI •• I•• 0( U
belo•. wbldt .be t-I•• ooIla "ale •• ddaikl, •••••••bIc.
T~ ••• iaalootal rune •••• cIooocciu • Oio•• wIIIu __
plett ,.ojcdc.d nnl"" 01 Eq. Ill ••• wrlalal U

1+.}-I]IHI,-Il".,a •• JC;,C.,.!F). IIlI

w~r. , Ii IIw .ii••• Oauwillu pu_u. no. ••• 11-
lloaa1 -'11 "". ,cado

A.I,.f.tll-C-'lti -1J'1I6-CI,+,',U'
.+c.lll+nl·-.'" -1J'P'11 • (14)

wb.,. C-6+PI·'. p-I-6. •••d lb ••• ,Iou. 1•• _ we
rcco,aiulolc Ia UaIoI1 wilb Eq. 01 Wblaiocd by .-OJ.
uc:epl 1M lIo1rd -bidt Ia 1M Co~ Iak'~'" ••••••
sr. For a Iud' .od U. we can Mialaol •• Eq. 1141wllh'
.n"".' 10,; aM·U •••• 6.ia&d It)'A.-o. W. bcIicY•• ba&
l1li. ellUaale 01U•• lu ,..-aba, f.004 .,00dd", 6-6 •••
•••••• Un di •••••• Iii•.• 16_-61- I: but Ia rat rr•••••••••.
••••• 1 r....6-0. I. lb. IUaif 0( .....u • aDd au.t U. Ih.
"';:a C"OAul.budo- 10 lht- nc ••••i•• r••• , coaa rrom
t~e ••••• accon4., and last •••• Ii.•.•II, I,.ocln, lbe lIact·

I. enc,CJ 0( the do ••• pi" "'hida 100( 016'1). and we nnd
lb. ~'" ~.ior 'OCS. ~'IJl-~,I-6Jl~/U. nous,
both iCrin•••• '0( Older 6 aDd ·ha.cc we Iind i••a. In o,dcr
10 ••ablU~ I~ C•• ' ••••••' •• I •••• mllSl ha •• U> U• .,lIh
U, OIl 0111 ••••• 111-m.._.I611'AII-c,JII. Tltis I.
_ •• ,004 ••• be' ••••11 0( Rich-.l aDd Richy" •••
.,.... inti I'" ••• han,. '001.1""'_ II.•~ te,," or
OIl'IUI)10 be Itockpccodenl 016.""'''''' Un-- U
6-0. Thdr raull Is0( COWie _c rtlilblc I••Ibi. limit
~ Ibcir. cak ••••aIoa il ~ w~, ..lhe do •••••
dccuooi kiaelic ••••• U Is "'ketaL lit F". 1. w. juala.
pooc lor tIoe aqua,e I.ulce 011( ' •••• It'roo the •••bili,y re-
aI- twilh.l •••• 01acr, 4 Coolhe·cascd lhe sq••••• "uiu.
10 Ict • rip_ limil _ lhe •• ,- 0( ••• bm.y 0( Ih.
t-Illooka C."••••••,""I. . .

In summary. we h•.•.e shown in ·.his ~rcr Ihal the
N.,aoll. (crrorn'lnci h un ••• ble lor. lufficicnlly '.r,.c
concentration or holes ,I U-.tJO b,. idc-"ti()"inl a J.QII
Fermi·larrace frstorin, eaciution. The- NI,;)ok •. Sloncf
Fuml Jurf,ce rorCC'1 tbe kine-Ue e-nnlT of thc up (Ie-cuon
10be m.ch .rc.ter th.R ,•••• In the luuu.,ct. or norm.1
IFermi liquid) Fumi ,,,rr.u. and the- in!.l.bilily coree-
lpondS 10 the: rcclificalton 0( thi, J'lte vI .lTair~-foe
10',. mou,h 6. th. down·c!tttroft band widlh I>«omu
lu,c UWUt,h te beaeft. r.om Ihls cGtla"tc:. Our c'll"'.te-
of tbe- down-c'kcuon band •• idth .~ 016,1]. ralhrr lh.n
0(6. it SpcciM 10 lhe. _K of our wari.liONI •• "C
runclion-ir Ihi, istfDC in Irncral theft we h.ye. ~cnrric
.rlllmen' (or Ihe Illbi"'1 of (he Na,ao •.• fCftOhl.,nei

(01' am." tnou,h 6. Jr. Uale can be- rOllnd thll h.~ •
baAd wHJlh lor do .•n ekelton. of 0161 .·hile [o'lin, only
a. cntf &1 of 0 t 6. IOf 1M u.r _'-n •• lha it .ovld hoc l'Ou,i-
blc In de-J,.biHrf:' lhe Ie-rrum.,ncl !Of .ny b"> O. "I·
Iho'U,h .•.c c.nnOf rule- oul Ihis f"OJ,jbihry UIC'loric.lly,w, red it is ."Iikely since nut .•.• v, I.nclion can only be
imrrn"cd upon by an adn,iA'u.e or ranic1e--h(Jie- ucil.-
doni I. ,he: Vr-dccl.nn fe-rmi IUfr.CC. which Ihnuld be
q.hf l",aU (10 "up .h, _r·clreuon e-Mfl' CO~I Inw. of
0161).

Th< 1•• ",biliI,. wi.h ,upeel 10 ,.cdllCial U f,om

AnlDity, occun ift 1.0 pb,.~c.n,. dilliACI •• y ••. One fa
that II low 6 Ih. uehan ••• nerlY oC 01" IUl COlllpe.es
wilh the f.<lollla&",,1 .nd leads, p, ••••mobIy Ihroulh a
'nl_d.r I,.nsition. to an antIC."oma,_ically CUrT.·
"I.d •••••. In the 0 tbe t "lime oC 6 :S6••• w. fiDC!Iha.
luml or 0 (1/UJ brina down Ihf Itronl coupli.lt. con.i"~
uum 10 • &ower eMIlY •• nd the Ie, instabi~IY bccomn
more rronounc:rd-teadin, II' in. we IU1opUI. Yia • Ant·
order u.nsilion-Io I mdll wilh a nMma. LuninJC1-likr
Fcrmi surC..,. and ",on. anllrcrromaa_ic .or,da.ion •.

1 ue

Wit would lillt In lh.nk T. Y. R.m""ri~hn;1n rOf

lC"rul inurn,in, di",u\\,ion\ about .ht" N:I,;,ulta Ier .
rom •• Mt.We- 'hank. O. M. fAhllaul" foc hem,"I, III nur
.Ufnlion thr work flf Roth nee Re-h. 6 and 1m and of ,h(
unruhlilhcd Ih~' of '·.n. uee Rd. 10) .•.• 1 .·hic.h wco were
unaw.re.

.0. Ic-~_ ',0. Tala laMitute 01F,uMl.meaI" RneatU. Ootn·
bey.l.di ••

IOn Iruyc from .lnd'a" lnslitule of Scieeee, Banaatore. India.
'Y. N.,.oka. I'~,..11.ev. 147. J9111966~ Solid SI ••• Com ••• n.

J. '09 1196S1.
'D. I. Thoul ess, Peee. rhr" Soc. London N. "JU96SI .
Jr. w. Ancknon •.$ciencrlJ5.1196119In
·FrrrOfnaJnciism in the- HUbbard model has b«n tludird •• inl

• yaricty of approlimalc mclhods o't'cr lhe::J"Can. SorM early
1e-[~.erKC"t•• parl r,om UubtMrd', 0_ ,.,cr, J. Jhtbbe,l/I.
rU1C. R. Soc. london A 174, J)I U961l. arc J. K.".mori.
r.OJ:. TtKor. rhy". so. ))61196,.; A.. 8. lIanil arM!It. v .
unlC. r ••,..,.. Rty. 157. Jq~ fl967t. FOI".a.c .tent rc"k .••
nr ,.'"oUir Mnfn,.tJl,.". edited by II. Cardhna ••n tSrn"IIC"f·
Vul_l, ller"n. IQUI. h" ••.ha. (olin ••. -c- 00 AOI ancmrt to
'rylc.- the wad hte-ral,ue. and ellc Oftl, • few ~rc" thll afC
tlJrff"., ,('Ialcd 10 o.r WOfIr..

'r. Ric~;"""" • ..! O. Rick.,,, •• l. rh,.. C 1. SlIlI~".
~ W'YC rvnclittn 1"011 0\11In h••..~· • Ion, "'''OfY .• nd .a.

in. "";11('. ~ .••• ..,. LaW,. M. koth. J. rt.ys. Chna. Sol.
1•. 1:\4' 11~1) • ..,he-. hnWf'YC"f.we,," 10 ha~ •••••~d thC"I.
stability contained in il. whtch ~ di.c.,'1 in •..h.t rollo"l.
Tk saAW" ••• "t f.ftCl~ h.s alw btt. rtdilCOnrd b,. s.
Schmill-Ri"k afMIA.. Ruckcntfcin Cunrubli*dl.

'1ft 1M: UK ollht clccuon .as Ihe r""OMa,ac:IK- "alc. round
..ith •• the na •.u«-Fock appro.imatioa by Bloch. wu Iho""
10 be .rulable 'Wit•• rapocl 10 kHla·..,..dcaath .p•.••"C ca..

1.0 ~ ,,
0.. I

I
0" ~

~ f
•• 0.4 :,.

0.2

••• 0.'O.Z 0.4

•
Fla. 1. If '''_ ••• lot the tq".'c "alia as fovad hom 0_

£4. 114It"';;4 1i•• 1...d 1._ a.r. IAllrIoolocdIN><I. n.. Ha._
la r.. ••••• ,f'lCUC h .h._ 4IIrMild, ~abH' ottI,. 11M•• ra
••••••••• '" lhe , ••• c.,"'" .Ad la-c .Iudua.

cila.ion, "' •• ",.11 ,a,..,1' nr r, b) Hruin, IC. BCfltn,. .
H••••""".. I'd~rd t.,. G. J. R.ado .nd, II. SuM IAradc:mic.
Ncw YOf". 1%6-1. Vnl. IV. r· 1041 II., Ih..,t(f~rr nt("n'8'y

10 r •• mine .he Jon•.•.• yeltn"h 'rin •..•.•.u 1(1 m .••"e: ,-,(' p(

Iht 'lab;hl), or the fcrrN'fta,l'te-l
'Yhi ••..••• (" (unclian h., .1", Mt"n dl\("u,\oCc! ~\ L Pro' M",h (Rtf.

'I.hoa u~ h onl, 10uudy Ihe kl"I· ••.•"cll'nrlh 'rill ••••~n
tJtf".if'wfti h, C. lIruin, in Ref. 7. Chap XI". fit)· krA we

u((f In Ihe- limil U - 00 or Ihe RrA rc,uh, nnlfd In Ihl" fl·

"ir")
lOA ,imil •• in, ••hihty of tht Na,ao".·Slon('f ".It t.••, "I'n NC'n

dltCuuotd l\, Uu,. M Mnlh. )'h,·, Rr, II., 4}_ tI~ft0t u\·
•••••• G,un· •. rUf\(I~" dccllurhn, ",htmr f,,·u" thllu,h hr.
coft"dt"I.lint\~ dlt! ,,01 1•.\,,(' • ""I •• hnn~1 u,,,ir,, ••.••..C'. II ~'

lan, In hi, "npuhl"hC'd tht",j, IIn1r'<fUd Cnll,t,. l.,.n..tltl"t.
,,'41 h., ~hl""'lrftIhat Mnth·, dtCour1i ••, 'cherY·" ,C'\ul., can
be nh'.lnt"d ""nil a .,.,i.llornl Jt.~C' funCl"'f\ (0: nn("·'p,n·

On_n clCil.llnn' :\rr .I~ I> M rd••...,\b an,1 J A 11,,),.1

Phy. F 3. 11" fllll't; S. K. An." .nd Il. M F.d.••••d'.'.
rh)'t. F 11. : 20.' flq~ll

"0. M. Ed•.• rd,. '-h,,,. t.h,/\ ~httf I~·I~. !b! IIQ,OI

UWc: .It" u,i ••~ ;a cnn.lt C"llnulr '.\rll (r"'n a "mrlr mif\llrd

ar' ••.•..•.•.ro ulc"I .•I,nll ..••. hlel-! "y(\ "'fl,A(lOI-tnO\""/

SM.l II"rID)'Il. :'C't. t" , •• C. K Ilttl. In 1"" •••III(lw" 'II S('lu{
S,• .,. rJt,Ull. Sulh fA. IWile-)', NC'.•• ·"flr~. IQM.I. ,' .• '~l.•nd
OM' S-y wilh fjM'IoItOI-l in ofdc-f 1(1 find Ih,. "I,malt:

qYOled in lbe teal.
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.Gauge Theory or The Hubbard Model , low energy model whicb includes UICIICeffects can be obtained,. Dut now ill thi" model

R.Shankar the ~h eDeJ:&)'IItatea are noL phy.ically relevant. The effective model thus has a gauge

The Institute oC M"thematical Sciences, symmetry whidl exprcaaca lhM,Cact.

C.l.T. Campus, Madraa-600U3 Thus the lleiscubcrg model, whicb iI the low ellergy ,·tr,..:live lI ••~••·y ••r'lI,,, I"r,;" U

An exciling result oC the renewal oC intereet io the large U Hubbard model hu been the

gauge theory {ormaliam of the model. For the fir,t time, there i. a th~ry oC quasi particles in

Hubbanl DIOdel aLhal£~. hu a ioc:al U( 1) gauge eymUldry which wl\SdtacoY<."fcdby

Dukaran and Audcnoo(l). TbiI wu later rouud to be a pArt oC a hu',,,r SU(2) g""ge

lIymmctry by Affleck et al(2).

a condensed matter systcm with interactions mediated by long ranged gauge quasi particles.

This description oC the syetem has met with preliminary success i~ explaining some of the
The SU(2) gauge theory formalism ill deseibed in the next few transparencies. The

gauge fields arise as link vviablee when a Hubbard-5tratanovich trnusformat ion is per-
normal atate transport properties oC the euprate superconductors. There are however still

Cormed to make the theory quadratic in the fermion fields .
•• host of questions, both buic theoretical ones &I well &I phenomenological' ones that

reuiein to be answered. Eeacntially, the theoretical framework haa been lnid ouL and some
Tbcpbyeicn.l meaning of the gauge fielde in tefl~ of U,e origiUl.J spill vnrinbl"8 is U.CII

"IoYRies111\3 been extected from it. A hut;e amount remains to be pulled out , 111 these three
sketched. The asaoc:iatioD oC the magnetie field with ••pin ehir"lity is diRctlll-'IC<lin more

lectures, 1 will, be reviewing the basic theoretical formalism and some recent attempts to
detail in references (3) and (4).

exlmd pheuomeuological consequences. Next the question of the relevaace oC this formalism is discusecd, It is clear lhat the

The first two trnuspareuciee illustrate, in two simple examples, the Cact that the
formalism will have relevance if the f~on operators create physical quasipartfclee, In

presence of a gauge symmetry implies that the system is constrained. Nnmely that there
the context oC the gauge thcocy, tllil implies that the 8Ylltelll ill ill the decoullucd phase.

nre IIOlIlcredundant dCt;rCClof freedom. In quantum theory, there nrc tlo"l1souse tlilphyaicni
ThueiUhe model ie rcalilcd in the, deccnflned phaee, then this formnlism CM be expected

st.atcs. The rcasonIor the emergence of gauge symmetries in strongly correlated electronic
to beuseful, The RYB picture of the ground atate and excitations gives a physical picture

systems is then clear. Because of the atront; correlations, certaiu stnt,,,, ( those l",vill!;
of lIuch a phase. Thc unpaired .pina being the deconflned fermions, Lhe dY,ll1lnics of the

double occupancies) become high energy states. They get separated Crom the low energy
einpt pain being described by the gau&e fielde.

OIlCSby II gap ( the Mott-Hubbard gap). Tbese states then contributc· to the low energy ODe point to note here it that ~ven if the model were not realiscd in -tbetlcconfilled

physics only through virtual processes. 50 they can be "integrated out" nnd the effective pllUC in the .trict IICDIICoC the word, but if the confincment length were ,Inrgc, thi. could
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still be a useful formalism. The Iermions would thell not be free but would form loosely ReI erelJCt!3 :

bound particle hole pain.

To tackle"the model away from half filling, i.e. the l)hYllicauf'the t-i m~clcl, the
1. G.Baskaran and P.W.Andcraon,Physical Review 837,580 (W88).

fonnaliam haS to be extended. Thill is the slave boson formalism. ,This formalism is
2. I.AHledt, Z.Zou, T;Hau and P.W.Anderson, Physical Review ~, 745 (W88).

deac:ribed in the next few lranllpacen~. TheH~bbar(hDodc(is,rewriltcu iu ternlll or
the slave boaOna. When this is done there i8 !1 U(l) gauge sYmmelI')' whicb Comes as a

3. x.o.we«, F.Wilczclt alld A.Zcc, PhYllieal RcvicwR3!2. 11413 (1989).

4. G.Baskaran, ProeClediugs oCthe "lll\ernationalConoqul~n ci'nQuantmn Ficici Theory"

consequence or the extra fields introduced and the resulting constraint., We theu integrate

out the; d~bly occupied sitea in the path inlet~;a and obtairiihe t-3 model 'as the low

TIFft, Doinbay. Jannai")' 199().

5. G.Bll.llkarall. Z.Zoull1ldP.W.Andcl'8oll, Solid Slale COlllu'lIl1icaLiuuR~, !17:1 (W87).

energy thool')'.
6. G.I<otliar, Physical Review m,3664 (1988); I.Amed< and B.MlU'stOIl, Physicnj Iteview

Some popular meon fldd 1I01ulionll(a),(e).(3)of the Heiecnbcrg model are tben de- tsa. 3774 (1988).
scribed.The electron.propngaLor at Lhemean field level is .imply a convolution or the boson

and fermion propagator. It can then be seen that below the Bose-Blnstcin crossOver teNI'
7. L.B.Ioffe and A.I.Larkin, Physical Review 839.8988 (1989).

perature, the propagator is Fermi liquid type withe a sharp cluasiparticlc peak in A(k,w). 8. N.Nar;oosa and P.A.Lee. Physical Review Letters !l1. 2450 (1990).

Above TBB the peak broadena and the syatem is no Iongcr a Fermi liquid. At the meau 9. L.B.Ioffe and G.I<oUiar, Physical Review ~. 10348 (1990).

field level TOB"" lIt:::: lOOOdegK. The nonnalltate prop~tieslike resistivity seem to be

correctly reproduced only above TDB'.i.e. in-the non-Fermi liquid region. Thus the high

value oC TBEposeII a majocproblem Cor thc;gauge theorY approach. It is spcculatcclthat

the gauge 6eldfiuc:luations should bring down the value of TOE. lIowexl,\C:t1yLhiabnpI)CIIS

is an outstanding -problean in the field. '

Finally the method Lo'includethe effects of gauge field Iluc:lu.atio~ in correlation

: : fuutiona i. aketdlcd out. The Ceatura of thecalculalioo oft,1J,enO~Qal stll-tc r~i.tivity Me
! 1"'-'~ ;·.c.·..,;

then stated. The readen are referred to referencea (7-9) for the thorougb treatment.
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Numerical Teduaiquea for solving Hubbal'd mod';Js

S. Il.AMASESIlA

Indian lnatiLute ofScieuce. B~

III tJ.ia ~t of tnuaepacancia, a valeme bond (VO) Il.Ictlaod 'II' e-J ••••lia~ tlae ei~••..u

ata.tea 01 waile Hubbard GIld extended Hubbard lnodeb ia 1Kcaeaatcd. The VB "'I.rOlld,

eXI.loila boLla the toLa] spu, invviall(lC _d tJae uavariauce of tJle %-coauIXJIae.1toltbe total

lI••in of theee model Hamill.olaians. The VB (unctions are 8)iD adopLt-d (WICtiOnIl that

can be l'CJ.rC8CUl.edas intq;ers 011 a computer and bence call be ca.;';ly manipulated. 'The

Hamiltoninn ullllrix ill tile VB buia ia llollSymmetric but apa«. Ellki,.nl alt;nritlllllscX'
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TIle youud slate cn~~ per siLe, excitationt;aps, etc. 'can be reliahl)' extr ••••olnt ••d to

,JjptS ct
(0.) COf\r:~U.T~ tL'Otl

TecL~es

rnre rOod-ron 7E~e:.
i.t foe oblainiu& cigcn values alld ei&en functions of a few low-lyiaa,: sial"" .i tile malrix.

th., iufiuitA, NYI'l.,.n valuc 1Ii••••e tI.I' fluite .,rlll •••••••are:_ ••dly •••••••.•1 n",1 I"·n.·,, II••, ••••I••·,
lio,," are aize C{"1.~isloll. Thi. meUwd h ••••been applied lo IX>lYCIl.".rur lIlur!}'inr; cfrc",t

or cmrdalioll" 011 oiluo'icaaliou ano 0l,tical gal •••. The C!CactdyuAmic ,'<O,,"l'li<"9oflhe
(b) &~nttl..m

Ulodd sy"h .•u". Slid ••••••dyunmic 1'0larizIlbilitics. second hanDOllic And third lUll'lJlonic (c) Qu..o.n -h.r. N\

genemtiou coeJlicicllla etc CAn also be obtaiucol cxactly usia,; A recent fonmalation. Tbe

resonan; situations can be handled llarougb a lifc-timc panuuctcr since pole stccngths

M-05t~ (o.)

(f) J,.~

not bt

at r""nUAnces can be exactly e¥aluated. Finally. tlae re•...; ••ility or !' QUAntum Monte

Carlo procedure usiug the VO basis ia discussed. Thil. ba.•• tla•• nch-aa;l.ar;e of reducing

thc 8alUl'~e vnrinncc by wodcint; in tlae desired lI••in sub III~e.
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Mo,hwJo TecATWife

P.e()()rMd::f~b:OYl G10Uf r;~e
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(i) Va. n°a. 10(\o.L

(ty Pe7{-V.:( ba.·h~

Qi0 E'l-o.(J·
",",,

i" (i) Ih o,Ko for 0- SLllj{e f' /l.I.' te svrhMv 0
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Numerical Approach to Strongly Correlated Systems

D.G. Kaahere

Deputmeut of P~1ica. UDiwnity of Pcoaa, PUDC

Numerical Methods

Numerical Analyai. School SillWlation School

Phenomenon - model - fonnaliam Dired S"lIDIIlationor Given

- Appnwmation - reduced to Phyaical proc:c:sa wiLh

- Matrix diegcnaliern, differential eqn, exact interadion throwu ill

-:-- IlOnlinear equation ete, - Monte Carlo

-+ IlWlleri.cal analyaia. -+ MoleculardYlUWlica

to be viewed as a numerical expcrimen1.

.., ~ .

Numerical Caleulatlcns ghcs you numbers ask questions to ~cl physics.
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Configuration Interaction Technique

Solid state communicntion : TI.(~13)91·

~'-.. '

As we have seen, large 'cluators means very large number of ·ha.';ill functions
'1;

N
-SJ..I\$lR~·

IG:N D ~ loG • 1O~. Hence Try CI : ie. try to pickup only sigl.1ificllnt

configurations.

i;+( ~y!Co~jvc:iitiolUuCI : t diagonal or.single partlcle ~
~' . i,»

lJ.:.';1;) ·'::J;~)~,v.;.\~'.~':~i,;i'.)'!;,.:.: '11Q = CIIF"'HF+LC;"'~+LC;:"';.+ ....' r. .~!(::) ~.,}"" ,'.~ "" ';
;'~-;;'l.~~.•' :9.:-1"'.- '\" 1.c ,

"·~i"a.;l)·;eTllli~OVCF"occupiedorbitals, in HF state

:' 'Jit.1t!·, s),~""~;Ii:'~~t1i "'l'~,J ·.i·:~:aw.\t:i'~

.~'- -
r,s rUII over unoccupied orbitals in HF state.

(D) ~sefulCor large U : She basis most dominant states: No double 0cc.UllI\lICY

thcn all states with 1 site double occupancy ete

.' ~ I.

>1'0 = LC!t/I~+ LCN: + ...-L C:t/I!+ -' --
• • c

t/I'; :; %'. multipnrticle state with n doubly-occupied sites Ior lnq~e U : J1 much better.
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~

lJ arni\'\j !
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Results

Fig.12 t. % ground aLaLe(exncL) energies ns" {\lncLionur II : (cOIlv(:ulinnl\\ Cl Sdll:III':)

.
Curve A: HF

Curve B: HF +upto 2 Fold exci~Ollll.

Curve C: HY + upto 4 Fold excitations.

Fig.13: Sl\me 08 above, {ull fur ".,ile bnsis" Cl

A : 6 aite cluster

B : 1 aile duawr

C:8 ""
D : 1) ""

AU tbe c:aaeawill, b08ia~includin, all OO'CC\lI)IUICY + nUl sile doublo ()C:~~I)lUIC:Y•

NO'l'E:

1. BF ia Ok [or low U and-ive U but even 2 fold exciLationis lIot euough for' .

moderate 'U.

2. 2nd scheme ia much betler [or w&e 1l approxilllille size coosiALc:J\cy ES:ll.
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