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Large U Hﬁbbard Model and Failure of Fermi Liquid Theory
G. BASKARAN ;

The Institute of Mathématical Sciences, Madras

Lecture — 1

There has been renewed interest in the Hubbard Model ever since the discovery

of high temperature superconductors®. It was Anderson? who suggested that the low
energy physics of the CuO based ceramic superconductors is described by a one band
Hubbard Model with large U. Historically, the Hubbard modecl has been discovered by
several authors — by Anderson?® to describe the magnetism in Mott insulators like MnO,
by Parsier, and Poople to describe the physics of the systems organic carbon p— =
by Kanamori®, Gutzwiller® and Hubbard” to describe the narrow band systems with
a particular aim to understand itinerant ferromagnetism. Hubbard® and much later
Brinkman and Rice® used this model to understand Metal insulator or Mott trasnsition.
A Iattice gas version of liquid He? also leads to a Hubbard mode.l.

Hubbard model is a tight binding model of fermions with the only two.body in-
teraction being an onsite repulsion between fermions of opposite spins. In its simplest
version it has one orbital per site - the only two parameters are p, the mean number of
%tms per site, and U/t, the ratio between the onsite repulsion and the nearest neigh-
bour bopping matrix element. We are going to concentrate on this one band Hubbard
model, as thie is most relevant for understanding the high T, superconductors.

The phase dingram of the Hubbard model in the U/t — § plane is believed to be
very rich, containing various phases liks Mott insulator, band insulator with antiferro-

magnetic order, conducting spiral spin structures, itinerant ferromagnets, fermi liquid,
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and a non-ferpﬁ liquid. This is the reason why the Hubbard model has been used to
describe various condensed’matter systems exhibiting many different properties.

Our present understanding of the Hubbard model is not satisfactory inspite of the
enormous study that has gone into it — of course it depends on which region of parnmeter
space one is in. For exactly half filled band i.e. § =0, and U/t > 1, the Hubbard
Hamiltonian reduces to the Heisenberg model,  as shown by Anderson® and the low
energy excitations are spin fluctuations. We understand the physics in this region to the
extent we understand Heisenberg Hamiltonian, Even the Hartree-Fock approximation
describes the physilcs very wellvas far as mug;\etic order is co.nccrncd for all valucs of U/t
for the half filled band. Subtle questions related to any fundamental difference between
a Mott mﬁfcrro}nngnet @d band unfifcrromngnct, howévcr, remain unscttled though
some attempfs have been made in this directiozi“’.

Renl p.roblenia arise onl);whcn we con‘sidcr the doped antiferromagnet for large U/t.
In this regéoxlthe effective médel is thé t-1J médel"". All the recent attempts have
been to undcmi;x;\d tixis ;nodcl. For U = 00 or J = 0, we have Nagnokn ferromagnet!?
for small . In this region again ’tl;c unders.tnnding is not complete even though there
are st;xﬁc ix;teraiixxg recent works'.

There are a few;mri;lestoncs in the development in our understanding of the Hubbard
model. The notigq of upper Hubbard band, indications of violation of Luttinger’s
theorcm, the notion of Gutz'wil]cr‘s projection and all the recent insights that Anderson
has brought in mostly single handedly. In foct my lectures will be mainly a quick

review of the insights that Anderson has brought in recently together with n few of my

own idens. A good review of earlier results: with criticnl comments are found jis the

I
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excellent book by Conyers Herring ' and a good review by David Adler in the Scitz

and Turnbull'® series.

Fermi Liquid Theory

Electrons in metals and many conductors are remarkably robust in the sense that
their low energy properties are essentially the same as that of a'-ﬁeé'ferxui gas inspite of
the long range coulomb interaction. The same is true of liquié He?, which is a neutral
fermi system with a hiardcore type short range repulsion. Starting from Sommerfeld’s
free — electron theory of metals ending with Landau’s formulation of Fermi liquid theory,

this idea is central. The essence of Fermi liquid theory'® is the one to one correspondence

between the low lying spectrum of free fermi gas with the interacting fermi system.

Landau formulated the Fermi liquid theory in terms of quasi particles and their

interaction in momentuin space, close to the fermi surface. The quasiparticles carry spin
and charge together and are “adiabatic continuation” of the non-interacting fermions.
The quasiparticles are infinitely long lived at the Fermi surface aud close to the Fermi
surfnce their life time T(E) ~ (E—ep) The quasi particles do intcntct and thia is
parametrized by the various Landau paramctérs. The mass of the quasi particles is
renormalized.

The Férmi surface remains intact in the sense the momentum distribution function
ny exhibits a finite discontinuity at the Fermi wave vector kg. A neat characterization

of the fermi liquid is in terms of the analytic structure of the fermion propagator.

8

Gi(w) = [(OIT C\,(1)CL,(0)|0)c™ dt

e

For a non interacting Fermi gas

1
Gg(w) = w o— (ex — 1)

It has a polc on the real axis. In a Fermi liquid, the po\c‘ moves into the unphysical

sheet in the complex w plane for a general k.

1

Guli) = o Ta(w)

where Lx(w) is the sclf energy. In particulor the imaginary part of energy, the inverse
of the fermion life tiine approaches zero as (e — t)* as k — k. And the residuc of the

pole at k = kp rcinains finite :

7 .
Gi,(w) = —2A 4 incoherent
W= (“r - /‘)

where * Zy ~ (1— ﬂ“t‘iﬂh‘_g)"

As long ss the residue 2, which is the wave function renormnlization constant

remains finite, the interacting system remains a fermi liquid.

‘The wave functioh renonnalization constant Z, can also be expressed ns i
Vail' = (N+1,KCLIN,G) .

where |N,G) in the groundstate of the interacting N particle system and [N + 1,k)
is the groundstate of the N+1 particle systcm having a momentum k. When the state

C{,{N, G) has evolved in time, the state [N + 1, k) is supposed to be the coherent part

that is left behind after infinite time.




Failure of Fermi liquid theory

It is unlikely that any interacting ferﬁ)i s&stem isa ferﬁ "liquid in its ground state.
The residual weak_interactions among the quasi — particles will lead to a ground state
with spontaneously broken ground state. This could be a spin density wave or charge
density wave or a superconducting state. .This is what happens accox;ding to Kohn
and Luttinger in the case of an electron gas at very low T. In the Hubbard model,
we are not interested in the failure of Fermi liquid theory arising in the above sense

- fundamentaily a fermi liquid with a spontaneous symmetry breaking modification.

What we are looking for is a fundamental modification of the “normal statc” . That is °

we do not envisage a fundamental symmetry difference between the Fermi liquid and
the non — Fermi liquid. The difference arises in the behaviour and nature of the quasi
- particles.

The Luttinger liquid!?, which exists in several 1 - d models, including the 1 - vd

Hubbard model®® is one such example where the Fermi liquid thcory fails without any

spontaneous symmelry breaking.

Lecture — I

As mentioned in the last lecture we are looking for a correlated novel quantum liq-
uid which has the same symmetry as the fermi liquid, but differs in the ground state
correlation and the nature of the excitation spectra. Hubbard’s various decoupling

approximations’, the presence of the upper Hubbard band and the failure of Luttinger

14U
theoremn all pointed to the presence of a non - fermi liquid. 1t was Anderson's appreci-
ation of the anomalous normal state properties and his insightful analysis of the t - J

model which is revealing to us the real nature of the non fermi liquid state.

This nove! correlated quantum liquid has been named as Luttinger liquid by
Anderson'? borrowing o terminology that Haldane!” has used to describe certain classes
of 1-d interacling systems with non-fer’mi liquid ground state. Anderson's argument is
that the physics is similar in two dimensional Hubbard model. One of the imporiant

properties of this new quantum fluid is the spin-charge decoupling. There nre two kinds

of low cnergy excitations, one carrying only spin called spinons umi the other earrying
only charge .callcd holons.

The above is truc in the one-dimensional Hubbard model. This is cssentinliy n
new understanding of the (Lieb-Wu) exact solution 3 of the Hubbard model, which has
existed as a mathematical solution for the last 2 decades, that Anderson has brought
out. In fact in the one dimensional Hubbard model the insulating half-filled band case
and the conducting ‘non-ﬁllcd band, all have fractionalization of quantum numbers.
For the Heisenberg AFM, the spin 1 and spin 0 excitations are scattering states of
more fundamental spin-1 excitations which are the spinons. Thus the fundamental
cxeitations are neutral spin-% cxcitﬁtions. These excitations resemble electrons to the
extent of hnﬁng the same spin. Unlike an electron it is neutral and has a collective
solitoniz (topological) character.

These spinon excitations are believed to survive after doping in the 2-d Hubbard
model. Its neutral character is only an asymptotic statement: the cffective charge

cnrried by the spinons tend to zero as the cnergy of the spinon tends to zero. The zero



i
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cnergy spinon excitations define a line in the Brillouin zone which we call as the spinon
fermi surfnce or l)squdo ferini surface. In simple mean field theorics #* these pscudo fermi
surfuces coincide with the fermni surface of the corresponding non-interacting electron
system. It is not completely clear if the spinons are fermions and whetlier they have a
Fermi surface.

Excit;tions which carry only charge are also believed to occur on surfaces in the
momentum space. The spins of these excitations vanish as the ehcrgy tends to zero.
It is also believed that the charge fermi surface or holon fermi surface coincides with
the fermi surfuce of the ferromagnetically ‘polarized fermi gas (Nugaoka-fersui surface).
This fermi surface has twice the volune of the normal ferni surface as this counts all
the charges irrespective of their spins. The spinon and holons are non-trival collective

cxcitations. It is useful to think of the Luttinger liquid vacuum as

. - Gel0) =0 k— ki
’“lO) = 0
0310) = ) 0

as k — k','.- where (4, is the spinon annihilation operator for spinon and h; and a; are
thiat for hiolons and antiholon respccliveiy. Thex-x ki and k};. are thcb holon and spinen
fermi surface mo.mentn.

aning defined a Luttinger - Anderson liquid interins of the excitation spectrum, we
will briefly see characterization int.crms'of electron propagators. The one dimensional

Hubbard model helps us in this as well. It is known '® that the electron propagator

12
acquires a branch point in the 1 - d Hubbard model as ¥ — kg

1
(w—p)

Gi(w) ~
when a is a parameter which in general dcpe;xds on the ratio U/t and é. i.e. the pole
has disappeared giving rise to a branch cut. We expect this in the doped 2 - D Hubbard
model. This is far from being understood. Even the vanishing of Z;, is no;. established
satisfactorily.

It should be notecd that a branch point structure does not mean a simple spin charge
decoupling in the low energy excitations. Much work needs to be done in the novel
departures from the conventional fermi liquid theory. »

I have developed © model which exhibits spin-charge decoupling and holon, spinon
excitations. Its relation to Hubbard model is being investigated. The model is called a

momentum space t - J model defined ns

H = YaCLCuthe— Y JudiSe
where
Sy = ClLd.Cu

With appropriately chosen form of Jy it exhibits some Luttinger liquid like behaviour.

Lecture - III

In this lecture we will briefly sce what is the origin of this non-fermi liquid behaviour
and summarise a recent attempt to understand this using scattering theory. When the

RVB theory was proposed by Anderson he emphasized the importance of Gutzwiller 3
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projection. It is actually a statement that in the tight binding Hubbard model, for large
U /%, the double occupancy is only virtual in the ground and low lying states. Thus any
attempt to solve the large U Hubbard model should treat the on site repulsion UZn;n;,
as Hop and the kinetic energy should be treated as a perturbation. -

This is what leads to the ¢ - J model

H = -—tZCLC;. J-k'.:. +J E g.'g,'
<> ,
with the important local constraint ¥ n;,, # 2 for every site. This projection
; L v
or constraint is the origin of non-fermi liquid behaviour. This greatly reduces the

dimension of the Hilbert space in which low energy states participate. It also forces

new correlations in the ground state.

A feeling of the importance of the reduction in Hilbert space can be gotten by study- ‘

ing a two particle problem in a Hubbard model. This two particle problem was studied
by Hubbard' several years ago who discussed the antibound state. This antibound state
was rediscovered by-Hsu.and myself®? in the context of RVB theory while tryifxg to un-
derstand the origin of superconducting correlations in the Hubbard model. Consider
a two particle problem in the Hubbard model. We will considq only the spin singlet

state, which alone is affected by the onsite repulsion term for this two particle problem.
The cigen function for the orbital part is
$(ny,ny) = 2% o(ny — n3)

N

where K is the centre of mass momentum of the pair and (n; — ny) is the relative

coordinate wave function. The Schrodinger equation for ¢(n) is

-t Z w(ny —n3 + A)+ Ub,, ny0(ny —n3) = Ep(ny —ny)
A=+l

14
In the relative coordinate it is thus the Slater-Koster one impurity problem in the

tight binding model :

~Hp(n—1)+9(n+1))+Ubuop(n) = Egp(n)

When U = 0, the case of no interaction, the spectrum is continuous and extends from

- —t+ €(K) to t+ e(J). Where ¢(J) is the centre of mass encrgy. When U # 0

and positive an isolated state splits off the top of the continuum. Since it exists ns an
isolated state with no overlap with the continuum of scattering states on the positive
side of the cnergy axis, it is called an antibound state.

What is important is that even an infinitesimal U- causes an orthogonality :
S ep(n,U =0) Pe(mU) = 0 at E=~t+e(k)and anylU > 0
"

A way to understand the above result is interms of a finite phase shift for the seattering
statée at energy E = —t+ ¢(k). In two dimensions also this happens for any positive
u. '

This means that the two particle state at the bottom of the scattering continuum is
made orthogonal even by an infinitesimal U. The question is how docs this two particle
phenoménon manifcsta itself in the casc of finite density of particles? hinagine adding nn
extra particle to a system of free fermi gas in its ground state. We will also ndi-abuticn”)'
tune a Hubbard U but only between this particle and the rest of the particles. This test
particle will be scattered by all the particles and in particular by those close to the fermi
surface. It is likely that the scattering phase shift that was there for the two particle

will lead to an orthgonality of the manybody wave function. This is what Anderson has

demonstrated recently.
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Let us consider the one dimensional problem. e can casily qalénluié the phasc
shift using the standard phase shift theoremn. Following Anderson *° we will consider
stnnding waves in a given bounded domain and do the analysis (It is more like o reaction

matnix}. The phase shift is given by

Co‘EQ:—o
Eq, — Eqmo

where ¢; is the lowest eigen value of the interacting two particle probh;x; And the sum

4
®

of kinetic energies
2

Eq = exigtexq = 2€K+‘2'Q;

Here 2K is the centre of mass momentum and Q is the relative momentum of the two
particles and Q = Z2. The above formula tells us that the ratio of the energy shift to
the unperturbed energy level separation gives us the phase shift.
The cigen value equation for the two particle problem can be casily obtained from
the Schirodinger equation
L 1
[ X e—Eq

When L is the number of sites in the 1-d chain and Eg = €49 + € and Q@ = 2%,
We will consider the lowest eigenvalue ¢ = ¢5. We can write the sum as the RHS as o

principal integral and a singular term :

L __.1___5./ a9
U - (o-Eq:o 2'{ 2.
1 L L
=~ ———— =
(o“’EQ:o 2 x
L 1 I
E ——
U @—Egs 2x?

Aund Eg, ~ Ego & i;

1 11
€ — Eqmo  2€q, — Eq=o
€0 = Eq=0 = i
Eq, — Eq=o

i

L

U
§
n

Thus we find that the scattering phase shift is 7. In one dimension the result is therefore

independent of the centre of mass momentum K.
When we repeat the same analysis in two dimensions for zero centre of mass mo-

mentum we get

A

L 1 L 2xQdQ
T = aTha = o
e 2 et Q
The principal value integral is logarithmically divergent. So we get
i o 878 L
x EQ,'— Eg-o T InL

Here L? is the no of sites in the system.

~

The phase shift in two dimensions is finite for finite systems and tends

to zero logarithmically as L — 0. However, the scattering length

diverges but only logarithmically.

This logarithmic divergence of scattering length does not cause failure of fermi Liquid
theory when the density ‘of particles p tends to zero. However, the finite density has
to be treated carefully - we have to consider at least the blocking of the fermi

sphere to the two particle intermediate states in the scattering processcs.

Anderson shows that this blocking alone leads to a finite phase shift. The calculation §

18 as follows.

ot gt e e

]
|
!
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where the prime in the summation indicates that the two particles do not get scattered

into the fermi sea. We will also consider the centre of momentumn to be 2kg. As before

the summation can be separated and is :

o1 11,70 @ | r2%QdQ
U~ ek 2 ¢ =t Te
r

The first term in the square bracket denotes scattering involving small momentum

transfer (forward scattering). It is remarkable that this term cqx;verges. Therefore

1

N
I3 {In kﬂi-:- 1

¢0—Eqgus .
: “m{O)U:

where n(0) is the density of states at the fermi surface and kr in the fermi wave vector.

Therefore
é S |

* xllnkg| 4+ ;((';W
Notice that what has contributed to finite phase éhiﬂ. is the éonvergencq of the
principal value integral, in particular the forward scattering part. This phase shift
vanishes when the particle density vanishes and also when U vanishes.
Anderson argues that this fnitc phase shift at thé fermi surface causes an orthogo-
nality catastrophe leading to the vanishing of Zx,. This part of Anderson’s argument
is not lram;puent to me. Basically what he'sn';:;' is that a phenomenon similar to An-

derson’s orthoganality catastrophe that occurs when we add a local static one-body

potential to a free fermi sea happen in this case as well.

Below I summarise some of Anderson’s results.

1) Manybody theory should be done in a meaningful way not losing track of what

18

is our aimn. Infact he beautifully demonstrates that naive analysis will lead to a wrong

* statemcnt that the phase shift is zero in two dimensions.

2) The finite phase shift leads to a long range interaction betiveen clectrons close to
the fermi surface. i.e. the K space is responding in an incombressiblc way to the fact
that Q = K — K, the relative momentum of the two injected particles, cannot be zero.
No two opposite spin particles may occupy exactly the same momentum state chose to
the fermi adrfacq._

3) Zx, o S

4) Both g ;nd f-;‘ are anomalous at the fenni.surface, anrl % s i

1 wish to close the summary of Anderson’s work by saying that the singular forward
scattering leadsto a long range exchange interaction between particles in momentum
space, ilowever, it is not clear how this feilurc of fermi liquid will Jend to spin chnrge
decoupling. Infact, a odel that I have constructed, (reprinted as an appendix to this
lecture) which I briefly mentioned in the second lecture leads to spin-charge decoupling

arising fromn a specific long range interaction in momentum space. The best place to

read Anderson's work is the Anderson-Ren paper and chapter V! of the Princeton Book.

Reflerences
1. J.G. Bednorz and K.A. Muller, Z.Phys. BG4, 189 (1986)
2. P.W. Anderson, Science 233, 1196 (1987)

3. P.W. Anderson, Phys.Rev. 115, 2 (1959);

P.W. Anderson in Magnetism Vol.I. Ed.T. Rado and H. Suhl (Academic Press,



_ 19
NY) 1963

20

16. D. Pines, Many Body Theory (Benjamin, N.Y);
4. L. Salem, *The Molecular orbital theory of conjugated aystems’ (W.A. Benjamin, A.A. Abrikosov, L.P. Gorkov and Z.Ye. Dzyaloshinskii, Quantum Ficld
1) 18060 Theoretical Methods in Statistical Physics (Pergamon, N.Y)1965
s 1. asasneni Rrog SEEhys((yetol i, 10 (£953) 17. F.D.M. Haldane, J.Phys. Gl4, 2585 (1981)
6. M. Gutzwiller,Phys.Rev. A137, 1726(1965) |
uhsmilion Plogs (lave ALY, 1120/ (1965) 18. E. Lieb and F.Y. Wu, Phys.Rev.Lett. 20, 1445 (1968)
7. J. Hubbard,Proc.Roy.Soc. A216, 238 (1963) . :
19. P.W. Anderson, Physical Rev.Lett. 64, 1839 (1990) ;
8. J. Hubbard,Proc.Roy.Soc. A217 237 (1964); P.W. Anderson and Y. Ren, Los Alamos Meeting Dec. 1989.
Proc.Roy.Soc. A281 401 (64); ibid. A29G, 100 (1966) '
20. P.W. Anderson, Chapter VI of the “Princeton Book”
9. W. Brinkman and T.M. Rice, Phys.Rev. B2, 4302 (1970) .
%y . ~21. G. Baskaran, Z. Zou and P.W. Anderson Sol. St.Comm. 63, 973 (1987)
10. G. Buskaran (Unpublished) § v
A.J. Legget i_n Lect.Notes in Phys.Vol. 115 (Springer-Verlag, NY) 1980 ;Page 13 22, G Daskazna; Mod.Phymlett. 5,049 (1391
11. F.C. Zhnug and T.M. Rice, Phys.Rev. D31, 3769 (1088) ' 23. G. Baskaran and T. Hsu, unpublished.
12.

13.

14,

Y. Nogaoka,Phys.Rev. 147, 392 (1966)

B.S. Shastry, H.R. Krishnamurthy and P.W. "Anderson, Phys:Rev. D41, 2375

(1900)

C. Herring, Magnetism Vol.IV. E4.T. Rado and H. Subl {Academic Press, NY)

. David Adler, Solid State Physics (Scitz and Turnbull Serics) 21, 1 (1968)




~ S R

.21
Modcrn Physics Letters B, Vol. 5, No. 9 (1991) 643-649
© World Scientific Publishing Company

AN EXACTLY SOLVABLE FERMION MODEL: SPINONS,
HOLONS AND A NON-FERMI LIQUID PHASE

G. BASKARAN
The Institute of Mathematical Sciences, C. I. T. Campus, Madra 600 113, India

Received 13 Febroory 1994

7
P )

An interacting fermion model in d-dimensions is introduced and solved exactly. Low
encrgy excitations have complete spincharge decoupling. The holon spectrum is gapless
and exhibils a pscudo-Fermi surface. Spinons have a gap and, as in the 1.D Hubbard
model, the spinons exist only in a limited region of the Brillouin Zonc. As a function of
elgetron concentration the system exhibits metal insulator transition.

The low energy physics of high-T, superconductors' is well-described by the 1-J

model. Anderson? introduced this model as an essential part of the RVB theory
of th€ normal and superconducting properties of ceramic superconductors. While
a satisfactory, systematic and quantitative many-body theory is still lacking,
Andesson and collaboralors and . others®>'! have gained qualitative insights
through some novel approximation methods and also largely from the anomalous
normal state propcrlic§. More recently Anderson® has brought in more insights
and some quantitalive progress inspired by the high resolution photo-cmission
experiments, tunnelling and also the Lieb-Wu spectrum of the 1-D Hubbard
Model. The emerging physical picture of the normal state is a novel quantum
fluid, where Fermi liquid theory fails. The simple pole of the electron propagator
close to Ay is converted into a branch point resulting from spin-charge
decoupling. The resulling spinons and: holons have ‘their own *“Fermi surfaces™.

The t-J model seems very difficult to solve at the present moment and the
anticipated spin-charge decoupling has not been shown Lo exist in a satisfying and
quantitative fashion. The aim of the present lciter is to construct a model which
has a non-Fermi liquid phase exhibiting spin-charge decoupling. 1t is not at all
obvious that our present model is an “adiabatic continuation™ of some aspects
of the +-J model. It may perhaps teach us something about the mechanism
underlying spin-charge decoupling and the emergence of holon pseudo-Fermi
surface in strongly correlated systems.

Ours is a modified ¢-J model. Instead of the absence of double occupancy in
real space, it has absence of double occupancy in inomentum space for low encrgy
states. Electrons in momentum space have an infinite-range exchange interaction.

PACS Nos.: 74.65. + n, 71.28. +d, 71.30.+ h, 75.10.Hk.
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22

644  G. Baskaran
The basic idea is to concentrate on momentum space rather than real spacc.
Recall that one of the attractive features of the BCS rcduccd Hamiltonian is its
simplicity in momentum space which leads to its exact solvabilily and also to the
non-trivial BCS condensed stlate. Interestingly, we find that a simple two:body
internction can be added in momentum space Lo the free particle problem which
modifies the ground state gualitatively, lcading Lo single occupancy in somc region
of momentum space resulting in spin-charge decoupling. We arc also motivated
by the fact that real-space double occupancy constraint leads (o somecwhat similar
constraint in momentum space. This is explicit in the split band picture that
comes 'in Hubbard's decoupling approximation'? as a rcduction in the Fernii
surfacc volume by 1wo. This is also an explicit assumption in the RVB transport
theory of Anderson and Zou."!

In this letler we present a simple version of our model, find the ground and

excited states, and discuss the thermodynamic and transport properties. Qur
model is

il - Ezk C:, C,w + ZJ“. S,‘~Sk, )
where
Sy=CL,9,,Cip @

is the spin operator in momnentum space and is not the Fouricr transfor of S, -
C:t.",.,gc.r Let me point out that for simple choices of Jyy. il is possible to get
spinons, holons and the desired shapes of their pscudo-Fermi surfaces. To make
the dramatic effect of exchange interaclion in momentum space clear, we will

concentrate on a simple choice:
Jye = J(1=8,) and J>0. T80

Again for simplicity we will assume &, =1 k*/2m instead of the tight binding
dispersion. The Hamiltonian is

Hy - X(e, -p)C}.C,, + JE'S,'S,, @

- e, -pC],C,, + JIS) - IS . (5

For J = 0, the ground statc is a free Fermi sea. As we increase J from 0. the Fermi-

sca gets rearranged close to the Fermi surface as explained below. The first term
of Eq. (5) favours double occupancy in momentum state. The sccond term does
not mind single occupancy — it only favours total singlet in momentum space.
The third term minimises the energy: if the k states are singly occupicd. It is very




i Exactly Solvoble Favypa ,I,‘le;-lw 038
casy to sce that this competition results in i ground staie

o-r Il o[l caim.,
T 5 'k.<ll:j<-l, Kl <&,

aF Nt G,
where P, is a singlet projection operator, Gy:is any Ié‘-dcpcndcm spin configuration
in the momentum space in the singly occupicd annulus Q of radii k, and &, such
that Xu, <iit, §7 = 0.

The radii k, and kj are determined by the two equations
4 &

€ -5)=J | Cm

and

- Z ’ i (8,
ky <|k| <k, ky>tk| >4,

where k- is the Fermi wavevector of the non-interacting Fermi sea. The above
state is a filled doubly occupied Fermi sea uplo a radius k,: between the radii k,
and &, it is singly occupied and all the electrons in this annulus form a
momentum space singlet (Fig. 1). The energy lost by the kinetic cncigy tenm in
this new ground state is exactly compensaigd by the energy gain coming from the

exchange term. .
As is obvious the ground state has a large degeneracy equal to the total number
of singlets that can be formed with Ny, spins, where Ny is the number of k-points
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Fig. I, The modificd Fermi sca in momentum space containing a holon. an antibolon. a spinon, an
clectron and a hole, ’
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in the singly occipied annulus Q. This cnormous degeneracy can be casily shown

to be lifled by an appropriate choice of J;,.. The resulting ground states will be
called momentum-space RVB states.

Electrons in the annulus represent singly occupicd but singlet paired states.

Holon-antiholon pairs can be created out of this state as follows. Lonsider the
state '
" i X

PG 16 »
where &k’ > k, and k) <k <k, The energy of this state is ¢,. - &:. The clectron
that is in a slate k* outside the annulus is singlet paired to all the electrons in the
annulus.' Thus this particle does not have any definite spin: This is the antibolon,
Similarly the liole created in the annulus at momentum state k docs not have a
spin and it is in an environment of singlet paired electrons in k-space: This is a
holon: As |k, [k’ | = ky the excitation encrgy goes 1o zero. Thus [k =k,
defines the holon pseudo-Fermi surface. Note that even though we have used ‘the
word pseudo-Fermi surface for holons, we do not claim that holons are fermions.
Work is in progress to find out the statistics of holons,
.+ The importance of the singlet projection in defining the holon-antiholon pair

stale is scen if we consider the following triplet state, which incidentally produces
an electron-hole pair:

. t
PCLG G,

where Py is the triplet projection operator, and assume that ky < k| <k, and
1k’ | > ky. The energy of this stale is ¢,. - &+ 2J. This state has an unpaired up
spin electron with momentum k* and a holon with momentum state & with an
unpaired spinon uniformly distributed in the shell Q. This is an clectron-hole pair
excilation. As k, k* — k, the energy — 2J. Therefore we have a gap for physical
electron-hole pair excitation spectrum,

Apart from the holon pseudo-Fermi surface, there exists a charge cagrying
spectrum which is also gapless:

P C:-. CA, 1G)

where |k| <k, and 14" > k,. The energy of this excitation goes 1o zero as
k* — ky and k— k,. This defines the Fermi surface for this excitation. Notice that
as J exceeds 4y, k, shrinks to zero and K, expands to 2"k, where d is the
dimensionality. In such a situation we have only the holon pscudo-Fermi surfiace
and all the filled states are singly occupied.

Spinon excitations can also be easily created. They have an energy gap.
Consider the following state:

I:Su' C‘:.' C,.. C,:. G, 16,
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where &, k€ £2. The above state contains an clectron in state ky and an clcumn
in state k}. The singlet operator l’“‘ singlét projects the rest of the N, -2
clectrons. Thus the above state commns two up spinons with momenta k and k’
and energy 2J. For our simple choice Jy,. the spinons-have a gap and have no
dispersion. Since the spinons have a gap the ground statc is more like a
short-range RVB in real space. At the moment we think of the momentum k of
the spinon more as a label rather than the actual crystal momentum carried by
the spinon. There are some subtlelies associated with the actual momentum
carried by the spinon which we will not discuss here. Also it is possibic to collapse
the spinon gap along a desired pseudo-Fermi surface by a suitable choice of Tk
without affecting the holon pseudo-Fermi surface. When J > 4eg, the region Q
expands and we have only a singly occupied holon Fermi sea. It is casy to see that
the allowed momentum of the spinons is within this Fermi sea only. Spinons w ith
momenta outside Q simply do not exist! Analogous phenomena are known o
happen in 1-D Hubbard model and XXZ Heisenberg modei.

The clectron propagator G,(w) has an interesting structure for k ~ k;: implying
a gap in the electron spectrum. When we inject an electron at k = ky, we gel a
doubly occupied singlet at k = kg leaving an electron somewhere clse unpaired
{depending on whether we have even or odd number of total electrons). It is casy
to show that the enormous degeneracy of the ground state makes the wavelunc-
tion reniormalization Z, vanish for all k lying in the annulus. To understand this
let us consider the definition of Z;:

VZ, = (N4 15kIN+ 13k, exact) ,

wiere

AN+ 1L,k = C, 10y

and the state [N+ 1; &, exact ) is a *relaxed™ state which contains definitely one
clectron at state Ao with the rest of the clectrons relaxed to obtain minimum
energy consistent with the quantum numbers of |N +1. k). If the refaxation is a
qualitative rearrangement, Z, goes to zeso. In the present case the rearrangement
happens for the simple_reason that lhcrc is a large ground state degeneracy. 1t
is possible to remove (he degeneracy and still have Z, zero. It is also casily seen
that Z, is zero for all k in the region €. In th actual 1-J model Z;, goes to zcro
hecause of a qualitative rearrangement arising from some kind of orthoganality
catastrophe.® The momentum distribution function is constant:

n =1 for keQ.

In this rcgion the particle and hole Green's functions have identical structure.
The holons and spinons do not scatter agairst each other. This, together with
the presence of low energy current-carrying exciiations, makes the resistance zero
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at 7= 0, However, the ground state is not superconducting since there is no phase
rigidity of anykind associated with the change in the ground stale. The formal
expression for the partition function can be written as a finite-dimensional
integral owing to the infinite range of the integration. The expression lor the
partition function of this model is

A ]l:ll)mk(()c'“”"" .

where f{m,} is the lree-cnergy functional corresponding to one momentum X in
an cxternal time-dependent imaginary magnctic ficld 7i(r):

. . ‘
Slml = =g {Tr Texp - f (g, — sy, + m) v 3S{)dn
& :

/] A
xcxpij Zle_Jnl(t)-Sk(r)dr - nJ’
0 -

m (1) :ir} .

Thus the partition function is a functional integral corresponding to onc vector
degree of frcedom my(1). Without evaluating this explicitly or even numerically,
the low-T specilic heat and susceptibility follow from the low-lying cxcited states
we have found. The specific heat at small 7' is

C, = const.T

due 1o the existence of the pseudo-Fermi surface. One of the peculiar features of
our model is that in spite of the presence of finile gap for $pin cxcitation it has
zero spin susceptibility. This is due to the fact if we polarize o fraction o N of spins
by external uniform magnctic ficld then the cneegy change coming Jrom the term
{ZS,)? is proportional 10 a*N2. Thus the low-1" susceptibility is identically zero.

The metal insulator transition in the tight binding version of this model is very
casily scen when we choose J > 2dt. In this case, the region §2 expands and all the
occupied states are only singly occupied. When we have onc clectron per site
(hall-filled band) this singly occupied band fills the entire momentum space
leading to an insulator. The gap for charge excitation is 3J/2. This is the analogue
of Moltt-Hubbard gap in the scnse that therc is no spomancous symmeiry
breaking in this Mott insulator. It is a paramagnctic insulator — it cannot be
expresscd casily as a single Slaler determinant (even though it can be wrillen as
a singlet projection of a single Slater determinant for simple choice of Ji-). All
the insulating and conducting stales that we have discussed so far have the -
character that they have no long-range magnetic or CIW order.

Our model has a long-range force in momentum space and this is responsible
for the interesting spin-charge decoupling. The infinte U Hubbard model.
believed (o be at the heart of understanding the normal state properties of high-7,
superconductors, has long-range gauge forces™’ owing to the double occupancy
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constraint. Perhaps our long-range forces may be explained as arising from the
constraint in the infinite ¥ Hubbard model. In this sense the J of our model may
not be directly relaled to the J of the -J model.

It is casy to mcorporalc an additional BCS-Ilkc atltraction’ bc(\vccn clectrons

which lcads to pairing of holons rather than of clectrons. Details of this will be
published elsewhere. 1t will be interesting to sce if the receatly studicd
infinite-range or infinite-dimensional Hubbard: modcl'2 has any of the properties
cxhibited by our model. :

References
f. Bednorz and Muller, Z Phys. B164 (1986) 189..
2. P. W. Anderson, Science 235 (1987) 1196.
3. G. Baskaran, Z. Zou, and P. W. Anderson, Solid State Commun. 63 (1987) 973.
4. S. Kivelson, D. Rokshar, and J. Sethna, Phys. Rev. B3S (1987) 8865.
5. P. W. Andcrson, G. Baskaran, Z. Zou, and T. Hsu, Phys. Rev. Len. 58 (1987) 279.
6. G. Baskaran and P. W. Anderson, Phys. Rev. B37 (1988) 580.
7. R. B. Laughlin, Phys. Rev. Lett. 50 ¢1988) 1395; P. Wicgman, Physica Scripta. 127
(1989) 160: X. G. Wen and A. Zce, Phys. Rev. Leit. 24 (1989) 2873,
8. P. W. Anderson, in Proceedings of the Enrico Fermi School of Physics, Frontiers and
Borderline in Many Particle Physics, (North-Holland, Varenna, 1987).
9. P. W, Anderson, P’hys. Rev. Lert. 64 (1990) 1839; Phys. Rep. 184 (1988).
10. P. W. Anderson and Z. Zou, Phys. Rev. Lett. 60 (1988) 132.
t. J. Wheatley. T. Hsu, and P. W. Andcrson, Nafure 333 (1988) 121.
12. 1. Hubbard, Proc. R. Soc. A281 (1964) 401; Also sce David Adler, Solid Siate Phys.
2} (1968) 1 for an exhaustive review of carlicr results-on Hubbard Modct.
13. D. Volhardt, Jut. J. Mod. Phys. B3 (1989) 2189; E. Muller-Hartman, Jur. J. Mod.

Phys. 33 (1989) 2169.

e P 4y Ty



29

Structure of holes in ﬁ Mott insulator
N. KUMAR

Indian Institute of Science, Bangalore

30

The electronically relevant structural feature common to
all the high-'l‘ cuprate superconductors is the square—planar Q.\O2
sheets with relatively weak 1nter-p1anar coupling, separated by
the spacer layers of other oxides that act merely as charge reserv-
oirs. - The electronic structure of the Cu@, sheets involves the
crystal-field 'split copper 3d,2.y® orbital hybridized with the
oxygen 2px and 2py ligand orbitals. It is known now that in the
limit of strong hybrldizéti.on this can be reddced effectively to
a 2-dimensional one-bénd tight-binding Hubbard Hamiltonian, para-
metrized by Ehe on-site rvepulsion U, the hopping matrix element
t and the deviation from half-fill’ipé £ (controlled by cation doping
or oxygen stoichio-metry). This is the minimum model, presumably
generic to all cuprates—— this {is consistent with the fact : that
all cuprate superconductors have similar phase diagrams,and indeed
their Tc' s, normalized \fit:h respect to their respective Tc max,
when plotted agai.r\?t‘%themca‘t"ries concentration 6 (more precisely
% ||n determined by the.lordon penetration depth}-do superpose.

P U £

The 2D Hubbard moa:l. has been studled 1nt:ensive1y 1n the

context of a purely electronlc mechanism oE superconduct‘ivity 1n
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these novel cuprates. It is now realized, however, that the normal
state electrical resistivity (§) of these cuprates is highly
snomalous in that it s’ linear in temperature from the highest
temperature ()601) K} down to Tc, ‘hich can be nade luch snaller
than the ttarsport Debye t:elperature as in "Bl 2201“ Purely
phenoaenologicauy, such a temperature dependence of reslsclvity
would imply a marginal Fermi-liquid shich in turn correctly implies

not only the other normal-state behaviour observed experimentally,’

but also attractive interaction (through -dielectric function)
necessary for superconductivity. ‘This connection between normal
state rvesistivity and superconductivity is also suggested by the
near equality of the tranmsport rvelaxation tine’ and the pair
-breaking ti!ne associated with the supermld;nil;\g fl\x:nhtiotls
close to Tc. Superconductivity must be €. compatible!

It 1s proposed that the normal state resistivity arises as
the diffusive wmotion of chatge carriers (quantum vacancies)

resulting from "de{iuslng by orthogonality".

Thus, for U -=w(or J-0 in the & model uhich is equivalent

to the Hubbard model in the strong coupling Hnit U/t»l) the quan-
tum vacancy moves in the paremagnetic hackgrwnd of spins that

have no dynamics of their own. It is clear thén'that the Ert‘lalv

amplitudes for the propagation of the quantus vacancy between two

glven points, along the alternmative paths n;.st add 1ncoherentlz .

because these alternative paths leave the back gmund splns in
octhogonal « configurations. This would yield a diffusion constant
typically of magnitude k/- . The latter would imply via
Einsteins' relation z T-linear resistivity if the vacancy-gas could

be treated as non- degencrate. It should be possible to relate
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this simple ‘physical plcture of 'dephasing' to the gauge-theoretic
treatment of the Nagacka problem (U =00 ) where the longitudinal
gauge-field representing the non-double-occupancy-constraint should
cause dephasing.

It is not clear at the moment if U =s0limit -has superconductivity
at all. On the other hand, finite U (J# 0) can lead to pairing
(local) of these vacancies through the 'magnetic string' mechanism.

The Autolocalization of a quantum vacancy and its delocalization

by pairing leads to a phase diagram generally consistent with '

observations.
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MEAN-FIELD THEORY FOR THE +-/ MODEL
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FIG. 1. (e} Phove dlagram of the &-7 medel on o squatc late
ke 2l T=3 e 0wt Seld theory showiag 1he satil {e-

to, diterdesed spin liquid, snd spleal phoses. Sea teat for dlacur-
sioa, 1b) Vosissben of (2/1) = de o1 o {uaction of J along the
wntileire-aphal phase bowndocy (1ol Nne) snd o1 1/7=1.9¢
fleng-doshed Kard. Alse showa ott the boven Dendwidih
etk -doticd Hae) sad 100nlermioe bondwidid (shost-doshed
Rac) aloag 1he satils plrol phase bevadary, lo aais of 5.

spcctirum. This is diffcrcat from the results obtalacd la
the .lumio-k tepresentation, sad heace we favor the be-
1onic sepicsentation of sping over the fermion. Furthere

more, the mesa-ficld decomposiilon of the bale hopping -

tarm ¢ tles together hole moblllty and short-range fere

romagneiic corrclations, which ls the physics dicwssed by

Nagaoka™ for the U = = Hubbasd model .
Specifically, we do a slmple Hartree-Fock {. fasti

100 SSi) =48 vie (Lagrange mehilplict) chemicsl poica-
tiaks X wnd g, sespectively. Wae fad thet the following
simple choics fof 1he mean-fcid smplitudes,
AN =14 QT2 B3, Vif)-0, (0]
whete O denotes 1he 3one-cormer wore vecior; Caplurcs
the fal physics of compeling spia lations snd
bole motion, Ia pesticular, 85 wé show below, & nonzeso
valwe for A corrcaponds te shost-ssage entifcrromagnctlc
cotselstions, and for B 1o ferromagactic conclations; a
noasera valve of D implles bole mobllity.” ' ** .
The sesulting mesn-fcld Hamilionian is quadraiic in
the Bose and Fermi epessiors sad con be cosily disgonal-
1z¢d (the Bose part by a Bogolivbor iransformetion). We
fAnd propagsiing fermioaic and bosonic quasipartict
with dispessions $ :

=B+ LRDYirs =5, BRI ¢ )
u.'lu‘?ln)"hﬁ)'lm. ({3

raapectively, Hesa # ls the coordinstion aumber, 4w Go
+JPBN):, smiAP:, niw(Ui)Ljook-s, sed 0
w(Us)Epsink-4. R ead 2 are capeciation values glven
by Ru(AJA,) end Pulli=fY)—=L)f).. Uslag
these we desive seli-consisicnt equations for Al D2,
snd p, and solve them numerically for the-lowtst fres-
encrgy solution for vatious valees of (/J, &, a0d T . In tbis
papes for the most past.we discuss T =0 sesvita-for the
square latiice, s W e

One Importent compoacat of the physica cddtaiacd I
out meaa-Ackd theory Is brought oul by the ‘tpin-spia
correlation funcilon, which ls givea by (for 7,7y)

SO =) gl ), )
/) e coshld,
[‘(nl)]"}‘:l e sinh26, lu(nH'.H. )

. where alwg)=(e"™ = 1) ™" is the Bose-isuibution func.

tion snd tanh2#y = = ags /(A + 47, ) it the Bogolisbor pa-
remeict. Whea / aad J sre nearest acighbors i is cosy o
thow that flry) =" (rp) =B and glry) = —g°(r,) =,
sad thes (5,° 5,7 ) — (8%~ A%). Heace the sesvll 1hat 4
promoles shost-tenge antilcriomagnetic cotsclations and
B short-tsnge leasromegactic corselations. From owe scli-
conslasieal mean-held cquations we find thal & nonzere
walue of 8 implies a nonzcro valuc of D snd.vice verss,
Thus the corrclatios of hole motlon with fescomsgactic
corselations d by Negeoks ls feally in-
cluded la ous simple mean-field theory. "

The short-sange cossclstions determined by A ond & uct
in 81 high temperatuses, governed by ¢ and J. Al thewe
tempessinics oue seil-contisieat equations show thel L i
such that e hes & gop. Hence from (1) and (1) it follows
thet the spin lations decay cap fally ol long dis-
tances and the syatem has na long-range spin arder.

of (2) viing {A,)), (B,), snd {//'/,) a3 the.encan-Aeld am-
plitudes. [This i equivelent 10 doing o Peierls varistionsl
talculation of 10 the 4 — = limit of sa sppiopriate large n
“gencralization of {2).] We take Into account the (avers
age) constrning ((L, 016, + £,/ )) =1 and the hlling fee-

H t, st-low tsmperatures (T less than s critieal
temperstuie T, In three dimeations, and at T=0 latwo
dlmensions), 1he physics it dominsted by Buse conde
thoa of the Schwinger bosons, which leads 1o long-13mge
spin otder. This ariscs becsuse the chemicsl poteatinl X,
and hence, the minlmum of ey given by (6) decredic
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Instability of the Nagaoka ferromagnetic state of the U = « Hubbard model
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We identify » “k, instabllity”™ of the Nagaoks ferromagrictic siate of the U = » Hubbard modcl.
I:(/W\:u - Swffu 5 mb’rﬂf ex cofaliny

bility with respect to ing sn wp-spin ¢k » ot 1he Fermi surfoce and placing it a1 the hot-
tom of a down-spin band made very aartow by corsclation eficcts. We And a lowcnergy scale for
spin waves in this sirong-coupling limit, in the form of » spin-wave stifincas that is much smaller
than its rand hi imation valee. .
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In this paper we present some varlational and exact re- 1t is the purpose of this paper 10 show that the preced-

We show rigorously that for » large gh hole tion the f an insta-
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sulls concerning the Hubbard model in the limit of lasge
U — pertaining mainly to the siability or otherwisc of the
Nagaoks ferromagnet. The result of Nagaoka' tsee also
Thouless?) is of considerable importance since it is a non-
perturbative and exact statement about the Hubbard
model for strong coupling, i.c., U/ =, The recent re-
vival of interest in the Hubbard model for large (but not
infinite) U, following Anderson's suggestion® of its

relevance in high-T, superconductivity, has focused -

mainly on the so-called Heisenberg-Hubbard model,
which in fact contains the U= o Hubbard model kinetic
encrgy as onc of its two picces. In addition, the theosy of
itinerant electron ferromagnetisim has traditionally relied
upon the Nagaoka ferromognet as'a clearly demonstrable
case of the existence of ferromagnetism in' a onc-band
Hubbard model.* ‘
Given the importance of the Nagaoka ferromagnet, the
“thermodynamic frailty™ of the methods used to prove it
have been 8 source of concern 10 several workers over the
years. Nagaoks shows that the fully saturated ferromag-
net is a ground stale in the case of one hole imeasured
from hall-flling! for U= « and on appropriste lattices.
This method fails 10 prove ferromagnetism for a few as
two hales. In fact in the case of two holes we can readily
show, by essentially » Pcierls construction, that a singlet
state must exist with an energy only 0(1/L%) sbove that
of the ferromagnet (we could cut the laitice into two
equal domains and confine one hole into each, and fur-
ther form the largest spin state for each domain and cou-
ple these iwo domain ferromagnels into a singlel —the
cnesgy cost is only a boundary eflect). For a thermo-
dynamic concentration of holes, such considerations real-
ly do not serve as proper guides. However, the one-
dimensional Hubbsrd model, with U = «, hss a separa-
tion of charge and spin, snd 30 it is impossible o find »
state with lower encrgy than the Nagaoks siate st sn

ing scensrio is false—we present a variational wave func-
tion with one spin down wilh a finile wave vector, k,,
which has a lower encrgy than the Nagaoka state in two
and three dimensioas for 5 sufliciently large concentea-
tion of holes. Our “excilation energy™ is a strict upper
bound to the true excitation energy. and becomes nega-
tive for large ennugh & tdensity of holes) but it remuins
non-negative in one dimension. In act, our criterion lor
the insiability of the ferromagnet (namely the "excilation
encrgy™ going negativel caplures the subtleties of the
Nagaoka thearem trelated 10 the signs of the hopping mna-
trix element on nombipartile latticesk. We alwo present
varistional estimaies on how large the Coulomb intcrac-
tion U must be in order 1o stabilize the. fescomagnet.
These are, however, nch apumal for all &, We believe

" that this is the first publivicd demuonstration of the in<ia-

bility of the Nagaoka stalc for any hole conceniration tat
U= w) which has 3 variational tand heace rigorous)
basis, and which is thermodynaaucally relevant.

In order 10 motivate our wave functions. we would fike
10 review, briely. the work of Richmond and
Rickayzen,' who performed an interesting ealculation
with a similar objective 10 ours. These authors aho con-
sider the problem of N, =N (1—5 up t-apin) clecirons
and one down l-apin? electron N, heing the number of Ial-
tice sites) and construct 3 variational wave function oh-
tained by freezing the motion of the down elcciron and
solving eaactly for the up clectron gas which now sees s
simple potential scaticrer tstrength U) 3t one site. The
up-electron energics ate shificd by O11/N,) each, and the
net cost is OL1), whereas the posibility of virtually ad-
mixing the doubly occupiced Site gains an eachange ence-
8y The final conclusion of this study is that the Nagaoka
ferromagnet is unstable with respect 10 reducing U from
infinity— however, they find that st U = o= the Nagaoka
ferromagne is always stable lor any &.

concentration of holes. This leads to 8 possibl g
in which the ferromagnet could survive (st U = @) in two
and three dimensions for any hole concentration.

4

1t appears that the preceding stability of the Nagaoka
ferromagnet srises in their calculation by the inabilny of
the wave funclion 10 sllow the down-spin elecison to hop

piri} ©1990 The Amencen Physical Sociely
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sround. The overturned election would prefer 1o be ina
highly delocalized state. For, if we imagine the fully
spin-polarized Stoner state {which is just the Nagaoka
state at U = «) and switch off U, thea the leading insta-
bility would correspond to destroying ‘sn up'clectron: at
the (Stoner-Nagaoka) Fermi surface and creating s down
clection st the band botiom. This piclure immediately
suggests that an appropriste stssicgy for the large-U
p«obkm would be 10 take such & “Fermi surface restor-
ing"™ excitation and Lo correct for sirong Coulomb repul-
sion by s variations} projection.
Eaplicitly we write the Hamiltonlan

Hom—F1,CLC, +U T ayn, . m
Yy i

In the U = o limit, the above considesations lead us to
the varistional wave funclion®

) =N, e =Ch =G, IF) . @

where |F) Is the ferromagnetic Nagasoka-Stoner staic
1lesuisa, Cislvac). snd &, sefers 10 onc of the Fermi®
surfsce veciors. A stsaightiorward calculation gives the
eacilation energy

(x W0 —Egx, Y /42,1, ) .
where Eg Is the encrgy of the Nagaoka-Sioner state, 88
Algr=tp—c, )+ b1 —pl 7l . (i}
Herepml—3, Am ~Eq/INb). and ¢ mey , with

s, =
= — (N a7
"

1 *coordinstion number and further we assume that
1,1 for 1,j neatest neighbor and rero otherwise. In
terans of the density of siates ple) pes site and per spin we
have

» L g .
ﬂ&-f."'lpu)d( and b-f.’ .'p(()d( i 4}

whese W' is the band top encrgy, whence e, SQS W
In Eq. (3), the two lerms sre, respectively, the energy boss
of the up spins brought about by Lhe up clectrons having
10 #void the inserted down spin (it is & net loss since
12 ¢,) and the energy gain of the down clectzon that can
move around on the vacant siles left behind in the fer-
somagnet. The coeflicient of ¢, in ()} represents the
effcctive “band width™ reduction factor of the down
eleciron—which is, In fact, the hole-density - hole-denaity
correlation funclion al nearest-neighbor sepatation in the
Nagaoks ferromagnet divided by 8. The physics of this
ferm is simply that given s hole at & site, s down spin s
inserted there, and its hopping requises a hole at 8 neigh-
boring sile —1hus we need the conditional probability of
finding 8 second hole at » nesrest-neighbor site given onc
hole at a site.

Clearly the lowest value of A {g) Is obtained by setling
£, #3 the band botiom cnergy ~ W, |. We distinguish
Iwo cases here depending on whether ta) W = 11} or (b)

W, <zlil. Case () applies 10 the square lattice, the tri-
sngularlattice with ¢+ <0, the simple cubic, the bee lat-
tice, and the fcc lattice with s <0. Casc (bl corresponds
to the trisngular and fec lattices with ¢ > 0. We assert for
all the lattices in case (b) that the fecromagnet is unstable
for asbitrasily-small §; the instability is of-course exactly
what Nagaoks's theorem would predict for a single
hole— it acises in (3) because the first term is 3 positive
number of 0151 and the second is alse of O(5) but nega-
tive, with » larger cocflicient. Case (a) is, however, more
subtle. The fact thet W, =2lil"and Eq. 14) imply that
@/uP weads'iol s 5-.0. whence the second term in (3)
is of O(8N." This-guarantees that ‘there must exist a
sonzero segion sround 5=0 where A, is' non-negative—
this robusiness of the Nagaoka ferromagnet in this case
stems fiom the sather curious “fact that the hole-
density ~hole-density correlation function of the fer-
fomagnet, 8t nearest-neighbor scparation, is of O15%)
sather than O(b”) as one might naiveiy capect. In effect
holes tepcl very strongly in this case thereby enhancing
the stability of the Nagaoka state. Table 1 lists the criti-
sl values of & above which A, gocs negative in various
cases. I is seen 1hal these are surprisingly stable
cases—the case (a) tsiangular lattice and fcc lattice,
which appeas 10 be good candidates for itinesant fer-
fomegnetism.

Having found an eacitation with possibly vanishing en-
eigy. we obsceve that the preceding instability has s wave
vector corresponding 10 the Sioncr-Nagsoka Fermi
momentum telative to the band botiom statc’s momen-
tum. This is & generalized spin wave with a lfixed)
nonzero wave vectar ¢ =Kk, : sad brings us to the ques-
tion ol the {Goldsione) lonp\uukn;lh :pm waves,
'hxh must on sy Yy 8 ¥ £ en-
ergy. ' We therefore construct » vuuuonnl wave func-
tion which contains long-wavelength spin waves and also
interpolates to contain the leading instability already dis-
cussed as

L]
Yo
W= e &

Hi * g

=¥ Co (= 1C,,IF),

&3]

where ¢, is an unspecified amplitude for the wave vector
k. The wave funciion® 14) is characterized by the wave
vector g, and is motivated by the RPA (Ref. 91 which can
be secovesed by neglecting the  {projection) factor
t1—a_,). M we choose ¥, 10 be a Kronccker § funclion
at k =k, this reduces 10 our wave funclion ly, ) in Eq.
(2, If we net ¢ =0 and Jet ¢, be independent of &, then
18 is simply the atate obiained by acting on 1F) with the
total spin lowering operator, and hence is degencrate
with {F).

The constant 0 in (5} is determined by normalization as

A AV A AR “
4 Nb ”h

where [, =Olc,—¢,) sestricts the sum (o the Stoner-
Nagaoka Fermi sca. We calculate the “spin-wave™ exci-
tation encrgy li-e., (¢4 — Eg)lé)] 10 be
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TABLE 1. The spin-wave stifincss in our scheme and in the RPA. in waits of 2¢ whese 2 is ihe cootdic
nation aumbers for different laltices, snd the critical hole concentsation 5, where Eq. {3} is acto,
Square Trisngle x bee {cc
5=0.1 Dara o0 003 " o012 o0 0006
D 0.009 0.016 0.006 0003 0.004
5=02 Dypa 0.044 0.0%6 .0.01‘ 0015 . 001
D 0.014 0.026 0.007 0.006 0.006
8y, 0.49 1 0.32 032 0.62
dql"% T A gt and ¢, is obtained as
0 vg :
1 . hm e, an
+E’-v—-2f.],i-,hl((k.p;q) , ¢}] A,10) Y4101 /26)
' where
where : arsk. 1
v, =19/ N
A gi=f—c, +8(1—-pY 2, ® b A
wd | e
- ?
Kikpigmieg o+, 1+ R/ +6a0,0,) - ! “/N";j"‘. 7h,10) .
9)

Varying with respect 10 ¥, with the preceding normali-
2alion constraint, we find the cigenvalue equation

! 1
|uq)-x.wna.-7. ?/, |K(k.p;q)—qul Ii-,

10

This integral eq has twa cl of solutions, the
continuum of scaltering staics obtained by omitling the
righti-hand side fwhich shifts the encrgies only by
O(1/N}1] and » bound state, the (Goldstone) spin wave,
starting at zero energy at ¢ =0. The scattering continu.
um is analogous to the Stoner particle-hole continvum in
the weak pling fers gnet, and is bounded from
below by the minimum of A, (g) for a given q. ltis value at
g =0 is the ellective exchange splitting in this strong-
coupling theory. The instability discussed in the previous
sections is precisely contained in this scheme, since A, (g}
at q=k, has 8 minimum at k= —k,, thus our previous
discussion is 1 to the siat t that the lower
edge of the scatiering i has a mini at
g =k, and that this minimum comes down with incress-
ing &, unlil at some critical value, it hits the abscissa, sig-
nifying the instability of the ferromagnet.'® This scheme
also contains the Goldstone mode, since s calculation
shows that Eq. (7), in the limit of ¢ =0, has a zero cigen-
value with the cigenfunction ¥, independent of k. (This
ph isa of the rotstional invariance of
our scheme.)

The small-g spin-wave spectrum’can be extracted from
the (separable kernel) integral equation (10). We find the
eigenfunction

h=i+g,4,+01gh,

These are appropriate in all the lattices of case (a), with
encrgy messured in units of W, . In the remaindes of
the paper, we use the same units, The constant O~ 1 in
all cases except the trisngular lattice where ©= 2, and we
treat this laitice as a squaze lattice fwith Ialtice tonstant
o) and ali disgonal bonds running, say, northeast. The
Spin-wave energy gocs as

tGnlg!=Dgla’+01g").
with the stiflness’given {in units of 2¢) by
Iz

D=Dy J1-—-F || un
nea pel1+ 012 /20)

where Dgp, =O5/1. Note that / is slways positive, and
hence the spin waves are always softer than what RPA
suggests. In Table | we list the stiffness for two typicat
values of & (0.} snd 0.2) and also the RPA values for
comparivon.

It is remarkable that the stiffiness is much smalier than
Dypa. and 2 orders of magnitude less than 2/ is almost all
the cases considered. This low-energy scale of the long-
wavelength eacitations would lead to a transition temper-
sture that is considerably lower than the Stoner-Hariree-
Fock estimates, and has a bearing on the question of why
the T, of itinerant ferromagnets is o Jow'' tspin-wave
theory*? for the simple cubic lattice for 5220.2 would give
a T,=0.029 zir]). in any case our calculstion gives an
upper bound on the spin-wave stiffncss. A finite ex-
change energy (11 /1) would reduce this fusther.

For gencral nonzero g, the integral equation (10)
reduces 10 a sct of aigebraic cquations by using the separ-
ability of the kernel, and was solved numerically. In Fig.
| we sketch the bound‘slalt*speclwm “and the scattering

continuum for the squue lattice in twp cases; one case .

e

F
&
!
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ic energy of the down spin which is of 0(5%)]. and we find
the leading behavior goes as {p—¢,)=5°/U. Thus,
both terms are of order 8 and hence we knd that In order
to siabilize the lerromagnet we must have U > U, with

U, sn O(1) energy | =him,_{52° A —c,)}|. This is

not ss good as the result of Richmond and Rickayzen,
who find the cxchange conmiribution {i.e. term of
01*/U)] 10 be Independent of b, whereby U, —w as
8—+0. Thelr resuit Is of course more reliable in this limit
since their calculstion i3 exsct whenever the down-
clectron kinelic energy is meglecied. la Fig. 2, we juxta-
pose for the square lIsitice owr result for the stability re.
glme with that of Ref. 4 for the.case of the square lallice,
10 get » rigorous limit on the regime of siability of the
Nsgaoks lerromagnet. -

In summary, we have shown in this paper that the
Nagsoks ferromagnet Is unsiable for » sufficiently large

scale, sgsimat ¢ [along (1,1} direcrion).

corresponds to a small enough & for which we onaly have
positive-definite excitations, snd the second corraaponds
10 5~0.49 a1 which the Nagsoks ferromagnet Is close 1o
being unsiable.

From Fig. |, 1t Is scen that ibe spin-wave bound state s
al » much lower scale than the single-pasticle continuum,
snd unlike in the usual wesk-coupling casc, does not
caicr the conlinvem for sny ¢. The eflect of increasing
the hole denslty is 10 buing down Ihe emtire conlinuum
7apidly. and the dip at ¢ =X, precipitously. This situs-
tion is somewhat reminiscent of 5ol modes In ferroclec-
trics, bul is » moce sevese insthbility since essentially an
infnile number of siaics sse going sofl. The spin waves
tespoad by going %ofl slightly before ¢ =&y, and hug the
botiom of the continvum for larger ¢.

Wc have also wsed a simple generalization of the wave
fuaciion of Eq. (1) to deicrmine the ciltical value of U
below wiich the Nagsoks siaic Is dedaitcly unstable.
The varistioaal function is chosen as » Gutzwilier lncom-
picte projecied vession of Eq. (2) sad written as

“')-n“'”‘-“"-l'-n)c:pcx"") . 1))

where g b the wsusl Quizwilles pasameter. The vasls-
tional encegy now seads

25, UI=C g =1Pp8~Ce, +3%pU
+e 8 +pgl=bg ~11p%]] . ud

where C =5+ pgl, p=1—5, snd the various terms ase
trecognizable in anslogy with Eq. (3} tobisined by g —0J,

except the third which is the Coulomb Inicraction ener-

§y- For s faed 8 sad U, we can minlmlze Eq. (14) with
tespect 10 g; and- U, s defined by A, =0. We believe that
this estimate of U,, is & 1easonably g0od guide for 5—5,,.
where U,, divesges [like (5, —8)7"k but is far from op-
timal for 5—0. 1a the limif of 3mall 3 snd lasge U, the
main coatribution 1o the eacitalion emergy comes from
the Bss2, 3ccond, and last term Ji.e, by igaocing the kinel-

ation of holes st U= by identifying a solt
Fermi-sorlace restosing eacitation. The Nagacks-Sloner
Ferml sut{ace forces the kinelic energy of the up electron
10 be much greater than that In the Luitinger. or normal
{Fermi liquid) Fermi swiface, and the instabilily corre-
sponds to the rectification of this siate of affairs— for
large enough &, the down-clectron band width becames
large enough io beneft from this collapse. Our estimste
of the down-electron band widih s O15%). rather than
O} is specifc 10 the use of our veristional wave
funciion —if this is troe in general then we have » generic
argument for the siabikty of the Nagaoks ferromagnet
for small enough 8. If » siste can be found that has a
band width for dJown clectrons of 0151 while costing only
an entrgy of O (5] for the up spins. then it would be possi-
ble 10 desisbilize the ferromagnet for sny >0, Al-
though we cannot rule out this possibility cslcporically,
we feel it is walikely since nur wave funclion can only be
improved vpon by an admixturc of particic-hole excita-
tlons In the vp-cleciron Fermi surlace, which should be
quite sinsll {10 keep the up-cleciron encigy cost low, of
018).

The lastability, with respect 1o seducing U from

io W T T T
1]
’
o3 - ] P
]
cs ¢ R
g i
as b 2 4
]
. ¢
02 -—'\ R
00 & 1 1 1 1
o 0.2 0.4 .6 0.8 |}
s

F10.2 21/U,, vs 8 for the squarc lattice as found from our
Eq. 134) {s0lid kine) snd fiom Rel. (4) tdashed Sine). The Nagso-
ke gnctic I8 thea dehaitely bie owiside ibe area
bovaded by the Iwe curves and the abicina.
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infinity, occurs in two physically distinct ways. Onc i
that at Jow & the exchange encrgy of O4r?/U) competes
with the ferromagnet and leads, presumsbly through »
first-order Lransition, to an antiferromagnetically corre-
lated state. In the other regime of § $§,,. we find that
terms of O(1 /) bring down the strong coupling contin-
uum to a lower energy, and the k, insubilily becomes
more | d—leading again, we suspect, via 8 first-
order (ransition—10 & metal with a normal Luttinger-fike
Fermi surface and strong antiferromagnetic correlstions.
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*This wave function turns out 10 have a Jong history, and wes
frst wrillea down by Lauta M. Roth. ). Phys. Chem. Solids
28, 1549 (1967), who, howeves, scems to have missed the in-
stability contained in i1, which we discwss in what follows
The same wave function has 8130 been rediscovered by S.
Schmitt-Rink and A. Ruckenaicin tunpublished).

Tin the case of the elecison gas the ferromagnetic siste, found
within the Hartree-Fock approaimation by Bloch, was shown
10 be unstable with respect to long-wavelength spin-wave ea-

citations in 3 small range of 7, by llersing [C. Tlerning,
Magnetizm, edited by G. T. Rado snd I}. Suh} lAcademic,
New York, 1966), Vol. IV, p. 104] 1t it therefore necestary
10 easmine the long-wavelength spin waves 10 make sure of
the stability of the ferromagnet.
PThis wave function has a1 heen discussed by 1. At Rorh (Ref.
31 wha used it only 10 study the Jong-wavelength spin waves
*Reviewed by C. Herring in Ref 7, Chap XIV. (Hy RPA we
reler 1o the limit U = o of the RPA revulis noted in this se-
viewl

194 similar insishility of the Nagaoka Stoner ttate has alwo been
discussed by Laura M Roth. Fhys Rev 186, 428 {1969 uv-
wng 8 Green'v-function decouphng wheme  Fyen though hee
conuderationt did not have » sanatioaal ugnificance, 1 W
Tan, in his unpubbshed thevis Umpeniad Callege. London,
1374) has sthown that Roth's decouphbing scheme resulty con
be obiained vving & varistional pave function for oncspin-
down excitations See sl 13 M Cdwardrvand J A Tiens. )
Phys F 3. 2191 (19711 S. R Allen and D. M Fdwatds. ).
Phys F 12120811980 -

11D, M. Edwards. Magn Mapn Mater 1538, 262 (19RO

YWe are using 3 crude estimate taken fram o umple mMminded
spin-wave calculanion, which gives 8V /A0 =10 0T/
SNA,T/DY' /1, jsec. e g.. C. Kntel an Intrnduction to Selid
Stote Physies. Sixth Fd (Wiley, New York, 1986), . 413). snd
vse 5=} with AM/M(0)=1 in order 10 find 1he crtrmate
quoted in the teal.
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.Gauge Theory Of 'The Hubbard Model
R.Shankar
The Institute of Mathematical Sciences,

C.LT. Campus, Madras-600113

An exciting result of the renewal of interest in the large U Hubbard model has been the
gauge theory {ormalism of the model. For the first time, thereisa the;ry ;)f quasiparticlc; in
a condensed matter system with interactions mediated by long ranged gnug;: quasiparticles.
‘This description of the system has met with preliminary success in explaining some of l_hc
normal state transport properties of the cuprate superconductors. There are however still
a host of questions, both basic th;oretical ones as well as phenomenological ones that
remain to be answered. Essentially, the theoretical framework has been laid out and some
physics has been extacted from it. A large amount remains to be pulled out. In thesc three
lecturces, I will be reviewing the basic theoretical formalism and some recent attempts to

extrnct phicnomenological conusequences.

The first two transparencies illustrate, in two simple examples, the fact that the
presence of a gauge symmetry implics that the system is ‘constraincd. Namely that there
nre some redundant degrees of freedom. In quantum theory, there are then some unphysical
states. The reason for the emergence of gauge syminetries in s'trongly corrclated electronic
systcms is then clear. Becausc of the strong correlations, certain states ( those having
double occupancies ) become high energy states. They get scparated from the low energy
ones by a gap ( the Mott-Hubbard gap). Thesc states then contribute to the low cnergy

physics only through virtual processes. So they can be “intcgrated out™ and the effective
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"low encrgy model which includes these effects can be obtained. But now in this model

the high energy states are not physically relevant. The effective model thus has a gauge

" By try which exp this fact,

& e,

Thus the lciscnberg model, whicl is ‘Ixc low cuergy elfective theory of the large U
Hubberd model at half filling, has a local U(1) gauge symuctry which was discovered by
Buskaran and Anderson™. This was later found to be a part of a larger SU(2) gnuge

symmetry by Affleck et al?).

The SU(2) gauge theory formalism is descibed in the next few transparencies. The
gauge fields arise as link variables when a Hubbard-Stratanovich transformation is per-

formed to make the theory quadratic in the fermion fields.

The physical mcaning of the gauge ficlds in terins of the original spin varinbles ia then
sketched. The association of the magnetic field with spin chirality is discussed in m.orc
detail in references (3) and (4).

Next the question of the relevance of this formaliam is discussed. l;. is clear that the
formalism will have relevance if the fermion operators create physical quasiparticles. In
the context of the gauge theory, this implics that the systei is in the deconfined l;lmsc.
Thus if the model is realised in the deconfined phase, then this fonmalism can be expected
to be 'useful. The RVB picture of the ground state and excitations gives a physical ﬁicture
of such a phase. The unpaired spins being the deconfined _fcrmiona, the dypamics of the
singlet pairs being described by the gauge fields.

One pomt to note here is that even if the model were not realised in the deconfined

phase in the strict sense of the word, but if the confinement length were large, this could
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“ still be a useful formalisin. The fermions would then not be freec but would form loosely

bound particle hole puin.—

To tnckl;"thc‘modcl’ away from half filling, ic. the plwsicn of the t-J nu;«;cl. the
formalism bu to be extended. This is the slave boson formalism. This formalisi is
described in the next few transparencies. The Hibba.rd snodel Ais" re\;;gg.tcu iu ters of
the slave booons. Whea this is d(;ne there is 3 U(1) geuge symmetry which comes as a
consequence of the extra fields introduced and the resulting cdxnst;-nint. Wc then integrate
out th¢ doubly occupicd sites in the path mtegml and obtaini the t-3 model ‘ns the low
energy theory: k

Soine ;;péulu mean field solutions®®®)3) of the Heisenberg inodel arc then de-
scribed. The _el?ctron propagator ot the mcan ficld level is simply a couvolution of the boson
and fe:mionm propagator. It can then be seen that below the Bose-Einstein crossover tem-
perature, the propagator is Fermi liquid type withe a sharp quasiparticle peak in A(kw).
Above Tgg the peak broadens and the system is no longer n Ferini liquid. At the menn
field level Tpg ~ 1/t ~ 1000deg K. The normal state properties like resistivity scem to be
correctly reproduced o}xly above Tpg i.c. inthe n_on-Fcrmi' lfquicﬂcgion. Thus t.hc high
valﬁe of Tg? poses & major problem for the gauge theory approach. It is speculated that
the gauge ﬁ.el;:l ﬁuctuatioi;s al;ould bring down the value c;f Thne- H?w cxw:%ly this hnppc-:ns

is an outstanding problem in tlic field.

3

fn.
2

Finally the method to include the effects of ‘g;mge field fluctuations in correlation
funtions is sketched out. The features of the calculation. of the normal state r@jiltivily are

then stated. The readers are referred to references (7-9) for the thorough treatment.

References :

1. G.Baskaran and P.W.Anderson, Physical Review B37,580 (1988).

2. LAfileck, Z.Zou, T:Hsu and P.-W.Anderson, Physical Review 1138, 745 (1988).

3. X.G.Wen, F.Wilczek and A.Zee, Physical Review 839, 11413 (1989).

4. G.Baskaron, Prdéeedings of the "lelcmational'Co‘lloq\ﬁu;n on Quantwn Ficld Theory”
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Nuwmerical Tedmiquec for solving Hubbard models
S. RAMASESHA I

Indian Institute of Science, Baugnlore

Iu this sct of transparancics, a valence bond (VB) incthod fur evaluating the cigen
statcs o'l' finite Hubbard and extended Hubbard models is preseuted. The VB approach
explaits both the total spin invariance and the invariance of the z-componciit of the total
spin of these inodel Hamillonians. The ‘VB functions u;: spin adopted functions that
can be represcuted as integers on a computer and henee can be easily manipulated. The
Hamiltoninn wiatrix in the VB basis is nonsynunctric but apace. Efficient algorithms ex-
ist for ol?l.ainiu‘ cigen valucs and cigen fuuctions of a few |‘ow-lying’.s.hlm ql" the wintrix.
The ground state cucrgy per site, excitalion gaps, etc. ‘can be reliably rxtr_apolntéd to
the iufinile systemn value since the fluite ayatems arc.exactly solved snd l;«-xu'c e weshu-
tiona arc gize consistent. This mcthiod has been applied to polyc:vts for studying cffect
of cotrelations on dicrisation and oplical gaps. The exact dynamic propertics of the
model systems, such as dyasmic 1mluiz¢;l)ilitie§, sccond hanmonic and third harmonic
generation cocflicients clc can also be ob&ninéd exactly using a recent formulation. The
resonant situations can be handled through a l#;:-t':m«: pnmmctcr since pole strengths
at resonances can be exactly cvaluited. Finally, the feasibility of a Quantum Monte
Carlo procedurc using .lhe VB baasis is discussed. This has the advantage of reducing

the sample variance by working in the desired spin sub space.
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Numerical Approach to Strongly Correlated Systeins

D.G. Kanhere

Department of Physics, Univexsity of Poona, Punc

{ Numerical Methods |

Numerical Analysis School Stmnulation School
Phenomenon - model - formalism Direct Simulation of Given
— Approximation - reduced to Physical process with

— Matrix diagonalism, differential eqn. exact interaction thrown in

-+ nonlinear equation etc. — Monte Catlo
— numerical analysis. —+ Molecular dynamics

to be viewed as a numerical experiment.

Numerical Calculations gives you numbers ask questions to get physics.
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Coullguration Interaction Technique

Solid state communication : 17 (613) 91-

As we have scen, large clustors means very large number of basis functions :
1 o

FaRgH
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»
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1,8 run over unoccupied orbitals in HF state.
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¢ = LCW/ +LC+~-1 Cl¥i+=—~
[ » €
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Fig.12 1 % ground statc (cxact) encrgics s a function of 1 : (conventionnl Cl Schene)
Curve A: HF

©

© Curve B: HF + upto 2 Fold excitations. .

Curve C: HF 4 upto 4 Fold excitations.
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