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This report is tile outcoue of a series of lectures

gi ven by me at lI'latscience on Sf)j·18. surface phanouena in

superfluid Heliuw-4.

The topics covered and the work surveyed are those

which have attracted ."lY attention and t.he analysis presented

here is by no ueans exhaustive. The idea is hlainly to fl~-:;

an introduction and poLirt out a few unsolved pr-ool.eue in soue

surface phenomena,

I thank Professor Alladi Rainakr-Lahnanfor his constant

encour-ageuerrt and Pr-of'e s so.r'e R.Yasudevan , N.R.Ranganathan and

V.Radhakrishnan f0r their valuable coiauerrbe ana cri ticislUs.

R.Sridhar
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~-YAP.QRATION FROM SUPERFLUID HEJJlliM

L• .In.i tj_al specu.lation regarding the role of density of states ~

Interest in the theory of evaporation from superfluid helium

started grO\-J1l1Lafter the exper-Lmen ..tal measl.lX'em.entsby Johnston

and King (1966) of the veloci ty distribution of atom.s evapor-a tang

from the surface of liquid helium in ~'le temperature range 0.59

to O. 7°K. These measurements were Hade in an a'tonu c beam apparatus

using a chopped beam and tiBe-of-flight method. It was found that

the energy distribution of evaporated atoms shifted towards higher

energies-to be precise the distributions were characteristic of a

source appro xfnia'te Ly 1.loK hotter than the liquid and that they

could he fitted well with a Maxwellian distribution at an effective

temperature ~-55 -= 1.55 to 1.6°Kft

These experimental ooeerv ati ons (and the _theories supporting

these findings) \.Jeredis:puted later b;y more r'e fLned, careful

and hence reliable ueasuremerrts which vJill be discussed subse-

quently. ,We shal.L however discuss the initial theoretical attempts

as a necessary oackground for future theoretical refinements.

The eX)erihlental results of Johnston and King led to SODever,j

interesting developments in the theory of eVaporation frolJl su:per-

flUid Helium. Hyman, Scully and Widom(1969) and Anderson (1969)

have suggested that the process of evaDoration at low temperatures

can oe regarded as a quasi-:;article tunneling process: decay of

quasi-:::-articles of a:;?)ro)riate energies near the liquid surface

leading to th'e emission of" free atoms aoove the liquid surface.
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Standard iaethods of tunneling theory could be a)plied to derive

a general expr-e s s i on felr the total evaporation rate as a function

of tewperature ..

A. T!.y:glelint;,a.,p::u'.9.8..ch;

Po'LLow i.ng the work of H;ymanet al (1969) one can write the

tunneling hamil tonian as

\-1- (1)

whor-e t\ L' H V and .r1T denote reS:,:Jecti vely the hamil tonians for

the Li. quid, t:18 ev apo r'ate d free atoms (in the Vapour) and the

'tunne Ldng me charri S11 •

White ~L need not be explicitly specified
t

II' o., Qp (2)\-\t. - L
v

(3)2-
p

t
where Q.p, o.p denote the de~ruction and creation of the atcms

in the vapour 'chile ep 8,nd.tp denote the removal and addition

of ato ..s to the Li.qu i d , The index p denotes the momentumof the

co nce rne d pa'rt LcLe,

The ~rooat;ility of eV8p'Jration of an atoill from the liquid into

the V8,DOur state can be readily \-lri tten down using Fermi 1s
toG -olden rule" as

-------_._--- - -
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where 11'\..,
p
'li> denotes the co.nb ine d i:t~itial stat~of the vapour-

liquid S:JStCill1,oIith Ytp part i c Le e of ~olilentUlli V in the vapour

"lith tile Li qui d being Ln the state 17,)·. 3imilarly 1't\.p+.1.,:fl
denotes the final state of' the syste!Il \,i th (~lil-i)particles in

the vaDour and the liquid being in the state (j-). C::1 and e i
dejlOtc resli8c"ti ve Ly ~e final arid. ini tial Li qu.id energies.

Using the explicit f'o rin of HT equation (4) can be r-ewr i tten

as

The evc"poration rateca:i.toe obtained on averaLing eq , (5) \-Jith the

\
~<,

01.' the state ~ /

(6)

. -1-'
'ill IJn exp ~ .'Vr-

:BaltZlii21111 13 constant,
')

Let

J)«:p, E) ::: L ~Pi
~}S

(7)

so t:1at (6) can be l·~·Nrittell as

(8)

•.'
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<.-..,
a..l1d n(PJ Ep) ceil uC shown to oe a thenuody:namic Green's function.

5 J)< (~ t:) ex F (L E t) d E
. • 2.

.:=. .•2-5 '"P{ \<5-I£p\1.)l exp [-1., (Et -Ef)t]
1.. J .

::,L li: < 5- \ q;(0) etct)\i> «t~ (0) epw» (9)
1.}j-

whe r-e « .... » denote s the uaua.L thermal average.

Pr-o oeedi rig in a sjjLi18.T i...almer one C.311 evr.Lua te the total'
>->

a,bsor2,tion rate lor ~<n['tom. In this case]) (P") E.) has to

be used whe r-e

so that

( 11)

Using struid ar'd .:Toceduru; o~.\ecan establish now

Ex:.)eri ;lcnt2l1~ OU' i 3 interested in t11e case of eV8~'nration into

VSCUUlJ. OJ tla'~ ClH L:Jinc (8) ~ (10) 810nt; Hi th (12)

i.•
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The total rate call be oot e.incd by sumui.ng this over all the

states.
~

Total rate = R:::: L We ('P) 0)
P

= lfA L e PEp WabS Cp,~)
p

= eKp (fL(3) '1. (T) ( 14)

where it is supposc d -chs-G 1. (T) is a slowly varying function

of T compar-ed to ~ KjJ(PfL)

B.Anderson-\xidOlll aa sumot Lon~--_ ...•.... - .....-.-- - - --_ ...• -.- .-~.-~-~_-..•.

It is known :L.:Ollie~,::)erili!ental resu1 ts of Hcuehaw and 'Hoods

(1961) on Hell t~at a considerable fraction of inelastic scattering

is accourrte d j~or by the; 91\;duction of single exci tationp in the

liquid. Also rEllcr? ~inE;s a..nd Nozi ere s (1962) .have estimated

that in the re; .io. of rotan n.in.i.mtun near'Ly 60% of the scattering

is due to the -c;roc;.uctiol1of rotons. Thus instead of neutrons if,
cold 4He aboms are used as ~:n'oject.i LeSone can pre sume that a similar

fr;::ction of absorbed atolls would create single excitations. Sin ce

sC'?ltterill¥ and evapo r'a't i on are comp'Le.uen'tary to each othe r .

PoH.ov.Lng Anderson (1969) and v1idoll (1969) it. can 1.:£ aasuae d

that the donuriarrt r-oces e Li; +hr- evapora't.i on cphenomenon is a single

particle process-conversion of a high energy ~lhonon or raton Luto

an atom of the V8})OUr(or vice versa). It should be noted that it•
tcLces 8. f i.n.i.te a.noun t of energy to r-emove an atom from the liquid

(the so called heat of eV2)oration) Which is equal to 7.1SoK at
low tem.-eratures.

-----------_~-----... -.-..... - ... - ..-
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- --I'------~-----~-
o

7·15 K - - - - -·t---~-~-----4----;.ttl

Fif,.l

The o]erators..e~ L~troduced in eq. (3) can be cons t ruc ted as sU.Der-

po s i tion of Li qu.id ~e c.re at.i on and aruu.hf.Lat i on operators ":

and b~ wi th an 8..!:1[·litu ..Ie ApR

The factor e )(p< =» t) is due t'J the fact that Q,~ r-e.aove s an

a tou f'r-ou the Ll qu.id ar.d COl11.Kcts the initial n particle liquid

sta.te to Cl-l)-·a:,:. -:.:;ic..:..e fL~<.,,-l liquid state. Zr}eo.;e1'ators b~"S
o~y the,:~8u.c;.1 3088 C01!L...i.u.G3.(,ionrules

(16)

l
.1



7

we Call vJr'ite

(17)

( 18)

The princi~Jle of detailed tiaLano s (
-I- •e qua t i.on (12)) yields

We
The contribution of rotons and phono ns t ~ Call be discussed from

phas8-s]ace considerations~

Let the phO~dOllS be ref,ar .ed as st::;~)le quasi-particle exci ta-
tions \"'i th

it is clear that W>I·f-L1 =7"15t)k (see Fig.l). Fortlis

at low teu:-;eratures T wher-e ~ = 1/k T .
8Therefore

(20 )

------_. ----------------- -----
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Re:s>lacing the quantities '" p~ b~; a constant ~ and using

eq.(20) 2l1d (19) one cc.n "';rite dowu tIle contribution of phcnone

Wg. in the follovJine uanne r :
ph -..

W~ ( P ,0) = 2Y ex:p( ~(r- -£pl) .A L' 11/6( Ei ,-dz)
-' ~~(ft-cp)' eo

- '2.){e .:G:,3'4-JfJd..1'< ~'l. S(E-fl-C~)
l2n) D P

== k e)(p [~CJ..1.-I:.~)]. C,EffL)!"

K being a co,:~S~8.rlt. On 1,LU tiplying the above results by free

-particle; den s.i-GJ oi.· sca te s tJ (~) one obtains the emission

rate Lnto an energy intervc.,l d.Ep ar ound Ep

(21 )

The energy de.iender.t par-t of this expr-ee ai on (on the right) is

sh•..iwn Ln fiE,ure 2. ~'ot.c th~,)t this co:utributioi1 (marked as phonon

. 40Kenerg'J o. . Sti 1 '~J:!.i~3 is not consistent "lith the findings af'

Johns ton and King. 1:,) illl,:l'OVe this re sul. t one can include the

rotan co:;~tribu't i on 0.;3 Well.

/
Fig.2

Rel.a ti ve contri autions
of phonons and r-o tor.s



9

From fig.l it is cv i den't that at the roton ]'li:nimUI!l~£p is a

cO:lJ,s-G8I1t6.. whi ch leads to an iru'inite dens i t of states.

C . 1 WTot. 1 :j' t H . Po t' tol1sequen-c. Y lS a [30 o i ve rgcn u. owe ve r-, l.i. ne ro one
life ti:w.8 is taken into account by Lnc Luding a aua l L average line

w Ldth Y in the Green's f'unc t i on the divergence could be avoided.

> -1
(i!.-(ot=J1+[exp(pw)-D} J[<W-E

p
)1.+ 1'1+1

"Y/[ (LO- Er)2+ 'Y/4-1 (22)

The procedure outlined in the case of )honons is to be f'o l Lowed e-

(23)

The integral in (23) can be evaluated b~i s tandar-d methods. For

this consider

(E-.6)

Put
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Then
cIJ

ICE)= A J
-co

d-i:- ~
A2_(a_t3)2. ' ar~GU-6

~ dt:::~L(t-itjHt+Jt,)Ct-Jt;.)ct+JEJ

wi th 1., I = c:s + ~LA

This integral is evaLua ted 8,S a corrtour- integral il~which the path

enclose 8 .ho u~;er h s.Lf of the coiup l.ex '1:' - p.Lane•

cv >0 and - Jt2.
PoLee in the u~)::>erhalf plane

w <0 and Jt1-

so that

J JK+ 2Gj1. (A1+c:ff3/4

(tj /0)
....- 1. _3;:4-
~ A (A~+cr) (w<:o)

so tiat \'Illen ~ =0 ,? Ie E) t alce s t'lC value -.r6ZA .
USing (24) in (23) \8 have 3~

WQ:= {Co-n st) l( ex/>( P( V-E){( E~ fL-.6)~tJ ;(f)

ICE) (24)

(25)
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Follo\Jing Hyman (;t 8.1 if 'f!~13 is chosen to be 0.001 oK for

~: :::0 .6oK~ it is r-e adi L, seen :['ro..,1 (25) that the rotan contribution

to elilission rate is 3har'!1~. ',~iea}:(:dat an energy app.roxi.iaate Ly

equal to 1.50K. Thus i t\:ci,.s bc Li.e ved that the a:;!,Jarent existence

of the ]eak in the expe z-Luen ta.L ..=, ll..i.c2-suredveLo c.i t~' distri bution

of Johnston and KL1L lllitht be .rue t o the direct corrve r-si on of

rotons into ev;,porated atoLlS.

E. To conc Lud e ~---.- .•.... ~. -- •...---" ..- .

AdJing the c''):':ltributiollS due to rotons and phonon s and

cOllr:;arin&.,w i tll the 1,'laxwe11i,sn distribution

WeE) E

:.:;rocesses':.cc01 ..U1t for on1;;'- 351; of the evC",)')ratj.on rate. It vaa

conjec tur-ed that the re'"laining contribution may be due to mu1ti-

excitation processes.
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The ou.t.coiueof. t~le above discussions lLlaybe sum.aar-Ised

as follows:

a) The anoma l ousLy hi gh densi ty of states in HeII at the

roton nunLrum l:igh t .iufLue nce the evaporation s]ectrwn.

b) T..<1.erole of i.ru],tic xci tat ions remains to be studied.

c) Froi·,!the ;?Oil,t o f v i ew of fitting the resul ts \Ii th a

Bol 'tzinann t~,)e :):t' Jj.stri-iJ'l.tion1 a shift in V1e pea}: exists at an

energy E:::.. ~-f .
These cO:l~clusioi.'lShad to oe revised in v i ew of the later

deve Lo pacrrt s di scusied bcLov ,

--...---------------~.-..----.--.----- .. ---------~--
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2. The contl'oversx.:-~~sequent theoretical attempts:

WhenKi.ng, McWaveand Tinker (1972) w.i th an i;il::;roved set

up uade a more careful measu.remen't of the velocity distribution

of the evaporated a toias .ioth. f'r-oiasupe r-f'Lui.d iilltiS and bulk he Li.u.a,

at teluperatures f:~Oul0.53 K to O. 61K$ th~.fOllild that there is no

si(;.nificant shift to\Jards hit;her energies. Thus the data contra-

dicts theories (&8 well as the earlier eX2eri~ent) predicting

sitnfi oant HaTillinesof the ev8lJorated at.oms ,

Andr-es , Dynaes and Nar-ayanamur thy (1973) have also studied

the pr-ojer t ies of heLd.uiuatoms evaporating from the surface 0 f a

liquid (3He and ~e) film using the heat pulse technique .. The

time of fli£ht mcaaureuient s ve re done wi. th sensi ti ve eupe r conductdng

bolometers \d th submicr-ose cond r-e aportse times. The exneriment was...

the evaporated 811ectrumwas found to be MaxvJell-BoltZlaal111in nature. I
No e f f'ecta that could be ascri oe d to the quasiparticle nature of .\

the Ii quid vas observed. I

::;>erforclediu the teu,erature range 0.1 to 3.4°K. In the ballistic

region (single non-d nte rac tdng }article flow) at low temperatures

B. A Kinetic Theorv desc rfo tf on~____ •.. dt --=-~__

A kinetic theoretic approach W8.8 used by Cole (1972) to

calculate the angul ar and spectral distributions of evaporated

aboua, In this approach use is .J.laJeof the hypothesis due to

Anderson aile. Widom (1969) that

(i) inelastic processes are not important

(ii) onl~ single particle processes are dominant.
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Let ( ~~) u\' ) (.',
i_~,~ (1'.Ie) ,AC'Jan ,'Iu. denote respectively the momentum

and erie r-gy 0 f the .inc i den t and emerLent particles. T:ranslational

Invarf.ance is o1IDtai:,led")arallel to t~1eliquid surface resulting

in the conaer-va't.ion of mo.ne ntura ::)arallel to the surface

ctt II (27)

As has already been pointed out an energ-y \J-L ( has to be spen t

to Li.be ra te 811atom from the Li.qu.id eur-f'ace into the vacuum so that

(28)

Consider a quac ipart.i cj e of ruomerrtumq,.', < ~ -I hi tting the
'\ YO l..Ol'\o.

In this reLion 0 f moiuen tum the [,roup velocitysurface frOlil be.Low ,
-7

is onpoa.ite to q,. .
t,

direction of the croup velocity.

:B~).rtherthe su.rf'ace force al.eo acts in the

Consequently it is not possibLe

for a He atom (-VIi th its mouen tuu in this region) to escape to the

vapour state. lnus reLi on of anomal.oua despersion

the
where

-I
emitted atOll1Shave 8.),1':>xh15.tely the energy (6-1f-U) R13:::' 1.-5'1<

Call '..e iLnored. Similarly phonoris havint:.,mouerrta

'tt>- q,(>::. m ~ -J C'1._ 2../f'i /'111-1. canno t can trifu.l te to evapoz-ati onj ~ ......,.
Since thE. ev;:.,ooratr d atoms vcut d have .aomerita q,Q. ""> q,;.

-I
This reLion starts wi th an energy (Ci-; -Ir-O\:J.. 36 k ,

The ge.ue r-a'LfOI'"[ilu~a for the rate of §2:r:i.v~ at uni t surface

are 8. f'rou solid angle d..o... of quasd oar t.i cLes .in the energy interval

(Uj) <0+dw) is

2. '

d. NO? f(~) 'I/.(w;) Ctl.>fj dWi clI2i
dlUi d..Qi (29)

---_. "-- - -_.....

••
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vJhere

= arigle of Lnci.derioe with r-e apeot to surface
no r.rat -I .= [e~p(~W)-1] ~

= quaai par t i cLe energy corresponding to raoiaerrtum q,
t(w)
<..u( ~)

-tt{Wl :: der.ei ty of states per uni t solid
liquid

2-q/- [<6lT

angle in the

-
Wecan nov write

p~
2- (30 )dIll (me' ctn~ Pe CJ:hfJ

e1- 1.

so that

- 2 ~d..1. ~Q. d- Nop ---r: d-.Q~-dE cine ~U). cUl- Pi) ~e J. QeL 1...

(31 )

wher-s T .-Fraction of CIl"'..as i -)articles incident 1.1.:90n the~) Pe..
surface which are transferred to the va:ponr state

and few) ~
Dl"'..eto the kineillatical considerations di scussed acove , a gap

Will occur in the s:pectnua between tile enerGies 1.36 K to 1.5 K.

Thus there is an effecti ve conceLtat i on of the 1Julk quasdpar-tdcLe

denSity of states.

.•
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Equations (27) ann (28) a.LLov to escape only those quae.i

par t.i cLe a Lnc i dent f r'o.a Hithin a cone 13. < e centeredo~ mcu(,
about the su.rface norica.I, e is given by

'YY"lCl)(

(32)

Corresronding to tl1e va.Lue q, = q,YotDl'l' e assuines the vr Lue of

15°. If e.>8 tot8.1 internal reflection occurs.
4- 'Y"f'\O..K

Let P be the satur-ated v=pour 2'ressure given by

(33)

so that angular distribUtion of atoms incident on the surface from

the vapour side is ~ritten as

2 •c1 Nt,tlC

clE cl a'
which glaDE with (31) readily yields

•J.2 N-l: --dE ci.f2.e

Th• (),-(\ e
.~rocess C8.nbe described by the qU8Jltities (P e) tz : Pt.) W)

ct2. 1J.-.(.,TIC

cl...E -co'
( 35)

is invariant under tiiue z-eve raaL. The time reversed

because of this,right side of (35) can be Ln te r-pr-e te d as the number

of atous impingil1f; OIl the surface w:~1ich'condense I into the quasi-

)articles 0: the liquid.,
d..,2 N COl"Id

cLE cLn' (36)

•.---•..------~-~-...--- .-.....--.-- ...--.---------.--~-,-------

••
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which is the l'rinciple of det2iled balance (VlidOlu
f
1969). An

interesting feature of the for2ula (35) is that it does not involve

the densi ty of S-G8.t£:Snear the CJllOlialousre[._ion of the s)ectrum.

A modified treatment of the tuImelling h anu Ltonian tech:nique

us rng the Bogolil)_bovmodel for Hell \-!i th a del ta shell potential

has been given by Salinas and Turski (1974). In thi s model the

hatu I tonian 1\ for the Li qui d is expl i c.i tly taken into consideration

(compar-e thi s vIith the tunne ti.m., app roach in lA)

-t + 7+ No ~ vel» l lip Qp +b,. ~~J
p (37)

f ('-"-1) bt bp

P!2'Y1l
where No is the condensate densi t;y and V( P) is the Four.i er- trans-

form of the tvJO;!article interaction potential. Now make the well

knovn Bogoliubov transformation

+u'p QI' + LJp f_ p

'Up 1:+ up «,
'l- 9-

up- v;, -= 1
vii th

and the diago~'lalisCttion req'ld.reluents lead to

-""'"'---------- _... --- -- ---- -----
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aI:vl the E'JL012.t'~'iJOV e xc.i -c.ation s pe c t rum Ep is given by

L' Y2=, [Tp + 2ND VCP) 17:> ] (38)

In (38) Vel) i s t[tke:..~ as t:18 }i'ourier transform. of the delta shell

potential

)SM'l ( /)0-)
po- (39 )

VD is decided - ti.1Eve Loc.it;, of aound c by the r-e Latd on

C2 z: tv0 Va /'YtL.-
and <i" vh i ch is r(-'2cted to the scattering length is t.aken to

be 2. 5A. The -G1.l.Iliiell:U1i:' Helilil ton:i.an l.J1_ (see eo. (3)) is taken~I -

to be

(40 )

wi th a tr;:,rlsi 't i on ampli tude ellp~ fa r the liquid--v81ov..r (and

v i.ce verDa) sinLle'-'article t:r2cnsfer,?races:J. The ~;;robabi11t;y of

evapo rat i.cn is 2.iveL bY equation (4) and substituting (40) in (4)

Vie have

~--"'f (P, flp) 2 Jr /;CTp + c:f- E;) (YLp+1)

-,t ~ 1k T <f j Qk 'II <i I .e~If)
k/~ p~" (41)

------------------~.-~~-~---.,
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4

The eV8,-:-1')rationrate WCPJl1pJ can be obtained on using equation (6)
. ~ -

so that
--'J> .

We()))IIp) = 2Jf (l1p +1) ~ (42)
d]: (tep t

'R~ Tkp Trv/' S ilT e « tp(o) ~f>(t»>
I . <. ">

If Greens functions J) ({)£) and 7) (p)E) are defined as in ...•
equ;;<tions (9) and (10) we call. obtain the sl)ectral function A{B t)

where

Gy<cP)£) ::: fCE) A(p)e)

-1
f (E) z: [ ext) ( pE) - 1J

(43)

Then

Since k aurnma't i.on can 'be inde.c>endently done p let

(45)

Hence

. According to ex-'erL1Ental [;e-~UPi one is interested only in the

in which the Lni -tial v2I)oUr states are not occupied so tn a t

(4&)



pi
J~.

(51)
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Further noth i nj; is known about the ampl i tude aApq,.for the liquid

vapour single ~~,article transi tLon process. A.Ba matter of fac~ptj..

contains all the L::'::OYLilationobtained frolU a microscopic theory

(if one such theor:'; is TJro::>osed)about the mecharrism of "ev~-:?orationll

Since very Li, ttle is knovn about the etruc tu.re of ~ PCit Salinas

and Turski aSSVlileth::-.•.t it can be taken to be a constant M.

( 48)

Equa t i on (46) C8n new be sim~ilified on account of (47) and (48)

(49)

The spectral function A. (Cfr1cp) can be compr ...ltE,d easily for the

Bogo Li.ubov uacde I by st~'ndard -]rocedutres.

,
q integration can be converted into an energy integra.tion by

introducing the density of states. Thus

••

""':t:;,'_~'>.\1'':;'''.

~~
-'. ---------_.....-------- ...._ .. , ..
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where n is the root of the equation E c:
~0 .1>:::: "-

plotted in fig~3 •

This rate is

."
I
I

I

I

/

/

Fig.3,. Rate of eva~oration in the Bogoliubov
model of Hell at T = O.6oK.

The outcome of this a.tteLJpt is that

(i) The eva.io r'a t i.on r- tc is 2. Maxwel Lf.an, But the iaaxrmum
orate Ls . shifted 'tov-ar-d higher cner'g.iee by about 0.35 K. This

feature ~ thoD.gh en Lmproveinent over the )revious theories s still

r

I

does not co.if'Lrm to t'le revi sed exper-Lmenta'L ueaeur-euente ,

(ii) Still there' are hiO .eaks due to infini t;y in. the density

of stetes (lpE; =0) asoociated w.i. th hi.rh ener;oy phoncns and the

roton mf.nf.mum, Th8se peako , hov.eve r-, occur in the tail of the

]lotted di str.i out.i.on function (not shown in fir.3) but are greatl;y

sU'~-,.r-e sse d corn.var-ed to the .nax.i.urumTate shown in the figure (They

occur in the order of ,lla{',nitude rate x 10-2)

r
!
I·rl
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(iii) The siua.l.L shift in the rate is qui te stable and is

a.Luo a t Lndependcn t of the type of potential used.

Thi 8 model J;iay 'be iLl:proved provided

(i) R replistic f'o rm for cPt pq" is fed in instead of (48).

It is iuore phys i ca'I to su;)ose hi@. energy at o.us would have a

gre2.ter contribution to the eV::l~Joration rate than the 10"; energy

ones. In this context the ::.>hase s;;::ce cons i.de r-a't i.ons due ro coLe

wou.l d be of ilil~)ort8.nce.

(ii) T'nis model does not take into 8CCOunt the threshold energy

-''to
t.

L

required to lift an ato-;,: f r ou the Liqui d st,,::.tc and transfer it to

the va)our. This enerc:y has been ca.Lcu.l a'tc d to be 7.150K.

(Ande rSOl1 1969). Thus € ~ the enerGY of the ev apoz a tcd atous ~ should;

be .ae aeu're d 1ro];1 this ()A..I = 7.15 c-\rl,duo t f rom :~ero.

Sug[cstion (ij_) has been -):co.:'oGedand used in the evaluation

of ~e byJ21j.1l8.S and ~urski thrc;.lsel VE s , SurpTisingl;y this

SUet cstion Lnsto ad of i,I)Yoving the si tuation drastically alters

the ver~{-ev;':!or;:<;ion rate curve itself to a shape far f'r-ou a

Max:welli.a:o~ .A[.2ii1r-o to ne dominate the emission. If the role of

TO tons is to be SU~TTe ssed {}J-I has to be cho sen to be O. 30K in

order to get the ex:-:criment?l peak , ;'::h1s aga.i n contradicts the

'/: "Iell kuovn vs.Lue of 7.1501: for I}J-J
D 1? t· ,. r. t- , t d . t• ~s_ .l,i.l.a.l,.lPP . .o.r-.. il~~_egILa_ep§.a~-...e~. ~P.S_l_J.~

Since the tralis--~er )r()cu;s call occur orrLy wile] the exci t.a.t t on

is in the bare :"'a:cticle conf i gu.ra't i on (!~r>relbaUJfland Br-Inkman ~1969)

followin£ Griffin (1970) and CoLo (1972) one C8J1consider the

alllpli'tude J1P<ir in equat Io.i (40) as )ro]ortional to the
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single par t i oLe f:;)ectrC'.l vJeiLht functions of the subsystems wh.i ch

are vri tten as
~

AVCP>E)= 211 dCE-Tp-I}-LJ) ( 52)

(53)

for the V8}J(Jurand Li.qu.id r-ospectdveLy , It is pr-e sumed that for

smaller v eLues of mou.en ttuu ( P<::z A" I) resonances in Al,( pj W)
are identical t:) ihose .i~oUYldin S (p) w) the dynamic correlation

function. The strcn[,th : of the )ole 2p is e xpect.e d to be fairly

de penderrt on the nuubez- No of atoms in the condenaa te , For small

p and Low tE;ill)er8tures Zp '" No . l'hus ev apor-a't.i on meohan.La.a

pa;yS __S_~i!:@_~_.~.o.>1-1.1__£1.1... J-.n..dl-.:r.Q.£.iJ.a'§PlQ..%The total evaporation

rete is the qu ant i. ty of interest

( 54)

W q, being the bare at.ou transfer coef ~'icient (a part of the

transfer rate J~~/2..).
vii th Wq"Zq.. .

Consequently 7p~PQ. occurring in (31) is

In the case of e Lectr-cn tunnelling;)robl ems in solids Wq.,
is of the orde r 108 since the w;:ve functions arc required to

decay ex::?onentially in the classically forbidden barrier region.

HovJevcr, no such r-equ.i r-eme nt is imposed in eva,oration "Qrocesses

as a resul t of which one may tak:e ~ to be roughly of the order

O'l.0 D4urn tv., r
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A major pro tl.em in all the tunnelling models is the micros-

oopi.c evaluation of the transfer ampI i tudes, It has been re]Jorted

that in an un)ublished work A.Griffin and J.De;,lers hace attempted

to evaluate this quanti t:/ bJT using Bogoliubov I s theory. In this

a):?roach it SeCltlSthat that the liquid-vayour interface has been

re~resented by a discontinui tJ! in both real and off-diagonal

potentials. As reT:'orted by Cole (1972) this indicates that T

increases monot oru ca.l.ly from zero for evapor-at i cn energy
,

to a value of the order of unity for (%l?»~ 10k

One has to incorporate iuany body effects in a sui table way.

For instance ~ LocxL aeLf'enerry effects have been neglected in

choosing the spectral f'unctiona (52) and (53) by teking thelil as the

bulk Li.qu.i.d values.

In these calculotions quantized surface excitations have not

been taken into account. Such quantized surface vlaves called

ri:);llons may aL,'8ct the evaporation apec't.rum in a significant vJay.

(These "laves "Jill be discussed subsequently). Also in a.ll these

theories structure of the free surface of HeLf (the densf ty

?rofile) has not been considered.

Evaporation ~nd scattering are very .i.n td.iaa.te Ly related

phenomena and an exper-Lincn t in whi ch 4He atoms are scattered

from the free surface of 4- He vcul.d yield inforoation about the

clastic and inelastic pr-oceaecs occurrinb at the surface. &uch

an expcTLf:nt has indeed been perf ormcd by Edwar-ds 2.,;nd his group

(1978) • These re ou.Its are also to be discussed subsequenily.

To conclude it should be noted that no m.icr'oacop.ic theoY'j ~s

available to date to explain the experimental resul ts on eva:pora-

tion whi ch show no siLuificant shift in the rate of evaporation.----...--.•.......--------.--~-.-..... '-'.
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Edwar-ds et al (1975) have studied the free sur'f ace of pure

4ne by measuring the ~;rob2.bili ty of elastic scattering 1(( R,e)
for 4rre at.oias strikini.:, the aur f ace of the Lc.qu.i.d as a func td on

of the .ir uomentmll k and al1.[.le of incidence e :Juring the

scatterin[, experiment the temI)erature of the liquid ..•.ras varied

bet ..•.Jeen O.025K and O.125K. At such 10..•.1 teuqeratures the 4He

target iJlaybe considered to be in ims ground state.

v!hen a f ie e 4He atom strikes the s,~xface of Li.qui d HeLf three

possibilities exist;

(A) Elastic scattering (s;-)ecl~.larreflection). In this process

no enerty is transferred to the Li qu.id, The :Jrobabili ty for such

a ecat te rIn.: is denoted b~TR(k~e) .

(B) Inelastic scattering - In t~1is pro cess par t I)f the kinetic

energy I):':' the atom is converted into exc i tations) either phonons or

ri~Flons (quantized surf'ace waves) or both. ~he probability of

such a process is denoted by])(R,8) .

(c) Absor)tion - In thi s case the kinetic energy of the atom

·)lus tOle binding enerLY Lo is :Cull~ u.aed to create exci tations of

the li quid (Lo/ Rt,::::'7. Ib0 1<) '1:hepr oba0ili ty of such a.:: c:.

process is denoted by F (R, e) The exci tations whi ch w.a~i be

)roduced can 0 e e.:i.th~r phorions or ri;?)lons. If the incident

'article is 3He~ then the energy of the 3He quasi-l1article IUust

be considered.
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(1)

Invoking the llrinci':11e of deta.i Led balance the probability

for absorrtion can be related to evaporation. According to this

princi~?le the flux of evapor-ate d atoms wit':l momentum k and,

emerging out 11181cingan. angle e with the normaI to the surface

is exactly balanced by the flux of vapour a.tous condensing with

the aame momentuu and direction. The condensing f'Lux is obtained

by llTLU tiplying 1=(/<.( e} by ap)ropriate ideal [.as distribution
. -(Maxvlell-Bol tZLlann). The accommodati on coefficient Jil( T) which is

the average ~lrobabili ty of condenaa td on is given by

_ S! FC /(, e) exp [ - k2./ 2'111 (3J {<3 elk 1xnt fJ c.tJ)8 dlJ
peT):;::.

fS e)(p [-I<'-h mp ] 1<3 J k h-vn$ ~8 de ( 2)

:~

-~,
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llie experimental resul ts of Edwar-ds et al can be summarised as:

(i) The yrobability of elastic scattering depends only upon

the vertical c omocnen't (k cos e) of the moiaerrtum ,

(ii) The ~lrobabilj. ty of inelastic scattering is very small.

Wi thin ex)erimental error it is estidated that D( k,e) < ::L XI 03

•-I
(iii) 15 co s e was varied f r'oin0.05 to 0.5.A • Pr-om, (i) and

(ii) it follows the.t the probability of abaor-p td on FC/?e)iS almost
I

unity.

(i v) As k Co5 e -? 0 it is expected that the elastic scattering

pr'o bab.iLi ty tends to uni t~'. HO\<18verexperimentally it has been

observed that 'R ( k ~ e) tends to some value in the ne ighbourhood

of 0.05.

(v) No dip or edge \-JaSobserved in R(k,e) at the r'o ton

threshold. (Compare the similari ty of the corresponding results

in the case of iill::;rovedexper i.uents on evapo ratd on, )

(vi) The above uentioned resul ts were found to be 'Unaffected

by variations in tewgeratu.re in the range 0.03 to 0.l2oK. Thus

the r-eaul. ts ap~)l~ to the scat~ering bjT liquid 4rre in its grcund

state •

(Vii) Corollary to (vi) is that the:CIn.al-Lyexci ted ripl'lons or

phonons have no effect or surt'ace scattering.

-- - ------- - ~------ -- .- -------------------
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~~----------~-----I-----'--~~~~~I
(j.·t O--~ 0-,3 0-4 Ow!7 0·6

t~ ~e(A-')
ex pe'(lm e'(1to..i PO~yJs (Eci.wOI,yJs et J.)

Fig.4
[IT eY\closes the

To conclude this section we note that the observation

F( t</ 6) ,y '" for most k and e implies that the accolIl.lilodation

coefficient is also very close to unity. Consequently the s)ectrull

of evapor-a te d atoms is very close to a Maxwellian whcri the liquid
!

is in equilibrium with the' va)our.

When k = O. 5A-1 the combined kinetic enerGY and the binding

of the incident atom equals the ro ton enerLY 8.6 5
0
K.ene r-gy Lo

(see fig.l).

•.

Accordin.;.:.to the shift pre ddctd.nt. theories of evapora-

tion as weLL as the theory of Cole (1972) there would be a dis-

continui ty in the spectrum of evaporated atmrrs as well as in the

I/robability of elastic scattering in this region of lllornentum. This

prediction has not been confirmed by the cxper Lment on surface

. . .~'.-....•.••.....--------------------------------------
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$catterip.£,.. (see (v) and (vii).

2. XtLelirnij4fl~J?~h.avi~1'_ .•of }<.~ 0)')t?)

Consider the limi t ~ ~e -)- 0 in R(.\~~e). 13y analogy

\-lith the sin1:?le qU8J.'1tmume ohan.ica.L ~n'o-blemof a very slow particle

a-;;rr>roGchint.a ste:2~)ed attractive )otential it is expected that 'R~ I
as Y<- ~e -+0 Howe ve r , --i:';1.iSdoes not h appen (see (iv)).

Edwar'd s et 8~ (1975) have explained this as due to the effect of

attractive van der Haals --,ot~ntial outside the liquid. To a good

decree of aCQuracs this ;)otential is a:9)I'oxiJilated -'.Jy the behaviour

. -3
)'

vne r-e z denotes the distance in the direction of the

no rual. (In this discussion only no riaaL incidence is discussed).

Accordingly Schrodin,.8r' s equation is \-Jritten as

( 3)

Considering the potential between two helium atolilS in the super=

:::'luid A has ~)een esti"lated to be 20°A. Eq:uation (3) can be

rewri tten )( =- ( rz croe) ~

i1+ (A. \.. eme) 1..- 3~'\t' =0 (4)

on i,lalcint the substitution

'\-<.{~,e) would a:1f;Tr)aehunity ,nEon" k Cl:fJ9 ~ 0 since the poten-

tial in the limi t I-Jill act like 8. s t.ep function. Thus we expect

that the pl'oba-bili-ty for elastic scattering 'i.'~_ll tf:nd to uni ty in

the limit.,. or van i ahLng ~ ~e provided

>-~ effie «1

i.e. ~ \·:hen ~« A-' whi.ch leads to OM, upper bound for k

--•••....•...••....•...•...."""""""--------~------.-.-----..-.-.---- ..-..- ....- ..
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as

<<.

ThiS explains the observation (iv). Edwar-ds et a.L (1972) have also

made a detailed calculation to suppor t this estimate.

Echenique and Pendry (1976) have ylU]osed a theory to explain

the above illentioned results on the refleC"ivity of liquid 4He

sur f ace to an externally incident atom, The uai n f'ea'tur-es oi'· this

theor~ are the following.:

(i) It is su))osed that the interaction witll the surface is

via the van der \'laals po ten ti al. and extends beyond the mass densi ty

cut off. Accordingly the :)otential enercr between an eLeuent of
~ ~

liquid at r and the particle at R is Liven by

If the liquid is su.~);Josed

( 5)

to be Lncompre ssa ole then the surface tension Waves are l1lUch'softer t ~

'}

than the sound vave s and in this case the sur-f'ace 'ten s.ion Waves

are neclected e Consequently the 'particle moves in a po teutial

wiih

--..•.-..•..••.....•--------..;.-----------.--- ... -.~. --

..
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(ii) If the surface vIs-veexists, it results in a coupling

betve en the particle :,:1ndthe surface mode. The quantd sed surface

tension waves (the so call d ri:).:lons) have the following classical

dispersion relationshi~

2-W= (6)

where 'l' is the surface tensi In and P is the dens! ty of the

liquid.
- I

T-:: 0·35 c1'd-n. em

f
-3- o· '4- 1m em-

The coup.Ling to a rL.::D1onextends beyond the densi ty limi t but not

so far into t~le vacuum as the van der \~aals »otcn td al, does •.•.

(iii) The thickness of the surface reLion itself has to be

tal;:en into acccunt ,

In this modeL, the incident atom first interacts wi th the

vieak ta~l of the Van der' Waals ·-,.oten td :::1. At this stage (elastic)

reflection and coupling to ri;):,lons are possible. Reflection is

small because of the weakness of the tail w !.erCas cou:~!ling to the

ripplons Lncre aaes ver:/ r-ap i dLy f r o.u a negligible to a very large

value. An 8.tolll. as it l')enetrates beyond this reL,ion loses conside-

rable ener~~ as a resul t of which it is eventually caush t in the

attractive well of the liquid. Inelastic reflectivity is also

S1ll211 due to this reason. These phenomenahap-ien well above the

phy s.i cal surface 0:' liquid Helium.

l___-~~
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The reaSon why r'otoris have no influencE' on the elastically

1 scattered flux is Liven as i'olloHs~ ~IO exo i te a roton the atom
L

must tunnell into the Li qrud and still have a laL~gea.iount of energy

to exci te a roton. S:his is ~)osi::;ibleI)nl~/ vh en the .i.ricLderit atom is

ve:ry close to the surface. En t when t'-18ato n is vel'j close to the

surface it had alread:y Lc st mosf 0-;' l ts enercy to the ripplons.

Due to surface wav ec there is a d.i sp'Lace.aen t ~ of the sur-f'aco

eiven by .1.
. - ~n

(7)A'[;-

n being the surface are a and ~ is the alll~')litude of the

wave in the z direction. The LaGrangian for the system is
surface

down as

(8)

.....•
In the above R denotes the po si tion vector of the 2..nci.dent acom,

The L,r's t ter.d. ir. (C)\ .i s-..1" 0) "'J the aeco.rd terd is due

to the Lnci derrt acom and the last term re;?resents ccnnlillL; of the
tv.TO •

(9)



(10)
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InfonllatioD retarding tle )ro bab.i Ii t;y for 'the particle to

be reflected \,11 thcn:..t hav.i.:::1Llost ener[.y -.·0 a surface Wave has been

obt2Lied ~_~Sill{the ;)8.th inteLral for:nalism due to Feynm all and Hibbs

(1965) . Referrint, the reader to the )a:;!@r of Echen.i.que arid Pendry

(1976) for IJOre det2j_ls~ Vie Hrite down the attemJ..ating factor'1"
as

where ¢~ rives '::>e i!ilP~..':.se
. 00
L 5 t'h (1R( f:)) A cLt r=
~ +co I G\r ('1,-

The i"'1'ul se is conve;yed b.:' the -orajectoq 1R( t). 1R and Aq,
are au. t2.;)1~r chosen cCDrd.:.!12:tes.

It 5.s aS3l.ljj,ed that oJ:~ly co s like r.l::).,lo:'.s are exci ted and a

fJrst order estbate for o'ac·ticle ril",lon il1tcre.ction V-P'R. becomes

so that

(11 )
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whe r e

( 12)

In this l<~ denotes the second order modLft ed Bessel f1..Ulction

of the second kind.

The dominant trajectories t.n the Feynman foraalism have been

as sumed to be t:lOse in whi ch the }article travel s in a straight

line to the po.int of reflectic:n, I'll tI1 uru f'orn, ve.Loc.ity 1j'
(see j;.'iL.3A). For SlLCh a tra;jectory the illlpl:lse to the qth mode

has been calculated to be

(13)

With Lncr'e aei.ns 2Igt.1J.Jentthe i'lmction \<2 decays wit:l increasing

rapidi ty so uiuch S0 the integral ..e ts a ver:f s.i.t;.1l.ific2nt ccn tz-Lbu--.
tio11 f'r ou t:n.e region of 'R near -~:lepo.:i.nt ofreflectj.on.

ConseqUGhtly \4e Can treat the argument of Cosine func td on un (13)

as nearly equal to zero and r-epLaoe the Cosine func-tion by uru tJT.

Thi s a~I>roxj_iMl.tionis e.ctue,lly exao t :for :noTH18lincidence. Then

(14)
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with

"' 2. OJ.. / 3 _ 4-
zi:=: Jt d 1'\1 !1b 'h ( FT) 4.

coo_ 13/'2.. jC{) d
c:::: 5 dx ~ 'J

o :;A...

is evaLuate d nU:111ericall:y to obtain

(
k''L(~) J ( 15)

V' [ -3 / - 115/ J,= exp - 1·075 )( 10 Il<~ ---Zo 1..

~
The graph of \'(\ (10){ is f.i.ven below~

l=IGr 5

1.0'1

'l..

\1/IJ\

2-
1-- (y{Zo) \

:-\'..
,1

0-4 b to

(16)

~tGt G

..

,~I

~
i{:
~

.f;,

,
;~
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Ech€·nique and Pendry have also c3.lculated the reflectivity

of the Ven der\[aals )oteutL3l corrected for the attenuation of

elastic f'Lux cauaed oJ ri~)()lon inter2,ction. To sohe this they

SiJllply intetJate'~he Schrodinger equation by I ncIud.Lng the correc-

t ions frojiJ. the rilJ~'l()n interac ~ions as absorptive self energy

in the Schrodinge~ eqt-a.tion. Thus the follawj.ng equation is
cons.i de re d

+(- (17)

wher-e the imaLin ?cry te rm

L I:J-4 ( 18)

when il!ch~ded a.l.cn. v'5. th the Lacrangien .i.ncreases the :"robabili ty

of the dominant path s by an auourrt

I~
~ (19)

For SOUlC s'l:.itably chosen 1'08iti ve vaLuc Z of Z- 2" becomes so
e. ) l

large that Latt I e e~Lastic flux r'eaches the ret:.ion z.<Zc..' For all

l ---------

)
t,
1.•
~
",,'

"

1
I',I
"1
i,.:

;: ~:1

I
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Z< 2(.. the potential term is cho scn t.o be a constant

A + 1.. 2· (4) ~ 'Z <: Zc. (20 )-
\~<:=,3 . L

Then for Z.I.. 2C the weve field is )urely a decaying wave

LetZf be a suf'f'Lc.i cn tj.y large v~;.h:.ew'lere the )otE!ntj.al and

self energy can be tGken to be zero. In th~s scheme the s.i.ngul.ar'L ty

at has been avoided.

Wave field is then integrated f r-oiaa vaLue 1; <"6
0

to

the va.Lue Zf and the W8.vef'unc t.tc n is matched to incident and

reflected »Lane waves.

The r-e suLts clearly depend on k ~ e ~ tle normal component

of momentuin, This is in corif'Lrm.i ty wt th ~:"~leexperimental observa-

tions. However , the maLnitudes of the reflectivities, as ootaane d

from this theor;T do Hot match well w i th the cxper iment.al.Ly observed

111a[;nitude s •

This theor:y exp'l ai ne why experiments iaa.i.n Ly observe elastic

fLux reflected from the surf ace. To expl arn thi s consi.der the graph
'1.

for lb,l~v)t (figure 5) vhi ch Lives tl1e )roba·bilj.ty of co.apLetd.ng

a tra~j r.c to r Vf]. th the loss of one 8.~do::-ll~:one ri::;>plon. The graph

fives the pro'oa'oi1i t~/ of losing at least one r'LppLon,

A cQ12:na:cison of the se tv/o graphs cl.e ar-Ly .indi.ca te s that tllere is

only a ver;} narrow doua.i.n 4- ~ 2l If).:::; <6 in \I;115.chone-ri?~:lon-loss

reflection process can trJce place. It th17..sf oLl.o w s that as soon as

the pa.rt.i cLe enters the absorption zone the )l~oba'oili t~r that it

; loses its enert.Y to .uany ril}910i~s (.31ld ul tili1atel~T gets assimilated
~...
~vij,th the Lr qu.id) is very dominant. Hence the inelastic spectrum is
l',

~i.nsign.ificant when compared to the elastic epec'trua •

•.....----•.•......~~------- ..---- ..
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The outc ome of t.his at teiap t clearly indicates that

(i) the classical relationship far thG surface vave s as given

by equation (6) has to be r-eexarai ned , Different calcu~atj.ons by

aevcr a.L authors h ave yLe Ldc d 'di..fferent relationships.

(ii) The di f'f'uae na ture of heLi.um surface .is very important.

Thi swill Slgllj.fi can tly alter the dis:!?ersion rel atlon far the

rip~~lons aswe Ll. as the coupt.Lns, of t~le Lnc i.dont particle to the

rip:·ilons. Follo\.J.i.nc the Monte Carlo oat.cu'La t.i on of Lieu et al (1975)

who have ' observed that the di f'f'uacrias s of the sur'f ace of 4 t1t!
e

spreads 0 ver a region of 122.(; si ze 5A~ Echeni que and Pendry approXi-

mated the di ftuae su.rf'ace v.; th a linear Lncre asc of dE.I:sity from

the surface/~ld redid the calcu~8tion of the reflectivities to

obtain a better agr-ee.uen t ;'Iith cxpe r-uaerrta ,

4. Variational Approach.

Let ~ denote thE; (J01.lJldstate of N ~e atoIUS. ~

and pas, tive and .if H is Haiai I t.oni an for the 4He system

is real

(21)

2rovided the energies are ueasuz-e d f'r ou the ground state of the

~)ure 4rre s~ stcu , Consider the situation where')ne of the ~e atoms

has been rc.?lace,j. 0y an 'iup-L'.rity' helium atou , If one uses the

vart a t.tonaj method due to Peynuan (1954) to study this system

the trial wave f'unc t.i cn for the system (in whz.ch an "Lmpur L ty'

has been added) can be written as
-- --"- --=:. ~

"¥ -= 5 ('(I) ~ (")"2.) .• ') ry N )

l -----

&
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Assuminr tha t t:18 iw)\.:,.:ci tJ .inte r-ac Le vJi th the backg round in the

s aine 'vJay as a 4rre a tom wou l.d do the iao d.if'Led Hamil t.on.iai HI can be

wri tten as

(23)

+

)1'\ .being the mass of tne 1iHlJ\).rJty 1 a tom. E is the ground state
•energy relative to vacuun , The expectation value for the energy E

is

51f!-X ---> -4

H 'f ct "1\ . . , d'lN (24)E:::
S1¥* ....::::. ~

1{' d. Y\ •• , 01,N
; Follo\-Jing Feyrnuen it is easy to show that E is mi.rrunum for a statet:
~. (in bulk he Lfum ) with inoucnt. 1 ~k if~.
~!

~t" -4:.-=:;.

-j ~~'\) = € Xl) ( i ~ .II )

1,11:/ -t- [ ~ -1Jv,,/~
~'ff\1 '(l'\, D

.With energy t:..

r :
I'
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where (v;. /~-..), _i s t~l(; i-s . ":+.i C ,',y)p,1{ IT -')eY'1..,1/ i {..1 - L_...r... __ '-" ....,-~., ,··J....:. •.... ....LL •.} .: -

state. To a121y this th~ory to th8 Case
atom in the bul.k ~e bround

f f
'r/ueel,.Jik,~o helium vIi th a ~e~~1l-'

tiS r'e wri tten as

(25)

pC~) be5.ng the number density at a ;')Q.i.nt;: in the bulk liquid

in the E·rou.ndstate cp ; t.na tis

N S
While fr is the; average number dens i t,/ in the bu)lk liquid. Theo
Qrobabj,li ty deris i ty for atom 1 in the state 1}' is then constant

.•.•... '!...-

'/.. t '~V(\) \ • N:i.n1misine; t118 energy leads to the following equation

(whi ch is actually a Schroclinger
1. ~

tial..1. U(~) ) for 10(i)
2TY'\

2. ~ ['2'f11IE
"11¥(Y1) + ~~

equ.a't.i.on'\t/i th an effective poten-

(26)

(See also Lekncz- (1970)). Por the sur-f'a ce scattering ex,eriiuents

'i;sinf 4He beaidS i "f1l \ -= YfI ' Ln which caso vthe effective potc:ntial

can be wrtttc...n down as

1/ /U("()= el( Q (27)

;~.
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Since '1{v is the probabili ty

Icnsi ty f01- the scattered atoll and 'V obeys the Schrodinger

.qu.a'td.on (26) it follows that thE:;current of the sca t tare d atom

.s conserved. rtn"l..sone has to find orrLy the single particle

~efle ction coef f'L ci cnt for the 011E: dilllcnsio11al potentialfunction

U(~)= ~/Q
.s directly relatGd to

In tlLs case the p r-o bab.iLi,ty for e Last i c scattering

the dens i t,rl)rofile of the liquid" .

This model 8x'Jlains the-.cxpe r iucnta.L observation that there

.s no inelastic scat-~8ril1t- and~hat th,,) reflect.ion coefficient

lcpe nds only on the: ~1e:c~cndicular component of the incident momerrtum

In calculating the refll:ction coefficient the pro::er asynp to td,c

>eha.viour of a(z) has 'to be taken into account.

Far 'above ~1.C sur-f'ace , where the liquid dena.i ty decreases

.xponen td al.Ly wi th z , t~lC: cf'f'e ct.i.v: "potential must be identical

;'0 the Van del' Waals po ten tt aL lor :;)'l~re4He so that in this limi t

(28)

vhe r-e

Binding en.crgy or Lat.ent heat of 4rIe

oat 0 K.

)

'1,'-'

: i,

I:



43

Consequently from (27) vie ~lave

Q ---"'» exp [-~~ - ennst - 4;7{-'"
This impl.les 'tha t FCl;) == o..L/ f0
decreases as eXp (-2~})

} (29)

that iSf for larg z the density

This is in confiIlUi ty wi th the obser-
vation of Reg~e ~1972) and Saam (1971).

Deep Lns.i de the Li. qu.i.d

U~Oand (30 )

The following choice of a( z) interl)ola tes betwee.i the asymptotic

behaviour far from th", liquid (eq.28) and deep inside the liquid
(eq.30) :

with

Qt~·) == {~xp Pl~')
pt ~) :::- ~("}) - ~ 1 -+-

-I

+ 11
" (31)

~ \ and ~~ being adjus ta"ble cons 'tarrts , ~ 2. has to be restricted only

to poei tive (> 0) va.Lues in order 'to bi ve regular behaviour for
p(z). Then

where

o.~1
a

t-/ == clp
d~

I IIe =

"-( 1- a) [ p (1- 20.) - p']u== (32)

'~' ...
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Edwards et al (1973) have soLved tl1e Schrodinger equation for1jCfl)

6i vcn by (32). Wi_th "rO I z: n't

2.ndky-:::k~,~i:-l ,~~:::: kcmf)
(eq. 26) for the ]0 ten tial

. R- X
and V:~ J --;--~Tt)
eq. (26) can be rewri tten as

( 33)

StartirlL f'r om several argstrollls below t(le surface where the

condi tions (30) apply so that

( 34)

o 2..
'Wein te Lra te ou t up to ) = :l00 A where U -s: 0 and

~(~ ) == A €-i r (-c k'}} ) + 'F-> e». \J (r ~~})

The reflection coefficient is obtained from (1)/ A 1'1.. The choi ce

~. = 2.5 and ~fJ... = 8.5A2 gives a good fit with the ex)erL.lental

data as indicated in fiLe .7,These vah~es of ~ \ and dl2.... when

A. • I J

I
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subs t.t tuted in (31) and (32) yield the model potential U0l'2J)
and the 'mode I pr-of ile I Q(~D~

(A) Even tho-t;Lbhthe fi t w.i th experuuierrt.a'l, data is quite good

there is a r-a the r unsatisfactory feature - viz the reflection

coefficient is not sensi tive to the potential U(z) in the region

where ~t~) is considerably greater than zero (i.e. in the "li qu.i.dI

region f wher-e the density '9rofile is really to be learnt). Edwards

et al modified U~ in t\tJO\t!a~s

Ul1) +-1 r~Q2.

U l ~)~ t i'L QL
(36 )

( 35)

U~tJ\ differs from U{b) only in the regionQ'l._ fo»O. ~,e)
corresponding to U-::r M is not sitnificantly al tered by this

modification. ~M contains an imaLinary t.er.a proportional tothe

densi ty of the liquid and the imaginary part of %lA »r oduces a

strong absorption inside the Li qui d region. Vu:M does not also

significantly.

(B) Another point to be r-ect.Lf'Le d is the lack of sym.netry in

the variational "ltJavefunction (22). If the trial vJave function is

thus eym.net.r.taed , the theory then can describe the conversion of an

incident atom into a siut,le hi[h enerLY exci tation wi th the same

energy and transverse momentum. Even here the assumption that only

Single llarticle :;"rocesses dominate (Anderson-HidoTilhypothesiS)

is employed.

I
L__~ __~~~------------

,;.• i,
I;:

~iL

~fli
!~
i~~

~1,~

Ii
~
~

I:
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The sJ~etrised form of (22) would be

(37)

When the energy E (see (24)) is lIlin.ililised f:)r the inhomogeneous

liquid w.i. th a free surface p the resul tine Eu.Le r=Lagr'ange e quat i.on

is

+ 5 dt { 'Y'2.(~i%Vd~)+ ~: t2-f'i2-~-0
( 38)

where ,

For a homogeneous liquid the tvJO~i?article correlation function
~ ~

~\y\)'"'(~)

J ,.,.-)as in (25) 0:1e can r-efonnu La te (3D) as

"q ~1.¥(~)+ ['2~ E -UfJ1Vl~)-i'l
t Q. n') E ( 7 I """:::s [ ~ - ~ ~

l~~~~~~~_t_.~~_J_·~_~_~~~_Y_t)_f_'1_~_)~1_'~\~~~~(3~

is a function of
....•.•.......•.

1" -=- t '( \ - '(2. ( • Defining

,..f'
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where
~

U,=U\"'(\) is
~ -"'"

1- ~l'il)~) so that

obtained from (27). It is convenient to
define

o --:::... ~
\'1\-"'(2.\ "/'71

In general <:\1- can be wl~itten as ~(~ I j?-2 ; -t)
~

are the vertical components of 'Y t.- (t =.1,2.) and
. -;;:.. -"'>

equals the magni tude of the hor.taonta.l component of (YI -1"',2) ,

Let 1.\'~) ":::exp (iRx J.) Str) and Q(~)-=J~{r~)lfc

equati on (39) can be rta'Wl;i tten as

(40)

~.-llfo Q In £" f
t.~ Cll~1) ..J)-C2 Qtl~)tC~~)

'- ~d.t -evJ;Ck-:Lt) Cl~,)h',-!)

,,..
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This integro-differ8nti3.1 equation was first obtained by Saam

(1971). Note that when Qt'}l) is negligibly small (i.e. in the

reiji,:m outside the liquid) the integro-differential equation (40)

reduces to the Schrodinger equation (26). Thus both the s~lle-
cered: t.1v2. ..A..unS ~ m..- YrLe.(Jt1z e d.
triBOdAtheories are expected to lead to identical results in the

vaCUULlre[.i on above the li quid.

~:he solution of the intecral equation (40) are of several

tvrle s.u .~

Oor-r-e apondi ng to a phonon in tn.e bulk liquid or an evaporated

atom in the V2,CUl.:unregi on;

solutions which are localised in the surface region (corres-

pcud.ing to ripplon exci tations) ~

solutions vhi ch decrease exponentd a.LLy in the li-quid region

(corres-poI1Ci.inf,to totally reflected atoms)

The s:YIJ1.Uetl'isedtheory however is in contradiction with

experimental evidence? ~)articul8.rlJ· in the )redictic1n of compLe te

or al",ost co.rp l et e reflection for cer ta.in k and e
(c) It is also found th:=".ti tis qui tc; d.if'f'Lcr ~1; to determine

the deris i t~i[>rofile p(}) unaab.iguousLy by this theory.

To conclude, it 1001;:sas th!)ue,h the specuLa.r reflection

coefficient is lilainl~! determined b~' the static van der Waals

potential outside t~1eLi qn.id, An atom whi ch penetrates this region

starts producing 101,' erie r-gy exci tations and is incoherently

scattered. This point has been einph asLae d by Echeni que and Pendry

also.

,

b_------------·-----·---··--' -...---.-.-.,.--..----.---.--------.-.-
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Also it has been shown that R(t<"B) is insensitive to

in the region wher-e ()...L. is a:;l;reof.abl e , Even the ad.i.i tion of

a larLe imaLinary component does not al ierf((R)t)} in the region

where Q2.. is sir,nificantly different from zer-o • . Thus an incident

atom which has penetrated a cri tical distance in the surface region
()

(whi ch according to Echoni.que and Pendry is about 5A) has a negli-

gible probabilitJl of reflection.

l
L- ----.------~····--------··-----._-._.-_--..--.-._-_---...-..---.-_.-



Let us br Le f Ly consider the pr obl.e.m of hes.t f'Low across

a boundary betweon solid and liquid hel iun , In this Case a

d; aeontinui t~;·Lr, te ..l~)eratu:re appears betv.e en the t\-JO iJ!aterials

whi ch :L'or s.1811 "te.J1)el'a'Gures (ST << T) is .)roportiol!al to
,

heat current deris i t~· Q/A. This d.Lac on'td.nua ty which was first

observed by Kapi tza in 1941 enables one define a resistance l1c

and a condi.c tance ~ by the following eql.;.ation:

". ( ~ ;:
; 1"R4-<)::: (1)= -'k

gem:..:all~~ therdal boundary resistances are a.ual.Ler , less 'v:ell

defined and lilore difficult to measure. But in the case of liquid

heLfuin this turDs out to be all illtercstil1[;. one both ex:)erimenta).l;y

and thear, tic211~. 'rhe inter:..:'ace between a .:.~)lid arid Hell is

experimentally interestinc, beca:use intimate ther ..ia'L contact "lay

be established without strain and the tedperature of the liquid

may be conveniently ueasur-ed, .Uso a hydr-odynami,cpr-es sure way be

a:T,,'·lj.edat the interface since Kapitza r-ee.istance depends on the

pressure also. Also Kailitza resistance has an important role to

play in r-each.ing te"L2cratures lower than 10k. (see for insta1lCe

the excellent review 'oJ l?ollack (1969)).

.. ""~,
.u:~~,
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KaJ;>itza r-es i.stance is su ..' 'osed to be due 'jjO '~he lar[,e
":'

.::he acoustic L ••.pedence e I)f the +vo side's, i.e. the 2/roduct of the

densi t~) a.id the eound veLoci t~;, pIa: a vi tal :;?art ill deterlinin[,

the reflection ai.d trellShli fl:::;ionof )honons at the in ter.c'ace.

t\-JOor three orders of,:n~g1.i.it'llde··'treatel~ t:.18h that of Li qrLd He.

~his acoustic nu sua tch ::?:revents a Lar're f r ac td on of the »honoue

in te rf ace.

Coutri but.i on to the enerty flux across the interface Iuay
arise frmil the f 1110v'inL:

(a) Consider the solid al..i.dLi.qu.i d Hell ill ther,. Jal eouili bril'.iil

~~he.lthere is no net f'Low :>1 heat. Hovevcr-, if 'uhe so15.d is heated

the distrib1.~tion of phorions in tile entire solid chan..es ,

Consequen't Ly t ie r e is a sit,n.,.ficant chan.,.e ill the ther.lftl oscilla-.
tions of tile surface. The e:uert.3"flux Q/ A tr8.:ns:.:'erI'edacross the

boundary depends on the efi'iciencv \:~th vht ch the co.roonent of
~i.Y'ec.ti.Dr'lr . •
the h1'Jr!ial to tile Lut(~rface trausiui ts

j\

The n')r.,ial sur'f ace oscillations in turn

surface o aci Ll.at i.ons in

e;..I.erfYto Li.ou i.d holi'Ll..~.

are .i2d.e U) of 10D tudi:i.le~ Latc Lce waves , '~r8..t.~sve~se la'Gtice vaves

a.cd surface via-res (Ra~Tleig h vaves ) .

(b) The enerL.:r f'L..x illa~.also be transi.li t ted. due t·) '~he

colli si on of exci tatio:;Js cd liquid heLi.ru; \-1j, I;:t the I)scillatin£) wall •

••

•. ',:
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tre.,.s:~errii:1L tncr :8.:. 81l(;1: ~.' 8cross the interface. Electron- l'ho1'1on .1,

','~

!
.~,
t:

be [oncral1y cl?ssified

Ka!;:dza re s i sta).(ce j,~l fIeII (at Le p s ~ .,n ·t:·le teL.l)ela'~U2'e rei Jon
o .) 3- _ )0.1 k and 0.6k wher-o de 1S r.o t 8. st:~·"el"ll\J.id .

thi s 0.:;ro3,cll tiC:

'. . - t·, 'R' '..5eA.,(;r1••ell a.L 1._,
1"-,

c a.tcu.l at.ed vpl'L'es 01 11( a:C'C3 hj,L.LC:l' thall

. eilerally 'OJ anoar-de :c of .,aLilj.tLde •

the

ThiS theor: is J?scd. o., the f'ac t that the veLooity of aound ill

a »o.l i d is r,n oruo r of da{lli tude higher than in liquid He. Thus

Therefore .'ho:wns i.l!pi~lL:.in{. on the
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cannot be conserved for ar-bi trar~r art .Les of inc5.dence. This

r-est.Lts ill tho L.,:~iedenceof t:.1e -tra:lsier o~ }honon ene rry across

"the in.terface which in '[;urn Leads to a ;;,r'l;ly Ln tel,l"0erature at the

interface.

Consider a solid at tc <~ier2tu.re Tl Ll CO:dta.ctwi th liquid Hell

at a sli;)1tly Lover -teLi)era·:~t([·eT,...': Heat exchange bet,·,een the

t\-.'o . ,hases occur L! o..e O~·~ ·t lE' tv)') "a:. s ~ lattice vibra·~iol.ls frohl

the surfa.ce of the so:Lid can euit· eaerLY (r-ad.ia.tLon of ~)hono:ns.

~.lltl r-o-Galls) or . ~11oJ....ol.i.S a.id roto,,:::; Lt liQ..'u.iclHell on collidiuL

COilSi'.ler a lic,:,uiJ. Hell solid iH-terf:oce Cfib.B)

- - -- -- ( b=O)

~'. 0'

He"-
22-_;t ....__ -- ~ ---
t

SOL \])

Let U~ (W) denote the dis .,laCOl:1elltsof the shlall oscillations

of the solid surface )erTlendicular to thf ill terface, W denotj.nt,

the frequency of the 0 scil18:~io:ls ~ If A denotes the. ill terface area

the ra,te at \-11iohenerCy v/ill be rauf ated Lltl) Lioui, Hell is

..-..•.------_.--------_ .



Liven by

f 5
The intet.;ra-{jio:n is over -che L.i.terface area. This f.)rhl1}~ais

tTl.2.eif the wave1en.. th of the eiai t ted exc5.tati on is Site. 11 COLl)2.red

·~o the d.i.iuerrei. o.. <)f t;.1e so l t d, ~he?l

W(w) T2) » . 2-
i.3)..,-. f C1 ( lt1(W') ,.

A

The net enerLY flux f ro», the: solid to t.le Li.ou.i d radiated over all

fre qu..encies, Q/ A is c al o .Labe d as
, ••. :7

Q--A
W(T.)- \AJ(T2)- ~

A ~w<:,~)['Y"\(1;)- 1'llT.J]d.~ (4)

:Bose"\J is t.le -Einsteinand

distribution·)f the phorions . 'llfle net ellergy flux is wri t ten as

the difference of -;;hee:ne:rf.~!f'Lux r-adi..ated over all frequencies

f r oi, the solid Luto Itcuid »u nu s tht. Ellerey flux radiated irOItl

"Gheliquid to the solid.

st.z-f ace has ttlree corionen t.s e

e oLi.d (uerio ted by dr.s Laceuerrtc U:Jt )
Cij.) tr81.lSVeTSe\ aves vi th <iis:lacedents l1?t

~i (iii) sur-f ace waves \-lith c1islacciJent ti~~ .
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the solid s'..:.:!'faccfT"");." 1)(;101;' , U~ionr-ef'Lo cc.ion froH tae surface both

~onb~tudinal all(. -Gra::wver~e\ aves v!j_ll',)c ·roduced. Weshall

cO:::lsider -i;heX~ )laJ:te as t\c i1laJ.le of L~ciuel::,c8. Then reflection'

as v.e Ll, as lont-5_t"L.di~~alan« trailsverse o sc i.Ll.a'tc.one take ~)la.l.e

I a;:r:lli -tude I un.i t vector I una t \ ave
in the di..rec--l vccto.r
ti.on of -.,TO;)a- ,

• tiou4 t
I. j. I...' _.__ _. _. .._ _.. ~._ _-1-_
if" I t 1

Ulciden t wave I a. «'t I, e
I 0 I ItD ~ 0 * 0

_._... _~._~_.__.__._, . .. .L•. __- ..•..... '-~--

I t It. A
reflected lonLi- In' M ~ e.n..tudinal wave lV\.Q. f I L£ j J, • v_ -_ __ _. ..__ __ . +-__. 1, .,. __.'."..__.__

I f A. A I
reflected trans-. Q f Yl. J R
verse wave f ~).; .' .t. t '

I J'-'-'-- _..--~- ! _._-_.-.- .'.. '.- -- -.~ --.----.-- -.- -'..--

associated
antle of
L.c.i.de:..ce
(or feflE'c-
+i 0'" '.Y._ ~41

If C1 and C tare def::.l.\ed as -the velocities of the lOllLitucl.tma.e

arid tra:nsverse waves r-esie ctd veLy

--= 14.12 ::. W/ell , kt W/Ct (5)0

and eo Ain6(jR. Ct c~ »-"/1, et0

(6)

=

!
.; ,.• .' ~
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Also

(7)

It ~s aetn..1iileCt ·~h2.t the ;~or,18.1co.uionen t of d.i s iLaceuen t and

the uoriaal. couponerrt of the stress are coutf nuous at the interface.

If ,tit<. denotes the stress ';,jc(~sor~tie stress boundar'. cO!lclitio~lS

arc

(8)

Since Xa- )la:.c has been cor.sLdere d as the ~ll2-1~e of 5.neiuE;Hce

8-,~dreflectioll tl18se r-e duce t)

£ ao 110 eXp{ i ko' 0

"+ at 11~ exp( [ I~'T)

+ at- 'n{- e'x p( i ktp r)1 exp(-i (D t)
"-"

(10)

applied.

as

...• ,.,
. • <-•.•........-------------------

I'
I
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(12)

These e qr.a t.i ens sc.bat.i 'tu tccl bc.c~::5..ilt;~ (10) Leade to

To de ternu ne I aDI one uses the rescri:,tion of Khal-tlu_L:ovthat

'~he -tot8,1 eneri...;.' of t~le j nc ouf.ng ~')la.ltewave' (twice the Liuetic

ene rjy ) e qual.s t:~le .ho:~o:i:lenergy t;W (t;:::; )

p fA ,.2.. 1. V :::-W's 0 6.J 5 ( 14)

so t.'h.a t

( 15)

ex r-es s.i.orr for the abs oIu tc iJlaOl~.t·u.dc of .ho ~~l")li,12J. S'\.'.ri'a.ce

veloc ty dr.e to lOYlt.1.i;udinal vaves .

FroID.this thE: contri\11:ti;jnn to W C8.lJ. be e8.s11::.(calc._lated on l,-sillL (3),

TranSvl:Orse .u s ,ilace;,lent 'llano Waves L.i the solid hla;ybe trea'~ed in

an anal.ojous vJ~'. ThE; Lnci.den t transverse wave U]10n reflection will

Lenerate a Loru.L tuG.inal wave and a transverse wave. The conneotion

·r

••
!I
i!1

ill
il1
I',
I

II
I"ill
I
I

II

I
I



5':>,)

between t:'le a1J..g18sof the L.lcid.6Ut and reflected waves ar e

and

,

To calcv.la-~e t~le c·')ntri J'...tion fron surface dis~.)lacelllellt

waves let 'U;,,.,g
the lOll.'... i tuliL!al

"Ux~
tra:..~sverse directions. The velocity of ',;he

dis:~'lace.dent is

(19)

~_'hen

(20 )

wi.th the stress bourid.a.ry condrt '~:-m beL~, iJc~iti.cal to (5).

Thel~

(21)

•

- .. -.,. •... -
--'-.,,.
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with

- 2,
CD (C,

--' ( 22)

The net ther,_lal lll.;u:: frou the solid to the Li qu.i d j,la:r be

ca.LcuLated f:~'oa e qu.a't.i one (16). (18) a.id (21). This requires an

j.1Y(,eLration over solid ang.Le s to aCC01:U1tfor all .'os:,;2..I:>le an..Les

0:;:" i:::~cidence e of lOJ.lti tudinal and transverse Waveso

W(T)
- -

A
\"J (l0 )T)---

A YI(T) dT dQ
eo

,2..v dr-.
(\'J S ~L

-t-
::-, I """'- C ' )-;
d- \ '-"<"1'/ •'t,

• '2-
Iut

~~~

_' 4-1T5" fC1 (k~) 4-
--,-

··te::; P ('f c ):;;./ f5 ,\ '{-
I::' (CEI, )

.. I Ct
(23)

I,
is a known but rather coup.Ic.cated inteL,ral vJhich is

of or-der l..U15, t:r .



~Jote -'-'''a-'- (r3) '1lJ'L ,\J C- 1 as

t') -\i ..le 1'0urth .::,010.161' of T. vJh8i.l -~;'1etel~.krat-l,,:..l~e(:~ifference (T1 ., T2)

is a.ial.L ji usL~[, equat.Lon (23) vJe ca.. \':ri te
.•.

(~I,l\;= (V'J{'~) /f\) . ( \'\) ( "G..) / l\)'
, I

&) 3
:::::16lT fC.R. CRT)

---.---------~-
15fsChct)3 ( 24)

"-Note t:::lat on i:u.terchcmgint ~ and T2~ (G.jA) rC..lains t.~le sa 16 •. On

using (1) and (24) vJe can write

\ S h.3f5ct
._------

1G ~? {«.4- PCt F(C.R./Ct) T3

which is the Ka.».tza r-eat s ta..nee li,ue to radiation of phonoue ,

(1) the eilGr[,y raclia-c,ed f r o i')~G body to t~le other is pro::)')r-

tio" ..al to the fourth »o wer of the a oeo'Lu'tc te.,lpera-G·l.re•
•

(2)( QjA) does not change when th~ direction a1 enerLY floyJ
is reversed. Thus in this iuode L Ka~:tza resistailce is quarrt l bat.i.ve Ly

reversible.

(3) '1Z~o.d. as Liven by equ.a'ti.on (25) is Lneenei tive to the

)ro:!erties of thE. liquid. Note that the o:C.i.lyquantity in eqn, (25)

that deperids uion the liquid )roperties is pel and this quantdty

is not a strol1g1J teu~~erature dependent one.

(4) In the abQve radiation of r-o tons has been neblected.

Because to exc i, te a roton a ni.nfmuu e:nert,y of 8.650K is required

At the ranGe of tm'i})eratures in which we are Llterested phO~J,OY1S
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el"1:"Loved 'JvS 1rtear'l. e t'3.1 to f ,)TnNl1a tA a n i,C"') S C') "~. c t'-'A or v

.')'1 V-'A La'')tt:08 rr;si ..st.1Jl~e ~t a s')1:i.d-lir<ui1 4T;e jy+.p!'~c:\ce

---:> -'>
an d '} ( y) re')reS8:r.t thp DUT"lhpT' ·ieJ'isi ty

v

+~ ~
1fJ1(y-) 1jJ{Y)

- 'if; [.'tp1(;) 'J1f("1)- (v¥'tr)) 1jJ(1)j,
(?G)

1.fJit::;) heiJlg t'-'e '90S0!l R!lni hi1qt.ior AJvi cre"lt -jOT'

fourj,er anq1vsei as

- i /:{.Y
} j~ e

~ -'>
The v e Lo c i. t.v o oe r a t c-r 17('() P1a:'-T"Ie def'lne':l_ thrOll.r::h the

re1ati.o:n

~ ~
V (Y) ==

rnJN
,,,hich, ',d1~, 1e;1'1 +,1) t'ltA f0111)'Ti.rr: ;ntnfTr~l eOllQt:tI)P f·')r t""e

f')uriAT' COM,0Jl P!l+, 7J-
k

')f' t1'e 'Tel')citv f'iel'L
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rrhj.s 5.11ter-:ral p'(1Uat:i.f)Df''Jr
,-I ~

a s sumrt i on t+a t f' (,) C,-,y; be eX',qnie'i as 8

ar oun-t its grour1 s t at e e:lC''IectqV')Y" v-.Lue ( ;..till )~

of t1-te hamut.t.ord ar. for t'!te liouii vi z

Ore CqY' Y"O'T 8U'IS+'-; tute t'~e illfiri t e series eXT)ansior'
--l~

('2- 1) f'Jr f ('(1 o R estrict5.:r'p. our a tterttrm to

(i) onl v th.e1"onon e~rci.tqtions - neglectiDP.: hJg':1.er

orier ter~s and
~..-;,t..

(ii) ~_rrot'1-!-·5_f)1l"1floor i.e. curl't'{Y) 10)::::- 0 allj

I'
i

" I
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d. T
,~( Cj,; =:: EO + L (elk 13k Bk

,,1to W /< = 1<//2rn )..k
m~8 s01~,i-li0ut~ i~tqractj0~ ~A~~ltoriAn j,s a~ta~ne1 hv
t",e +'olloTTtnf7 !JJ'gunert· Lpt; Ua..C-~ - y) d er-o t e t.h,e

intec'atoMi~ ,,!)te:rti~l ~et'Tqer' !3.natorn ')f t',p sol i.r1 at }.atti cp.
~

site -1?(\..-=(X-(lIYn/Zn) arvi a 1~"'1ir1 at.on at
~ ~
y=- (-X./ ~I y) 4' :Jqt; Un. r1erote t1'e ::1tof"lic'Us'11acement at

-?
si te P(r\. . 'I"-'en t'le t,l)t.., 1 i r.teract~ on qner g:7 "'et'reen tl-"e

,6"'rqtinry "'01;.1 ant l~ 0'11. 1 ~~liu~ is

At 10'1 teT"l 'JeT's. +.L.1J'P.S ')nl) C·11: e xiand Plis t;1) f'i r s t or-tar in
~
Un. to o'lt:'li n
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. (1) /\ o orrt ' run", ",oie"')f the soli.1 i.'"' R.ssl.1P1ei. rnher.~

VQ1.A"H,!nis onl.v on t'1e ~ oOf)ri:ingte. ~''''e

surf'acA')-F' V-e sol it ;.8 t,gY:eY' to "A t''''e :x~'if
»Lane ,

--r

;(.,,) The inter "'\t.t'')l')'tie '")()tentiA.l i,. short It8ngei 'Hlm'1ar.ed

,dth the wavAlength ,f thA thermal '~on0ns in the
->

so l.f.d • Thus the ii.s·llacem~~t tt~ 5.s t~.J'.GIo!1 tl)o"'~

along +;''''e SlJ:r'f'1ce f)f t'-1e~01ii,

('t!t) rr:the iis'llar.eY'lent qt t"8 ')f)int (Xl'\ .YJii'}CI[S
re'·lac8i l)" +,'0(') iis'I):jcA"'1Ant g+; (:X

j
~/C)'

HTotaQ

p

••
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momsrrtum iens:i. tv

~
~
It. + :2It .

1
»tt-,c'· U c i_J
"' y.o -h···l

J

.L
E'Xt. = ext~rn~l force dersitv

('37)

r'uantul'Yl rnecha'1ic;::J.ll v

- i [~~,~H n ': ,)-1:.;(J::.. ./. X J a
(.) .,..";,0 - .:';'r· 3~.j

d;'\;~
2"
1

-;oy- c-O - '--,-Integrati_ng th.is er-uat i.on f'r-on ~~ ',z_ I c C, 'L. Q J1' =- --r-c , L-
V

being tl-J.e 'Jrd~r").f' tre '1:"8tance over "lhich the average heliu.T!1.

•
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The C0!Tl»or errt s of' thp St!'0SS tr-;rsorare firi te'3.nd d e cav

l)ehave si.n i Lar Lv, ~'erce
+E-f fCr)

-E
so th8t

the integrqti0P is over the solii-li0uid inte~face.

tensor ±nto ~ ')art '~~Ch I'8sults fr~M the
,.,hich results

from the ~0tenti~1

A.5

::: 'nit 'IJ'{J' tr1j> f k~hmn

+tyn [:;t ~-$J.
-I

On
(4<:))

k.-
~;;"""tr:; ryf t1te Mean v aLue n.;N , ){}t

:t:n tP.T''lS')-f" t'1--- G ?')urie'!'COl"1',!,p.nts

, ;
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1!.ri th re s oec t to X~ on'l.v ,

tep50r is di~~or~l
-Po E: P E

TflJ' =- 11'.
.' l

Sf) th~t F-r}'()
"

~.

F~(,)
o

....•/
')a:t:'t; eLeC) :1+; ')0i 'Y1ts -y Let



••. I
. '!~

• PE
1.- Pz. 1tZP ( p::j=-O)

(47)

68

~O that

~'hus

P·E -~
1t7-2 l'()

OJ'le o an J'lt')TTUse +.\o.e eX'JaY's:i 0J"lS (rr) for fk and ~

Then s t+vs s t ensor 'vi 11 ha~Te tArns cOJ:'res'1oJ'lii.J'l!'7 +.0

i .

Or u~::j_nl? +:h; c: ::l.:r (4f)) a)":1 ex=an iir!! Uz.~r tp:rm s of

~~onon O~A~qto~s,o~p o~tqir~ an Are~gy trqps¥er ')T~CASq iJ'l

":v enissi on ')f' one ,):r' tro 8'V'ci tati or-s "rrt o tl'J.e heli.l1l'1

aJ'li 'vi~e versa'.

rote that

is t~e unit ~olRr1z~tit')DVector.
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Use tl'p.se in ( )

( ·5'1)

V-s l)elng tl,l=> vp.loc:i. tv f)f' sound in the s01;_1.

D - Nrn ~1.qSS 'lP'T'S;.+'v ·,)f tl,e 1i(1n;1. r0tP. tl,qt.'L- 'f2.
this r1p.'Jp.Ylis ')n t"e qC'justi c "1"'J'Je19"'CE;!fLlh/ fs V".s of:·t~.e

t',r0 ne"E .-,.

•

~ I'
H

I
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. I

- f I( '() /(. N \
, !.J2 I

~"'('} is the fractional decrease in the deris.i t'j owi.ng to the

(54)

fll ..rc tu.at Lorie wh i ch are Just the local lata.tion. Then heat current

-J. (\) is given bySL ,,'

(1)
~L:::: (55 )

-0ei~:1t.the ~Sose-Einstein di str.i.bu ti.on f'unctf.on at tei;lllerature
rn

. .L.

Kapitza r es i etance is [,iven by

~_4 JSl- 'XlK' =
~

( fI•.YL) . '3
~ A 1:J.T - i /c 1); 3 ( Rsr)4-5 (56)

\ .~ ·5
The resul ts here are essentially the S~.le as the (me IJbtained f ro.;

cU8Crel)anc~/between the exper-iueri t and the theory by a. factor of

~k;_ it·One can think of i111provingthe si tuation by including raton

tr211sier processes. This 2.1so does Hot hell) in r'e ducf.ng the

nuuer i ca'L discre1anc;.:. ThiS is essentially due to the freezing

ou'.of the rotan ~)opulation at low teLiperatures. Inch ..rs ion of

higher order »r'ocease s also does not i ipr ove the situa't Lon , In

conclusion this aee.aa to be a very interesting theoretical investi-

cation.

...
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