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Introduction

This renort is the outcoue of a series of lectures
given by me at Matscience on soue, surface phénounena in

superfiuid Heliwa-4.

The topics covered aud the work surveyed are those
which have attracted .y attention aund the analysis presented
here is by no ueans exhaustive. The idea is wainly to gi’5
an intrnduction éﬂd point out a few unsolved probvleus in soue

surface phenomena.

I thank Professor Alladi Ramakrishnan for his constant
encourageunent aad Professors R.Vasudevan, IN.R.Ranganathan and

V.Radhakrishnan for their valuable coumients ana criticisus,

R.Sridhar



EVAPORATION FROM SUPERFLUILD HELIUM

1. Jnit:ial speculation regarding the role of density of states:

Interest in the theory of evaporation from superfluid heliunm
started growing; after the ekperimental measurenents by Johnston
and King (1966) of the velocity distribution of atoms evaporating
from the surface of liquid helium in the temperature range 0.59
to 0.7°K, These measurements were made in an atomic beam apparatus
using a chopped beam and time-of-flight method., It was found that
the energy distrioution of evaporated atoms shifted towards higher
energies-to be precise the distributions were characteristic of.a
source approximately 1.1°K hotter than the liquid and that they
could be fitted well with a Maxwellian distribution at an effective

temperature.7;£§:: 1.55 to 1.6°K,

These experimental ooservations (and the theories supporting
these findings) were disputed later by more refined, careful
and hence reiiable negsurenents whioh will be discussed subse-
quently. We shall however discuss the initial theoretical atteapts

as a necessary vackground for future theoretical refineuments.

The experinmental resﬁlts of Johnston aﬁd King led to soue very
interesting developuents in the theory of evaporation from super-
fluid Helium. Hyman, Scully and Widom (1969) and Anderson (1969)
have suggested that the vprocess of evapbrétion at 1ow.températures
¢an De regarded as a quasi-particle‘tunneling process: decay of
Quasi-narticles of apsropriate energies néar the liquid surface

leading to the emission of free atoms avove the liquid surface,
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Standard amethods o tumneling theory could be asplied to derive
a general expression for the total evaporation rate as a function

of temperature.

A. Tunneling apnroach:

Following the work of Hyman et al (1969) one can write the
tunneling hamil tonian as
L T A
where HL. , Hvand H_r. denote respectively the hamiltonians for
the liquid, tlie evavorated free atoms (in the Vapour) and the
tunneliiyp, mechegnisn .
White §i_ need not be explicitly specified
< 1- ° : z .
= Zz T, Q 5 = 2
i | b Gp Ap w‘ﬂv T Plam (2)
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W= %(apap—-i— QP Ap ) . (3)
where Q'P "QP denote the destruction and creation of the atcms
_ =4 ' v ,
in the vapour vhile b and /QP denote the removal and addition
of ato.s to the liqu:d. The index p denotes the momentum of the

co:icerned narticle,

The probability of eveporation of an atow from the liquid into
the vanour state can ve readily vwritten down using Fermi's
“Golden rule” as °
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where ‘TL q’L> denotes the combined initial state ol the vapour-
P >
stew with '{LP particles of womentum p in the vapour
with the liguid being in the state §2”.. Similerly lf\p+_‘1_, i>
denotcs the final state of the system with (y\p«kjbpartioles in

the vapour and the liguid being in the state RP2 € % and €7
denote respectively the fingl and initial ligquid energies.
Using the explicit for of H'T equation (4) can be rewritten

as
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The evaporation rate cain be obtained on gveragsing €q.(5) with the
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= (lry,B“) 5 ‘R’p = Raltzuwann's constant.
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50 that (6) cen be z:written as

WP, Mpd= 207 (1) DY P Ep) @)
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and ’D (P)\:P) cait we shovi to oe a therwodynamic Green's function.
<, _ .o
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where << an s >> denotes the ususl thermal average.

(9)

Proceeding in a siwiler ianner one ca=n evcluate the total -
> >
absorstion rate Tor an stom. In this case D P, E) has to

be used where
> ) i T
{°F ) exp(-iE) dE= << o) £,(03> (10)
so that
W (P = 2 (¥, E)
abs s ip ) = K T\,P ('P)l:: (1)
Using steandard srocedures one can establish now

D (P E)= exP [p(p-B] Dp,E) U2

Experi wentell, one i3 interested in the case of evenoration into
vecuuw so taad on using (8), (10) 2long with (12)

—

W (P,0) = e»«p[;s()x E,)] W, P, 1) (13)




The total rate can De o dtzined by sumiing this over all the

states,

Total rate =K = ZW (P,O)
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where it is supposed thai 47(7rJ is a slowly varying function

of T compared to €Xp( }L) .

B. Anderson-Widow assumntion:
It is knowi from exserimental results of Hewshaw and Woods
(l96f} on Hell tnaat é considerabie fraction of inelastic scattering
is accounted for by the production of single excitations in the
liquid., Also Miller, Pines and Nozieres (1962) have estimated
that in the re, io. oi roton ainiuwwa nearly 60% or the scattering
is due teo the wroduction oi rotons. ?hus instead of neutrons if
cold 4He atoms are used as nrojedf'teﬁbne can presunae that a similar
frrction‘of absorbed atoms would create single cx01tatlons Since
scattering and evaporation are couplesentary to each other.
Folloving Anderson (1969) and Vidom (1969) it can ® assumed
that the dominant rocess i the evaporation nhenomenon is a single
particle process-conversion of é,high energy .honon or roton iuto
an aton og the vapour (or vice versa). It should be notedvthat it
takes a finite saount of energy to remove an atom from the liquid

(the so called heat of eveooration) which is equal to 7.15°K at
low tew; eratures.
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- The ozerators EP iitroduced in eq.(3) can be constructed as super-
position of liquid 4'He creation and anuihilation overators bh

and bh with an a@plituhie /\PR |
Y= > - EXD(~1 gt (15)
Q,PUD %‘»/\PR b (t) Plipt)

The factor QKP('iut) is due %o the fact that Q,P reioves an
/
atou frow the liguid ard conaecis the initial n varticle liquid
. \ R . 3g
State to' (u-1) -~azticlie fiugl liouid state, The o~ erators bh

0y the wsusl 3ose cowmtation ruies

- + t T
by 328, ChpbJ=0=[B),b ]
If ve derine |

S@= 20 ) @9 b by > dt
| ~a0 '

(16)
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and

&L 0w Qf(0)>>—_;2{>\ lie:(‘}*t« b(t)bf(o)» (18)
The princinle of detailed balance (equation (12)) yields
=1 - |
W (P,0) = QFQXP[@W‘E;D]‘E M{”?{ G (k. E{“) (19)

We

The contribution of rotons and phonous % % can be discussed fron

vhase-snace considerati ons.,

C.EBhonoys ¢

Let the phouous be regar.ed as stoole quasi-particle excita-
tions with
>

G(’Ph(-g)u)) = 27 {’(4’- [exp(Pw)~1]°1g S(Q}*Ch)

C&Q being the eneryy of the shonou,  Frow the previous discussion
it is clear that CO>UH _ 7‘15°k (see Fig.1l). TFor his
w,eXP( (500) >21{ at iow teuineratures T where {3: '1/‘Ie T -

B

Therefore
, .

G\Pi(h)w) ~ (‘7_7@ (()(U.)—C‘!?)

(20)




Rerlacing the quentities )\bk b, a constant )\ and using
ec,(20) 2nd (19) ounc ceu vwrite dowit the contribution of »honons

\A42 in the following wanner:

W (P = 2F exXp(Blr-Ep) N Zlug(t: e ck)
P(F'LP

H

(’Z.n)
K exp [ pp-£p] - (Erp)”

Z, 'Mjctk K 8(E; p-ck)

i

K being a coasiant. On woltiplying the apove results by free
vartvicle density of svates hJ(E%) one obtains the emission

rate into an emnergy intervasl d E, around EP "

P

= _ _ (5( - )_ ,
WQ(P,(?) N(tpﬁdtp ~ e F P(tp"/‘)z:ﬁ::f’ AEy (21
The energy de:endert nart of this exnression (on the right) is
shown iun figure 2, lote that this coutribution (marked as phonon
in figure) is siuilar 40 a Maxzvellian -eaked approxi.iately at an
energy 0.4°K. Bti 1 “1is is not consistent with the findings df
Johnston and King. To im:wove this result one can include the

roton coitribution z3 well.

D.Rotons: /
1
¥

Fig,?2

Relative contrioutions
of phonons and rotol.s




From fig.1l it is evident that at the roton wminimum, E%D is a
counstant /A  which leads to an invinite densit- of states.
Consequently vg}ao is also divergent. However, if the roton
life time is teken into account by including a saali average line

widthﬁ?( i the Green's function the divergence could be avoided,
-1
= 34+ [ exp(pud)- 1 }‘Y/ 2
{ L PP ] {(u)-EP)—i—_\%.}
7’/, 2~ »
i(u.v E,) + 7/4_} (22)

The procedure outlined in the case of nhonone is to be followed:

o {5(}1 E) d 9 .
We ~ ¢ %jt p b %(D,u. £) 7]

Z.
’\’(3><P<:F’/4 (:2) P J{Ciff | £ = ZS> Y
A (B e? +Y/4
(23)

The integral in (23} can be evaluated by standard methods. For

this consider

e = J d € (€-4)

i.

2 | PN
- AT+ (wW-6€)

<.
(E-a) = t
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) ASOO dt
Then I(E - s 8
- We\W\Q & = -

~o AL (@-tHt -

oo | ot
A ., |
_L (=) (4HE) (=08, ) CEWTE)

i th —(/i: @“+:LA and 'tQ_:: CT'-LA

This integral is evaluated as a coutour integfzl iu which the path

encloses .nc ud>, er h=lf ol the couplex - =-plane. ;

(K] Poles in the uwover half plane

S >0 J&, and - JT,
@& <O g and \JE,

so that
-3,
I v aa™ () 4
TOE} = / (o0) (24)
3
N 2 B
& AALaT) (& <o)
So that when & = TC E) takes thie value Tf/r-——zA .
Using (24) in (23) ve have -3
We = (Const) x exp( p( }L*ED{(*:“}L“A)*"I} F(E)  (25)
y ‘
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where

FUED = X/?_ fov CEWP“A) <0

(26)

::‘{?L((E"ﬁfﬁljzﬁ“;lf!gaé ’93V (EE7PL-23):>C)
4_ 9

Folloving Hymen et al if‘?74Q13 is chosen to be 0.001°K for

m = O.6OK9 it is readil seen frow (25) that the roton contribution
to emission rate is sharnly neaked at an energy approximately
equal to 1.5°%. 7Thus it vas bciieved that the ap,arent existence
of the weak in the exneriaental .o wcesured velocit) distribution

of Johmston and Kiug wight be sue to the direct coxversion of

rotons into ev:porated atous.

E. To conclude:

Adding the coatributions due 4o rotons and phonons and

comsaring with the Maxwellizn distribution
W(E) = £ exp(-pE)

at a teuverature T = 1.5°K, it is round that the single narticle
srocesses -ccount for only 35% of the evenoraiion rate. It vas
conjectured that the reuaining contribution may be due to multi-

eXcitation processes.
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The outcoue of. the ghove discussions way be sumaarised
as follows:

a) The ainomalously high density of states in HelIl at the
roton miniwua 1ight influence the evaporation s»ectrum.

b) The role of uwulticxcitations remains to be studied,

c) From the »oint of view of fitting the results vwith a

o

Boltzimann tyne of distriw tion, a shift in the pealk exists at an
energy fr — ZS‘}L 3
These coucliusions had to oe revised in view of the later

develonments discuszed below,.




1.2

2., The controversy-co:sequent theoretical atiempis:

A. The diszo:earence o. the earlier ovserved (?) shift.

—pe e 8 e

When King, McWave and Tinker (1972) with an iuproved set
up iiade a umore carerful méasur@ment of the velocity distribution
of the evavorated atous Jsoth from superfluid rilus and bulk heliuwu,
at temperatures frouw ¢.53 K to 0.61K; th%}found that there is no
significant shift towards higher energies. Thus the data contra-
dicts theories (as well as the earlier experiment) predicting
siznficant waraing of the evaporated atoms. “

Andres, Dynaes and Narayenaimrthy (1973) have also studied
he prozerties of heliuw atoms evaporating irom the surface of a
. liquid (3He aind 4He) film using the heat pulse technique.. The
time of flight imeasureusents vere doiie with sensitive sunerconducting
bolometers with submicrosecond response times. The experiment was
verforued iun the teunerature range 0.1 to 3.4OK. In the ballistic
region (single non-iateracting narticle flow) at low temperatures
the evaporated spectrum was found to be Maxwell-Boltzumanu in nature.
No effects that could be ascrived to the quasivarticle nature of

the liquid was observed.

B. A Kinetic Theory descrintion:

A kinetic theoretic approach was used by Cole (1972) to
Calculate the angular and spectral distributions of evanorated
atons, In this approsch use is uade of the hypothesis due to

Anderson anc¢ Widem (1969) that

(1) inelastic processes are not important

(ii) only single particle processes are dominant.
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Let (q/u u)‘> and ( \~,€)(_n€/\ denote respectively the momentuun
and energy of the incident and cmergent particles. Translational
invariance is oltained narsilel to the liquid surface resulting

in ‘the consexy Vaulon of moumentum )al“j.llel to the surface

q, Ye | (21

G

i

As has already been pointed out an energy UJ.,( has to bhe spent

to literate an atom row the liquid surface into the vacuum so that

2_ .
we: __E, = W~ [ (28)
Zm
Consider 2 qguasinarticle of momentum q, < C‘, hitting the
1 Vyolon

surtface frou below. In this region of momentuw the group velocity

>
is o»nosite to qQ, . . Ffuorther the suriace force glso acts in the

v

direction of the group velocity. Consequently it is not possible
for a He atom (with its momentwa in this region) to escape to the

vapour state. Thus the region of anomalous despersion where

the emitted atous have szp roxiustely the energy (A-— ”ﬂ)h .5K

can .e ignored. Similarly phorions having momenta

L?/;~>q’a: N{C:\/C’: Q—(H/mk cannot contri'imte to exi_a};voration
since the evanérat’d atoms would have Lomentq Q > Q, ;
This region starts with an energy (@C fftl)k.l 36 k.

The geuneral formula for the rate of arrival at unit surface

ares from solid angle d,(z of quasinarticles in the energy interval.

(W, u>+du)>x is

-j(ca)qz(u) ) w6 dw; d0;
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where

b = angle of inr'idence with respect to surface
nor.ial

) = [exppo -4 .

(,_,(q,) = quasi particle energy corresponding to mowentun Q

f{(&ﬂ = dernsity of states per unit solid angle in the
liguid

—1
= 9qF C%vl(%{ ]

We can nov write

9 ‘
a0 b 50, = dO, o w0 =

< | .

so that

2. 2 ®
-——Md' Na o= d NOP é_.@_”
dE 40 dw; d.Q; P > Po L e

= exp [~ BCE+ ()] we b 6, E:w:i’

the kinewatical considerstions discussed avove, a gap

(31)

j

vhere T P « Fraction of quasi sarticles incident unon the
t’ e 3

surface which are trensferred to the vaponr state ;

and & y
(W= exp(-pw) %

e 1o 4

Will occur in the s»ectrua between the energies 1.3 K to 1.5 K.

Thus there is an effective cancellation of the bulk quasimarticle
q A

densj ty of states,




Equations (27) and (28) allow to escape only those quasi
particles incident frow within a cone . < emax centered

aboout the surface norwal. @ is given by
: ' ™MOX

Ml Qmax: o (w~1;ﬂ)/q’2~ (32)

Corresponding tec the value =« assumes the volue of
0 | (% CbYdtDﬁ’ Ga ’
15°. If O.56 total internal reflection occurs.
4 TNAX

Let P be the saturated ve=pour nressure given by

- | 32 _5, |
= gblk %3}) ’ B - (33)

—~——

so that angular distribution of atoms incident on the surface from

the vepour side is written as

5/ =/ PE

d'z ‘:Jlﬂc 3
/ ——
(20E) E ol @

_ " = P

which =long with (31) readily vields
Zﬁ; 2 a4l
A Mo - d Finc T b (135)
AE dQ, oAE i Fole

}P \ PEL is invariant vnder tiage reversal. The time reversed
¢

Jrocess csil be descrived by the quentities (PQ) E”PL) CO)
Secause of this,right side of (35) can be interpsreted as the number
of atous impinging ox_ the surface which 'condense' into the quasi-
2articles of the licuid.

. .
& Neond ,E‘_l_‘.?;.{\./é
dE 40 dE dfp (36)
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which is the principle of detsiled balance (Widowm, 1969). An
interesting feature of the Tormula (35) is that it does not involve.
the density of states near the snouslous region of the snectrum.

C.Bogoliubov Model

.~

A modified treatment of the tunnelling hamiltonian technique
using the Bogoliubov model for Hell with a del<ta shell potential
has been‘given by Salinas and Turski (1974). In this model the
hamiltonian Hy for the liquid is explicitly taken into consideration

(compare this with the tunmelling, avproach in 1A)

H = ZZ(T’v)b bp~+m'2vq9§%b-+ K
‘T; = b/éirn | 537)

where No is the condensate density and‘d(FD is the Fourier trans-
form of the two »article interaction potentizl. Now make the well

known Bogoliubov transformation
b, = 2, +v fZiﬁ
“p ? P

,r
b..u£P+UZP

With 9

e
Up=Vp = 1

and the diaéOAaliSation requirenents lead to

uh= 4 {1+ (Ty+n,vp) /6, §



aild the Bogolivvov exeitation specirum éEP is given by

Ya,

| 2
€ = L Tp+ ZN VP T, ] (38)

In (38) V(») is taken as the Fourier transform of the delta shell
potential :
g P
\//.ﬂ Y ,é»Vﬂ,<’ﬁkT>
Pr= Y% (39)
po-

\/O is decided uy the velocit, of sound c¢ by the relation

2

C = f\/o\/o/m

and «F vhich is rcisted %o the scattering length is taken to

be 2.5A., The ftunuelling Hewiltonian }{T (see ec.(3)) is taken

%o be

Hr= 2 A () 0+ 4 ap) (40)

with a transition awpliiude Q/qPquor the liquid-vavour (and
vice verss) single marticle trausfer process. The probability of

evanoration is giver by equation (4) and substituting (40) in (4)

vie have

W, (Fo1) = 27 §(Tp+ €4~ €) (n+D

L—>
« 21 ] <$14,1i> g
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The evsnaration rate WOEP,YYP) can be obtained on using equation (6)

so that
Wl B, ) = 2T (1) |
dt

tgp t (42)
Z - Tp Top (= e P o) L3>

If Greens functions I) ()Ejand D (be? are defined as in
equetions (9) end (10) we can obtain the sneciral function A{Be)

G1<CP;€7 = flep ApO (43)

where

fee)= [ exp(Pe -1 ]~

Then

W, (P 11) = (0 ROECG )Z Tp Tkes, PA(%) €)  (44)
Since k summation cai ve indenendently done, let
2T T = 4. b) (45)
- Tkp Theg,p = Mi%p

Hence

W (Br)= (04D £(§) 7 M(G,p) AlS, )

(46)

_According to exneriaental sel up, onc is interested only in the

rate in which the initial vepour states are not occupied so that

nP:O (4&)
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Purther nothing is known avout the amplitude Q/qfﬂbfor the liquid
vapour singleé rarticle transition process. As afmétter of factyqp%
contains all the i.Tormation obtained frow a wmicroscopic theory

(if one such theor: is mrovosed) about the mechanisa of "evaporation”
Since very 1ittle is knovn about the structure of Q/Q{DQ/Salinas

and Turski assume that it can be taken to be a constant M.
e Q" (48
Q/quq/ M ﬁbr’ QJ&Z ;qu/- )

Equation (46) can now e sim:lified on account of (47) and (48)

we(ﬁ’)o) = M ) Z A6 (49)

Ci/

The spectral function A (q”6¥) can be cowputed easily for the

Bogoliubov .iodel by st-ndard srocedutres.

A@}m = 2T Uy §(w-€)- 2T U 8(0+46,) (oo

Substitute this in (49).

N &)
W, (b, =M fe,) L2 Lur{ 4 2{ - .
© P Oja' ¢ 3 ()

q integration can be converted into an energy integration by

introducing the density of states. Thus

N -1
Wo(P.0) = (consb e, Jfg(ef,)z{ff’ u;; {ijf’{ j (51)
; e
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vhere p_is the root of the equation €, = € - This rate is

nlotted in fig.3.

O?ajﬁz (Ahm'aﬂjﬁu,&waﬂk)

€}VL6¢€?3/

Fig.3. Rate of evanoration in the Bogoliubov
model of Hell at T = 0.6°K.
The outcéme of this atteunt is that
(i) The evaporation r-te is a Maxwellian. But the waximum
rate is.shifted tovard higher energies by about 0.35°K, This
feature,; though an improveuent over the »nrevious theories, still
Goes not coufirm to the revised experimental weasurements.

(ii) Still there are two weaks due to infinity in the density
of states (%§T£}::O> associated with hi;h energy phonons and the
roton minimum.P These pesks, hovever, occur in the tail of the ’
Plotted distribution fulction (not shown in fig.3) but are greatly
sun ressed comrared to the aaxiuum rate shown in the figure (They

occur in the order of uagnitude rate x 10—2)




(iii) The swmall shift in the rate is quite stable and is
almost indenendent of the type of potential used.
Thig model suiay be improved provided

(i) a resalistic foru for C%}P%’is fed in instead of (483).
It is wmoxe physical to sun-ose hih energy atous would have a
greater contribution to the evanoration ratc than the low energy
ones, In this context the phase syzce considerations due b cole
vould be of im»ortance.

(ii) This wodel does not take into account the threshold energy
required to 1ift an atow frowm the liouid sitate and transfer it to |
the varour. This enerpgy has been calculatecd to be 7.15°K.
(Anderson 1969). Thus € , the energy of the eveporated atous, should
be weasured from this LLL‘: 7.15 and ot frow zero.

Sugeestion (ii) has been nro-ogsed and used in the evaluation
of EA& by selinas and Turski thoaselves, Surprisingly this
sug: cstion instced of iunroving the situation drastically alters
the very ev:ssorauion rate curve itself to a shape far frou a
Maxwellian® Agezin rotons dowinate the eumission. If the role of
rotons is to be suon ressed (ﬁL} has to be chosen to be 0.30K in
order to get the exrceriment-l weak. This agein contradicts the

5 T . : P o .
- vell kuown value of 7.157K for ’LLI}

D. Estimation of the condensste density

Since the trauns’er wrocess caii occur oilly when the excitation
1s in the bare —ariicle coufiguraiion (Aprelbawn and Briniman,1969)
Tollowing Griffin (1970) and Cole (1972) one can consider the

.- transfer auwplitude (Am/ in equatio:n (40) as vronortional to the




single rarticle shectrsl weight functious of the subsystewms which

are vwritten as

A, (P E)= 2T §(E~Ty~jui) (52)

AL(PE) = 2T Z; S (w-w(p) (53)

for the vspour and licuid respectively. It is presumed that f‘or
smaller velues of mowentun (p< g ,3“‘) resonances in AL( P') LO)
are identical to fose found in S(P, ) the dynamic correlation
function. The strength . of the pole 'ZZP is expected to be fairly
denendent on the nmuiber H, of atows in the condensate. For small

p and lov tewseratures ZPN NO . Thus evanoration mechanisa

way estiuate ﬂ;p in rsn indirect fashion., The total evaporation

s e R e a a

rete is the quantity of intercst

>

dw
No= & WgZ4 dg (@) oo &
%/€)<‘W%Z

WCL being the bare atow transfer coeflicient (a vart of the

Tcransfer rate lquq,ll
identified, with wazq/ .

In the case of electrcn tunnelling »roblems in solids WQ/

q, (54)

Ry (l

). Consequently T occurring in (31) is

P'_ pe

1s of the nrder {o since the wsve Tunctions arc required to
decay exponentially iu the classically forbidden barrier region.
Howev’cr, no such requirewent is imposed in evanoration nrocesses

@8 a result of which one may take f
7

P4

to be roughly of the order

of unity,




3. Discussigcn

A major prollem in all the tunnelling models is the micros-
copic evaluation of the transfer amplitudes. It has been reported
that in an unpublished work A.Griffin and J.Deuers have‘attempted
to evaluate thié quantit; by using Boéoliubov’s theory. In this
approach it secus that thét the liquid-vapour interface has been
renresented by a discontinuity in both real and off-diagonal
potentials. As revorted by Cole (1972) this indicates that T

increases monotonically from zero for evaporstion energy

to a value of the order of unity for (ET A .
7k ) 21K

One has to incorporate many body effects in a suitable way.
For instance, loczl selfenergy effects have been neglected in
choosing the sncctral functions (52) and (53) by taking thewm as the

bulk liquid values.

In these calculstions quantized surface excitations have not
been taken into account. Such quantized surface waves called
ripplons maey aflcct the evavoration spectrum in a significant way.
(These waves will be discussed subsequently). Also in @1l these
theories structure of the free surface of Hell (the density
nrofile) has not been considerecd.

Evaporation =nd scattering are very intiuaately related
phernomncne and an exveriument in whidn‘¥f{e atoms are scattered
from the free surface of 4}49 would yield information about the
Clastic and inelastic vprocesscs vecurring at the surface, Such
an experi.ent has indecd been nerformed by Edwards and his group
(1978). ihese results are also to be discussed subsequently.

To conclude it should be noted that no microsconic theory is

available to date to explain the experimental results on evapora-

tion vhich show no significant shift in the rate of evaporation.
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II. ATOMIC SCATTERIWG FROM THE FREE SURFACE OF HELTUM II.

1. Relation 1o evsmoration.

Bdwards et al (1975) have studied the free surface of pure
e by measuring the »robability of elastic scattering'7€(:R/6)
for 4He atoms siriking the surface or the 1lxquid as a function
of their womentum k and angle of incidence @ . During the
scattering experiment the temnerature of the liquid was varied
between 0,025K and 0.125K. At such low tewperatures the 4'He
target way be considered to be in its ground state.

When a f.ee “He atom strikes the surface of liquid HeII three
posgibilities exist:

(4) Elastic scattering (specular reflection). In this vprocess
0 energy is transferred to the liguid. The urobability for such
a scattering is denoted by R(k,0).

(B) Inelastic scattering - In this process part of the kinetic
eiergy ox the atoun is converted into excitations; either phonons or
riprlons (quantized surface waves) or both. The probability of
such a process is denoted by:DU?ia) .

(c) Absorstion - In this case the kinetic energv of the atom
Hlus the binding enercy L1> is fully used to create excitations of
the liquid (I‘Q/RB:: ‘7,‘6°§<) . The »robability of such a = o:
2rocess is denoted by F;(Q 6) The excitations which way be

. /

’roduced can ve eithér phonons or ripslons. If the incidend
Particle is 3He, then the energy of the 3He quasi-particle must

be considered.
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Since ho other possivility exists we should have
RCk, )+ D(k,6) + F(k0) =1 1)

Invoking the princible of detailed balance the Probability
for ébsorption can be related to evaporagtion. According to this
principle the flux of eVgporated atoms with momentum k and
euerging out wmaking an angle 69 with the normal to the surface
is exactly balanced by the flux of vapour atous condensing with
the same momentun and direction. The condensing flux is obtained
by multiplying f=( lee)v by apyropriate ideal gas distribution
(Maxwell-Boltzuann). The accommodation coefficient E(T) which is

the average »probability of condensstion is given oy

{§ Fek,8) eprhz/zm/s] Kdk 3mb cn8 db

FCT)=
ﬁex‘p[*f?/zm)g] )?5 dR Bm@ ¢t d6 ()
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The experimental results of Edwards et al can be summarised as:
(i) The probability of elastic scattering depends only upon
the vertical com'fj)onen'b (k cos© ) of the mouwentum.

(ii) The »nrobability of inelastic scattering is very small
Within ex»erimental error it is estiuated that Z)( R @) <QX[0

(iii) k cos @ was varied frow 0.05 to 0.5 A . PFrom (i) and
(ii) it follows that the probability of absorntion F(Ple}is almost
wumity. ' |

(iv) As [2(;05@-:;, 0 it is expected that the elastic scattering
probability tends to unity. ‘However experimentally it has been
observed that —R( R CaSB) tends to some value in the neighbourhood
of 0.05.

(v) No dip or edge was observed in 'R(,?,O) at the roton
threshold. (Compare the similarity of the corresponding results
in the case of im»oroved exveri.ents on evaporation.,)

(vi) The above wentioned results were found to be unaffected
by variations in teumnerature in fhe range 0.03 to 0,12°K., Thus
the results apnl: to the scatgering by liguid 4He in its grcund

state,

(Vii) Corollary to (vi) is that thermalty excited ripplons or

phonons have no effect or sur’ace scattering.
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To conclude this section we note that the observation

F(RE) ~7A for most k and 6 implies that the accommnodation

coefficient is also very close to unity. Consequently the spectrum

of evaporated atoms is very close to a Maxwellian when the liquid

is in equilibrium with théfvapour.

when ¥ = 0.54~1 the combined kinetic energy and the binding
energy L“o of the incident atom equals the roton energy 3.65%K.
(see fig.l). According to the shift predicting theories of evapora-

tion as well as the theory of Cole (1972) there would be a dis-
continuity in the spectrum of evaporated atous as well as in the
nrobability of elastic scattering in this region of momentum. This

prediction has not been confirmed by the experiment on surface
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scattering., (see (v) and (vii).

2. The limiting behaviour of R( k CJ}B@\

Consider the limit &q%g”}o in R(R Cﬁ‘b@)- By analogy
with the simple quantum mecheunical probvlem of a very slow particle
approsching a sterned attractive Hotentizl it is expected that R> |
as \R CAD =0 . However, snis does not happen (see (iv)).
Eduards et al (1975) have explained this as due o the effect of
attractive van der Waals 2otential outside the liguid. To a good
degree of accuracy this noteintial is ap roximated by the behaviour
53 , vhere z denotes the distance in the direction of the
norual (In this (ﬁscussion only normal incidence 1is discussed) .

Accordingly Schrodin.er's equation is written as
9.

o] 9 -
a;&—v [(kme} + A% Jw=0 (3)

Considering the potential between two heliwa atows in the super-

sluid A has veen cstinated to be 20°A. Equation (3) can be

rewritten on uaking the substitution X={( k C,g';.e) ’?f

oty . 3y -
52+ S14 (Akote) L {w=0 (4)

R(\K, Q) would ayproach unity vhen }\hw’ae —» () since the poten-
tial in the linit will act 1like a step function. Thus we expect
that the probability for elastic scattering vill tend to unity in
‘the limit.- ol vanishing kuﬁ@ provided

Nk et << 1

i.e., vhen fR<< ):‘ which leads to Qi upper bound for k
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as

k << 0-05 &~

This explains the observation (iv). Bdwards et al (1972) have also

inade a detailed calculation to supnort this estimate.

3. Theory due to Echenique and Pendry

Echenique and Pendry (1976) have nionosed a theory to explain
the above wentioned results oun the reflec.iviiy of liquid 4He
surfece to an externally incident atom. The uain features of  this

theory are the folloving,:

(1) It is supposed that the interaction with the surface is
via the van der Vaals notential and extends beyond the mass density
cut off, Accordingly the notential energy between an eleuent of

R - >
liquid at r and the particle at R is ;iven by

I, ¢ C{?)‘T (5
- 6
| Vv - R ,
with = 3.3 x (538 cgs wnits,  If the 1igquid is sudnosed
to be incompressi le then the surface tension waves are wuch tsofter'
than the sound vaves and in this case the surface tension waves

are neglected. Consequently the particle moves in a »notential
L "~ Y

D
1312

—

with )\::—ﬂb*/%5
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(ii) If the surface vave exists, it results in a coupling
between the particle and the surface mode. The quantised surface
tension waves (the so csll d ri» lons) have the following classical

dispersion relationshin
2. S .

where 7 is the surface tension and £ is the density of the
liquid.

- N

T= 0-35 dyn cm ad 0k

f) = O/l ?)T\ (Erf:’B

The coupling to a riwnlon extends beyond the density limit but not

so far into the vacuum as the van der Waals notential does,

(iii) The thickness of the surface region itself has to be
talken into account.

In this model, +the incident atom first interacts with the
vealt tail of the Van der Waals otentizl, At this stage (elastic)
reflection and coupling to rin~lons are possible. Reflection is
small because of the wezkness of the tail w.erecas cou»sling to the
ripplons increases very rapidly froaw a negligible to a véry large
value. An gtow.as it nenetrates beyond this region loses conside-
rable energy as a result of which it is eventually cau ht in the
attractive well of the liquid. Imelastic reflectivity is also

small dve to this reason, These nhenouena hapsen well above the

vhi'sical surface of liquid Helium.
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Thé reason why rotons have no influence on the elastically
scatiered flux is siven as Tollows: “o excite g roton the atom
must tunnell into the ligquid and stiil

to excite g roton. This is possible onls vhen the incident atom is

very close to the surface. But when tiae stowm is very close to the

surface it had already lost aorst n7 ids energy to the ripvnlons.

Due to surface waves there is g displaceuaent §' of the surface

given by N
, ~ 2
%; = (2 /\q/ Cf%*»ii";?> (7)

{0 veing the surface area and F&L is the auplitude of the surface
wave in the z direction, The Lagrangien for the system is written
dow:r as

= zm[A.ﬁ

2. 9 ,
+ L 7 d R (8)
g 4151 SANERLEV: g@m Ay

-

In the above R denotes the position vector o +the incident atom.

fe)

The first feru in (3) is the s.rf~ce wave, the secoud term is due
to the incident atom and the last term reoresents counliung of the
two,

~3
g I 6 >\ 3 2 —. —» Z
qu/( R) = ey Sdéfﬂ I eh(g,-v) (R“‘ ‘m)—#—f%

Lo

9)

L have a large a.ount of energy
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Informzation regarding the 2rodebility for the narticle to
be reflected wi hout haviig lost enercy o a surface wave has been
obtei.ied usin:'ihe pafh integral forwalism due to Peynman and Hibbs
(1965). Referring the reéder to the saser of Echenique and Pendry
(1976) for nore deteils, ve write dovin the attenuating factorfﬁ

as

— =)
Y(R) = exp {~ 2 i q” &q,g (10)

The impulse is conveyed br the trajeotorylFE(t).’ﬂQ and ‘ib
are su” tably chosen coordinaztes.
It is gssuued that ouly cos like rip lons are excited and a

first order estiugte Tor rarticle rinsnlon interaction \Gj becoues

R
. A 2 |
\{P (E“) = —x S‘_ dY“ u-‘tl)
& | MR- 1> + 2273

LL(Xh) cenl be expanded in terus of norual .indes tn obtain

- 1 ~
Uty = n * %CP%(R) Aq AG-x)

so that

Vv
TR q ¥ (11)
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where
- , (12)
<{>q/uz> = T, LR, ‘6_2 K, (42)

4 () g

In this &{2_ denotes the second order modifiedlBessel function
of the second kind.

The dominant trajectories in the Feynman formalism have been
asstued to be those in which the narticle travels in a straight
line to ihe point of reflection, with wniforu velocity Z?' .
(see Pig.34). For such a trajectory the immolse +to the.qth mode

has ®een calculated to be

— 06 R
%= ¢, (R dt

—00

— ot i . =

L 3.V (-2
' vwsej sy =
Ao Vet VT
2
x %’i K?. (Q/OJ dy

(13)
With increasins erguwent the function P(Q.deoays witl increasing
rapidity sco muich s9 the integral ;ets a very significant contribu-

—
tion from the region of R near +ae noint of reflection,

Consequently we can treat the argument of Cosine function in (13)
as nearly equal to zem and renlace the Cosine Ffunciion by unity.

This approxiaation is actuelly exact for nornal incidence. Then

Y= exp [- Se/ki Z;%J (14)
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with
o 2 9 = 4 )
¢= T /[y e (pp)t /
Ce= (e L Tay 2| =2
- x X ' ' e L
= ) : X \é 2. j

is evaluated muierically to obtain

-3 <
Y: exp [~ 1075 %10 /i<§ --7_:"/1} (16)

4.
The graph of l{‘ (ZQ‘ is given below:

—

FIGr o

FiG 6




37

Echenique and Pendry nave also calculated the reflectivity
0¥ the Ven der Vaals potentisl corrected for the attenuation of
elastic flux caused sk ripplon interaction. To soke this they
siuply integraie whe Schrodinger €quation by including the correc-
tions froiw the rip;lon interac iions as absorptive self energy
in the Schrodinger equg tion. Thus the following equation is
considered
2 2
1 dwv A R h
T oo Y . > ) = ~%
am  Jz* +< gLy B R
_ | ™M

where the imaginary temm

P Ty = -TERY s

(18)

wiien inclided alon; with the Lagrangian increases the »robability

of the dominant paths by an auount

‘ 15 d€
AY g Y(a}) :‘Z kq_ 17/2 A’ZO (19)
3 %

For souc suitably chosen positive value ;Z of Z_ jf becouwes so

large that 1itile e -astic flux reaches the region 2:<$Z For al1

.
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Z('Z_Q the potential term is chosen 1o be a constant

B \7;\ e + 1 ZL (Zc> Jor EA4 20)

Then for Z(Zc the wave field is »urely a decaying wave .

Let Z§ be a sufficiently large vzlue where the notléntial and
self energy can be token to be gero. In this scheme the singwlarity
at ’é —~( has been avoided,

Wave field is then integrated frow a vzlue % <‘?O to
the value o g ond the vave fuwietion is matched to incident and
reflected nlane waves,

The results clearly derend on }Q ehB. te noraal component
of momentum., This is in confirmity Wwith the experimental observa-
tions. However, the magnitudes of the reflectivities, as obtained
from this theory do not match well with the cxperimentally observed
wagnitudes.,

Thié theory explains why experiments wmainly observe elastic
flux reflected from the surface., To explain this conéider the graph
for {\{l Qo)‘l (figure 5) which gives the urobability of coupleting
a trajcctor with the loss of one z:ad only ‘one rinplon. The graph

l f-‘{b‘i gives the probability of lesing at least one ripplon.
A couwnarison of these two granhs clearly indicates that there is
only a very narrow douain L\Aéz_ud)) < § in which one-rip lon-loss
reflection »rocess can tzke place. It thus follows that as soon as
the particle enters the absorption zone the oprobability that it
:loses its energy 1o wany ripplous (and ultimately gels assimilated
Qith the liquid) is very dominant. Hence the inelastic spectrum is

insignificant when compared to the elastic spectrum,
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The outcome of this gtieupt clearly indicates that

(i) the classical relationship for the surface waves as given
by equation (6) has tn be reexamined. Different calculations by

several authors have yielded different relationships.

(ii) The diffuse nature of helium surface is very important.
This will 81.n*fioantly alter the dispersion relation far the
ripnlons as well as the coupling of the incident particle to the
ripvlons. Following the Monte Carlo calculaticon of Lieuw et al (1975)
who have observed thati the dirffuscness of the surface of zi'b&a
spreads aver a region of the sige )Ay Echenique and Pendry approxi-
mated the dif: use surface with a lirear increase of dexsity from
the surface/and redid ﬁhe calculation of the reflectivities to

obtain a better agreewent with exveriuents,

4, Variational Approach.

Let @ denote the pround siate of N 4He atoms. § is real

4

and pos: tive and if H is Hauiltonian for the 'He system

nHe=o0 (21)

crovided the energies are weasured froa the ground state of the
nure 4He sy steu. Consider the situation where one of the 4He atoms
has been replaceli Dy an 'iupurity' heliwa atouw. If one uses the
variational method due to Feynman (1954) 1o study this system

the trial wave functicn for the systen (in whzch an ‘iampurity'

has been added) can be written as

5(\(\) é (Y");Z)-ot) (YN) (31)




Assumin; thet the impurity interacts with the background in the

%
saue vay as a “He atom would do the wodified Hamiltonim H' can be

written as

m%m (23)

He= R ) ¥ + . VOE) - B,

~
P S
A
oy

Y\, being the mass of the 'lururidy’ atom. f= is the ground state
°
energy relative to vacuuma. The expectation value for the energy B

is

£ - gqfx H W d:?: d (o0)

fo* @ dve d¥

Following Feymwen it is easy to show that E is minimum for a state

(in bulk helium) with woment. 1 H®R if

JO = exp(t kW)

i 2,2
E v — ™m
e €2 B LR
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where (Vo/ &) is the Tiuctic cneryy ner atom in the bulk 4He sround
- ;

state. To anvly this theory to the case of helium with a free

S'is rewritten as

— - 1.
f(v) = W(m/ (fc w,)/{{e)/“ (25)

- —>»
P(Y() being the number density at a noint Y, in the bulk liquid

in the ground siate 55 : that is

=5 2.

T - %
P(‘ﬁ): N S D &me-d\(u
while [% is the average number density in the bulk liquid. The
orobability density for atom 1 in the state ’W is then constant

- 2
X AWIYDL.  Mininising the energy leads to the following equation
{ € Y] & q

(which is actually a Schrodinger equation with an effective poten—

tia1 b O(X) ) for W) .
1‘1’1‘\‘
Z - 2.m E R
N ) + [ “jt\‘%* = U(YA]’Q/G?;): 0O (26)

(See also Leknér (1970)). For the surface scattering exreriments

wsing e beans, (\m‘:m » 111 which casc the effective potential

can be writtin down as

V)= Cc‘/@ where () (?) s f 1—;>/§)O (27)




42

o that OV (¥ _da/, 2 ‘Since i = .

3 2) ) = /QE} . Since 19*1P is the probability
lensity for the Soattgr@éjatom and XV obgys the Schrodinger
:quation (26) it foilows that the current of the scattéred atonm

.9 conéerved. Thus one has tovfind only the single particle
eflection coefficient for the one dimensiongl potential functiion
L)(%):: C%’él . In this case thc probability for clastic scattering

.8 directly related to the density vrofile of the ligquid

P(3)= la@l/p,

This model ex»lains the experiaental observation that there
.s no inelastic scatiering and that the reflection coefficient
lepends only on the nexr cndicular component of the incident momentum

e hkessp.

In caﬁculatlgg the reflection cocefficient the proper asvmptotlc
xhagviour of a(z) has to be taken into account.

Far ‘gbove thc surface, where the liquid density decreases
xponentially with z, thc c¢ffective vnotential must be identical

0 the Van der Waals potentizl for pure 4He so that in this 1limit

U — {52— >\/733 (28)

vhere

?z~ = LO = Binding cncrgy or latent heat of 4He
m

5t 0°K.

lo/k - 105 62, P=1-08% A




43

Consequently froun (27) we have

& —> exp §= B — comst -.4-'?\?_.., ! =

z
This implies that F(})z QA /f’o that is, for larg z the density

décreases as eXP («2(5?) . This is in confimmity with the obser-
vation of Regge (1972) and Saam (1971).

Deep inside the liquid
A —> 1 and U —=>0 - (20)

The following choice of a(z) interpolates betwee.i the asymptotic
behaviour far from the 1iquid (eq.28) and deep inside the liquid

(eq.30): o
al3) = {exp p3) + 13

| 3)— -
RN K 4p (3+ 92)

‘é\ and %‘2_ being adjustadle constasats. 31 has to be restricted only

(31)
with

to positive ()O} values in order to give regular behaviour for

p(z). Then
N 2 | ,
U= % = (1—a) [P (1—-26{)‘.‘3‘] (32)

where P/ = g;P

{D” = .d_‘zl}
d%

d3*

v
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Edwards et al (1978) have solved the Schrodinger equa%ion forlk(ﬂ)
(eq.26) for the zotential given by (32). With T, =T

and - l o X g(%) erzdl:z}:k%:@ilﬁf fkgskco’sﬁ

eq.(26) can be rewritten as

A58 =83 —
dé { hgv“*‘(b -uly) 1), é’(é) (33)

Starting from several argstroms below the surface where the

conditions (30) apply so that

$14)= eip%i(k}eﬁ)ly} | (34)
We integrate out uwnto ’73: 200 [o\ where U:(Bz and
S3)= A esp(-iky3) + Bexpl! ks %)
The reflection coefficient is obtained from {B/A)Q' The choice .

3’ = 2,5 and gﬂ, = 8.5;;2 gives a good fit with the experiuental

data as indicated in fip. .77 These values of ?}‘\ and gq_ when
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substituted in (31) and (32) yield the wodel potential UM[%)
and the 'model profile’ (1(%)%?

(A) Bven though the fit with experimental data is quite good
there is a rather unsatisfacitory feature - vig the reflection
coefficient is nd"c sensitive to the potential U(z) in the region
where E(%) is considerably greater than gzero (i.e. in the "liquid’
region' where the density oprofile is really to be learnt). Edwards

et al modified UM in two wa,s
0y 2 2 ‘ -

o v 422 9

UIM differs from U(g) only in the region QQ’:' %}‘70.%}2,9)
corresponding to Uz m is no% significantly altered by this
modification. U'ﬁ.M contains an imaginary tera proportional tothe
density of the liquid and the imaginary part of U]IM sroduces a
strong absorption inside the liquid region. UIEM does not also
alter R()Q( ©) significantly.

(B) Another point to be rectified is the lack of symaetry in
the variational wave fuaction (22). If the trial wave fuaction is
thus sym.etrised, the theory then can describe the conversion of an
incident atom into a single high energy excitation with the same
energy and transverse momentum. Even here the assumption that only
single narticle »nrocesses dominate (Anderson-Widom hypothesis)

is emnloyed.

|
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The symmetrised form of (22) would be

: (37)

e *4
wS‘tm B Z 5—(\() @(Y\ *“‘2& o )

When the energy E (see (24)) is minimised for the inhomogeneous

liquid with a free surface, the resultin: Buler-Lagrange equaiion

is

VL& V4] + fsz

+ {d {‘79_(946 Y §5) + ZzE 3‘2?‘1% =0 ,
(38)

- —2
Si= o¥0 = N S@ &?2»-« d?;

— - 2 e
S0 = 0NN = N (N-D) (& d7,... d¥,

:14\3\ €. CAL'?)“?;)

For a homogeneous liquid the two particle correlation function
A —é = 3 e by 0 .
%("fu 79_) is a function of & — \{‘_.Tzs . Defining
j(‘ﬂ as in (25) one can reformulate (33) as

<, (W(Y/\)**‘ [Z:EE"‘ 1}1‘/(2—:3

L = 9‘\;;5 3(1??; }?\‘Q) £11y) [1~‘3\?,ﬁ)}q}(§)(39)
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-~ - A . .
where U\:U(YQ) is obtained from (27). It is convenient to

P S e
define  {- %HD‘CL) =3 Cﬁl so that
Ci & 4 for  T=v.

2=, S\N \\{\“\—(Z\ > 1

In general Q‘Loan be written as Q<70t 3732; 'K) where ‘}L
——
are the vertical components of v, ({zglz) and
. 4 = oy
equals the magnitude of the horigontsl component of (Yl”YQJ -

et WO =exp (Lhy 1 C13) and Q%)= PUB/E,

equation (39) .can be r8written as
' M
2m E 2.
C C%)“(‘[ ”‘ki‘.u\] é(}f)

= 97 2m
< {Oo i;f a.(%q) §d§Q Q(}Q -§(}a)

(40)

gd& o3k € B
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This integro-differential equation was first obtained by Saém
(1971). DNote that when CLV}&) is negligibly small (i.e., in the
region outside the liquid) the integro-differential equation (40)
reduces to the Schrodinger equation (26). Thus both the symme-
and the tmSymmebuized ,

trlsedAfheories are expected to lead to identical results in the
vacuw: region above the liquid.

The solution of the interral eguation (40) are of several
tyves. |

Correspoiding 1o a phonon in the bulk liquid or an evaporated
atom in the veacuum region;

solutions which are localised in the surface region (corres-
po:uding to ripplon excitations),

solutions vhich decrcase exponentially in the liquid region
(correspondaing to totally reflected atoms)

The synmuetrised theory however is in contradiciion with
experimental evidence, particularly in the Hrediction of conplete
or al.ost coiplete reflection for certsin k and B .

(¢) It is also found that it is quite difficv?+% to determine
the density orofile f{}d ungubiguously by this theory.

To conclude, it looks as though the specular reflection
coefficient is mainly determined b;- the static van der Waals
potential outside the liquid. An atow which penetrates this region
starts producing lov energy excitations and is incoherently
scattered. This point has been euphasised by Echenique and Pendry

also.
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Also it has been shown that 72(h1€D is insensitive to
in the fegion‘wheré Ck  is appreciable, Even the addition. of
a large imaginary component does not alter R(R,H) in the region
where CfL is significantly different from zero.. Thus an incident
atom which has penetrated a critical distance in the surface reglon
(which according to Echenigue and Pendry is about SA) has a negll—

gible probability of reflection.




IITI. HEAT FLOW _ACROSS A BOUNOARY BEUWEEN SOLID

{
S -

9 LIQUID HELITK

1. Kapitwua conductance.

Let us briefly consider ihe »nroblem of hest flow across
a boundery between solid and liquid heliuvm. In this case a
digcontinuity in te.oerature appears betveen the two waterials
vwhich #or s.all teareratures (S-r <:<‘TV) is oroportional to
heat current density Q/A. This discontinuity which was first
observed by Kapitza in 1941 eunables one define a resistance Bk

and a condictance hy by the following equation:

(4 _Qa/ '
( /RK)- Q/AST’ = @K (1)

genewall; theriual boundary resistances are sualler, less well
defined and wore difficult to measure. But in the case of liquid
helivw this turns out to be an iunteresting one both exrerimentally
and theor: ticelly. The interace between a .0lid aﬁd Hell is
experimentally interesting because intimate ther.aal contact .ay

be established without strain and the teuperature or the liquid
may be cdnveniently ieasured. Also a hydrodynamic pressure uay be
an;lied at the interface since Xapitza resistance depends on the
pressurc also. Also Kaoitza resistan;e has an important role to
play in reaching tewperatures lower than 1%. (see for instance

the excellent review by TPollack (1969)).
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-gépitza registance is su osed to be due o the large
impede;ce to ilie nassare of Taerwal vhono.s across the iuterface.
Zhe acoustic iwpedeuces of the tvo sides, i.e. the »roduct of <he
density a.ud the sound velocit;, wlay a vital vart in deter iining
the reflection and trenswission of shonons at the interiace.
Geinierally the acoustic iuwpedeuse ol the solid way be wore thaou
two or three orders of -maguitvde freater thai. that of lig-id He,
Yhis gcoustic wiswatch gréﬁents a larse fraction of the phgnons
jmmdnging on the interface frow soth silies frow penétra%in@ the
interfaceé. |

Contiibution 4o the energy filux acrngs the interface way
arise frow the fHlloving:

(a) Consider the solid a.d liguid HelIl in ther.ial€ouilibrivii
"he.a there is no net flow of heat. However, if <he solid is heated
the distribution of »honons in thne entire solid chang.es,
Consequently t:ere is a sign.ficant chan _e in the theruasl oscilla-
tions of the surface. The euergy flux Q/A traus’erred across the
boundary depvends on the efiiciency 1ith vhich the couponent of

g divection - .

surface oscillatinns in tneanrual to the iuterface trausuits
eiergy to licuid heliv... The nor.al surfiace osciilations in turn
are .ede u» of logitudiual latiice waves, tra.usve.se laiiice vaves

a..d surface waves (Rayleig h waves),.

(b) The eneryy flux wa. also be transaitted dve to the

g

collision of excitatinius oif liguid helivi: wizh the oscillating wall.
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(c) The theory of Kaoitgza resistelce iy Metsls involves an

J

added fenture vhich is interesting: the role H»7 elec troi:s in

Tresslerring ther ia €1, 7+ across the interfsce. Electroi nhonon

teractions. 1o i.istr..ce @y licresse e eunergy +tro.sars Tron
surface waves iuato $iie bull: selid.

Theories o ranoitza recistsice cail be feilerally classifieq
as wilose brsed ow the tvo-TL 4 ..odel of HelI a.:u tilose vased oil
w'ie acoustic uis..aten,

The two-.1w:d .oodel :ro oged by Landau is a reaarkably accurate
wodel which has successiiilly exnlaiied several iaterestiig, »rorerties
of Hell such as t.ie Towitain e effcet, the first siud the second sound.
“he observation of Ka I iza resistance betweer: snlids and liguiu 3He
oy Fairvank aud Lee (1153, 1659) has deaonstrsied :hat the +uo fluid
srorersies of Hell .la: ouly a s.21l or insi, nificaut nart in
Kanitza resistaiice in HeII (at lees; in he teuneratire re; ion

! - 7-— - - .
0.1% siid 0.6°% where -“He is unt a surneriluid).

e acoustic im-edance Licory roussed . Khalatuilrov (1552) f
aia ludenendently by Mago and Ouse_er (1455) cowes closest 4o |

cusntitatively ex lainiu; tle exerirental easure:.ents, Eveun in

this o_sroach t.w calculated velues of RK are hig er than the

Y
exeri.ental K. _euerally by anovrde 1 of .. uitude.
™~

2. The acoustic .iis.gtch theox |

N

This theor] is uvrsed o the Tact that the velocity of sound in
a solid is an ordver of .ug;nitude higher than in liquid He. Thus i

the Dhoso: .oueitta in solids are ver s iuch different frow the' phonon

somentuwu in iicuid HeII. Therefore —holons Tapinging, oa the
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interface can.iot nass free.s acrnss since ener;y and wouentwi
cannot becouserved for arbiirary ain .les of incidence ., This
results iix the i.gpedence oi {ne transfer oi nhonon eneryy across
the interface which in furn leads 10 a'gump in teumerature at the
interface.

Consider a solid at t¢ .serature Tl in coutact with licuid Hell
at a sli.htly lower iermeraivre Tz:_Heat exechange between the
two _hases occur iu oue o7 T twd va, s: lattice vibratious froum
the surface of the snlid cai euit eneryy (radiation of shonons
aiid TOE01S) or howuous aad roto.s in iiocuwid Hell on>colliding
with solid wall caii wra.sfer emergy.

Cousiuer a licuid HelIl solid interfrce (£ig.8)
L

3

i(quic{. He T

- - >0 = e — =~ ==~ {%=0)
SoLID

Let LLé(oO) denote thc dis ‘laceuents of the small oscillations
of the solid surface »nernmendicular to the interface, 2 denniing
the frequency of the oscillatious, If A denotes the iuterface area

the rate at wiich ener;: will be radiated iuto liowi- Hell is




¢iven by

. (2)
W((}D, TQ_> il ‘;9 s *u} (‘v’l)‘&zdxA

The integration is over the i.terface area. This formavla is

true if the wavelen_th »nf the euwitted exciiation is suell couwnared

5

o the diwmension of the solid. ‘“hen

W((‘O)T} e _ L
A . fCq ‘u”?“‘))&l ~ )

The net energy fiux frow the solid to tie licuid radiated over all

freguencies, éE/A is cale . lated as
9. .
& WT-w(m)
- = — T = A WKW, T . (4)
A A e - neyfar,

-t Bose
and Y\ (T) = EQXP(@“$*~41 . is tae  -Einstein

distribution »f the phonons. The net euergy flux is written as
the differénoe of <he ener;y fiux radiated over all freguencies
frow the solid iuto licuid winus the energy flux radiated from
the licuid %5 the solid.

As discussed beforve the norial osc.ilaticus of the solid
si.rface has three co :joneuss:

(i) lougitwiinal vaves iwdinging. oxu the surface Irout the
solid (wenoted by d:s laceuents u?i )

(ii) trausverse vaves vith dis laceaents 'U%t

(iii) surface waves with dis laccuent 'Ug.ﬁ/& .
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Consider a loug itudinal dis laceient ~lane wave iupinging nn
the solid surface frow below thon reflection frow the surface both
Longitudinal asua traisverse vaves will e - roduced. We shall
counsider the 3(3% wlane as the vlane of iucideiice. Then reiiection
as ve€ll as longitudinel anc traiisverse osclliations take »lame

ii the sade vlane. Ve shali use the followviig uontaition.

 awnlitude P unit vector |, unit vave , @associated
) , it the direc-, vector an; le of
| tion of jrona- i incideice
! tiou ‘ '+ (oxr feflec-
, tion,
ISR S DN SO N ' !
i
. a i A | £~ i
icident wave I
°o , 1 So | 8,
e B ¢ B B S B S e SR B e, el © B B et

" o B : t A | A i
Dbt g My o Ry 6
reflected trans—.: ! X ?‘ ZE ’ e

verse wagve \ CZX& ! qq.t : ¢ ] E
e sy o1 g e+ s . s s s e s g S e ol o e 5 2« i+ i s

It (ZX.and Cf: are deiined as ‘the velocities oY the longituﬁéﬂa@

ar transverSe waves reshectively
4 = 7g = Qi/ = &a/

O, =6y » Cp Aing =0 Alnb,
(6)




Also

£ £ (7)
It is assuwed thet the worual couidonent of dis laceuwent and

the ioruaal couwvonent of the stress are coutinuous at the interface.
It 7[:{;2 denotes the stress tewsor, tie stress bowndar, coiditions

arc

Wl& ’TLR = 0 ‘ (3).

Since ’X,g nlate has been cowusidered as the nNlrie ol ineidence

a..d refiection these reduce %o

(S}

7(?’3 :O:ﬁiér (5)

0..e cait write down the full dis - lacenent veedor as

—
(Y,¢) = A .
UCY,8) IL Gy Mo @XP( ik, 1)
A
+ Oy Ny exp({ Ryr)
A ” . \
+ Ay My €Xp(L {2{_.1*) 2; exp(=tw ) (10}
for vhieh the boundary ceoir 2 tiouns of “he Jislace leut ocancbe.
apolied, VUl+tiwately these deteraiue the ratio o and At/
as qp Lt A 2.6¢ Lim 26, ~Cyg COL20¢
Qo CY Ain 26, Lum26, -4—(32* 40522@{: ¢ 11)




4
E&__g - Q”C’e ""t /OJ/L’YL 260 Cf"?)aieé (12)
- G in 28, Aim 20, +CE o6,

These ecf;:-a‘cions stbstituted boex iants (10) leads to

2
Qg cetb, eAloy stwl

gt % 02 Rim 20, Bin 26, +CElp? 20
AT Ll o ' H Y ¢

Tn determine /CZD/ orie uses tlle rescri~tion of Khal tuilkov that
the total ener;y »f the iucouing nlaite wave (twice the kinetic

ener(y) equals iae “houon energy A‘OU ( k= {)

. 9 ~
f/os [ U, of\/_s = /OS /Aoizcole =W (14)

" 1
so that .A . /2_
(ol = (Fg o Vs ) (15)
VS beiug, the so0lid voliwie. Thus we are led 1o the £11lowing
ex ressinn for the absnlute wagnitude of he aoriual suriace

veloc 1ty duve to loxs i undival vaves,

£ Z
. vl 2 cy Cohb, o8 '
54 e 5 3 Ry
s Vs Cé— /S/(ma?et &41260“*2 CO’)QS(_ |

From this the contritution to W cai be easily calc.lated on wsing (3).
Pransverse .isslaceaent nlane waves i the solid way be treated in
an analogous way. The incident transverse wave upon reflection will

generate a longitudinal wave and a 4ransverse wave. The connection




between the angles of the incident and reflccted waves are

60:: et 5 Ct /3/('.-’:1 62 el Cﬁ /V-:(m eo 17)

and
Il (W) e g e
( 7t {«/%vs

To calculatie the econtrivition from surface disslaceument

o '
L C¢ 56, Ain 26y
XQ. . L d
Cehin A8, 21026, +C) Ana0, f (18)

waves let ué./g a.d uX/S be thc surface dis laceaents in
the loiig itudinal anw trausverse directious. Tho veloeity of vwhe

dis - laceuent is

=8 (CIL/CE) Cy (19)

and wave iauber R ¢ = (‘C,/cs . “hen
(s @) 5
Ny ° 2.
fr (U ~ ) _
X :9( 1/;{—7’—/1‘-};)/ Ad?_@ o
with the stréss Loundary cond i .on beiry idciitical 4o (8).

Then

2 2 .
y N —— : _—.R ) 4 1/
{ Uy (W) = ms t 2.
3] T (“/tAf) -




with
o 2. 7 ""“N
K, = w ( C. - ¢, Y =

» - (22)

aild £ is a k.ovn function of W_, ¢ and { .
| $? g t

The net ther.al flvx frow the solid to the liguid way ve

calculated from equations (16) (18) aud (21). This requires an

inlegration over solid angles to account for all ‘osusidle angles
of iucidence @O of loungitudinal and transverse waves

wim g W (W, T

e o—

A = n TYIT C(*(w 40

] ) Q- (L‘Slvﬁ dg > P I
+ & gu_?){_g £ r‘. 2TwW A
_ g
-
p
47t pe, (k)T
S ey,
5 £ (he)> ot
(23)

- (Cf/ct) is a kncwn bub rather counlicated integral which is

of order uniiy.
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wote that (£3%) has brousht forth an iwporiant fact - viz

o

thie energy rediated f10. oue body o Gie other Ls proporiloiual k

49 4ae Tourth ower of T. Wheu the te..erature cifference (T1_~ T2)

is saall, usi.ig equation (23) we cau vrite
(B/a)= (WET/A) — (Wit /a)

— 46’)75‘/%; R (R

= F:v C,/ T ~T
15 g (’%C{)”’ ( L(Ct) ( 2

(24)

L
iote that ou iuterchanging and T,, re.aagins e sae. . O
2J

using (1) aud (24) we cau write

3
K ' N
< 1R LT pe, FCQ/ce) T

which is the Ka itza resistance due to radiation of phonous.

R

Thus to swaiarise:
(1) the energy radiated froi o.e vody to the other is propnr-
tio.al to the fourth wower orf the avsolute te.peratire.

»
(2)(Gl/,A\ does 1ot change when the dircvciion ox energy ilow
is reversed. Thus in this wmodel Kan: tza resistaiice is quantitatively

reversivle,
(3)“¥Z:zld‘ as gciven by equation (25) is insensitive to the
Sroperties of the liquid., Note that the ouly quantity in eqn.(25)

that devends woon the liguid »properties is PC; and this quantity

is not a strougl; teuperature dependent one.

(4) In the above radiation of rotous has Dbeent neglected.
Because to excite a roton a uinimwd ehergy of 8.65°K is required
At the rance of teuneratures in which we are ixnterested phoioiis

are-not energetie enough to excite a sipnificeut nuaber of rotnus.
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3..A follective wariahle annroach.
Suralawa ari so-mrkers (10°0) rave -t forth a
cnllectivae warighle an rnar: to stulv the eveitatinry snectrum gvii
othar oronertiass »f liquil e II. Twis gnoroach has heer ;
emnloved hv Sheard et al to formulate a micwmosennic theory J%
o the Lanitza vesistanse b a solid-liruii *7e irtarface
I+ }9(;?) and 3?(;>) renresent the numher density %
[ f
and momertum densitv resnectivelv thren ﬁ
4

PO = WIE Wi |
T = LB [ylE Y yuel A
}»(Y) = — 5 [ YD VY (v)— (’\71{/ ) ’lp(r)] .
| (o6 y

—-5 % . - . .
QPLYW ani thx*) heirg t-e RBoson annihilatior and ereatior

mneratnrs. If () re-re-ants the vnlume, ther these ecan he

fourier aralvsed as 'ﬁ £
~L R Y |
(?:)__ N ﬁ#.QEZ’ Zf' fz? € )
=T R#0 7 L
(27) il
> > L

]
The velncitv onerater U(Y) mav he defined throush thre %
{
|

relation
— — = — — —>
.?,(?) = POYO)T (v) =L ¥ %
| M R

1

. . . . . 1 1
which will 1lead to the follorireg intesral eanagtion for the !
A

i

fourier comnorent, ;i; ~f tha velnecity fieldi. 1
k ‘

i

z“i‘!

i
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9’ - ?3 o
a7 NG
k M T

p7k f;b Rf{’/’ (28)

This intecral ecuation for q%& has heer ohtained urnier the
- >
assumvtlf)” trat f‘ {T) Aan he exnarded as a norer sevies

arnund its grouri state exnectation value ( *{{I}_ J
50D WY ST -z . 2
A= “){7“ o) PoHE) (7
(—(l (a)fl Y’)"—(ﬂ (}0({))-—«:;. (OQ)

/>
where (v =¥
fri=35
ahout the mean density. The usual second ruartized form

Lo O heing the fluctuation

of the hamultoriar for the liocuid viz

o’lm [ VV"Y)W/(T>szfd d W(ﬂlj/tf)Ut’!r«vf)Wv)c}(m

can nov he transformed as
Mg = (& [ M oD B T @t v 702
Lig — 5 [0 TO). T (Y) +83‘7~va”) 'f(r)-Vﬁ(?)]

5 (o [d PR FRD Yeirr )
3 g (R‘/Afm) — 4+ N U(r=0) (30)

Ore car now suhshitute the infirite series exnansior
]
(29) for f3 (Y} - Restrictire our attertinsn to
(i) onlv the “nonon evcitations - neglectine higher
order terms and
—»
(11i) Hrrotational flor i.e. curl (W) (O>>::() and
making the Maas’t “ov tr .pnsformation to ner set »f Toson

creation and armihilation onerators as
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~—

~ Fy oy Ve
= = (BIQ*BR} )\/{Z'

-
Py
[

S
I

. + _
- £iR (By+Bl) A® (31)
with
MNe = A+ 4mNOR /o
where  {_J( R) < J(d3r U é-LR.Y the hamiltonean can be

diagorglise? as

I

d 1
fiﬁfg, , E;DﬁL ZZ ' Cﬁk fﬁ? E#Q

: 2
= o

Thae s0lid.licruid intaractinn Mami ltorian is nhtaired hv

(32)

> >

the “ollovirs grgumenrt:- Let UGL( 2“—-}') derote the
interatomin "otertis1 het-reer an gtom of thae snlid at lattiee
site ?n = (Kﬂ v Yn, Zn ) and a 17enid atom at
> . —
Y= (’I., y,})o-ﬂ%f Up derote the atomic lisnlacemert at

] -

site "Rn . Then the ftot~1l irteraction energv hetreer the

vibrating <olid ari licniil hellium g
Jo% W Z UKt ll=¥) yi#)

At 1o temmersturec one car exnard this tn first order in

U, to ohtain
3 > = — ) *i’ﬁy, :
5 pO L GO+ Z U G, (R

(33)
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where  (J(v) =2 () (R -v) is the tot~1l notentisl
0 , a - '\
n
ererav exneriercad hv the helium atom owire to the interaction
WwiEh the stalie snlid. The Tnterastior enerev is rewritter v
malZine thrae f510nrine agsimntionrs,
{4) A contirmm mode’sf the solid i assumel. There

LkJ 1eneris aonlv or the ‘27 eonrdinrate, The

surfance 2% the s0lil ig taler £n he the :K?‘gL

K,s) The inter atomie notential i~ short ranesdl aamarad
with the wavelength ~f the thermal »horons in the

—2
solid. Thus the Aisnlacement §f is taken to wa

B
aloné the snurface nf the snlid,
(131;) Mg Aisnlacement at $he nnint (Xn, ;}ﬁ;[s
re~lacel hv the diswién@waht ot ( ]jlg,{j).
(iv)

VR}L Ua <%’7‘"?) - = V;:’ UQ( a"% .
TFhueh | fd, = ) { Uy Y)— U, 30.V, 2 (Jd(y.’kﬂ)}
- fdw’ Feo Uo(?)-jd5«r a?(:x, %,0) Prry g.\.’p

(34)
The secord term faerilitates the exchange nf arrersy ‘hatreer
theliguid ard the 39114 ard is tre solid-1ienid irteractior

raniltonian ftgéro

H = y 14
Total f?f[q/“*“ rfSoéZ{ +- ri%ii .

(35)




i

Hﬁm = Mﬂo 4—fa~ f(r;\/{
Hoyp = — jc&, ’l{.}a?ﬂ, Y, 0) ,P(Y) ﬂ;‘i (36)

(2%’9 CZQ are the »horon aonerators for tre sn21id for the

(‘x«/
q;tlmode The ternm -*f%XW “ﬁ/ is the exterral force dersity

exertel on the liouid hv the s0lid ard it car he -ritten
in a corvenient form hv usir~s tre ecuatinr of motion for tre

momentun densitv

e

o

|

= = = external force dersitv

9
i1

b
.
o

:—-> v A
F I - i 4 €'Y\L
o+ s 9L

?

(37)

Cuantum mechranicallw

'l Y N A
— 0 AV — m
L [‘(}L, Hj{ﬁ JI"" I AR AR 2z 8 J
& € o < -
7 X0 3R
3 i i , s 4. - :
Integrating this eruation from 3%*,~-é: 5 ;ﬁi‘%?f . E
being the srder »f tre Aistance over which the average helium

density decavs from its »ullr value to =ero

+& d\/ &
! o fom ;' Pl ;._... \..
- {poo s 1 SoY 3T« ‘%
T dCd
—€ d% e b2y DX >

(30)
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The comorents of the strass tersor are firite and decav

ranidly from hulk values t- zern. The derivatives also

hebave similarlyv. Ierce

_.f-é-ef‘(r) d\/od; = (X, y 0) ad €->0
d% 3’5 ,7

S0 thqt

ju% %O T, (%,4,0) dx dy

the integratinn is over the solid-licuid interface.
The next sten is the ecalenlation of the «t~ess tergor

onerator. hare s a ratural seneration of the stress

' o K E _
tersor into 3 nart ‘Zj which results from the
s PE
Einetic erersv ani arother nart 7{[. which results

from the notentisl ener -,

The 4iagongl comnorent 7I53% can he writter as

Kralatrilov, 196E5)

W_/(E 1 NIy :
7T 4m i“‘“‘ 33 0% 0% (41)

which can he ex recsal in terms »f the enllective variables

as ﬁ(tf 2
Wi = MPU Uy — F SYANN
O st A \2_/)
tam 031 33 334 (49)
mars of the mean value J:Q/}J EE?

“ean he exnressnd in terms »f tre Pourier comHorents

On annroxirm- Ll . §
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KE 1 . gd - =
?‘{ A = Z j '—u—-;)<1"}\’> x(“z{-R’) - ‘?Jiz i {517 l(k"'k) X
25 kg LONLY 7 40 RR
e )
T 2. —’fkvf 2
e N Z R:F{Qe . Z _N.Z;_q
4_“_\ foX '? | h 2y {2 (43)

To derive the notential nart 5f the giregg tarsnar, first

ohserve that
T PE '
2y Ay o R P
T =ve 2 L (4% fen Y veers i

(44)

The right side of this ecustior invonlves orly the A=sriv-tive
wvith resnect to :L; onlv., fonseauently this »nart of tre stress

tersor is diasecoral

7(}?‘5:._- 5l PE 6 :
Y T 14
‘e e Tear-ange the.eﬁuation as

PES

Gl il PO EFD who d (4=
—— =) B0 wWhow £ )= -0 ({3 .
o7 4 7 %Sd TR

So that F%#Y? 2an he intewnretted 35 the avarage Fares

N n Martiecle at L4 Ae *n irntergetiore rith ather
-—-}/
narticles 2t 9Hninte Y . Let

7(‘P::(;?) g; fnj{/Ej ~{ R-

— ’
(T = =
Fa (¥ 2N kR € (48)
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so that - $3' « |3 > 5
F%,R = \-":(':—l 1 Rz_ fk V(k)

. 2 i o~ o
ip Ky = WZ P EL (pro

g p-r ZR (47)
Thus
PE - PE -»
TEZJL (;?) — jti‘ (Y )
N T L PR Re gtpT

(b#0) (48)
Ore ean nov use +the exvarsions (37) f‘of Pk and 'U;? 5 -
Ther str>ss tersor «will have tarms corresnordins +o
single eveitatiors =ri aorresnoriire tn two aeveitations.
Or using this ir (4n) gnd eXﬂaniiPQ'[szr tarms of
"honon onerators, ove ohtairs ar ererev trarsfer nrocess in
which ahsoratinr »f a =horor from the s0li? is accomnaried
by enission of one or tro eveitations ‘nto the helium
ari 'viece versa',

Fote that

— Ry L 2,8 -1
wR =2 2P0 g é?/{agie +0, ¢

ﬁp S
(a9)
-—-4& -> -
where Eq/ = q’/l%’ is the unit nolarizatinn Vector.

Ten stress tenscr ss3nciated with emission nr ahsorntion

7 sirele evnit=tisng in the 1iemi4 is
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AN 2 { l?z_ +~"1(/x2

7Tzz- Il k#o . J (50)
Use trese in ( )
i = T Te g (ah-ag) (Be- 8h)
AL QJF' (51)
51

- wrere thre trarsfer matriy element is
YR = | -

| Z 2
= 1A (€3), s <%3(&+M"D
N H"RH - Zfsa y <L “m (52)
The Lroriker delta yvields nomentum corservation narallel *o
the surface aril arisas Ave to the irtegral over the
interface area A

Tn the long wave length 1limit (»horor transmissiors)

v ~ i 3# '/2—
'7‘ — e bR
cp;h“‘“ﬁ&v k, Tk Ly,

112 H . ' i
4;‘(1_f25 fg :;ﬁb
(53)
Qzé heing the veloecityv of sourd in tre gnliAd.
£ = N~ tags densitv of the 1imid. Fote that
g2 :

Q
this Aeneris 5> the acnustin imneiasrce étbﬁ/ (123 of "the
2
tern medi~,

Also ir the lore srave lerst™ limit
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b 9
3;12_ ::--fi??L ACY)

D) = - f’(()/%ﬁéé} | | (54)

{ . 1 o e . . 5 2 - -3
A&Y;}ls tae fractional decrease in the density owing to the

A

fiuvctuations which are just the local latation. Then heat current

- {1}
o

is given by

()
j—SL - AT%ZkLTT q/*, 8(&) CQR)( @) (55)

V1qr veing the Bose-Einstein distribution function at teuperavure

m
R I

Kapitza resistance is given by

12? = —— = ’?t
K™ AAT RB; (R, 7“) (56)
fs 0,

Te results here are essentially the saie as the one obtained froi:

an UL

- __

-

ciassical acoustic aisuwateh treatient. Taus there is the usual
discrevancy bpetween the exweriient and the theory by a factor of
JG,!+-One can think of jmproving the situation by including roton
dr-nsfer »rocesses. This 21so does not hely in reducing the
nuierical discrenanc;. This is essentially due 1o the freezing
ou. of the rotoh vopulation at low teuperatures. Inclusion of
higher order wrocesses also dnes not iiprove the situstion. In

conclusion this see.s 1o ve a very interesting theoretiecal investi-

gation.
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